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Overview. In a seminal paper of 2005, Nualart and Peccati [40] discovered a surprising
central limit theorem (called the “Fourth Moment Theorem” in the sequel) for sequences of multiple
stochastic integrals of a fixed order: in this context, convergence in distribution to the standard
normal law is equivalent to convergence of just the fourth moment. Shortly afterwards, Peccati and
Tudor [46] gave a multidimensional version of this characterization.

Since the publication of these two beautiful papers, many improvements and developments on
this theme have been considered. Among them is the work by Nualart and Ortiz-Latorre [39],
giving a new proof only based on Malliavin calculus and the use of integration by parts on Wiener
space. A second step is my joint paper [27]| (written in collaboration with Peccati) in which, by
bringing together Stein’s method with Malliavin calculus, we have been able (among other things)
to associate quantitative bounds to the Fourth Moment Theorem. It turns out that Stein’s method
and Malliavin calculus fit together admirably well. Their interaction has led to some remarkable
new results involving central and non-central limit theorems for functionals of infinite-dimensional
Gaussian fields.

The current survey aims to introduce the main features of this recent theory. It originates from
a series of lectures I delivered® at the Collége de France between January and March 2012, within
the framework of the annual prize of the Fondation des Sciences Mathématiques de Paris. It may
be seen as a teaser for the book [32], in which the interested reader will find much more than in this
short survey.

Acknowledgments. It is a pleasure to thank the Fondation des Sciences Mathématiques de
Paris for its generous support during the academic year 2011-12 and for giving me the opportunity
to speak about my recent research in the prestigious Collége de France. I am grateful to all the
participants of these lectures for their assiduity. Also, I would like to warmly thank two anonymous
referees for their very careful reading and for their valuable suggestions and remarks. Finally, my
last thank goes to Giovanni Peccati, not only for accepting to give a lecture (resulting to the material
developed in Section 10) but also (and especially!) for all the nice theorems we recently discovered
together. I do hope it will continue this way as long as possible!

*You may watch the videos of the lectures at http://www.sciencesmaths-paris.fr/index.php?page=175.
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1 Breuer-Major Theorem

The aim of this first section is to illustrate, through a guiding example, the power of the approach
we will develop in this survey.

Let {Xj}r>1 be a centered stationary Gaussian family. In this context, stationary just means
that there exists p : Z — R such that E[X;X;| = p(k — 1), k,l > 1. Assume further that p(0) = 1,
that is, each X}, is A(0,1) distributed.

Let ¢ : R — R be a measurable function satisfying

1 2
Elp*(X :—/ 2(z)e " Pdr < 0. 1.1
[p*(X1)] \/%Rw() (1.1)
Let Hg, Hq, ... denote the sequence of Hermite polynomials. The first few Hermite polynomials are

Hy=1 H =X, Hy=X?—1and H3 = X3 —3X. More generally, the gth Hermite polynomial H,
is defined through the relation XH, = H,41 + qH,—1. It is a well-known fact that, when it verifies
(1.1), the function ¢ may be expanded in L?*(R, e*mQ/de) (in a unique way) in terms of Hermite
polynomials as follows:

plx) =) aqHy(x). (1.2)
q=0

Let d > 0 be the first integer ¢ > 0 such that a, # 0 in (1.2). It is called the Hermite rank of ¢;
it will play a key role in our study. Also, let us mention the following crucial property of Hermite



polynomials with respect to Gaussian elements. For any integer p,q > 0 and any jointly Gaussian
random variables U,V ~ N(0,1), we have

CEACL AR (13

In particular (choosing p = 0) we have that E[H,(X;)] = 0 for all ¢ > 1, meaning that
ap = Elp(X1)] in (1.2). Also, combining the decomposition (1.2) with (1.3), it is straightforward
to check that

E[*(X1)] =) _qla;. (1.4)
q=0

We are now in position to state the celebrated Breuer-Major theorem.

Theorem 1.1 (Breuer, Major, 1983; see [7]) Let { Xy }r>1 and ¢ : R — R be as above. Assume
further that ag = Elp(X1)] = 0 and that 3, |p(k)|? < 0o, where p is the covariance function of
{Xk}i>1 and d is the Hermite rank of ¢ (observe that d > 1). Then, as n — oo,

o i = law 0_2
Vo = \/ﬁ ;@(Xk) - N(07 )7 (1'5)

with o2 given by

o? = Z gla; Zp(k‘)q € [0, 00). (1.6)
q=d

keZ

(The fact that o* € [0,00) is part of the conclusion.)

The proof of Theorem 1.1 is far from being obvious. The original proof consisted to show that
all the moments of Vj, converge to those of the Gaussian law N'(0,02). As anyone might guess,
this required a high ability and a lot of combinatorics. In the proof we will offer, the complexity
is the same as checking that the variance and the fourth moment of Vj, converges to o and 30
respectively, which is a drastic simplification with respect to the original proof. Before doing so, let
us make some other comments.

Remark 1.2 1. First, it is worthwhile noticing that Theorem 1.1 (strictly) contains the classical
central limit theorem (CLT), which is not an evident claim at first glance. Indeed, let {Yj }r>1
be a sequence of i.i.d. centered random variables with common variance o > 0, and let Fy
denote the common cumulative distribution function. Consider the pseudo-inverse Fy- Lof Fy,

defined as

Fyl(u) =inf{y e R: u < Fy(y)}, wue(0,1).
When U ~ Up ) is uniformly distributed, it is well-known that Fy L) law Y;. Observe
also that \/%7 fj(olo e~ 2dt is Up,1) distributed. By combining these two facts, we get that

o(X1) 2 Y] with

p(z) = F,! (\/%_W/ e_t2/2dt> , rxeR
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Assume now that p(0) = 1 and p(k) = 0 for k # 0, that is, assume that the sequence { X} }r>1
is composed of i.i.d. N(0,1) random variables. Theorem 1.1 yields that

1 " law 1 law
—ZYk:— o(Xp) = N Zq'a ,
Vi Vi

thereby concluding the proof of the CLT since 02 = E[p?*(X;)] = Do glaZ, see (1.4). Of
course, such a proof of the CLT is like to crack a walnut with a sledgehammer. This approach
has nevertheless its merits: it shows that the independence assumption in the CLT is not
crucial to allow a Gaussian limit. Indeed, this is rather the summability of a series which is
responsible of this fact, see also the second point of this remark.

. Assume that d > 2 and that p(k) ~ [k|~" as |k| — oo for some D € (0,3). In this case, it
may be shown that n¢?/2=1 3% (X}) converges in law to a non-Gaussian (non degenerated)
random variable. This shows in particular that, in the case where Y, ., [p(k)|¢ = oo, we can
get a non-Gaussian limit. In other words, the summability assumption in Theorem 1.1 is,
roughly speaking, equivalent (when d > 2) to the asymptotic normality.

. There exists a functional version of Theorem 1.1, in which the sum )", _; is replaced by ZZQ
for t > 0. It is actually not that much harder to prove and, unsurprisingly, the limiting process

is then the standard Brownian motion multiplied by o.

Let us now prove Theorem 1.1. We first compute the limiting variance, which will justify the

formula (1.6) we claim for o2. Thanks to (1.2) and (1.3), we can write

2
BV = B >3 H(X) LS a3 B, (X0 H,(x)
q=d k=1 pq d k=1
- —ZQ'G Z —lq—Z(J'GQZﬂ )1{\ j<n}-
k=1 reZ

When ¢ > d and r € Z are fixed, we have that
T
q!agp(r)q(l — %)1{|r|<n} — q!agp(r)q as n — 0o.
On the other hand, using that |p(k)| = |E[X) X 1] < /E[XF|E[X7, ] = 1, we have

7]

) rteny < daZlp(r)|? < ala2lo(r)]?,

alalp(r)l* (1 -

with 3702 ;3% ez q!a2|p(r)|d = Elp*(X1)] x>, ez |p(r)|¢ < oo, see (1.4). By applying the dominated

convergence theorem, we deduce that E[V,?] — 02 as n — oo, with 2 € [0, 00) given by (1.6).

Let us next concentrate on the proof of (1.5). We shall do it in three steps of increasing generality

(but of decreasing complexity!):
(i) when ¢ = H, has the form of a Hermite polynomial (for some ¢ > 1);

(ii) when ¢ = P € R[X] is a real polynomial;



(iii) in the general case when ¢ € L2(R, e~ /2dx).

We first show that (ii) implies (iii). That is, let us assume that Theorem 1.1 is shown for
polynomial functions ¢, and let us show that it holds true for any function ¢ € L?(R, e~/ 2dx).
We proceed by approximation. Let N > 1 be a (large) integer (to be chosen later) and write

QAR 1
Vn:%;aq;Hq(Xk)—i—% Z anH Xk = nN+RnN

¢=N+1 k=1

Similar computations as above lead to

supER Z q'a xZ]p 45 0as N — oo. (1.7)
n=1 g=N—+1 rez

(Recall from (1.4) that E[p?(X1)] = Do gla} < 00.) On the other hand, using (ii) we have that,
for fixed N and as n — oo,

Vo N 2o Zq'aQZp . (1.8)

kEZ

It is then a routine exercise (details are left to the reader) to deduce from (1.7)-(1.8) that

law

Vo =Vun+Ryn — N(0,0 2) as n — oo, that is, that (iii) holds true.

Next, let us prove (i), that is, (1.5) when ¢ = H, is the gth Hermite polynomial. We actually
need to work with a specific realization of the sequence { Xy }x>1. The space

2
H :=span{ X1, Xo, .. .}L ©

being a real separable Hilbert space, it is isometrically isomorphic to either RV (with N > 1) or
L?(Ry). Let us assume that H ~ L?(R,), the case where H ~ R¥ being easier to handle. Let
® :H — L*(Ry) be an isometry. Set e = ®(X}) for each k > 1. We have

p(k —1) = B[ X X)) = /000 er(x)e(x)dx, k,l>1 (1.9)

If B = (B¢)i>0 denotes a standard Brownian motion, we deduce that

{ Xk} i1 law {/ ek(t)dBt} ;
0 E>1

these two families being indeed centered, Gaussian and having the same covariance structure (by
construction of the ej’s). On the other hand, it is a well-known result of stochastic analysis (which
follows from an induction argument through the It6 formula) that, for any function e € L?(Ry)
such that [le[| 2, ) = 1, we have

H, (/Oooe(t)dBt> _g /Ooo dBtle(tl)/Otl dBth(tg).../th_l dB,, elt,). (1.10)

(For instance, by Ito’s formula we can write

</Ooo€(t)dBt>2 _ 2/OoodBt1e(t1)/otl dBth(t2)+/Oooe(t)2dt

00 t1
= 2/ dBtle(tl)/ dBtQG(tQ) + 1,
0 0

5



which is nothing but (1.10) for ¢ = 2, since Hy = X? — 1.) At this stage, let us adopt the two
following notational conventions:

(a) If » (resp. ) is a function of r (resp. s) arguments, then the tensor product ¢ ® v is the
function of r 4+ s arguments given by ¢ @ ¥(z1,...,Tr1s) = @(T1, .., Tp)V(Tpp1, .oy Trgs)-
Also, if ¢ > 1 is an integer and e is a function, the tensor product functlon e®4 is the functlon
e®...® e where e appears ¢ times.

(b) If f € L*RY) is symmetric (meaning that f(zi,...,z4) = f(@o(1ys - To(q)) for all
permutation o € &, and almost all zy,...,z, € R}) then

) t1 tg—1
IP(f) = Cf(t - tg)dBy, - dBy, = q!/ dBtl/ dBtQ.../ dBy, f(t1,. .. ).
R+ 0 0 0

With these new notations at hand, observe that we can rephrase (1.10) in a simple way as

H, (/Ooo e(t)dBt> = ID(e®9). (1.11)

It is now time to introduce a very powerful tool, the so-called Fourth Moment Theorem of Nualart
and Peccati. This wonderful result lies at the heart of the approach we shall develop in these lecture
notes. We will prove it in Section 5.

Theorem 1.3 (Nualart, Peccati, 2005; see [40]) Fiz an integer ¢ > 2, and let {fn}n>1 be a

sequence of symmetric functions of Lz(Rq ). Assume that E[IP(f,)?] = ¢! anHLg(Rq — 02 as

n — oo for some o > 0. Then, the following three assertions are equivalent as n — oo:
law
(1) I (fa) = N(0,07);
l W
(2) BIJ(f2)"] = 30%;

(3) an®ranL2(R2q—2r) — 0 foreachr =1,...,q—1, where f,®, f, is the function of L*(R R4
+
defined by

fn Qr fn(xla cee ax2q72r)

= fal@i, oo g, iy Ue) (@ gmrt1s - s T2g—205 Y15 - - Yr)AYT - Yy
Ry

Remark 1.4 In other words, Theorem 1.3 states that the convergence in law of a normalized
sequence of multiple Wiener-It6 integrals If( fn) towards the Gaussian law N(0,0?) is equivalent
to convergence of just the fourth moment to 30*. This surprising result has been the starting point
of a new line of research, and has quickly led to several applications, extensions and improvements.
One of these improvements is the following quantitative bound associated to Theorem 1.3 that we
shall prove in Section 5 by combining Stein’s method with the Malliavin calculus.

