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Adaptive inexact Newton methods for discretizations of nonlinear
diffusion PDESs. I. General theory and a posteriori stopping criteria*

Alexandre Ern* Martin Vohralik?

March 21, 2012

Abstract

We consider nonlinear algebraic systems resulting from numerical discretizations of nonlinear partial
differential equations of diffusion type. To solve these systems, some iterative nonlinear solver, and,
on each step of this solver, some iterative linear solver are used. In this first part, we derive adaptive
stopping criteria for both iterative solvers. Both criteria are based on an a posteriori error estimate
which distinguishes the different error components, namely the discretization error, the linearization
error, and the algebraic error. We stop the iterations whenever the corresponding error does no longer
affect the overall error significantly. Our estimates also yield a guaranteed upper bound on the overall
error at each step of the nonlinear and linear solvers. We prove the (local) efficiency and robustness
of the estimates with respect to the size of the nonlinearity owing, in particular, to the error measure
involving the dual norm of the residual. Our developments are carried at an abstract level, yielding
a general framework. We show how to apply this framework to the Crouzeix—Raviart nonconforming
finite element discretization, Newton linearization, and conjugate gradient algebraic solution, and we
illustrate on numerical experiments for the p-Laplacian the tight overall error control and important
computational savings achieved in our approach. Part II is devoted to the application of our abstract
framework to a broad class of discretization methods.

Key words: nonlinear diffusion PDE, nonlinear algebraic system, adaptive linearization, adaptive algebraic
solution, adaptive mesh refinement, stopping criterion, a posteriori error estimate

1 Introduction

Consider a system of nonlinear algebraic equations written in the form: find a vector U € RY, N > 1, such
that
A(U) = F, (1.1)

where A : RN — RY is a discrete nonlinear operator and F' € RV a given vector. We consider the following
inezact iterative linearization of problem (1.1):

Algorithm 1.1 (Inexact iterative linearization of (1.1)). 1. Choose an initial vector U° € RN. Set k :=
1.

2. From U*1, define a matriz AF € RV and a vector F* € RYN. Consider the following system of
linear algebraic equations:
ARUR = FF, (1.2)

3. (a) Define U*Y .= U1 and set i := 1.
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(b) Perform a step of an iterative linear solver for the solution of the linear system (1.2), starting
from the vector UR*=1. This yields an approximation U* to U which satisfies

A*UM = F* — RM, (1.3)

where R¥' € RN is the algebraic residual vector on step i.

(c) Check the convergence criterion for the linear solver, i.e., check whether U is sufficiently close
to U*, the solution of (1.2). If yes, set U* := U, If not, seti:=1i+1 and go back to step 3b.

4. Check the convergence criterion for the nonlinear solver, i.e., check whether U* is sufficiently close to
U, the solution of (1.1). If yes, finish. If not, set k:=k + 1 and go back to step 2.

If the criterion in Step 3c of Algorithm 1.1 is set to zero or “close” to zero, typically of the order of
computer working precision, an exact iterative linearization is obtained. Probably the most well-known
example is the Newton method; therein

AY = OA; (Urh,  F*=F - AU + AFURL (1.4)
oU;
Convergence and a priori error estimates for the Newton method have been obtained by Kantorovich [19],
Kantorovich and Akilov [20], and Ortega [26]. A posteriori error estimates, that is, fully computable
quantities yielding an upper bound on the error ||[U* — U|| between U, the solution of (1.2), and U, the
solution of (1.1), have been proved by Gragg and Tapia [16] and improved by Potra and Ptdk [27] and
Yamamoto [32], see also the references therein.

The Newton method can be computationally demanding, since, on each step, the linear system (1.2)
needs to be solved “exactly”. The inexact Newton method is a popular approach to speed-up the original
Newton method. It has been used in practice for decades and studied theoretically in many papers. In
particular, Eisenstat and Walker [12, 13] have shown the convergence, a posteriori error estimates were
proved by Moret [25], and adaptive algorithms were derived by Deuflhard [10, Section 1.2.3], see also the
references therein. Furthermore, in the context of nonlinear inverse problems, the convergence of inexact
Newton methods has been recently proved in a rather general framework by Lechleiter and Rieder [21],
and a posteriori error estimates have been obtained, e.g., by Bauer and Hohage [2] and Bakushinsky and
Smirnova [1], see also the references therein.

(Inexact) iterative linearization methods are typically understood and studied as methods for the solution
of systems of general nonlinear algebraic equations of the form (1.1), without much (any) specification of
their structure and origin. In this work, we pursue a conceptually different approach, in that we investigate
nonlinear algebraic systems originating from a given discretization of a given partial differential equation
(PDE). We write the PDE in the following abstract form: given a nonlinear operator A, find a function u
such that

A(u) = §. (1.5)

The nonlinear algebraic system (1.1) then stems from some discretization of (1.5).

Our first goal is to derive stopping criteria to be used in steps 3c and 4 of Algorithm 1.1. Let u be the
solution of (1.5) and let u]fb’z be the approximation to the solution u obtained by the given discretization
scheme on the k-th nonlinear solver step and the i-th linear solver step in Algorithm 1.1, whose algebraic
representation is the vector U*?. Our second goal is to obtain a posteriori estimates for the error between
u and ui’l. We carry this task for a broad class of nonlinear PDEs of the form (1.5); details are given in
Section 2. The iterative nonlinear and linear solvers need not be specified in our setting; for simplicity, we
refer to Algorithm 1.1 as adaptive inexact Newton method.

A posteriori error estimates for the error between the exact solution uw and an approximate solution
up, in the absence of errors stemming from the iterative nonlinear and linear solvers have been obtained
in the literature for various discretization schemes; we postpone their discussion to Part II. We are not
aware of estimates of the error between u and uﬁ’z which provide, at the same time, a guaranteed (without
undetermined constants) upper bound and a distinction among the different error components, namely
discretization, linearization, and algebraic errors. We achieve such a result in Section 3 of this paper. In
turn, this leads to stopping criteria expressing that there is no need to continue with the algebraic solver



iterations once the linearization or discretization error components start to dominate, and that there is
no need to continue with the nonlinear solver iterations once the discretization error component starts to
dominate. This approach is in line with those of Becker et al. [3] and Chaillou and Suri [6, 7], see also
the references therein, and, more closely, with [17, 14]. In these works, estimates and stopping criteria are
derived independently for linear and nonlinear solvers. Similar ideas have been developed in the context of
goal-oriented error estimation by Rannacher et al. [29] and Meidner et al. [24].

The three error components are estimated through three suitable fluz reconstructions. To handle al-
gebraic solver errors, we consider quasi-equilibration of the total flux with the data, instead of the more
usual exact equilibration. Specifically, flux equilibration holds up to an algebraic remainder whose size can
be controlled adaptively. A simple and effective way to achieve such a control is described in Section 4.
Following [17, Section 7.2], see also the references therein, it consists in performing, on a given algebraic
solver step i, a few additional algebraic solver iterations.

A further important result is the efficiency of the estimators, answering the question whether the esti-
mators are also a lower bound for the error, possibly up to a generic constant. Whenever such a constant
is independent of the nonlinear operator at hand, the approximate and exact solutions, the mesh size, and
the computational domain, we speak of robustness. We use an error measure based on the dual norm of
the residual for conforming discretizations as in [6, 7, 14] which we augment by a jump seminorm in the
nonconforming case. We show in Section 5 that, under the above-discussed stopping criteria and for this
error measure, our estimates are efficient and robust. Moreover, when a local, elementwise version of the
stopping criteria is used, we obtain this efficiency locally around each mesh element for a slightly different
error measure.

The developments of Section 3, Section 4, and Section 5 constitute a general framework which is built
on a couple of clearly identified assumptions on the flux reconstructions. We apply this framework to
a broad class of discretization schemes and solvers by verifying these assumptions in Part II. We close
Part T by exemplifying in Section 6 the flux reconstructions for the p-Laplacian, the Crouzeix-Raviart
nonconforming finite element method, and either Newton or fixed point linearizations, while, in Section 7,
we study numerically the behavior of our a posteriori estimates and the computational gains of our stopping
criteria, in conjunction with the conjugate gradient algebraic solver.

2 Setting

This section describes the continuous problem, sets up the basic notation, and introduces the error measure.

2.1 Continuous problem

Let Q C R?, d > 2, be a polygonal (polyhedral) domain (open, bounded, and connected set). We consider
the following model nonlinear diffusion problem: find u : £ — R such that

Vo (x,u(x), Vu(x)) = f in €, (2.1a)
u=0 on 012, (2.1b)

where o : Q x R x R* — R? is the nonlinear flux function and f : © — R the source term. The scalar-
valued unknown function u is termed the potential, and, given a potential u, the vector-valued function
—o(-,u, Vu) : Q — R? is termed the fluz.

The nonlinear flux function o takes the form

o(x,v,€) = A(x,v,€)¢ V(x,v,6) € 2 xR x R, (2.2)

where A : Q x R x RY — R4 i a Carathéodory (tensor-valued) function (measurable in x and continuous
in v and €). Two key examples are the quasi-linear diffusion problem in which A is independent of & (so
that o depends linearly on &) yielding

o(x,v,&) = A(x,v)€ Y(x,v,€) € Q xR x RY, (2.3)

and the Leray—Lions problem in which A depends on & (so that o depends nonlinearly on &), but is
independent of v, yielding
o(x,€) = A€  V(x€&) € QxR (2.4)



For the quasi-linear diffusion problem, we assume that A is bounded and that it takes symmetric values
with minimal eigenvalue uniformly bounded away from zero. For the Leray—Lions problem, see [22], we
assume that, for a real number p > 1, there holds, for all £,¢ € R? and a.e. x € Q, o(x,£)-€ > agl|€|?,
(o(x,&) —a(x,¢)) (€ —¢) >0 for £ # ¢, and |o(x,£)| < g(x) + a1|€[P~! for positive real numbers ag and
oy and a function g € L()) where ¢q := %, so that % + % = 1. A typical Leray—Lions problem is the
p-Laplacian where A(x,&) = [£[P2I and I is the identity tensor.

To alleviate the notation, we leave the dependence on the space variable x implicit, so that we simply
write o (u, Vu). To allow for a unified presentation of the quasi-linear diffusion and Leray—Lions settings,
we set p := 2 for the quasi-linear diffusion problem, while, for the Leray—Lions problem, the real number
p results from the above assumptions. Then, we seek in both cases the potential u in the energy space
V = W,P(Q) (that is, the space of LP(Q) functions whose weak derivatives are in LP(€) and with zero
trace on 0f2). Assuming f € L7(Q), the model problem (2.1) can be written in the form (1.5) as follows:
find u € V such that

(o(u, Vu), Vo) = (f,v) Yo e V. (2.5)

For w € L4(Q), v € LP(Q), (w,v) stands for [, w(x)v(x)dx and similarly in the vector-valued case. Owing
to the above assumptions and to (2.5), the flux —o(u, Vu) is in the space H9(div,(2) spanned by the
functions in [L9(2)]? with weak divergence in L9(f2). We assume that there exists a unique weak solution
of (2.5).

2.2 Discrete setting

Let 75 be a simplicial mesh of Q. For simplicity, we suppose that there are no hanging nodes in the sense
that, for two distinct elements of 7, their intersection is either an empty set or a common [-dimensional
face, 0 <1 < d—1. A generic element of T}, is denoted by K and its diameter by hx. The (d—1)-dimensional
faces of the mesh are collected in the set &, such that &, = 8};“ U &Y, with 8};“ collecting interfaces and
EX boundary faces. A generic face is denoted by e and its diameter by h.. The faces of an element K are
collected in the set Ek.