Theorem 1.5 (Nourdin, Peccati, 2009; see [27]) If ¢ > 2 is an integer and f is a symmetric
element of L*(RY) satisfying E[IP(f)?] = ¢! HfHLQ(Rq =1, then

. B L e L g1 B _
a0 <- eenT E




Let us go back to the proof of (i), that is, to the proof of (1.5) for ¢ = H,. Recall that
the sequence {er} has be chosen for (1.9) to hold. Using (1.10) (see also (1.11)), we can write

= IqB(fn), with
1 n
D e
=— ) e¢
k
\/ﬁkzl

We already showed that E[V,2] — 02 as n — 0o. So, according to Theorem 1.3, to get (i) it remains
to check that || f, ®, anLQ(qu_zr) — 0 forany r=1,...,g— 1. We have
+

1 & 1 &
fn®r fn = E Z@?q(@rel@qzﬁ Z<6k’el>22(ﬂ§ ) ®q 7“® ®q—r
k,l=1 k=1
1 &
= = > pk—I e e,
o=

implying in turn

an ®r anLQ(R?q 2T

1 < oy . @ . . .
Y Z pli = 5)"p(k —1) <6z®q ® e?q ®q ® e®q >L2(Ri‘1—2r)
i7j7k7l:1
1 - o , .
= — > pli=d) plk =1 pli = k)G — 1)1
’i7j,]€7l:1

Observe that [p(k — )|"|p(i — k)|77" < |p(k — )|9 + |p(i — k)|?. This, together with other obvious
manipulations, leads to the bound

= D1 (5110 A P10 S 120

kEZ li|<n l7l<n
2 . N
< =D Mm@ Y o)
heZ E
= 2) |p(k)[* xn Z )" x 00 > |p()]e".
keZ li|<n lil<n

Thus, to get that || f,, @, anLQ(qufgr) — 0 for any r =1,...,¢ — 1, it suffices to show that
+

"—0 forany r=1,...,q— 1.

S =
li|<n

Let r=1,...,¢— 1. Fix 6 € (0,1) (to be chosen later) and let us decompose s, (r) into

sp(r)=n a Z lp()|" + nT Z lp(3)|" =: s1,,(5,7) + s2.1(d,7).

7] <[nd] [nd]<[il<n

Using Holder inequality, we get that
r/q

s1a@r) <n” T 3D e | (L 2[nd) T < estx 81
il <[nd]




as well as

r/q r/q
q—r

son@r) <n” T | N0 [pl@)T] @n) T <estx [ DT o))

ma)<li<n i >[né]

Since 1 —r/q > 0, it is a routine exercise (details are left to the reader) to deduce that s,(r) — 0
as n — oo. Since this is true for any » = 1,...,¢ — 1, this concludes the proof of (i).

It remains to show (ii), that is, convergence in law (1.5) whenever ¢ is a real polynomial. We
shall use the multivariate counterpart of Theorem 1.3, which was obtained shortly afterwards by
Peccati and Tudor. Since only a weak version (where all the involved multiple Wiener-Ito integrals
have different orders) is needed here, we state the result of Peccati and Tudor only in this situation.
We refer to Section 6 for a more general version and its proof.

Theorem 1.6 (Peccati, Tudor, 2005; see [46]) Consider | integers qq,...,q = 1, with [ > 2.

Assume that all the g;’s are pairwise different. For each i = 1,...,1, let {fi},>1 be a sequence of

symmetric functions of L*(RY) satisfying E[IJ(f1)*] = qi!Hf,iHiQ(qu) — 0?2 as n — oo for some
+

o; > 0. Then, the following two assertions are equivalent as n — co:

(1) IB(f1) ™ N(0,02) for alli=1,...,1;

(2) (IB(f1),.. . IB(fL)) =¥ W (0, diag (02, ..., 02)).

In other words, Theorem 1.6 proves the surprising fact that, for such a sequence of vectors of multiple
Wiener-1t6 integrals, componentwise convergence to Gaussian always implies joint convergence. We
shall combine Theorem 1.6 with (i) to prove (ii). Let ¢ have the form of a real polynomial. In
particular, it admits a decomposition of the type ¢ = Zévzd agH, for some finite integer N > d.
Together with (i), Theorem 1.6 yields that

<% kZlHd(Xk),...,% ;HN(Xk)> = N (0, diag(rg, ..., o))

where 02 = ¢!>, .z p(k)?, ¢ =d,...,N. We deduce that
1 N n . N
Vi = %ZanHq(Xk) - N 07Za2q!zp(/€)q )
q=d k=1 q=d keZ

which is the desired conclusion in (ii) and conclude the proof of Theorem 1.1. [

To go further. In [33], one associates quantitative bounds to Theorem 1.1 by using a similar
approach.

2  Universality of Wiener chaos

Before developing the material which will be necessary for the proof of the Fourth Moment Theorem
1.3 (as well as other related results), to motivate the reader let us study yet another consequence
of this beautiful result.



For any sequence Xy, Xo,... of i.i.d. random variables with mean 0 and variance 1, the central

limit theorem asserts that V,, = (X1 + ...+ X,,)/v/n ay N(0,1) as n — oo. It is a particular
instance of what is commonly referred to as a ‘universality phenomenon’ in probability. Indeed, we
observe that the limit of the sequence V,, does not rely on the specific law of the X;’s, but only of
the fact that its first two moments are 0 and 1 respectively.

Another example that exhibits a universality phenomenon is given by Wigner’s theorem in the
random matrix theory. More precisely, let {X;;};5;>1 and {X;;/v/2}i>1 be two independent families

composed of i.i.d. random variables with mean 0, variance 1, and all the moments. Set X;; = Xj;
and consider the n x n random matrix M, = (%)ngn. The matrix M, being symmetric,

its eigenvalues Ai,,...,A\p, (possibly repeated with multiplicity) belong to R. Wigner’s theorem
then asserts that the spectral measure of M,, that is, the random probability measure defined as
% > oheq O+ cOnverges almost surely to the semicircular law %\/4 — x21[_272} (z)dz, whatever the
exact distribution of the entries of M, are.

In this section, our aim is to prove yet another universality phenomenon, which is in the spirit
of the two afore-mentioned results. To do so, we need to introduce the following two blocks of basic
ingredients:

(i) Three sequences X = (X1, Xs,...), G = (G1,Ga,...) and E = (e1,¢9,...) of i.i.d. random
variables, all with mean 0, variance 1 and finite fourth moment. We are more specific with G
and E, by assuming further that G; ~ N (0,1) and P(e; = 1) = P(e; = —1) = 1/2. (As we
will see, E will actually play no role in the statement of Theorem 2.1; we will however use it
to build a interesting counterexample, see Remark 2.2(1).)

(ii) A fixed integer d > 1 as well as a sequence g, : {1,...,n}? — R, n > 1 of real functions, each
gn satisfying in addition that, for all i1,...,iq=1,...,n,

(@) gnli1,---0a) = gn(izr)s - - - »iq(q)) for all permutation o € &g;
(b) gn(i1,...,1q) = 0 whenever iy = 4; for some k # [;
(c) 320 i1 gn(in,...ia)? = 1.

(Of course, conditions (a) and (b) are becoming immaterial when d = 1.) If x = (1, x9,...)
is a given real sequence, we also set

n

Qa(gn,x) = Z Gn (i1, . ia)Tiy - Ty

U1yeeig=1

Using (b) and (c), it is straightforward to check that, for any n > 1, we have E[Q4(gn, X)] =0
and E[Qg4(gn, X)?] = 1.

We are now in position to state our new universality phenomenon.

Theorem 2.1 (Nourdin, Peccati, Reinert, 2010; see [34]) Assume that d > 2. Then, as
n — 00, the following two assertions are equivalent:

(@) Qalgn, G) ™ N(0,1);
(B) Qalgn,X) tay N(0,1) for any sequence X as given in (i).

Before proving Theorem 2.1, let us address some comments.



Remark 2.2 1. In reality, the universality phenomenon in Theorem 2.1 is a bit more subtle
than in the CLT or in Wigner’s theorem. To illustrate what we have in mind, let us consider
an explicit situation (in the case d = 2). Let g, : {1,...,n}?> — R be the function given by

. 1
gn(i,j) = ﬁl{izl,j>2 or j=1,i>2}-

It is easy to check that g, satisfies the three assumptions (a)-(b)-(¢) and also that

1 n
,X) = a1 X T
Q2(gn, %) 1 m; k

The classical CLT then implies that Q2(gn, G) lay G1G2 and Q2(gn, E) lay £1G9. Moreover, it
is a classical and easy exercise to check that e1G5 is N(0, 1) distributed. Thus, what we just

showed is that, although Q2(g,,E) oy N(0,1) as n — oo, the assertion (f) in Theorem 2.1
fails when choosing X = G (indeed, the product of two independent N (0, 1) random variables
is not gaussian). This means that, in Theorem 2.1, we cannot replace the sequence G in («)
by another sequence (at least, not by E !).

2. Theorem 2.1 is completely false when d = 1. For an explicit counterexample, consider for
instance g, (i) = 1y=1y, ¢ = 1,...,n. We then have Q1(g,,x) = 1. Consequently, the
assertion («) is trivially verified (it is even an equality in law!) but the assertion (/) is never
true unless X7 ~ N(0,1).

Proof of Theorem 2.1. Of course, only the implication («)—(f) must be shown. Let us divide its
proof into three steps.

Step 1. Set e; = 1;;_1 4,1 > 1, and let f, € LQ(Ri) be the symmetric function defined as

n

fn= Z gn(il,...,id)eil®...®6id.
i1, 0ig=1
By the very definition of IZ(f,), we have

n

0 t1 ta—1
IdB(fn) =d! Z gn(ila cee aid) /0 dBtleh (tl) /0 dBtzeiz (tQ) s /O dBtdeid(td)'

01,..50g=1

Observe that

) t1 tqg—1
/ dBtl €iq (tl) / dBt2 €iy (tg) . / dBtd eid (td)
0 0 0

is not almost surely zero (if and) only if iy < ig—1 < ... < i;. By combining this fact with
assumption (b), we deduce that

00 t1 ta—1
If(fn) = d! Z gn(ila ce aid) /0 dBt1 €iy (tl) /0 dBtzeiz (tQ) cee /0 dBtdeid (td)

1<ig<..<i1<n

= (! Z gn (i1, ... ,iq)(Biy — Biy—1) ... (Bi, — Bi;—1)
1<ig<...<i1<n
n

. . law
= > gnlit,..ig)(Bi, = Biy-1) ... (Biy = Biy-1) = Qulgn, G).

01508g=1

10



That is, the sequence Q4(gn, G) in (a) has actually the form of a multiple Wiener-Itd integral.
On the other hand, going back to the definition of f, ®4_1 f, and using that (e;, ej>L2(]R+) = 0;j
(Kronecker symbol), we get

n n

Fo®a1fa=> | D gnliske,.. ka)gn(Gka, .. ka) | e @ej,
ij=1 \ka,...kg=1

so that

n n

an®d71fnui2(]1§i) = > > gnliska, . ka)gn (ko k)

ij=1 \ko,....kg=1

2
n n
> Z Z gn(i ko, ... kq)? (by summing only over i = j)
=1 \ko,...,kq=1
2
n
. 2 2
> max Z gn(i, ko, ... kq) =Ty, (2.12)
k2,....kq=1
where
n
T 1= max > gnlivka,... ka)® (2.13)
ka,....kq=1

Now, assume that (a) holds. By Theorem 1.3 and because Q4(gn, G) law IZ(f,), we have in
particular that || f, ®4_1 f"HLQ(Ri) — 0 as n — oo. Using the inequality (2.12), we deduce that
T, — 0 as n — oo.

Step 2. We claim that the following result (whose proof is given in Step 3) allows to conclude
the proof of (a)) — ().

Theorem 2.3 (Mossel, O’Donnel, Oleszkiewicz, 2010; see [20]) Let X and G be given as in
(i) and let g, : {1,...,n}¢ — R be a function satisfying the three conditions (a)-(b)-(c). Set
v = max{3, E[X{]} > 1 and let 7,, be the quantity given by (2.13). Then, for all function ¢ : R — R
of class C3 with ||¢" || < 00, we have

| El(Qalgn, X))] = Elp(Qalgn, G| < 23+ 29)3 Va2Vl |0 |loo /7.

w

Indeed, assume that («) holds. By Step 1, we have that 7,, — 0 as n — oo. Next, Theorem 2.3
together with («), lead to (5) and therefore conclude the proof of Theorem 2.1.

Step 3 Proof of Theorem 2.3. During the proof, we will need the following auxiliary lemma,
which is of independent interest.