Discretizing problem (2.1) leads to a nonlinear algebraic system of the form (1.1). Let some nonlinear
and linear solvers be applied to problem (1.1) via Algorithm 1.1. Suppose that we are on step k, k > 1,
of the nonlinear solver and on step 4, ¢ > 1, of the linear solver. This corresponds to problem (1.3). We
denote by uzl the discrete potential associated with the vector U, Our framework covers both conforming
schemes, where uZl € V, and nonconforming schemes, where u]sz Z V. To proceed generally, we assume

that uZl is in the broken Sobolev space
V(Th) :={v e LP(Q), v|x € W'P(K) VK €T} (2.6)

In what follows, for a function v € V(7,), Vv denotes its so-called broken gradient, that is, the distributional
gradient evaluated elementwise. As functions in V' (7,) are not necessarily single-valued at interfaces, we
introduce the jump operator [-] yielding the difference of (the traces of) the argument from the two mesh
elements that share e on interfaces and the actual trace if e is a boundary face. Classically, v € V(7}) is in
V if and only if [v] = 0 for all e € &, see, e.g., [11, Lemma 1.23].

2.3 Error measure

The error between the exact solution u of (2.5) and the approximate solution uZl is measured as

Ju(uy) = T (') + Funo(uy?), 2.7)
where

Tup(up’) == sup (a‘(u, Vu) — o (u)’, V'), V(p) : (2.8a)
PEV;[|[Vellp=1
1

Junc(uy") = { > > aihisll[[u—UZ’i]]lli,e} : (2.8b)

KeTn eclk



The quantity qu(’U/ZZ) measures the error in the fluxes and represents the dual norm of the residual of (2.5).
This error measure has been considered by Chaillou and Suri [6, 7] and in [14] for conforming discretizations.
Owing to the Well—posedness of (2.5), whenever uﬁ’z ev, ju,p(u’fb’z) = 0 if and only if u’fb’z = u. Furthermore?
the quantity J, ~nc (uﬁz) measures the nonconformity of the discrete potential, i.e., the departure of uZ’Z
from the space V. The actual value of the weights . > 0 and of the exponent s > 1 is irrelevant in Part I;
we only use that Junc (uiz) = 0 if and only if ui” € V. All in all, we see that J, (uiz) = 0 if and only if
ui’l = u.

Although the quantity juyp(u;:’l) is a dual norm and as such is not easily computable (assuming u
known), the Holder inequality yields

Tuluy) < Tu®(uy") = |l (u, V) = o (w,”, Vay ) g + Tunc(uy”), (2.9)

which features the [L%(Q)]4-difference of the fluzes. Our numerical experiments in Section 7 indicate that
both error measures Ju(uﬁ’z) and J;lp(uz’l) exhibit a very close behavior.

3 A posteriori error estimates and stopping criteria

In this section, we present our a posteriori error estimates and stopping criteria. We proceed generally, with
a given discrete potential uﬁ’z € V(Tn), k > 1, i > 1, not linked to any particular discretization scheme or
to any iterative nonlinear or linear solvers. Examples of application can be found in Section 6 and, more
extensively, in Part II. The starting point of our general framework is the following assumption:

Assumption 3.1 (Quasi-equilibrated flux reconstruction). There exist a vector-valued function tZ’i €
H4(div, Q) and a scalar-valued function pﬁ’z € LY) such that

VAl = f gl (3.1)

where f is a piecewise polynomial approzimation of the source term f verifying (fn,1)x = (f, 1)k for all
KeT,.

The function t’fb’i plays the role of a flux reconstruction providing a discrete approximation of the exact
flux —o(u, Vu). Such a function is traditional in equilibrated flux estimates, see Prager and Synge [28],
Luce and Wohlmuth [23], Braess and Schoberl [4], or the unified approach in [15]. In practice, see Part II, we
construct tZ’i in Raviart—Thomas—Nédélec discrete subspaces of H4(div, Q?). Furthermore, the function pZ’i
plays the role of an algebraic remainder. This function is introduced to facilitate the practical construction
of t]fb’z. Indeed, while using iterative linear solvers, it is usually difficult to achieve exact equilibration in
the sense that (3.1) is satisfied with pZ’i = 0. An example for constructing tﬁ’i such that pZ’i = 0 is the
algorithm of [17, Section 7.3] which requires an ordering of the mesh elements and then a run through all
the elements with a local minimization problem inside each element. Herein, we consider instead a general
nonzero pZ’Z with the only requirement that it can be made small enough (the precise requirement is stated

in Section 3.3). A simple and practical way to devise the algebraic remainder pﬁ’i is presented in Section 4,
following [18].

Remark 3.2 (Function f3). For lowest-order discretizations, fy, is generally the piecewise constant function
given by the elementwise mean values of f. For higher-order discretizations, a more accurate approximation
of f is considered.

Remark 3.3 (Local mass conservation). Even if we work with not fully converged linear and nonlinear
solvers, Assumption 3.1 means that tZ’Z represents a flux with a continuous normal trace, the elementwise
mass balance misfit being pﬁ’z.

3.1 Guaranteed error upper bound

For any K € Ty, the generalized Poincaré inequality states that

le = exllpx < CophxllVelpx Vo € WH(K), (3-2)



1

where ¢ denotes the mean value of ¢ in K. Since simplices are convex, there holds Cp ), = T
1

for p > 2, see Verfiirth [30], and Cp ) = p52(p;1) for all p € (1,400), see Chua and Wheeden [8]. The
generalized Friedrichs inequality states that

el < halVel,  VoeV. (3-3)

In what follows, we denote our estimators in the form 77 where k > 1 stands for the nonlinear solver
step, i > 1 for the linear solver step, and K € 7T, for the mesh element. We define global versions of these

1/q
estimators as 7).’ = {Z KeTh( ) } . Our main result on the a posteriori error estimate is:

Theorem 3.4 (Guaranteed upper bound). Let u € V' solve (2.5), let uzl € V(Ty) be arbitrary, and let
Assumption 3.1 hold. For any K € Ty, define respectively the flux and the nonconformity estimators as

ki ki ki
Ny = Ha(uh ,Vuh )+t (3.4a)
1
NG, K = { > athe e lluy ] } : (3.4D)
e€lk
and the algebraic remainder and data oscillation estimators as
nrem K- hQth ||q K (353')
nosc,K = CP’PhK”f - fh”q,K' (35b)
Then,
ki g ki ki Ji J
ju(uh ) § ﬂk L nF + nNC + nfem + nssc' (36)

Proof. Taking into account that [u] = 0 for all e € &, it is clear that ju NC (ulfb) = nNC We are thus left
with boundmg Tu F(uh ). Let ¢ € V with ||V, = 1 be fixed. Since t " € HI(div, ), the Green formula
yields ( v V) =—(V- th ‘). Hence, using (2.5) and adding and subtracting (‘52’17 V), we infer

(o (u, Vu) — a(u,", Vup), Vo) = (f = V-t3",0) = (a(uy, V') + £, Vo).
The Holder inequality yields

ki
p. K ST

ki ki k,i ki
(o, V) + £, Vo) < Y lo(uy, V) + 3 k[ Vel
KeTy

Assumption 3.1, the Holder inequality, the generalized Poincaré inequality (3.2), and the generalized
Friedrichs inequality (3.3) lead to

(f=Vtp' o)l = > (F =Vt —pp' o) + (o) )

KeTh
=Y (f=fue—ex)k+ (0", 9)
KeTn
ki
< Z 1f = frllg,kCp phx IV ol i + 03" ldhall Vel
KeThn

ki ki
S nOSC + nrem'

Combining the above bounds yields (3.6). O

3.2 Distinguishing the different error components

We now identify and estimate separately the various error components. To proceed generally, we introduce
the following assumption:



Assumption 3.5 (Discretization, linearization, and algebraic errors). There exist vector-valued functions
dPP Ut alt e [LU(Q)]? such that

(i) d;?i + 1271' + a;?i — tZ’i,‘
(ii) as the linear solver converges, ||aZ’i||q —0;
(iii) as the nonlinear solver converges, ||12’i||q — 0.

The function dﬁ’i is meant to approximate the discretization flux — (uh ,Vu ) the function IZ’i
represents the linearization error, and the function a]fb’i the algebraic error. A generic way to construct a]fb’i
is presented in Section 4; the construction of the functions dZ’i and l]fb’i then depends on the discretization
scheme at hand, see Section 6 for a first example and, more generally, Part II.

The last error component we distinguish is quadrature. Indeed, because of nonlinearities, a(uh ,Vu )

is not necessarily a piecewise polynomial even if the discrete potential ui’l is so. We introduce a piecewise
polynomial vector-valued function Efb’z meant to approximate o'(uZ’l, VUZ”); the specific definition of EZ”

depends on the discretization scheme at hand, see Section 6 and Part II. The main result of this section is:

Theorem 3.6 (A posteriori error estimate distinguishing the error components). Let u € V' solve (2.5) and

let uzl € V(Trn) be arbitrary. Let Assumptions 3.1 and 3.5 hold. For any K € Ty, define respectively the
discretization, linearization, algebraic, and quadrature estimators as

ndlsc K= 21/Zp(”_k ! dlf?i| oK T nllif(ij,K)’ (3.7a)
Mo e = [0 N,z (3.7b)
77a1g K= Hah lg,s¢ (3.7¢)
77quad K ‘= H‘T(“h ,Vu ) _EZZ”q K, (3.7d)

with nﬁ’é’K defined by (3.4b). Let nrem o and 7753’2,1( be defined respectively by (3.5a) and (3.5b). Then,

Ju (uh ) < ndlSC + nlm + nalg + nrem + nquad + nosc' (38)
Proof. The decomposition of Assumption 3.5 and the triangle inequality yield
ki —k, k
||0'(uh ,Vu )"’thl”q,K < ||°'hl dhz|

k, ki ki
ok + 1 ZHq,K + Hahz . K +77q1fad,K'

The assertion then follows from Theorem 3.4 combined with the triangle inequality, the Holder inequality,
and the inequality a? + b? < (a + b)? for a,b > 0 used to regroup ||_k . dZ “|q.5c with 77Nc K- O

3.3 Stopping criteria

We can now devise stopping criteria for the linear solver in step 3¢ of Algorithm 1.1 and for the nonlinear
solver in step 4 of Algorithm 1.1. The idea is to require the algebraic estimator to be sufficiently small with
respect to the linearization or discretization estimators and the linearization estimator to be sufficiently
small with respect to the discretization estimator. We introduce a third (balancing) requirement, namely
that the algebraic remainder estimator be sufficiently small with respect to the three other estimators.

We consider two versions for the criteria, a global one and a local one. Our global stopping criteria are

N ki
nrem < VYrem max{ndlbc’ nhn ’ nalg} (393’)
X ki
nalg < Valg max{ndlbc’ nhn } (39b)
k7 5
nlin S f}/linndism (39C)

where Vrem, Valg, and iin are positive user-given weights, typically of order 0.1. These global criteria are
used to establish the global efficiency of our error estimators, see Theorem 5.4. Our local stopping criteria



are elementwise equivalents of (3.9),

nrem K —= 'Yrem K max{ndlsc K» nhn K» nalg K} VK € 77“ (3103.)
nalg,K < Yalg, K ma‘X{ndisc,IO in, K} VK € T, (3.10b)
Min i < NinKlaex VK €Th, (3.10c)

where, for any K € Th, Vrem,K, Valg, K, and i, x are positive user-given weights, typically of order 0.1.
These local criteria are used to establish the local efficiency of our error estimators, see Theorem 5.3, and
are essential for mesh adaptivity.