Lemma 2.4 (Hypercontractivity) Let n > d > 1, and consider a multilinear polynomial
P € Rxy,...,xy,] of degree d, that is, P is of the form

P(xy,...,2p) = Z GSH%‘-

Sc{1,...,n} ieS
|S|=d
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Let X be as in (i). Then,
E[P(X1,...,X))"] < B+ 2BX1)* E[P(X1,..., X0)?]". (2.14)

Proof. The proof follows ideas from [20] is by induction on n. The case n = 1 is trivial. Indeed,
in this case we have d = 1 so that P(z1) = az; the conclusion therefore asserts that (recall that
E[X?] = 1, implying in turn that E[X}] > E[X?]? =1)

d'BIX{] < a* (3+2E[X}))°,
which is evident. Assume now that n > 2. We can write
P(zy,...,2n) = R(x1,...,&n—1) + S (21, ..., Tpn_1),

where R,S € R[zy,...,2x,-1] are multilinear polynomials of n — 1 variables. Observe that R
has degree d, while S has degree d — 1. Now write P = P(X3,...,X,), R = R(Xy,...,Xn1),
S = S(X1,...,X, 1) and a = E[X{]. Clearly, R and S are independent of X,,. We have, using
E[X,] =0 and E[X2] = 1:

E[P?Y = E[((R+SX,)? = ERY+E[S?

EPY = E[(R+SX,)*" = ER'+6ER*S? +4E[X2|ERS® + E[X]E[SY.
Observe that E[R?S?] < /FE[R4]\/E[S%] and

1 3
E[X}ERS®| < a1 (E[RY)* (E[SY)* < a/ERAVE[SY + aE[SY,

where the last inequality used both xiyzl < /xy + vy (by considering = < y and = > y) and ai < <«
(because o > E[X2] > E[X2]?> = 1). Hence

E[PY < E[RY+2(3 +2a)y/ERAVE[SY] + 5aE[S
< ERY +2(3+ 2a)\/E[RY| S4+3+2a) E[sY]
- ( ERY + (3+20) E[s4])

By induction, we have \/E[R4] < (3 4+ 2a)?E[R?] and /E[S4] < (3 + 2a)? 1 E[S?]. Therefore
E[PY < (3+20)% (E[R? + E[S?])” = (3 + 20)™ E[P?)%,

and the proof of the lemma is concluded. [ |

We are now in position to prove Theorem 2.3. Following [20], we use the Lindeberg replacement
trick. Without loss of generality, we assume that X and G are stochastically independent. For
i=0,...,n,let WO = (G1,...,Gi, Xit1, ..., X,). Fix a particular ¢ = 1,...,n and write

_ , (4) (i)
U, = > gnlin,. i)W WY,
11 5eenig<n
174, ia
_ : N0 ) (3)
vV, = Z gn(its . i)W W WY
101 5eeyig<n
3jrij=i

= d Z gn(iyia, ... ig) Wi W7,

124.00,8g=1



—

where Wi(i) means that this particular term is dropped (observe that this notation bears no
ambiguity: indeed, since g,, vanishes on diagonals, each string i1, ..., 74 contributing to the definition
of V; contains the symbol i exactly once). For each i, note that U; and V; are independent of the

variables X; and G;, and that
Qa(gn, W) = Ui+ X;Vi and  Qalgn, W) = U; + GiV;.

By Taylor’s theorem, using the independence of X; from U; and V;, we have

'E[sowi +XiV))] = Elp(U)] - B[¢/ (U)Vi] B[Xi] - %E[so”(UMQJE[X?]

7

1
< 6HSDW||00E[|X2‘|3]E[|V2‘|3]-
Similarly,

'E[sowi +GiVi)] = Ele(U)] - E[¢'(U)V] EGi] - %E[so”(UiMQ]E[G?]

1
< Gl I BIGPIE[VAF).

Due to the matching moments up to second order on one hand, and using that E[|X;|?] < v and
E[|G;]?] < 7 on the other hand, we obtain that

|E[p(Qalgn, WO™)] = E[2(Qalgn, W] | = | B[ + GiVi)] = E[p(Us + XiV3)]|

y
< Sl NIV

By Lemma 2.4, we have

3
2

E[[Vi’] < E[V]1 < (3+29)2 @ VEV2):.

Using the independence between X and G, the properties of g, (which is symmetric and vanishes
on diagonals) as well as F[X;] = E[G;] = 0 and E[X?] = E[G?] = 1, we get

n 3/2
E[VA3? = (dd! > gn(i,ig,...,id)2>

i2yeig=1
n n
< @)’ fmax N ga(idae o2 % Y galivia.ia),
e J2se-dd=1 12,..0,0q=1

implying in turn that

n n n

OBV < @da)?R I max T gl da)? X D galiniz,... i),

i=1 SIS o da=1 i1yremig=1

42Vl /7.
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By collecting the previous bounds, we get

[Elp(Qalgn, X)) — Elp(Qa(gn, G))l|

<3 |Ple(@ulgn, WED))] = Blo(Qalgn, W)))|

i=1

n n
Y i 3 (d— 3
< gHtp”’Hoo S E[ViP] < 3(8+27) 210"l > E[VP)2
i=1 i=1

< 13+ 210V oo/

|
As a final remark, let us observe that Theorem 2.3 contains the CLT as a special case. Indeed,
fix d =1 and let g,, : {1,...,n} — R be the function given by g, (i) = ﬁ We then have 7, = 1/n.

It is moreover clear that Qi(g,, G) ~ N(0,1). Then, for any function ¢ : R — R of class C3 with
¢ |loo < 00 and any sequence X as in (i), Theorem 2.3 implies that

‘E () - = so(y)eyzﬂdy' < max{E[XH/3, 19" .

from which it is straightforward to deduce the CLT.

To go further. In [34], Theorem 2.1 is extended to the case where the target law is the centered
Gamma law. In [48], there is a version of Theorem 2.1 in which the sequence G is replaced by P,
a sequence of i.i.d. Poisson random variables. Finally, let us mention that both Theorems 2.1 and
2.3 have been extended to the free probability framework (see Section 11) in the reference [13].

3 Stein’s method

In this section, we shall introduce some basic features of the so-called Stein method, which is the
first step toward the proof of the Fourth Moment Theorem 1.3. Actually, we will not need the full
force of this method, only a basic estimate.

A random variable X is N'(0,1) distributed if and only if E[¢?X] = ¢~**/2 for all ¢t € R. This
simple fact leads to the idea that a random variable X has a law which is close to N(0,1) if and
only if E[e"X] is approzimately e~ /2 for all t € R. This last claim is nothing but the usual criterion
for the convergence in law through the use of characteristic functions.

Stein’s seminal idea is somehow similar. He noticed in [52] that X is A/(0,1) distributed if and
only if E[f'(X)—X f(X)] = 0 for all function f belonging to a sufficiently rich class of functions (for
instance, the functions which are C' and whose derivative grows at most polynomially). He then
wondered whether a suitable quantitative version of this identity may have fruitful consequences.
This is actually the case and, even for specialists (at least for me!), the reason why it works so well
remains a bit mysterious. Surprisingly, the simple following statement (due to Stein [52]) happens
to contain all the elements of Stein’s method that are needed for our discussion. (For more details
or extensions of the method, one can consult the recent books |9, 32| and the references therein.)

Lemma 3.1 (Stein, 1972; see [52]) Let N ~ N(0,1) be a standard Gaussian random variable.
Let h: R — [0,1] be any continuous function. Define f : R — R by

f(z) = eé _x (h(a) —E[h(N)])e_éda (3.15)
= —eé /OO (h(a) — E[h(N)])eféda. (3.16)



Then f is of class C', and satisfies |f(x)| < /7/2, | f'(x)| < 2 and

fl(a) =2 f(x) + h(x) - E[h(N)] (3.17)
for all z € R.
Proof: The equality between (3.15) and (3.16) comes from

1 —+o00 02
0= E[N) ~ BB = 2= [ (ha) = ERN)e da

Using (3.16) we have, for x > 0:

z2

+o0
xez / (h(a) — E[h(N)])e™ 2 da

400 2 22 +o0 02
_/ 67/ ae” 2da = 1.
xX

Using (3.15) we have, for z < 0:

ze’T /m (h(a) — E[R(N)])e % da

—00

|zf(z)] =

|zf(z)| =

+w a2 SC2 +w a2
< zleT / e zda<ez ae” 2 da=1.
\

z| |z

The identity (3.17) is readily checked. We deduce, in particular, that
|f'(@)| < [z f(2)| + |h(z) — E[R(N)]| < 2
for all z € R. On the other hand, by (3.15)-(3.16), we have, for every x € R,

F@)] < /2 min ( / eV /2y, / ey2/2dy> 2 /| Py < @

where the last inequality is obtained by observing that the function s : Ry — R given by
s(z) = 612/2f;°e*y2/2dy attains its maximum at = = 0 (indeed, we have

/ 2/2 o 2/2 2/2 R 2/2
s'(x) = ze® / eV dy —1<e” / ye Y/ %dy—1=0
x x
so that s is decreasing on R ) and that s(0) = y/7/2.
The proof of the lemma is complete. [ |

To illustrate how Stein’s method is a powerful approach, we shall use it to prove the celebrated
Berry-Esseen theorem. (Our proof is based on an idea introduced by Ho and Chen in [16], see also
Bolthausen [5].)

Theorem 3.2 (Berry, Esseen, 1956; see [15]) Let X = (X3, Xo,...) be a sequence of i.i.d.
random variables with E[X1] = 0, E[X?] =1 and E[|X1|?] < oo, and define

1 n
:%ZXka n =1,

to be the associated sequence of normalized partial sums. Then, for any n > 1, one has
1 33 B[| X1 %]
V2 N

P(V,<z)—

sup

x 2
e v /Zdu' <
z€R

(3.18)

15



Remark 3.3 One may actually show that (3.18) holds with the constant 0.4784 instead of 33. This
has been proved by Korolev and Shevtsova [18| in 2010. (They do not use Stein’s method.) On the
other hand, according to Esseen [15] himself, it is impossible to expect a universal constant smaller
than 0.4097.

Proof of (3.18). For each n > 2, let C}, > 0 be the best possible constant satisfying, for all i.i.d.
random variables X1, ..., X, with E[|X1[3] < oo, F[X?] =1 and E[X;] = 0, that

1 v Cn E[|X1]?]

—u2/2
sup |P(V,, <2) — — e“/du‘g . 3.19
i Y A NG (3.19)
As a first (rough) estimation, we first observe that, since X; is centered with E[X?] = 1, one has

E[|X1)?] > E[XIQ]% =1, so that C,, < y/n. This is of course not enough to conclude, since we need
to show that C,, < 33.
For any « € R and ¢ > 0, introduce the function

1 fu<ae—c¢
hge(u) =< linear ifzx—e<u<z+e .
0 fu>ax+e

It is immediately checked that, for all n > 2, ¢ > 0 and x € R, we have
E[hmfs,e(vn)] < P(Vn < x) < E[thre,s(Vn)]-

Moreover, for N ~ N (0,1), € > 0 and = € R, we have, using that the density of N is bounded by
1

Vor?

Elhgyee(N)] =

Therefore, for all n > 2 and € > 0, we have

1 £ 2
sup |P(V, < x) — — e " du
z€R (Vo ) V2T J o

Assume for the time being that, for all € > 0,

< Zlel%é |E[hm,e(Vn)] - E[h:v,s(N)” + E

6 E[|X1]?]  3C,_1 E[|X1]%)?
Elhy (V)] = E[hy -(N)]| < )
SUP | Blhz< (V)] = Elha,c (V] Jn Tt -

We deduce that, for all € > 0,

(3.20)

1 * 6 E[| X3 3C, 1 E[| X132 4
sup [PV, < ) — —— e_“2/2du‘< X2 | 3G BIXGPTE | 4e
z€R V2T J -0 Vn en Vor

By choosing € = %E[|X1|3], we get that

sup

1 f E[| X3 4
P(V, < z) 6“2/2du‘ < ElIX ] [6 + (3 + —> Cn—l] ,
x€R

CVer ) Vn Vo
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so that C), <6 + <3 + \/%) v/Cr—1. Tt follows by induction that C,, < 33 (recall that C,, < /n so
that Cy < 33 in particular), which is the desired conclusion.

We shall now use Stein’s Lemma 3.1 to prove that (3.20) holds. Fix z € R and £ > 0, and let
f denote the Stein solution associated with h = h, ., that is, f satisfies (3.15). Observe that h is
continuous, and therefore f is C'. Recall from Lemma 3.1 that || f|loc < /7 and ||f[|cc < 2. Set

also f(z) =xf(z), z € R. We then have

[f(@) = F)| = |F(@)(@ =)+ (f(2) = F))y| < <\/§+ 2|y|> [z —yl. (3.21)
On the other hand, set
Vg:vn—%, i=1,...,n.

Observe that V,! and X; are independent by construction. One can thus write

S N | X;

= Z;E (V) = F(VR) ﬁ]

= Y E f’(vn)% — (f(Va) = F(Vi) fﬁ] because E[f (V1) X;] = E[f(V;)E[X;] = 0
=1

- Zn:E f’(Vn)% —f (Vé + 65%) XFZT with 6 ~ %jg 1) independent of X, ..., X,,.
i=1 L

We have f/(z) = f(z) + h(z) — E[h(N)], so that

E[h(Vyn)] — E[A(N)] = Z (ai(f) = b:(f) + ai(h) — bi(R)), (3.22)

i=1

oile) = Elat) oVl and wla) = B[ (o (Vi + 62 ) oV ) X7 1.