4 Algebraic remainder and algebraic error flux reconstruction

The goal of this section is to present a simple and practical way to devise the algebraic remainder pZ’l
and the algebraic error flux reconstruction a;“ so that the stopping criteria (3.9a) or (3.10a) together
with Assumption 3.5(i-ii) are satisfied. To this purpose, we suppose that we have at our disposal the flux
reconstructions dﬁ’i and li’i such that the sum (d;iZ + IZZ) satisfies the following assumption (recall that

fr is the piecewise polynomial approximation of f introduced in Assumption 3.1):

Assumption 4.1 (Quasi-equilibration for (d’sz + l’sz)) The function (d’sz + l]sz) is in Hi(div, Q), and
there exists a scalar-valued function rfb’z € L1(Q) such that

VA(dyt + 1) = fp, — ) (4.1)

Referring to Algorithm 1.1 where the linear system (1.2) for some fixed k > 1 is being solved iteratively,

the i-th step of the linear solver yields the algebraic residual vector R¥' in (1.3). We will see in Part II how

the (piecewise polynomial) function TZ’i can be related in a simple manner to the components of the vector

RF for varlous discretization schemes, see also Section 6 for a simple example. Now, the idea to construct

pﬁz and ah , following [17, Section 7. 2] and [18], consists in performing some additional steps, say v > 0,

of the iterative linear solver. We emphasize that this construction is independent of the actual form of this
solver. Performing these additional v steps yields the algebraic residual vector R¥**¥ such that

ARpkity — ph _ ghity (4.2)

yitv

and from this vector the function rh is constructed in the same way as rh  from RF*. We can now

construct pZ " and aj’ k21 as follows:

Definition 4.2 (Construction of ph’i and aZ’i). Let the k-th step of the nonlinear solver and the i-th step of
the linear solver be given, yielding (d;“l’Z + l]fb’z) and rfb’z satisfying (4.1). Let v > 0 and perform v additional
steps of the linear solver, yielding (dﬁ’“‘” —I—IZ’H'”) and rfL’H'” satisfying (4.1) with i replaced by i+v. Then,
set

ai,i — (dk,i—i-z/ n li,iw) _ (d;?i + IZ’i)v (4.3a)
prt =t (4.3b)
The following important result can be easily verified:

Lemma 4.3 (Assumptions 3.1 and 3.5(i-ii)). Under Assumption 4.1 and with the construction of Defini-
tion 4.2, define tZ’Z = d]fb’z + llfb gEE aZ '. Then, Assumptions 3.1 and 3.5(i-ii) hold.

In practice, the parameter v can be determined adaptively by increasing progressively its value and
checking (3.9a) or (3.10a).
5 Local and global efficiency and robustness

This section is devoted to the proof of the efficiency and robustness of our a posteriori error estimates. The
specific construction of Section 4 is not needed; we just use the stopping criteria (3.9) or (3.10).



5.1 Local approximation property

To proceed generally, we make an additional assumption on the discretization error flux reconstruction di’i.
We verify this assumption for a large class of discretization schemes in Part II. Recall that ’U,ZZ e V(Twn)
is arbitrary, that f; is a piecewise polynomial approximation of f, and that Efbi is a piecewise polynomial
approximation of a(uh ,Vuﬁ z) For any K € Ty, let Ty collect all elements K’ € T;, which share at least a
vertex with K. Similarly, let €k collect all faces which share at least a vertex with K, and @““ = ExNE) int
Let n. be the unit normal vector of the face e (its orientation is irrelevant). Define

kya oo — !
e { > bt + Ve, } : (5.1a)
K'e%k ee@mt

1
We also use the notation n]?’%K = {ZK/G‘ZK (nlf’;(,)q} * for the estimators introduced in Section 3. Hence-

forth, A < B stands for the inequality A < C'B with a generic constant C' independent of the mesh sizes
hx and he, the domain €2, the nonlinear function o, and the Lebesgue exponent p, but that can depend on
the shape regularity of the mesh family {75}, and on the polynomial degrees of &), i and iy

Assumption 5.1 (Local approximation property). For all K € Ty, there holds

—k 7 k,i
o), +dy llax 77u T T o ax T Mo T (5.2)

Remark 5.2 (Tighter approximation property). For most discretization schemes, see Part 11, it is actually
—k,i

possible to prove |o)," + dh le.x S ”u e
5.2 Local efficiency
Our local efficiency result is achieved with respect to the error measure 7, “p(u, *) defined by (2.9).

Theorem 5.3 (Local efficiency). Let u € V solve (2.5) and let u]sz € V(Ty) be arbitrary. Let the local
stopping criteria (3.10) be satisfied. Then, under Assumption 5.1, there holds, for all K € Tp,

ki ki ki ki
ndisc,K + nlin,K + nmlg K + nrem K

5.3
< lo(u, Vu) = o (u", V"), o

+ nNC K + nquad TK + nosc TR

Proof. Let K € Ty, be fixed. Owing to the local criteria (3.10), we infer
, kyi k, kyi
Min ie T Mot 56 T Teom, i S Metiec, K-

Combining the definition (3.7a) of HS{ZC,K with Assumption 5.1 yields HS{ZC,K < né“”éK + nﬁ’é"zK + nféi,‘zKa
whence

Ndise. 6 T Min i¢  Natg i + nréfn,K S 77;%1( + nfl’é,‘zx + nfs’ing-
Now, the inequalities (A.6) and (A.7) from [14, Proof of Lemma 4.3] together with the triangle inequality
yield

Mty S o, V) =3 s+ e <

5 HO‘(U,VU) - U(uh 7vuh )Hq Tk +nqumd T +nosc Tk

whence the assertion of the theorem. O

5.3 Global efficiency and robustness

Proceeding as above (while relying on (A.10) and (A.11) from [14, Proof of Lemma 4.7]) yields our main
result for global efficiency and robustness with respect to the original error measure ju(uZ’Z).



Theorem 5.4 (Global efficiency and robustness). Let u € V solve (2.5) and let uzl € V(Ty) be arbitrary.
Let the global stopping criteria (3.9) be satisfied. Then, under Assumption 5.1, there holds

ki ki ki ki ki ki ki
ndiéc + nlinl + nal; + nrein 5 ju (uh Z) + nqulad + nosfz' (54)

Remark 5.5 (Comparison with [14]). In [14], the linearization stopping parameters in,x (0r Yin) had to
be “small enough” in order that the equivalents of Theorems 5.3 and 5.4 hold. This is no longer necessary in
the present setting owing to the decomposition introduced in Assumption 3.5 and the fact that Assumption 5.1
concerns the component dﬁ’z of the flux reconstruction.