(Here again, we have used that V,’ and X; are independent.) Hence, to prove that (3.20) holds true,
we must bound four terms.

1st term. One has, using (3.21) as well as E[|X;]] < E[X%]% =1and E[|V}]] < E[(V’)Q]% <1,

Dl < —= (B3 2epanEv) < (/5 +2) 2=

2nd term. Similarly and because E[¢] = 1, one has

~ T . Y 3
Pl < = (BB 3+ s PEl) < (55 +1) 22,
3rd term. By definition of h, we have
! v—u ~
h(v) — h(u) = (v — u)/O B (u+ s(v—u))ds = — 5 E [1[m,€7m+€](u +6(v — u))] ,

17



with 6 ~ U ,1) independent of § and X1,..., X,, so that

1 i ’\Xi
‘al(h” < 2€n\/ﬁE |:’Xi‘1[:ve,:v+€} <Vn+9\/ﬁ>]
1 y ; y
= ——F||X;|P ———— —e < V'<x - —
2oyt |1 (x yn eSS vﬁi*‘€> yaxj

1 .
< supP(x—%—aéVrfgx—%—i—s).

We are thus left to bound P(a < V' < b) for all a,b € R with a < b. For that, set
T i
n

‘7”2 = \/%Zj#Xj, so that Vi = (/1 —

n — 1 instead of n) and the fact that the standard Gaussian density is bounded by \/%,

V. We then have, using in particular (3.19) (with

. .y b
Pla<Vi<b) = P| L <Vvig
141 141
n n
b
= P ¢ \N\
1 1
1-1 1-1
P L <ic | P =N~
1 1 1 1
J1-1 1-1 1-1 1-1

b—a + 20,1,1 E[|X1|3]
Vamfi—-1 Vi1

/N

We deduce that

1 Cn1 B[ X:1]°]
2rnyn—1  nynyn—1le

4th term. Similarly, we have

jai()]

N

bi(h)| = 2n¢ﬁ;E[X;ay%ﬁﬁﬂ<};+eewﬁ>”
B[ X1 "] y : y
—w o P - —e < V'K - ==
nyne SRP\T- eSS To o nte
E[|X1)?] Ch_1 E[| X1

W2mnvn—1  2nynyn—1le

Plugging these four estimates into (3.22) and by using the fact that n > 2 (and therefore n —1> %)
and E[|X1]3] > 1, we deduce the desired conclusion. ]

To go further. Stein’s method has developed considerably since its first appearance in 1972.
A comprehensive and very nice reference to go further is the book [9] by Chen, Goldstein and Shao,
in which several applications of Stein’s method are carefully developed.
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4 Malliavin calculus in a nutshell

The second ingredient for the proof of the Fourth Moment Theorem 1.3 is the Malliavin calculus (the
first one being Stein’s method, as developed in the previous section). So, let us introduce the reader
to the basic operators of Malliavin calculus. For the sake of simplicity and to avoid technicalities
that would be useless in this survey, we will only consider the case where the underlying Gaussian
process (fixed once for all throughout the sequel) is a classical Brownian motion B = (By)>( defined
on some probability space (€2, F, P); we further assume that the o-field F is generated by B.

For a detailed exposition of Malliavin calculus (in a more general context) and for missing proofs,
we refer the reader to the textbooks [32, 38].

Dimension one. In this first section, we would like to introduce the basic operators of Malliavin
calculus in the simplest situation (where only one Gaussian random variable is involved). While
easy, it is a sufficiently rich context to encapsulate all the essence of this theory. We first need to
recall some useful properties of Hermite polynomials.

Proposition 4.1 The family (Hy)qen C R[X] of Hermite polynomials has the following properties.

(a) Hy = qHy 1 and Hyyy = XHy — qHyq for all g € N.

Va! ™
(¢) Let (U, V) be a Gaussian vector with U,V ~ N(0,1). Then, for all k,l € N,

{ QEUV]T  ifp=q

0 otherwise.

(b) The family <LHq>qu is an orthonormal basis of L*(R, \/%e_ﬁﬂd:c).

EH,(U)Hy(V)] =
Proof. This is well-known. For a proof, see, e.g., [32, Proposition 1.4.2]. [

Let ¢ : R — R be an element of L%(R, \/LQ—We_”CQ/de). Proposition 4.1(b) implies that ¢ may be

expanded (in a unique way) in terms of Hermite polynomials as follows:
[e.e]
w= Z aqH,. (4.23)
q=0
When ¢ is such that > qq!ag < 00, let us define
[ee]
Dy = Z qagH, 1. (4.24)
q=0

Since the Hermite polynomials satisfy H; = qH, 1 (Proposition 4.1(a)), observe that

Dy =y

(in the sense of distributions). Let us now define the Ornstein-Uhlenbeck semigroup (P;)¢=o by

o0
P = Z e a,H,. (4.25)
q=0
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Plainly, Py = Id, P,Ps = P,y (s,t > 0) and
DP, =e¢ 'P.D. (4.26)

Since (P;)i=0 is a semigroup, it admits a generator L defined as

d
L =—|—0F;.
dt|t_0t
Of course, for any ¢ > 0 one has that
d . Py — P ) P, —Id . P,—1d d
—P =lm ——=lmP— =P lim ——— =P, — P, =PL
at T A0 h noo U R I Yanl,_, T

and, similarly, %Pt = LP,. Moreover, going back to the definition of (F;)s=0, it is clear that the
domain of L is the set of functions ¢ € L?(R, \/LQ_ﬂe_xQ/de) such that Y- ¢?qla < oo and that, in
this case,

[e.e]
Ly =— Z qagH,.
q=0

We have the following integration by parts formula, whose proof is straightforward (start with the
case ¢ = Hj, and ¢ = H,, and then use bilinearity and approximation to conclude in the general
case) and left to the reader.

Proposition 4.2 Let ¢ be in the domain of L and v be in the domain of D. Then

e—x2/2d B 6—m2/2d
[ etarpta) = do = = [ Dola) Duta)—do. (4.27)

We shall now extend all the previous operators in a situation where, instead of dealing with
a random variable of the form F' = ¢(NN) (that involves only one Gaussian random variable N),
we deal more generally with a random variable F' that is measurable with respect to the Brownian
motion (By)=0-

Wiener integral. For any adapted! and square integrable stochastic process u = (us)¢=o, let
us denote by fooo urdBy its It integral. Recall from any standard textbook of stochastic analysis
that the Ito integral is a linear functional that takes its values on L2(Q) and has the following basic
features, coming mainly from the independence property of the increments of B:

E [/Ooo usst} =0 (4.28)

FE [/ usdByg X/ USdBS:| = F [/ usvsds]. (4.29)
0 0 0

In the particular case where u = f € L2(R, ) is deterministic, we say that fooo f(s)dBs is the Wiener
wntegral of f; it is then easy to show that

/OOO f(s)dBs ~ N <0, /OOO f2(s)ds> . (4.30)

f Any adapted process u that is either cadlag or caglad admits a progressively measurable version. We will always
assume that we are dealing with it.
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Multiple Wiener-Ito integrals and Wiener chaoses. Let f € L? (R). Let us see how one
could give a ‘natural’ meaning to the ¢-fold multiple integral

12(f) = [ Jls1,-50)dBs, B,
+

To achieve this goal, we shall use an iterated It6 integral; the following heuristic ‘calculations’ are
thus natural within this framework:

o f(s1,...,8¢)dBg, ...dBs,

= Z/ f S1y...,8 {50(1)> >Sa(q)} le...stq
ceBy
o(1) So(g—1)
= Z/ dB Jm/ sto(Q).../ dBs, ., f(51.-- ., 5q)
ceBy 0
t1 tg—1
— Z/ dBtl/ dBt2.../ dBy, f(te=1(1),- - to=1(g))
ceBy
t1 tg—1
= Z/ dBtl/ dBt2.../ dBi, f(to(1)s- -+ tog))- (4.31)
ceBy

Now, we can use (4.31) as a natural candidate for being I7(f).

Definition 4.3 Let ¢ > 1 be an integer.
1. When f € L*(R%), we set

t1 tq 1
Z/ dBtl/ dBtQ.../ dB1, f(to(1), -+ to(g))- (4.32)

0eGy

The random variable If(f) is called the qth multiple Wiener-1to integral of f.
2. The set ’Hf of random variables of the form If(f), fe LQ(Ri), 1s called the qth Wiener chaos
of B. We also use the convention ’H(? =R.

The following properties are readily checked.

Proposition 4.4 Let ¢ > 1 be an integer and let f € LQ(Rq ).
1. If fis symmetric (meaning that f(t1,...,tq) = f(to(1)s---»to(q) for any t € RY and any
permutation o € &), then

o0 t1 tg—1
B _
f) = q'/o dBt1 /0 dBt2 .. /0 dth f(tl, e ,tq). (433)
2. We have
I2(f) = 12(h), (4.34)

where ]7 stands for the symmetrization of f given by

f(tl""? q q| Z f o(1)» )) (435)

S

21



3. Foranyp,q>1, f € LQ(RIJ_) and g € LQ(]Rz_),

EIJ(f)] = 0 (4.36)
EIF(NIZ9) = M 9 remn) dp=4 (4.37)
Bl (NI (9] = 0 ifp#q. (4.38)

The space L?(€2) can be decomposed into the infinite orthogonal sum of the spaces ’Hf . (Itisa
statement which is analogous to the content of Proposition 4.1(b), and it is precisely here that we
need to assume that the o-field F is generated by B.) It follows that any square-integrable random
variable F' € L?(2) admits the following chaotic expansion:

F =E[F] + i 1P(f), (4.39)
q=1

where the functions f, € LQ(]RZ_) are symmetric and uniquely determined by F. In practice and
when F' is ‘smooth’ enough, one may rely on Stroock’s formula (see [53] or [38, Exercise 1.2.6]) to
compute the functions f, explicitely.

The following result contains a very useful property of multiple Wiener-It6 integrals. It is in the
same spirit as Lemma 2.4.

Theorem 4.5 (Nelson, 1973; see [21]) Let f € L*(R%) with ¢ > 1. Then, for all v > 2,
B[P (F)] < [0 = %)) ey < oo. (4.40)

Proof. See, e.g., [32, Corollary 2.8.14|. (The proof uses the hypercontractivity property of (P;):>0
defined as (4.48).) ]

Multiple Wiener-It6 integrals are linear by construction. Let us see how they behave with respect
to multiplication. To this aim, we need to introduce the concept of contractions.

Definition 4.6 Whenr € {1,...,pAq}, f € L*(RE) and g € L*(RY), we write f ®, g to indicate
the rth contraction of f and g, defined as being the element of LQ(R{’JW%) given by

(f R g)(tl, ce atp+q72r) (4.41)

(1, tpr @1, o @) gty - ooy bpbg—2rs T1s - - s Ty )dTy <L dy

= f

Ry

By convention, we set f ®yg = f ® g as being the tensor product of f and g, that is,
(f X0 g)(tl’ o ’tp+q) = f(tl’ o atp)g(tp+1’ o ,tp+q)-

Observe that

1 @r ol aqurra-ary < I e loliaety 7 =0, p A (4.42)

by Cauchy-Schwarz, and that f®,g = (f,g)2 (R?) when p = ¢q. The next result is the fundamental
product formula between two multiple Wiener-Ito integrals.
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Theorem 4.7 Let p,q > 1 and let f € LQ(RIJ_) and g € LQ(Ri) be two symmetric functions. Then

1P(1)1P(g) = Z'(p> (1) #0500 (1.43)

r
r=0
where f ®, g stands for the contraction (4.41).

Proof. Theorem 4.7 can be established by at least two routes, namely by induction (see, e.g., |38,
page 12|) or by using the concept of diagonal measure in the context of the Engel-Rota-Wallstrom
theory (see [45]). Let us proceed to a heuristic proof following this latter strategy. Going back to
the very definition of If( f), we see that the diagonals are avoided. That is, If( f) can be seen as

15(f) = . F(s1, 0 8p) (s, 25,027} dBs, - .. dBg,
+
The same holds for I7(g). Then we have (just as through Fubini)

IpB(f)IqB(g) = f(Sl, . aSp)]-{si;és]',i;éj}g(tla e atq)l{ti;étj,i;éj}stl . dBSdetl . dth.

pt+q
R+

While there is no diagonals in the first and second blocks, there are all possible mixed diagonals in
the joint writing. Hence we need to take into account all these diagonals (whence the combinatorial
coefficients in the statement, which count all possible diagonal sets of size r) and then integrate out
(using the rule (dB;)? = dt). We thus obtain

< P\ (4
If(f)IqB(g) = Z T'( > < > /Rp+q2r (f Or g)(xl, cee ’prrq*?r)dB:m s dBmp+q_2r

r)\r
r=0
which is exactly the claim (4.43). ]

Malliavin derivatives. We shall extend the operator D introduced in (4.24). Let F' € L?*(Q)
and consider its chaotic expansion (4.39).

Definition 4.8 1. When m > 1 is an integer, we say that F' belongs to the Sobolev- Watanabe space
D™ if

quq!quH%%Ri) < 0o. (4.44)
q=1
2. When (4.44) holds with m = 1, the Malliavin derivative DF = (DyF');=0 of F' is the element of
L*(Q x Ry) given by

DyF = Zq ~ 1 (fq(y (4.45)

3. More generally, when (4.44) holds with an m bigger than or equal to 2 we define the mth Malliavin
derivative D™F = (Dy, 4, F)i,..tm>0 of F as the element of L*(2 x RT) given by

Dy, F = Z (@—1)...(@=m+1IE,, (fo(itr, e tm)). (4.46)
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The power 2 in the notation D™?2 is because it is related to the space L?(f2). (There exists a
space D"P related to LP(€2) but we will not use it in this survey.) On the other hand, it is clear by
construction that D is a linear operator. Also, using (4.37)-(4.38) it is easy to compute the L?-norm
of DF in terms of the kernels f, appearing in the chaotic expansion (4.39) of F:

Proposition 4.9 Let F € D“2. We have

2 _ 2
FE [||DF||L2(]R+)} = q_zqu!HfQHLQ(Ri)'

Proof. By (4.45), we can write

2

E{HDF”%%R”} = /RE Zq Z1 (fq(s dt
_ qu / E[IP (£, ) I2 | (f4(1)] dt
p,g=1

Using (4.38), we deduce that

E [HDFHiz(RJ = q:iqu /R+E [Iﬁl(fq(.7t))2] dt

Finally, using (4.37), we get that

o0

E [”DF”%%RH} - Zqu(q_ 1)!/R+ [1fq (s )”L2 RS dt = qu'”qum(Rq :
—

q=1

Let H, be the gth Hermite polynomial (for some ¢ > 1) and let e € L?(R) have norm 1. Recall
(1.10) and Proposition 4.1(a). We deduce that, for any ¢ > 0,

D, (Hq ( /O h e(s)dWS>> = Dy(I7 (%) = qI P 1 (e® Ve(t)

= qH, </Ooo e(s)st> e(t) = H, </Ooo e(s)st> Dy (/Ooo e(s)st> :

More generally, the Malliavin derivative D verifies the chain rule:

Theorem 4.10 Let ¢ : R — R be both of class C' and Lipschitz, and let F € DY2. Then,
o(F) € D2 and

Dyp(F) = ¢/ (F)D,F, > 0. (4.47)
Proof. See, e.g., [38, Proposition 1.2.3]. [

Ornstein-Uhlenbeck semigroup. We now introduce the extension of (4.25) in our infinite-
dimensional setting.
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Definition 4.11 The Ornstein-Uhlenbeck semigroup is the family of linear operators (P;)i=o defined
on L*(Q) by

BF =Y e "IP(fy), (4.48)
q=0

where the symmetric kernels f, are given by (4.39).

A crucial property of (P;)¢>0 is the Mehler formula, that gives an alternative and often useful
representation formula for P;. To be able to state it, we need to introduce a further notation.
Let (B,B’) be a two-dimensional Brownian motion defined on the product probability space
(QF,P)=QxV,FoF PxP) Let F e L*f). Since F is measurable with respect to
the Brownian motion B, we can write F' = Up(B) with Ur a measurable mapping determined
Po B! as. As a consequence, for any ¢t > 0 the random variable ¥ (e !B + /1 — e 2 B’) is
well-defined P x P’ a.s. (note indeed that e”'B + v/1 — e~ 2t B’ is again a Brownian motion for any
t > 0). We then have the following formula.

Theorem 4.12 (Mehler’s formula) For every F = F(B) € L?(2) and every t > 0, we have
P(F)=FE'[¥p(e "B+ 1—e B, (4.49)
where E' denotes the expectation with respect to P’.

Proof. By using standard arguments, one may show that the linear span of random variables F
having the form F = exp [;° h(s)dBs with h € L*(Ry) is dense in L*(Q2). Therefore, it suffices
to consider the case where F' has this particular form. On the other hand, we have the following
identity, see, e.g., [32, Proposition 1.4.2(vi)]: for all ¢,z € R,

o0

q
e 3 )

q=0

with H, the gth Hermite polynomial. By setting ¢ = ||l 2,y = ||b]| and = = [® Iﬁgfll) dBs, we

deduce that

> Lz o I > h(s)
exp/ h(s)dBs = ezl —H / ——dBs |,
0 Z gt \Jo Al

q=0
implying in turn, using (1.10), that
. Lk S~ L B (e
exp ; h(s)dBs = e2 Z—'Iq (n®7). (4.50)

q=0 ¢

Thus, for F = exp [;° h(s)dBs,

1 2 > et
PF =e2lMN " —— 17 (n29).
q=0 ¢
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On the other hand,

E'Up(e'B+V1—e2B)| =F [exp / h(s)(e 'dBs 4+ /1 — e~ 2tdB.)
0

B L 00 1— 67215 9
= exple h(s)dBs ) exp 5 17|
0

1—e 2 =2t e e 4t
= exp (T Hh||2> ez Ikl Z?IQB (R®7) by (4.50)
q=0
= PF.
The desired conclusion follows. [ |

Generator of the Ornstein-Uhlenbeck semigroup. Recall the definition (4.44) of the
Sobolev-Watanabe spaces D2, m > 1, and that the symmetric kernels fq € LQ(Ri) are uniquely
defined through (4.39).

Definition 4.13 1. The generator of the Ornstein-Uhlenbeck semigroup is the linear operator L
defined on D*? by

[e.e]
LF ==Y qIZ(fy).
q=0
2. The pseudo-inverse of L is the linear operator L' defined on L?(2) by
1
PRV by )
q=1 e

It is obvious that, for any ' € L?(9), we have that L' F € D?2 and
LL7'F = F - E[F]. (4.51)

Our terminology for L' is explained by the identity (4.51). Another crucial property of L is
contained in the following result, which is the exact generalization of Proposition 4.2.

Proposition 4.14 Let F € D?*? and G € DY2. Then
E[LF x G| = —=E[(DF, DG) 2] (4.52)

Proof. By bilinearity and approximation, it is enough to show (4.52) for F' = If (f)and G =1 f (9)
with p,g>1and f € LQ(R{),_), gE LQ(Ri) symmetric. When p # ¢, we have

E[LF x G] = —pE[I] ()1} (9)] = 0
and
BUDF.DG) o) = pa | BUL (O (o)) =0
by (4.38), so the desired conclusion holds true in this case. When p = ¢, we have

E[LF x G) = —pE[L) ()1, (9)] = —pp!(f. 9) 12wz )
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and

E(DF,DG) 2] = /0 T EIP (OB (gl 1))t

= p(p— 1)!/0 (G0 9(51) 2 ey dt = pPUS, 9) r2qur)
by (4.37), so the desired conclusion holds true also in this case. [

We are now in position to state and prove an integration by parts formula which will play a
crucial role in the sequel.

Theorem 4.15 Let ¢ : R — R be both of class C' and Lipschitz, and let F € D2 and G € L*(2).
Then

Cov(G,¢(F)) = E[¢'(F)(DF,—DL™'G)2(r,)]. (4.53)
Proof. Using the assumptions made on F' and ¢, we can write:
Cov(G,p(F)) = E[L(L7'G)x p(F)] (by (4.51))
= E[(Dp(F),~DL™'G)12,)]  (by (4.52))
= E[¢(F)(Dp(F),=DL™'G)2m,)] (by (4.47)),
which is the announced formula. [ |
Theorem 4.15 admits a useful extension to indicator functions. Before stating and proving it,

we recall the following classical result from measure theory.

Proposition 4.16 Let C' be a Borel set in R, assume that C C [—A, A] for some A > 0, and let
w be a finite measure on [—A, A]. Then, there exists a sequence (hy,) of continuous functions with
support included in [—A, A] and such that hy(x) € [0,1] and 1c(x) = limy, 00 hn(z) p-a.e.

Proof. This is an immediate corollary of Lusin’s theorem, see e.g. [50, page 56]. [ |

Corollary 4.17 Let C be a Borel set in R, assume that C C [—A, A] for some A > 0, and let
F € DY2 be such that E[F] = 0. Then

E [F /1 1C(x)dx} = E[1¢(F)(DF,=DL7'F) 2z ).

Proof. Let A denote the Lebesgue measure and let Pr denote the law of F'. By Proposition 4.16
with 1 = (A + Pr)|—a,4) (that is, u is the restriction of A + Pp to [~A, A]), there is a sequence
(hyn) of continuous functions with support included in [—A, A] and such that h,(z) € [0,1] and
1o(x) = limy, 00 hy(x) p-a.e. In particular, 1o(x) = lim, o0 hp(2z) A-a.e. and Pp-a.e. By Theorem
4.15, we have moreover that

F
E [F/ hn(az)dm} = E[hn(F)(DF,~DL™'F) 12z ).
—0o0
The dominated convergence applies and yields the desired conclusion. [ |

As a corollary of both Theorem 4.15 and Corollary 4.17, we shall prove that the law of any
multiple Wiener-It6 integral is always absolutely continuous with respect to the Lebesgue measure
except, of course, when its kernel is identically zero.

27



Corollary 4.18 (Shigekawa; see [51]) Let ¢ > 1 be an integer and let f be a non zero element of
LQ(Rq ). Then the law of F' = If(f) is absolutely continuous with respect to the Lebesque measure.

Proof. Without loss of generality, we further assume that f is symmetric. The proof is by induction
on g. When q = 1, the desired property is readily checked because IZ(f) ~ N (0, HfHLQ(R ), see
(4.30). Now, let ¢ > 2 and assume that the statement of Corollary 4.18 holds true for ¢ — 1, that is,
assume that the law of [ f_ 1(g) is absolutely continuous for any symmetric element g of Lz(Rfl)
such that HQHL?(R‘i‘l) > 0. Let f be a symmetric element of L*(RY) with ||f||L2(Rq+) > 0. Let

h € L*(R) be such that [ [;° f(-,s)h(s)dsHLQ(qul) # 0. (Such an h necessarily exists because,
+

otherwise, we would have that f(-,s) = 0 for almost all s > 0 which, by symmetry, would imply
that f = 0; this would be in contradiction with our assumption.) Using the induction assumption,
we have that the law of

(DF,h) 2w, ) /DFh ds = ql] 1(/ £ >

is absolutely continuous with respect to the Lebesgue measure. In particular,
P((DF,h)r2r,) =0) =0,
implying in turn, because {||DF(| 2w, ) = 0} C {{DF,h)r2r,) = 0}, that
P(|DF|[ 2,y > 0) = 1. (4.54)

Now, let C' be a Borel set in R. Using Corollary 4.17, we can write, for every n > 1,

1 _
E |:lCﬂ[n,n](F)6||DFH%2(R+):| = E[lopnn(F){(DF,—~DL™"F)2x,)]

F
= E|:F/ 1Cﬂ[—n,n}(y)dy .

—0o0

Assume that the Lebesgue measure of C' is zero. The previous equality implies that

1
E |:]'Cﬂ[n,n](F)a||DF||%2(R+):| =0, n>1

But (4.54) holds as well, so P(F € C N [—n,n]) = 0 for all n > 1. By monotone convergence, we
actually get P(F € C) = 0. This shows that the law of F' is absolutely continuous with respect to
the Lebesgue measure. The proof of Corollary 4.18 is concluded. [ |

To go further. In the literature, the most quoted reference on Malliavin calculus is the excellent
book [38] by Nualart. It contains many applications of this theory (such as the study of the
smoothness of probability laws or the anticipating stochastic calculus) and constitutes, as such, an
unavoidable reference to go further.

5 Stein meets Malliavin

We are now in a position to prove the Fourth Moment Theorem 1.3. As we will see, to do so we
will combine the results of Section 3 (Stein’s method) with those of Section 4 (Malliavin calculus),
thus explaining the title of the current section! It is a different strategy with respect to the original
proof, which is based on the use of the Dambis-Dubins-Schwarz theorem.

We start by introducing the distance we shall use to measure the closeness of the laws of random
variables.
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Definition 5.1 The total variation distance between the laws of two real-valued random variables

Y and Z is defined by

drv(Y,Z) = sup |P(Y €C)—P(ZeC), (5.55)
CeB(R)

where B(R) stands for the set of Borel sets in R.