6 Example: p-Laplacian discretized by nonconforming finite ele-
ments

We show in this section how to apply the above abstract theory to a specific example: the p-Laplacian
discretized by nonconforming finite elements and linearized either by the Newton or the fixed point method.
We recall that the p-Laplacian fits the general form (2.4) with o (&) = [£[P~2¢ for all £ € R? so that, in this
example, the nonlinear flux function o only depends on &.

6.1 Discretization

Let fn be the piecewise constant function given by the elementwise mean values of the source term f.
Let V}, be the Crouzeix—Raviart finite element space [9] of piecewise affine polynomials on 7, such that
the interface jumps and boundary face values have zero mean value over the corresponding face. The
corresponding discretization of problem (2.5) reads: find uj, € V}, such that

(e(Vun), Vop) = (fr,on) Vo € Vi (6.1)

Let 1. € Vj, stand for the Crouzeix-Raviart basis function associated with the face e € &£, ie., the
function that takes the value 1 at the barycenter of e and the value 0 at the barycenter of other faces in &,.
Testing (6.1) against these basis functions gives rise to the nonlinear algebraic system (1.1).

6.2 Linearization

Choosing uy € Vj, yields the initial vector U° in Algorithm 1.1. The linearization of (6.1), for k > 1, reads:
find ué“l € Vj, such that

(@ N (Vup), Vibe) = (fn,1he) Ve € EX, (6.2)
which is a functional form of the algebraic system (1.2). Two common linearizations to define the flux
function o*~! are the fixed point linearization where ¢#~1(§) := |Vul~1|P~2¢, and the Newton linearization
where

" HE) = |Vuy P PE+ (p— 2)| VP (Vg @ V) (€ = V). (6.3)

6.3 Algebraic solution

On the i-th step, ¢ > 1, of an iterative linear solver for the algebraic system (1.2), we obtain the algebraic
residual vector R* in (1.3). Here, this vector has components associated with the interior faces, Rk =
{ng’l}eeg}i:xt. For convenience, we also set R¥? := 0 for any e € £t. The functional form of (1.3) is: find
ui’l € V}, such that
B pi . )
(" H(Vup"), Vibe) = (fa,he) — RET Ve € . (6.4)
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6.4 Flux reconstruction

We present here a simple approach where the flux reconstructions dﬁ’i and IZ’i are prescribed elementwise,
while the flux reconstruction aZ’i results from Definition 4.2. For all K € Ty, let fj,(x)|x = %(x — XK)
where xx is the barycenter of K. For all e € £, let K. be the sub-simplex of K formed by the face e and
the point xx. Let D, regroup the two (or one for boundary faces) sub-simplices K. which share e. We first

prescribe the sum (d’;z + li,i):
Definition 6.1 (Construction of (" +1;)). Set, for all K € Ty,

Rk,i
d

(dy' + 1)k = (=" (V') + ) [k — > [De| ™!

eclk

(X*XK)|K6- (65)

To comply with Assumption 3.5(iii), the construction of dZ’i mimics that of (d’sz + l]sz) with O'(V’U,Z’i)
in place of kal(VuZ’Z). Specifically, let

REV:= (frote) — (0(Vuy"), Vipe) Ve e &, (6.6)
and R¥* := 0 for all e € Eg¥t. We prescribe dZ’i (and hence, also l]fb’i by subtraction):
Definition 6.2 (Construction of dzl) Set, for all K € Ty,

1 Rlec’i
d

d;?ilK = (_G(Vu;?i) +fh)|K - Z |De|_ (X_XK)|Ke' (6'7)

ecli

We postpone the verification of Assumptions 4.1 and 5.1 to Part II. At this stage, we just observe
that the function TZ’Z in Assumption 4.1 is piecewise constant on the dual mesh Dy = {D,}cce, with
rfL’Z|D€ = RF¥|D,|~! for all e € &, and that, in Assumption 5.1, the function Efb’z is piecewise constant on
75, and simply equal to o(Vu)*) (so that nsl’fad is zero). Moreover, d;”* and 1} turn out to have continuous
normal component across interfaces, so that both functions sit in H(div, ).

7 Numerical experiments

This section illustrates numerically our theoretical developments. We consider the p-Laplacian with p €
{1.5,4,10}, d = 2, and two test cases with known analytical solution. The first case only considers uniform
mesh refinement, whereas the second one also includes adaptive mesh refinement. We employ the Crouzeix—
Raviart nonconforming finite element method (6.1) and use the flux reconstructions of Section 6.4. We use
the Newton linearization (6.3) together with the conjugate gradient (CG) method with diagonal precondi-
tioning as linear solver. In (2.8b), the coefficients «, are set to one and s := q.

7.1 A first test case
We set 2 :=(0,1) x (0,1), f := 2, and prescribe the Dirichlet boundary condition by the exact solution

-1 —1/1\p/(p=1)

u(x) = —p—|x —(0.5,0.5)[P/(P=1 4 p_(_) .

p p \2
This is a two-dimensional extension of a test case from Chaillou and Suri [7]. The error stemming from
inhomogeneous boundary conditions is not taken into account. We consider six levels of uniform mesh
refinement, together with the values p € {1.5,10}.

We compare three different stopping criteria in Algorithm 1.1, leading to three different solution ap-
proaches:

e In the Full Newton (FN) method, both the nonlinear and linear solvers are iterated to “almost”
convergence. More precisely, we use the global stopping criteria 7):1’; < 1078 and nﬁ;f < 1078, The
stopping criterion (3.9a) is employed with vem = 0.1; this criterion influences the precision of the

calculation of the algebraic error component but not Algorithm 1.1.
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Dual error

Setting Flux Potential
Case p Mesh D.osc. [Wso9(Q)? Jw» gJlovw phi W 2(Q) [V(u—u)|,

1 1.5 unif. sq=1.67 1.00 0.99 1.00 s, =4.33 1.00
1 10 wunif. — 5q=280 0.99 1.01 099 s,=1.31 0.31
2 4 unif. 1.13 sq =113 094 095 0.99 s,=1.38 0.38
2 4 adap. 1.64 sq =113 097 1.00 0.99 s,=1.38 0.89

Table 1: Flux and potential regularities and experimental orders of convergence
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Figure 1: Error and estimators on uniformly refined meshes, case 1, p = 10. Newton (left), inexact Newton
(middle), and adaptive inexact Newton (right)

e In the Inexact Newton (IN) method, the only difference with FN is that a fixed number of precon-
ditioned CG iterations is performed on each Newton linearization step. These values were chosen
respectively as 2, 3, 5, 8, 10, 15 on each level of uniform mesh refinement.

e Finally, in the Adaptive Inexact Newton (AIN) method introduced in this work, we rely on the global
stopping criteria of Section 3.3 with Yiin = Vale = 0.3 and Yrem = 0.3, which leads to values of v in the
order of 20% of the number of algebraic solver iterations on each linearization step.

The initial linearization guess u,Ol € V}, is defined, on every considered mesh, by perturbed punctual values
of the exact solution u in the form u)(z,y) = u(x,y)(1 + A& — p)(y — p)) with perturbation parameters
A:=1and p:=0.5. _

We begin with our results for p = 10. Figure 1 displays the curves of the error measure j;lp(ulfb’z),
cf. (2.9), and of the estimators ng’i and nﬁé of Theorem 3.4 as a function of the number of mesh faces.
In the present setting, the estimator 7% is zero, and 7% takes very small values. We observe that the
three methods (FN, IN, and AIN) yield almost indistinguishable values for j;‘p(ulfb’i), ng’i, and nllffé, and
these quantities exhibit optimal decrease with the number of mesh faces, see Table 1. Figure 1 also displays
the curves of the linearization estimator nffnl and of the algebraic estimator 77{:1’; of Theorem 3.6. The
conceptual difference between the three methods lies in the size and behavior of these two estimators: both
take values below 10~8 for FN; 7):1’; takes larger values for IN; both n:f; and nﬁ;f take larger values that are
just sufficiently small so as not to influence the error and estimators for AIN.

Figure 2 focuses more closely on the last, 6th level uniformly refined mesh, and tracks the dependence
of the error measure pr(uﬁ’z), the overall error estimator 7% of Theorem 3.4, and the discretization and
linearization estimators 77];{2(; and nﬁrf of Theorem 3.6 on the Newton iterations. Typically, the error and
all the estimators except nffnl start to stagnate after the linearization error ceases to dominate. This is
precisely the point where the nonlinear iteration is stopped in AIN, whereas both FN and IN perform many
unnecessary additional iterations. We can also observe the appearance of quadratic convergence for FN and
a convergence slow-down for IN.

Figure 3 further analyzes the situation on one chosen Newton iteration from Figure 2. To be in a region
with similar error measure J,;° (uﬁ’z), we have chosen the 6th iteration for FN and IN and the 8th iteration

12
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Figure 2: Error and estimators as a function of Newton iterations, case 1, p = 10, 6th level mesh. Newton
(left), inexact Newton (middle), and adaptive inexact Newton (right)
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Figure 3: Error and estimators as a function of preconditioned CG iterations, case 1, p = 10, 6th level mesh.
Newton, 6th step (left), inexact Newton, 6th step (middle), and adaptive inexact Newton, 8th step (right)

for AIN. We see that almost no decrease of the error measure jjp(u;:’i) can be observed during the almost

650 iterations of the preconditioned CG method in the FN case. The fixed 15 CG iterations in the IN case
are, on the contrary, not completely sufficient to decrease significantly the error measure pr(u;?l). In our
approach, just the sufficient, “online-decided” number of CG iterations is performed.

Figure 4 illustrates the overall performance of the three approaches. We can see that the number of
Newton iterations (corresponding to the number of matrix assemblies) per refinement level is stable around
20 for FN. This observation is in agreement with the so-called asymptotic mesh independence of the number
of Newton iterations, cf., e.g., Weiser et al. [31] and the references therein for theoretical results. It increases

100

| ———— 10
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—A—adapt. inex.

T
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—A— adapt. inex.

T
—=—full
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80
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Number of Newton iterations
Number of algebraic solver iterations

T
Ll
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IS Gak
Ll

3 4 3 4
Refinement level Newton iteration Refinement level

Figure 4: Number of Newton iterations per refinement level (left), number of linear solver iterations per
Newton step on 6th level mesh (middle), and total number of linear solver iterations per refinement level
(right). Case 1, p =10

13



x10° x107°

B | ‘ﬁmwm
® 2, ALED 3¢, @

£ o ¢
N }\ ﬂ“,

" 61 Zfiﬁ«»

oy
€27
s | Bl ous’
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Figure 6: Upper and lower effectivity indices, case 1, p = 10. Newton (left), inexact Newton (middle), and
adaptive inexact Newton (right)

significantly for IN, whereas it is still reduced for AIN. On one Newton iteration (example for the Gth level
refined mesh), the number of CG iterations also varies significantly between the three approaches. Many
iterations are necessary in the FN case and fixed 15 iterations in the IN case, whereas AIN picks up the
number that is “just necessary.” Remark that this number is equal to two on the first Newton step; from
here, the error is “lagged” as a function of Newton iterations in the AIN case, cf. Figure 2. The total
number of necessary CG iterations per refinement level is displayed in the right part of Figure 4. On the
last mesh, AIN only needs 306 total iterations, whereas IN needs 1470, and FN 8690 iterations. Thus, our
approach yields an economy by a factor of roughly 5 with respect to IN and roughly 30 with respect to FN
in terms of total iterations.