When C € #(R), we have that P(Y € C N [-n,n]) - P(Y € C) and P(Z € CN[—n,n]) —
P(Z € C) as n — oo by the monotone convergence theorem. So, without loss we may restrict the
supremum in (5.55) to be taken over bounded Borel sets, that is,

dry(Y,Z)= sup |P(Y €C)—P(ZeC)| (5.56)
Cc%(R)
C bounded

We are now ready to derive a bound for the Gaussian approximation of any centered element F
belonging to D2

Theorem 5.2 (Nourdin, Peccati, 2009; see [27]) Consider F € D%“2? with E[F] = 0. Then,
with N ~ N(0,1),

dpy(F,N) <2E[[1 = (DF,—DL "F)r2z,)|] - (5.57)

Proof. Let C be a bounded Borel set in R. Let A > 0 be such that C' C [—A, A]. Let X denote the
Lebesgue measure and let Pr denote the law of F'. By Proposition 4.16 with = (A + Pr)|[_a— 4
(the restriction of A + Pr to [—A, A]), there is a sequence (h,) of continuous functions such
that h,(xz) € [0,1] and 1o(z) = limy—oo hy(z) p-a.e. By the dominated convergence theorem,
E[hy(F)] — P(F € C) and Elh,(N)] — P(N € C) as n — oo. On the other hand, using Lemma
3.1 (and denoting by f,, the function associated with h,,) as well as (4.53) we can write, for each n,

|Elhn(F)] = Elha(N)]| = |E[f3(F)] = BIF fu(F)]]
= |ElfL(F)(1 = (DF,=DL™'F)2g)]
2E[|1 = (DF,—DL™'F)2x,)l]-

N

Letting n goes to infinity yields
|P(F €C)—P(N €C)| <2E|[|l = (DF,-DL™'F) 2z )],
which, together with (5.56), implies the desired conclusion. [

Wiener chaos and the Fourth Moment Theorem. In this section, we apply Theorem 5.2
to a chaotic random variable I, that is, to a random variable having the specific form of a multiple
Wiener-1t6 integral. We begin with a technical lemma which, among other, shows that the fourth
moment of F' is necessarily greater than 3E[F?]?. We recall from Definition 4.6 the meaning of

ferf.

Lemma 5.3 Letq > 1 be an integer and consider a symmetric function f € Lz(Rq ). Set F' = If(f)
and o* = E[F?] = q!|| f||3, ®RY)" The following two identities hold:

1 -l 2 q
<0'2 — §||DF||%2(R+)> ] 2—2 ( > 2q_2r)l‘|f®rf” 2q 2r)

E

(5.58)
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and

q—1 4
P a0t = 052 (1) o= 25 S (5.59)
= % 2 2q
= S o (0) (e o+ (Y WEA |
(5.60)
In particular,
2 1 2 ? qg—1 4 4
E GT—EWHWH®”>]<-§;{qu—3a) (5.61)

Proof. We follow [28] for (5.58)-(5.59) and [40] for (5.60). For any t > 0, we have DiF =
qI(fil(f(-,t)) so that, using (4.43)

1 0 2
SIDF2e ) = / 1P (f( 1)) dt

ooq1
- o [T el B

1

S (q‘ 1) 18y o (1) @0 (1))t

r=

q—1
= g T!<qr >12q22r</ fet) @ f( )dt>
L
= qu!(qr >I2Bq22r(f®7’+1 f)
. S
= QZ(T—U <r— ) I2q or(f @ f)

= ) +q§jr—1 ( )IQq (0 f). (5.62)

Since E[F?] = q![|f|]3. ®%) = 02, the identity (5.58) follows now from (5.62) and the orthogonality

properties of multiple Wlener—It() integrals. Recall the hypercontractivity property (4.40) of multiple
Wiener-Ité integrals, and observe the relations —L~1F = %F and D(F?) = 3F?DF. By combining

formula (4.53) with an approximation argument (the derivative of p(z) = 2% being not bounded),
we infer that

3
EWﬂ:waFﬂngwﬂDﬂ@mJ. (5.63)

Moreover, the multiplication formula (4.43) yields

q

2
PR =120 = (1) a5 (5.69)

sS=
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By combining this last identity with (5.62) and (5.63), we obtain (5.59) and finally (5.61). It remains
to prove (5.60). Let o be a permutation of {1,...,2¢} (this fact is written in symbols as o € Ggy).
If r € {0,...,q} denotes the cardinality of {o(1),...,0(¢)} N{1,...,q} then it is readily checked
that 7 is also the cardinality of {o(¢+1),...,0(2¢9)} N{g+1,...,2q} and that

R24 f(tly s atq)f(to(l)’ s ato(q))f(tq+17 s ath)
+
Xf(to(qul), ce. ,tJ(Qq))dtl . dtag
— /2q ) (f Ry f)(ml, . ,.%'Qq_gr)2d.%'1 . dm'gq_gr
R+_ "

= 1 & fl72geeary. (5.65)

Moreover, for any fixed r € {0,...,q}, there are (7‘%)2((1!)2 permutations ¢ € Gy, such that
#{o(1),...,0(q)} N{1,...,q} = r. (Indeed, such a permutation is completely determined by
the choice of: (a) r distinct elements y1,...,y, of {1,...,¢}; (b) ¢ —r distinct elements y,41,...,y,
of {g+1,...,2¢}; (¢) a bijection between {1,...,q} and {y1,...,y4}; (d) a bijection between
{g+1,...,2¢} and {1,...,2¢} \ {y1,...,94}.) Now, observe that the symmetrization of f ® f is
given by

FOF(t1, ... tag) = B0l > oy to@)f (toggrr)s - ta2g)-
'U€G2q

Therefore,

||f®f“L2 RQ‘Z

1
T Z /quf(ta(l),...,ta(q))f(t(,(qﬂ),...,ta(gq))

0,0'€62 +

Xf( o/(1)s -~ to'/(q))f(tg'/(q+1),...,to-/(Qq))dtl...dth
= | Z/ ftla--- f(q+1,...,t2q)
062y
Xf( o(1)s--- 5t0'(q))f(to'(q+1), ... ,ta(gq))dtl .. dtgq
q
- Z Z R f(t17"'7tq)f(tq+1,...7t2q)

0€6y, +

{0(1), 40(gq )}0{1, i —
Xf( o(1)s--- ,ta(q))f(ta(q+1), . 7ta(2q))dt1 L dth.

Using (5.65), we deduce that

q—1
OBy = 20 gy + @7 3 () 1 0 1o (5.60)

r=1

Using the orthogonality and isometry properties of multiple Wiener-1to6 integrals, the identity (5.64)
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q 4
BIFY = 320 (1) - 20550 g
( )'Hf®f”L2 RQq ( ')2”]0”12 Rq)

q—1
3000 (7) o 2B gy
r=1

By inserting (5.66) in the previous identity (and because (q!)? ||f||L2 RE) = = E[F?? = %), we get
(5.60). n

As a consequence of Lemma 5.3, we deduce the following bound on the total variation distance
for the Gaussian approximation of a normalized multiple Wiener-1td integral. This is nothing but
Theorem 1.5 but we restate it for convenience.

Theorem 5.4 (Nourdin, Peccati, 2009; see [27]) Let ¢ > 1 be an integer and consider a
symmetric function f € L*(RY). Set F = IB(f), assume that E[F? =1, and let N ~ N(0,1).
Then

-1
dry(F,N) < 2\/q3—\E[F4] - 3. (5.67)
q
Proof. Since L™1F = ——F we have (DF, —DL7'F) 2, ) = 1HDFHL2(R So, we only need to
apply Theorem 5.2 and then formula (5.61) to conclude. ]

The estimate (5.67) allows to deduce an easy proof of the following characterization of CLTs on
Wiener chaos. (This is the Fourth Moment Theorem 1.3 of Nualart and Peccati!). We note that
our proof differs from the original one, which is based on the use of the Dambis-Dubins-Schwarz
theorem.

Corollary 5.5 (Nualart, Peccati, 2005; see [40]) Let ¢ > 1 be an integer and consider a
sequence (fy) of symmetric functions of L*(R%). Set F, = IP(f,) and assume that E[F?] — 2 > 0
as n — co. Then, as n — 0o, the following three assertions are equivalent:

(i) F, " N ~ N(0,02);
(ii) E[F}Y — E[N%] = 30*

(iii) an®ranL2(Riq72r) — 0 forallr=1,...,q—1.

(iv) || fn @ anLQ(Riqu) —0 forallr=1,...,q—1.

Proof. Without loss of generality, we may and do assume that 02 = 1 and E[F?] = 1 for all
n. The implication (ii) — (i) is a direct application of Theorem 5.4. The implication (i) — (ii)
comes from the Continuous Mapping Theorem together with an approximation argument (observe
that sup,-; E[F;]] < oo by the hypercontractivity relation (4.40)). The equivalence between
(ii) and (iii) is an immediate consequence of (5.59). The implication (iv) — (iii) is obvious (as
1@ full < || fn @r fall) whereas the implication (i) — (iv) follows from (5.60). ]

Quadratic variation of the fractional Brownian motion. In this section, we aim to
illustrate Theorem 5.2 in a concrete situation. More precisely, we shall use Theorem 5.2 in order to
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derive an explicit bound for the second-order approximation of the quadratic variation of a fractional
Brownian motion on [0, 1].

Let BY = (B/);~0 be a fractional Brownian motion with Hurst index H € (0,1). This means
that B is a centered Gaussian process with covariance function given by

1
(2 — |t =P, st>0.

BB B - |

It is easily checked that B is selfsimilar of index H and has stationary increments.

Fractional Brownian motion has been successfully used in order to model a variety of natural
phenomena coming from different fields, including hydrology, biology, medicine, economics or traffic
networks. A natural question is thus the identification of the Hurst parameter from real data. To
do so, it is popular and classical to use the quadratic variation (on, say, [0, 1]), which is observable
and given by

—_

Sn =Y (Blisnym — B n>1.
0

3

=

One may prove (see, e.g., |25, (2.12)]) that

n?fH-1g, POb® 1 as m — oo (5.68)

We deduce that the estimator I;Tn, defined as

log S,
2logn’

~

1
=3

. 75 b . . .
satisfies H, "> 1 as n — oo. To study the asymptotic normality, consider

— n—1

_ (law) 1
Z (Blksrym — Biyn)? =021 "=" = > " [(Bily = B{")? = 1],
77/
k=0
where o, > 0 is so that E[F?] = 1. We then have the following result.
Theorem 5.6 Let N ~ N(0,1) and assume that H < 3/4. Then, lim, o 02/n =23, p*(r) if
H € (0, %), with p: Z — R given by

(I + 127 4 e = 12— 2pr?7), (5.69)

l\')lr—l

p(r) =

and lim,, o 02 /(nlogn) = 1% if H= % Moreover, there exists a constant cg > 0 (depending only
on H) such that, for every n > 1,

( NG if H € (0,2)
(osnl? iy =3
dT\/(Fn,N) <ceg X . (570)

niH—3 if H € (2,2)

1 ifH =3
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As an immediate consequence of Theorem 5.6, provided H < 3/4 we obtain that

V(s — 1) lay N(0, 22;)2(7“)) as n — 0o, (5.71)

reZ

implying in turn

\/ﬁlogn(ﬁn—H) lﬁvN(O,%ZpQ(r)) as n — oo. (5.72)
reZ

Indeed, we can write
x u
d
logx:x—l—/ du/ —;} for all x > 0,
1 1 v
so that (by considering z > 1 and 0 < z < 1)
— 1) 1
‘logﬂ:—l—l—x‘g(xi) 1+— for all = > 0.
2 x?
As a result,

\/ﬁlogn(f[n — H) = —g log(nQHflSn) = —@(nQHlSn -1+ R,

with

|Ry| <

(Va(n2-1s, — 1))” 1
e\ G

Using (5.68) and (5.71), it is clear that R, P () as n — 0o and then that (5.72) holds true.
Now we have motivated it, let us go back to the proof of Theorem 5.6. To perform our
calculations, we will mainly follow ideas taken from [3]. We first need the following ancillary result.

Lemma 5.7 1. For any r € Z, let p(r) be defined by (5.69). If H # %, one has p(r) ~

H(2H — 1)|r[*"72 as |r| — oo. If H = % and |r| > 1, one has p(r) = 0. Consequently,
ez PP(r) < oo if and only if H < 3/4.

2. For all « > —1, we have Zf;ll e~ Za:f as n — 0o.
Proof. 1. The sequence p is symmetric, that is, one has p(n) = p(—n). When r — oo,
p(r) = H(2H — 1)r*1=2 4 o(r?172),

Using the usual criterion for convergence of Riemann sums, we deduce that >°, ., p*(r) < oo if and
only if 4H — 4 < —1 if and only if H < %.
2. For a > —1, we have:

1 — a 1 1
—Z(Z> —>/x°‘daz:— as n — o0o.
ne=\n 0 a+1

a+1
We deduce that > " | r® ~ %o as n — oo, |

We are now in position to prove Theorem 5.6.
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Proof of Theorem 5.6. Without loss of generality, we will rather use the second expression of F,:

o= LS (B, - BIY 1),

a.
" k=0

Consider the linear span H of (B}!)en, that is, H is the closed linear subspace of L?(€2) generated
by (B,f Jken. It is a real separable Hilbert space and, consequently, there exists an isometry
®:H — L?(Ry). For any k € N, set e, = @(BIEH B}?); we then have, for all k,1 € N,

/O " ex(s)ei(s)ds = E[(BE, — BB, — BIY] = plk — 1) (5.73)

with p given by (5.69). Therefore,
(B, - B : keN} & {/ ex(s)dBs : k € N} = {If(ex) : k e N},
0

where B is a Brownian motion and If (1), p = 1, stands for the pth multiple Wiener-It6 integral
associated to B. As a consequence we can, without loss of generality, replace F), by

F, = Ui 3 [(IlB(ek))Q - 1] .
" k=0

Now, using the multiplication formula (4.43), we deduce that

. 1 n—1
= IP(f), with f, = - l;)ek ® eg.

By using the same arguments as in the proof of Theorem 1.1, we obtain the exact value of o,,:

n—1

on=2) plk=0)=2) (n—|r)p’(r)

k,1=0 [r|<n

Assume that H < % and write

oy rl
;_22 (1——> Ljr|<n}-

Since ), o7 p%(r) < co by Lemma 5.7, we obtain by dominated convergence that, when H < %,
2

. % o 2
nh%rrolo - —Q%p (r). (5.74)
s

Assume now that H = 2. We then have p?(r) ~

In 1 Inlogn
2
nd PO~ 2 T TR

|r|<n 0<|r|<n

9 : L
6a[r] @8 |r| = oo, implying in turn
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and
9 In
2
S ) ~ g Y1~
[r|<n [r|<n

as n — oo. Hence, when H = %,

2
o 9
= —. 5.75
oo nlogn 16 ( )

On the other hand, recall that the convolution of two sequences {u(n)}nez and {v(n)},ez is the
sequence u x v defined as (u * v)(j) = >, czu(n)v(j —n), and observe that (u * v)(l —1i) =
> kez u(k — Dv(k — i) whenever u(n) = u(—n) and v(n) = v(—n) for all n € Z. Set

pn(k) = |p(k) 1gk<n—1y, k€Z,n=1

We then have (using (5.58) for the first equality, and noticing that f,, @1 fn = fu®1fn),

2
B |(1- 31008 (e, ]

n—1
8 o . .
= 80 fa®1 fallfamey = —x D k= Dpli =)ok —i)p(l )

g i kel=0

8 n—1
< 2D palk = Dpnli = §)pn(k — i)pn(l = 5)
" 41=04,kEZ
8 = 8n 8n
= > )= D2 < D on k)R = o % plley
T 4,1=0 " keZ n

Recall Young’s inequality: if s,p,q > 1 are such that % + % =1+ %, then

lu*vleszy < Nullerzyllv]leaz) (5.76)

Let us apply (5.76) with u=v = p,, s =2 and p = 3. We get ||p, * ,onHzg(Z) < ||Pn||j% @ so that

3
1 2 8n 4

B |(1- 3100 e, ) ] DT (5.7

"o\ Jkl<n

Recall the asymptotic behavior of p(k) as |k| — oo from Lemma 5.7(1). Hence
. 5

> Ip(k)[z = O(logn) if H=23 (5.78)
|k|<n O(nBH=5/3) if H € (2,1).
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Assume first that H < 2 and recall (5.74). This, together with (5.77) and (5.78), imply that

1 B 2 1 ’
waiwmﬂnmmwg}s; E Q—5MWﬂhW%m)]
v if H € (0,2)
< e X 7(109;\;%)3/2 it H= %
nAH=3 if H e (g,%)

Therefore, the desired conclusion holds for H € (0, %) by applying Theorem 5.2. Assume now that
H = 32 and recall (5.75). This, together with (5.77) and (5.78), imply that

1 1 2
B (|1 SIDUE || < B | (1= FIPUE Al aie,)) | =0 o)
and leads to the desired conclusion for H = % as well. [ |

To go further. In [27]|, one may find a version of Theorem 5.2 where N is replaced by a
centered Gamma law (see also [26]). In [1], one associate to Corollary 5.5 an almost sure central
limit theorem. In [6], the case where H is bigger than 3/4 in Theorem 5.6 is analyzed.

6 The smart path method

The aim of this section is to prove Theorem 1.6 (that is, the multidimensional counterpart of the
Fourth Moment Theorem), and even a more general version of it. Following the approach developed
in the previous section for the one-dimensional case, a possible way for achieving this goal would
have consisted in extending Stein’s method to the multivariate setting, so to combine them with
the tools of Malliavin calculus. This is indeed the approach developed in [35] and it works well. In
this survey, we will actually proceed differently (we follow [28]), by using the so-called ‘smart path
method’ (which is a popular method in spin glasses theory, see, e.g., Talagrand [54]).

Let us first illustrate this approach in dimension one. Let F' € D2 with E[F] = 0, let
N ~ N(0,1) and let h : R — R be a C? function satisfying ||¢”|lcc < oo. Imagine we want
to estimate E[h(F)] — E[h(N)]. Without loss of generality, we may assume that N and F are
stochastically independent. We further have:

E[h(F)] — E[h(N)] = / 1 %E[h(\/EF + V1 —tN)]dt

0

L7 , 1
— /0 <2—\/ZE[h (VtF ++/1—tN)F] — 2\/ﬁ}z

For any x € R and t € [0, 1], Theorem 4.15 implies that

E[N (VF + V1 —tx)F] = VtE[)' (VtF + V1 — ta)(DF,~DL™'F) 12 g ],

(W (VEF + 1 = tN)N]) dt.

whereas a classical integration by parts yields

E[W (Vtz + 1 —tN)N] =1 —tE[L'(Vtz + /1 —tN)].
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We deduce, since N and F' are independent, that

E[h(F)] — E[h(N)] = % /01 E[I' (Vtz + V1 —tN)(DF,—~DL™ ' F) 2,y — 1)]dt, (6.79)
implying in turn

[EIR(F)] ~ EI(N)]| < 30" B [|1 ~ {DF,~ DL~ F) )] (6.80)
compare with (5.57).

It happens that this approach extends easily to the multivariate setting. To see why, we will
adopt the following short-hand notation: for every h : R — R of class C2, we set

62
B = max su
177 oo ij=1,....d xeﬂsd (933@6%( z)|-

Theorem 6.1 below is a first step towards Theorem 1.6, and is nothing but the multivariate
counterpart of (6.79)-(6.80).

Theorem 6.1 Fizrd > 2 and let F = (FY, ..., Fy) be such that F; € DY? with E[F;] = 0 for any i.
Let C € M4(R) be a symmetric and positive matriz, and let N be a centered Gaussian vector with
covariance C. Then, for any h : R? = R belonging to C* and such that |1 || < 00, we have

d
[EIL(F)] ~ ERN]| < 500 3 E[ICG, ) ~ (DF;, ~DL ™ 2z (6.81)
i,j=1

Proof. Without loss of generality, we assume that N is independent of the underlying Brownian
motion B. Let h be as in the statement of the theorem. For any t € [0,1], set U(t) =

E[h(\/EF + \/EN)], so that

We easily see that ¥ is differentiable on (0,1) with

Zd:E[axz \/—F+x/N)<\1/Ei 2\/%F>]

By integrating by parts, we can write

[ax (VI—EF + VIN)N, ] E{E [Sﬁ (m“\/EN)NZ} }
@ . e=F
_ \/ZZ:C(i,j)E{E [622;% (\/1——75m+\/ZN)]|FF}

d
= \/EZC(Z',J') {a s (\/1—F+\fN)}
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By using Theorem 4.15 in order to perform the integration by parts, we can also write

e [ orieevinr] ~ee [ vioe]_ |

d
0%h _
= VI-tY E {E {amaxj (V1—tF + Vtz)(DF;,—DL 1Fi>L2(R+)} | N}
j=1 ! r=
d 82h
= VI-t) E [amaxj (VI —tF + VtN)(DF;, —DL1Fi>L2(R+)} :
=1 ‘
Hence
1 & 82h
V() =5 Y E [amamj (VI—tF 4+ VIN) (C(i,4) — (DF, —DL—le>L2(R+))} :
Bj=1 ’
and the desired conclusion follows. [ ]

We are now in position to prove Theorem 1.3 (using a different approach compared to the original
proof; here, we rather follow [39]). We will actually even show the following more general version.

Theorem 6.2 (Peccati, Tudor, 2005; see [46]) Let d > 2 and qq,...,q1 = 1 be some fized
integers. Consider vectors

F, = (Fl,na s 7Fd,n) = (Iq]_?(fl,n)a s 7I£(fd,n))7 nz=l1,

with f;, € L*(RY) symmetric. Let C € My(R) be a symmetric and positive matriz, and let N be
a centered Gaussian vector with covariance C. Assume that

lim E[F;,Fj,|=C(i,7), 1<i,j<d. (6.82)
n—o0
Then, as n — oo, the following two conditions are equivalent:
(a) F),, converges in law to N;
(b) for every 1 <i<d, F;, converges in law to N'(0,C(i,7)).

Proof. By symmetry, we assume without loss of generality that ¢; < ... < gg. The implication
(a) = (b) being trivial, we only concentrate on (b) = (a). So, assume (b) and let us show that (a)
holds true. Thanks to (6.81), we are left to show that, for each 4,7 =1,...,d,

_ 1 L2(Q) . .
(DF; 0, ~DL ™ Fy0) ey = DEjn, DFip) 1oz © ci,5) asn— oo (6.83)
1
Observe first that, using the product formula (4.43),

1 o
_<DFj,mDFi,n>L2(R+) - qj/o Icf—l(fi,n(Ht))Icfj—l(fjm('at))dt

4i
qiNg;—1 gi—1 g —1 0o
=0 > () (O e ([ At fiatar)

r=0
qiNg;—1 gi—1 g —1
= 4 Z r!( ' , >< ’ , >I£+q]'22'r‘ (fin ®rs1 fim)
r=0
qiNGj g—1 gi—1
= om0 (VD) e ) 8
r=1
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Now, let us consider all the possible cases for ¢; and g; with j >4

First case: q; = ¢ = 1. We have <DFj7n,DFi,n>L2(R+) = (fi,n,fj7n>L2(R+) = E[F; ,Fj ). But it
is our assumption that E[F; ,F},] — C(i, ) so (6.83) holds true in this case.

Second case: ¢ = 1 and ¢; > 2. We have (DFj,, DFin)r2w,y = (fin, DFjn)r2m,) =
q fl(fz n @1 fjn). We deduce that

E[<DF}7H7DE,N>%2(R+)] 45 — 1)'Hfz n®1fj NH 1 < ( - 1) Hfzn ®1 fj NH -1

L2(RY L2RY )

1)'<fzn®fzn,f]n®qr1 fin)r2®2)
g — D! finll72 R+)”fj n Qq;—1 fj, n”LQ(RQ)
1)' [ zn]”f]n ®qu fjm”L?(]R%r)'
At this stage, observe the following two facts. First, because ¢; # ¢;, we have C(i,j) = 0

necessarily. Second, since E[an] — C(j,7) and Fj, iy N(0,C(4,7)), we have by Theorem 5.5
that || fjn ®¢;—1 fj,nHL?(Ri) — 0. Hence, (6.83) holds true in this case as well.

a5 —

N

(
(
(
(

a5 —

Third case: q; = qj > 2. By (6.84), we can write

i—1 2

1 E =1

E<DFJ}n7DFi,n>L2(R+) = E[EnFjn] + ai Z(T —1)! <32_ 1> I2Bq¢—2r(fi,n ®r fimn)-
v r=1

We deduce that

2
E <q (DEjn, DFin)r2m,) — C(@i))]
q;i—1 _1 4 _
= (BUFEl = 06"+t = P(17 ) o 2 Sl

The first term of the right-hand side tends to zero by assumption. For the second term, we can
write, whenever r € {1,...,¢; — 1},

Hfi,n(grfjm”ig(RiQr%) < ”fz n Or f] nH 2% T)
= <fl,n Qgi—r fins fj,n Qg;—r fj,n>L2(]Ri’")

< fin @qi—r fimll 2@zl fin @qi—r finllL2@er)-

Since Fj, oy N(0,C(4,7)) and Fj, oy N(0,C(4,7)), by Theorem 5.5 we have that || f;, ®q,—r
fi,nHL2(]R3_r)Hfj7n ®g;—r fjm”L?(RiT — 0, thereby showing that (6.83) holds true in our third case.

Fourth case: qj > q; > 2. By (6.84), we have

1\ /qg; — 1
<DFJ ny DE; ">L2(R+ =4 Z " 1 (’I“ _ 1> < ’ 1 >I£+qj2r(fi7n Sr fj,n)-

qi —1

We deduce that

E [q (DFjn, DF;, n>L2(R+)]
(2
i— 1)’ g —1 ? = 2
Z DR(BT ) (D)) = 2B il
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For any r € {1,...,q;}, we have
> 2
Hfi,n®rfj,n||12(Rii+qj—2r) < Hfz,n ®r fj,nHLQ(R:}:-qu—%)
= <fz,n Rg;—r fi,na fj,n ®qur fj,n>L2(RiT)

< i @gi—r finmll2@eny | fin ©qj—r finllL2@ary
<

Hfi,””i?(R‘f) ||fj,n Kg;—r fj,nHL?(R?f)

Since Fj, Law N(0,C(j,7)) and gj —r € {1,...,q; — 1}, by Theorem 5.5 we have that
[ fin ®q;—r fj,n||L2(Rir) — 0. We deduce that (6.83) holds true in our fourth case.