Figure 5 displays the distribution of the overall error estimator 7*? and of the error measure 7, “p(uz Z)
on the 2nd level uniformly refined mesh for AIN. We see that even in presence of algebraic and linearization
errors, the overall error distribution is very well predicted. Finally, we construct a lower bound JJOW(UZ’Z)

Z

for the error measure by estimating the supremum in (2.8a) just with ¢ = Iav(u;?i) where Iw(uzl) is the
continuous, piecewise affine function on 7; given by the Dirichlet condition on boundary vertices and such
that, on interior vertices, its value is equal to the average of the values taken by wu,’ "% from the surroundmg

elements. We deﬁne the upper and lower effectivity mdlces respectively as " := 7. up(uh ) and
T .=k ‘/JIOW( ). Since Thow (uy ki) < ju(ui b < gyl uy’ %), the effectivity index for the original error

measure Ju(uh ) deﬁned as I := n/Ju(uh’l) lies between Z"P and Z'°%. For the three methods (FN, IN,
and AIN), Z"P takes values very close to 1, see Figure 6.
Figures 7-11 display similar results for the choice p = 1.5. Almost no influence of the early stopping
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criteria can be seen in Figure 7. The nature of the nonlinearity seems different here from the case p = 10,
as the Newton-iteration dependence curves of Figure 8 illustrate. In particular, using our stopping criteria
avoids the useless waiting before the plateau has been overcome in the classical approaches (FN and IN).
As before, these criteria also allow one to invest the right amount of CG iterations in each Newton step, as
Figure 9 shows. The computational gains of our approach are important here, with one Newton iteration
per refinement level up to the 5th level. Additionally, our approach only requires 122 total CG iterations
on the 6th level mesh, in comparison to 3510 for FN and 7755 for IN, see Figure 10. Finally, the error and
estimator distributions are similar to those observed in Figure 5, while the effectivity indices again take
values very close to 1 for Z"P, see Figure 11.
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Figure 9: Error and estimators as a function of preconditioned CG iterations, case 1, p = 1.5, 6th level
mesh, 1st Newton step. Newton (left), inexact Newton (middle), and adaptive inexact Newton (right)
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From the similarity of the results in the two settings of p = 10 and p = 1.5, compare Figure 1 with
Figure 7 and Figure 6 with Figure 11, we can draw an experimental confirmation of the fact that our a
posteriori error estimates are robust with respect to the size of the nonlinearity, represented by the exponent

p.

7.2 A second test case

This test case is taken from Carstensen and Klose [5, Example 3]. We consider the L-shaped domain
Q:=(-1,1)2\ [0,1] x [~1,0] and prescribe the Dirichlet boundary condition and the source term f by the
exact solution

u(r,0) = 1° sin(66).

Here, (r,0) are the polar coordinates and 0 := 7/8. We consider the value p = 4 and, as in test case 1,
we neglect the error stemming from inhomogeneous boundary conditions. The solution features a corner
singularity with the regularity reported in Table 1. We only focus on our Adaptive Inexact Newton (AIN)
method. We use the local criteria (3.10b) and (3.10c) (on the dual mesh Dy) with Yaig,p, = Yin,p, = 1
for all e € £ and the local criterion (3.10a) with Yyem,p, = 1 for all e € £"*. We perform both uniform
and adaptive mesh refinement. The starting value u! is selected as above only on the coarsest mesh; on
every subsequent refinement, this function is obtained from the converged solution ui‘ on the previous
mesh. Mesh adaptation is driven by our a posteriori error estimate n*? of Theorem 3.4. All the elements
where the estimate exceeds 50% of the maximal error are marked for refinement. Every marked element is
refined regularly into four sub-simplices and the so-called longest edge refinement is used so as to recover a
matching mesh (without hanging nodes).

Figure 12 plots the error measure 7,;'P (ui‘) and several estimators as before. In contrast to test case 1,
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Figure 13: Energy error on uniformly and adaptively refined meshes (left), dual error and estimators as a
function of Newton iterations, 13th level adaptively refined mesh (middle), and as a function of precondi-
tioned CG iterations, same mesh, 1st Newton step (right). Case 2, p =4

the data oscillation estimators (3.5b) are not zero and actually represent the most significant contribution
to the overall error on the coarsest meshes. The linearization and algebraic estimators 7711?111 and 77:1’; are,
as expected, only slightly below the other curves for uniform mesh refinement (a little more than in Sec-
tion 7.1, as we employ here local and not global stopping criteria). An interesting phenomenon occurs for
adaptive mesh refinement. Because of the corner singularity, the meshes are highly graded. Probably as
a consequence, even if vy, p, = 1, the linearization estimator nﬁ;f drops to values as low as 1077, whereas
this estimator would not become so small if the global linearization stopping criterion (3.9¢) was used.

Figure 13, left, traces the potential energy error ||V (u — uZZ)Hp on both the uniformly and adaptively
refined meshes. Here, we have observed that the usage of local stopping criteria (with the ensuing small
values taken by the linearization estimator) is needed to achieve the quasi-optimal error decrease with
adaptive mesh refinement, cf. Table 1. In particular, such a decrease does not appear if the global stopping
criterion (3.9¢) is employed, as the meshes are not sufficiently graded. As for the other graphs of Figure 13,
similar conclusions as in Section 7.1 can be drawn.

Figure 14 illustrates the overall computational performance of AIN for this second test case. As few as
2 Newton iterations per refinement level are used except for the initial meshes. The efficiency of the AIN
combined with adaptive mesh refinement is best appreciated when evaluating the total number of linear
solver iterations per refinement level; only a very mild increase is observed for adaptive mesh refinement.

Finally, in Figure 15, we plot the distribution of the estimate 7% and of the error measure 7P (uiz) on
the 5th level adaptively refined mesh. As before, even in the presence of linearization and algebraic errors,
the overall error distribution is predicted very well, while the mesh has been refined around the corner
singularity.
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number of linear solver iterations per refinement level (right). Case 2, p =4
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