Summarizing, we have that (6.83) is true for any 7 and j, and the proof of the theorem is done.
|

When the integers ¢g,...,q1 are pairwise disjoint in Theorem 6.2, notice that (6.82) is
automatically verified with C(i,5) = 0 for all i # j, see indeed (4.38). As such, we recover the
version of Theorem 6.2 (that is, Theorem 1.6) which was stated and used in Lecture 1 to prove
Breuer-Major theorem.

To go further. In [35], Stein’s method is combined with Malliavin calculus in a multivariate
setting to provide bounds for the Wasserstein distance between the laws of N ~ Ny(0,C) and
F = (Fy,...,F,) where each F; € D2 verifies E[F;] = 0. Compare with Theorem 6.1.

7 Cumulants on the Wiener space

In this section, following [29] our aim is to analyze the cumulants of a given element F of D2 and
to show how the formula we shall obtain allows us to give yet another proof of the Fourth Moment
Theorem 1.3.

Let F be a random variable with, say, all the moments (to simplify the exposition). Let ¢p
denote its characteristic function, that is, ¢p(t) = E[e®f'], t € R. Then, it is well-known that we
may recover the moments of F' from ¢ through the identity

a

EIFY] = (=i 4

lt=0 ¢ (1)

The cumulants of F, denoted by {s;(F)};>1, are defined in a similar way, just by replacing ¢p by
log ¢ in the previous expression:

I
Kj(F) = (=)’ @\tzo log ¢r(t).

The first few cumulants are

k1 (F) = E[F],
ko(F) = E[F?] — E[F)* = Var(F),
k3(F) = E[F3] —3E[F?E[F] +2E[F)>.

It is immediate that

kj(F+G) = rj(F)+rj(G) and k;(AF) = Nk;(F) (7.85)
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for all j > 1, when A € R and F' and G are independent random variables (with all the moments).
Also, it is easy to express moments in terms of cumulants and vice-versa. Finally, let us observe
that the cumulants of F' ~ N(0,0?) are all zero, except for the second one which is 2. This fact,
together with the two properties (7.85), gives a quick proof of the classical CLT and illustrates
that cumulants are often relevant when wanting to decide whether a given random variable is
approximately normally distributed.

The following simple lemma is a useful link between moments and cumulants.

Lemma 7.1 Let F' be a random wvariable (in a given probability space (2, F,P)) having all the
moments. Then, for all m € N,

m

B =3 (M) (P

s=0
Proof. We can write

mt1 derl

BF™) = (=)™ oo dr(t) = (- 2)’”“5,5”1!,: 0 (w()ilog%( )>

m ds+1 dm—s . )
B (1) (o w0 (o) b

- ¥ (7:) Kss1 (F)E[F™ 5.

s=0

|

From now on, we will deal with a random variable F' with all moments that is further measurable
with respect to the Brownian motion (By);>o. We let the notation of Section 4 prevail and we
consider the chaotic expansion (4.39) of F. We further assume (only to avoid technical issues) that
F belongs to D°°, meaning that F' € D™2 for all m > 1 and that E[||DmFHL2 R7) ] < oo for all

> 1 and all p > 2. This assumption allows us to introduce recursively the follovvlng (well-defined)
sequence of random variables related to F'. Namely, set I'o(F) = F' and

L 1(F) = (DF,—DL7'T;(F)) 2, )

The following result contains a neat expression of the cumulants of F' in terms of the family

{FS(F)}SGN'
Theorem 7.2 (Nourdin, Peccati, 2010; see [29]) Let F' € D*°. Then, for any s € N,
kst1(F) = s\E[Ts(F)].

Proof. The proof is by induction. It consists in computing rs11(F') using the induction hypothesis,
together with Lemma 7.1 and (4.53). First, the result holds true for s = 0, as it only says that
k1(F) = E[lo(F)] = E[F]. Assume now that m > 1 is given and that ks11(F) = s!E[['s(F)] for all
s <m —1. We can then write

m—1
kmi1(F) = E[F™T] - Z ( >/<;8+1 YJE[F™°] by Lemma 7.1
=0
m—1 m
= E[F™] - s!( >E[FS(F)]E[F7”_S] by the induction hypothesis.
s

s=0
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On the other hand, by applying (4.53) repeatedly, we get
BIF™] = B[FME[y(F)] + Cov(F™,To(F)) = E[F™|E[Co(F)] + mE[F™ T (F)]
= E[F™E[o(F)] + mE[F™ YE[I(F)] + mCov(F™ !, T (F))
= BIF"E[Lo(F)] +mE[F" ' E[Ly(F)] +m(m — 1) E[F™*Ty(F)]

B!

s=0 o
Thus
m—1 m
nia (F) = L1 = Y 1) B (P)LELF™ ] = miB[ ()
s=0
and the desired conclusion follows. [ ]

Let us now focus on the computation of cumulants associated to random variables having the
form of a multiple Wiener-1t6 integral. The following statement provides a compact representation
for the cumulants of such random variables.

Theorem 7.3 Let ¢ > 2 and assume that F = IP(f), where f € L*(R%). We have k1(F) = 0,
ko (F) = ¢! ||f||L2(Rq and, for every s > 3,

’%S(F) = q!(s - 1)! Z Cq(rlv <o 7T8—2)<("'((f®7’1f)®7"2f) <o ®T573f)®7’572f7 f>L2(Ri)7 (7'86)
where the sum > runs over all collections of integers ri,...,rs_o such that:
(Z) 1 < T1y.-.,Ts—2 < q;

(i1) 71+t g = B2

(iii) r1 < q, r1+1re < 32—q, e Tt T3 < —(832)q,'
(iv) 19 <2q—2r1, ..., 15—2< (8§ —2)g —2r1 — ... — 2ry_3;
and where the combinatorial constants cy(r1,...,7s—2) are recursively defined by the relations
2
q—1
= — 1!
) =atr=01(* 7).

and, for a > 2,

aq—2r1 —...—2rq_1—1 qg—1
cq(n,...,ra) :q(ra—l)!< i a ><m_1 cq(rl,...,ra_l).

Remark 7.4 1. If sq is odd, then r4(F') = 0, see indeed condition (ii). This fact is easy to see

1
in any case: use that ks(—F) = (—1)°k4(F) and observe that, when ¢ is odd, then F’ ) g

(since B "2 _By.
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2. If ¢ = 2 and F = IP(f) with f € L?*(R%), then the only possible integers r1,...,7s_2

verifying () — (iv) in the previous statement are ; = ... =rs_2 = 1. On the other hand, we
immediately compute that ca(1) = 2, e3(1,1) =4, ¢2(1,1,1) = 8, and so on. Therefore,
ke(IP(f)) =257 (s — DUC(fo1f)...[)@n f,f>L2(Ri), (7.87)

and we recover the classical expression of the cumulants of a double integral.

3. If ¢g=2and F =I2(f), f € L*(R), then (7.86) for s = 4 reads

q—1
’%4(IqB(f)) - qlch q_r)<(f®rf)®q rf f>L2(Rq

q—1

q rrl < > q—27‘)'<(f®rf) Qg—r f’f>L2(Ri)

>
32

q 4 rrl? <z> 2q = 2)(f &S, f @ ) om 247

3
- q Z rrl? <q> 2q — 2r)"‘f®rf“L2 2q 2T) (7.88)
r=1

and we recover the expression for k4(F') given in (5.59) by a different route.

Proof of Theorem 7.3. Let us first show the following formula: for any s > 2, we claim that

q [(s—1)g—2r1—...—2rs_2]Aq
Z Z cq(rl""’TS_1)1{71<Q}"'1{r1+...+7"572<(s_21)q}
ri=1

re_1=1
XL or o —ory (- (F O ) f) - )@, 1 )
(7.89)

We shall prove (7.89) by induction. When s = 2, identity (7.89) simply reads I'i(F) =
i, cq(r)Ig_Qr(f®rf) and is nothing but (5.62). Assume now that (7.89) holds for I's_1(F),
and let us prove that it continues to hold for I's(F"). We have, using the product formula (4.43) and
following the same line of reasoning as in the proof of (5.62),

I'y(F) = (DF,—DL 'Ts_1F)2g,)
q [(s—1)g—2r1—...—2rs_2]Aq
= Z Z ch(rl7---7r8—1)1{r1<q} "'1{r1+...+r5_2<(5_1)q}
r1=1 rs—1=1 2
X1{r1+...+r571<%}<1¢f—1(f)’ 151—27*1—...—27*5,1—1 (((férlf)érzf) s f)érs—l f)>L2(R+)
q [(s—1)g—2r1—...—2rs_2]Aq [sq—2r1—...—2rs_1]Aq
= Z Z Z cq(riy . rs—1) X q(rg —1)!
ri=1 rs_1=1 re=1

y sq—2r1 —...=2rs1—1\(qg—1 X
re—1 re—1 {ri<q}- {r1+...+r872<(s—21)q}

X1{r1+...+r571<%}I(]§+1)q—2r1—,,,—2rs (((f®7’1f)®r2f) s f)érsf)’
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which is the desired formula for I's(F'). The proof of (7.89) for all s > 1 is thus finished. Now, let
us take the expectation on both sides of (7.89). We get

Ro(F) = (s— B[y y(F)

q [(s—1)g—2r1—...—2rs_2]Aq
= (s— 1)' Z Z Cq(Tl,...,Ts_l)l{r1<q}...1{T1+...+T872<(3_21)q}
ri=1 rs—1=1
Xl{r1+ Ars_1= ( (f®7"1f)®7"2f) f)ééT’sflf-
Observe that, if 2r{ + ... +2r;_1 = sq and r5_1 < (s —1)g —2r; — ... — 2r4_9 then 2r,_ =
g+ (s—1)g—2r; —...—2rs_9 > q+rs_1, so that rs_1 > q. Therefore,
q [(s—2)qg—2r1—...—2rs_3]Aq
ks(F) = (s—1)! Zl Zl CQ(Tl""’T5*2’Q)1{7’1<q}"'1{r1+...+r5_3<%}
= Ts—2=

Xl{r1+.--+7’s (s— 2)q}< f®r1f)®r2f)...f)®r5_2f5f>L2(]R3_)’

which is the announced result, since ¢q(r1,...,7rs-2,q) = qlcg(r1,...,75-2). [

We conclude this section by providing yet another proof (based on our new formula (7.86)) of
the Fourth Moment Theorem 1.3. More precisely, let us show by another route that, if ¢ > 2
is fixed and if (F)p>1 is a sequence of the form F, = IP(f,) with f, € L*(R%) such that
E[F?] = ¢!l fal%. ®RY) = = 1forall n > 1 and E[F}] — 3 as n — oo, then F,, — N(0,1) in law
as n — 00.

To this end, observe that k1 (F,,) = 0 and ka(F),) = 1. To estimate ks(F},), s = 3, we consider the
expression (7.86). Let ry,...,rs_o be some integers such that (7)—(iv) in Theorem 7.3 are satisfied.
Using Cauchy-Schwarz and then successively

Hg(éthp(RTq*”) < llg ®r h”p(ﬂg{f‘l*”) < ”gHLQ(Rﬂ)HhHLQ(Ri)
whenever g € L2(Ri), he L2(Ri) and r=1,...,pAq, we get that
‘<((fn®r1fn)®rzfn) s fn)®rsf2fna fn>L2(]R‘jr){
< [I(- (fnéhfn)érzfn) s fn)é)rs zanL2(Ri)||anL2(Ri)
< an®r1anL2(R2q 2r1 Hf"HLQ(R“
= (q) 2 an@rlanLg(Riq—?ﬁ)- (790)

Since E[Fé] — 3 = ka(F,) — 0, we deduce from (7.88) that \|fn®rfn||L2(qu_2T) — 0 for all
+

r = 1,...,qg — 1. Consequently, by combining (7.86) with (7.90), we get that xs(F,) — 0 as
n — 0o for all s > 3, implying in turn that F,, — A(0,1) in law. [ |

To go further. The multivariate version of Theorem 7.2 may be found in [23].

8 A new density formula

In this section, following [37] we shall explain how the quantity (DF,—~DL~'F) [2(r,) is related to
the density of F' € D2 (provided it exists). More specifically, when F' € D!? is such that E[F] = 0,
let us introduce the function gr : R — R, defined by means of the following identity:

gr(F) = E[(DF,—~DL™'F) 12, )| F]. (8.91)
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A key property of the random variable gp(F) is as follows.
Proposition 8.1 If F € DY? satisfies E[F] =0, then P(gr(F) > 0) = 1.

Proof. Let C be a Borel set of R and set ¢p(2) = [ Lonj—nn)(t)dt, n > 1 (with the usual convention

fo = — fx for x < 0). Since ¢, is increasing and vanishing at zero, we have z¢,(x) > 0 for all
x € R. In particular,

F F
o<E[F¢n<F>]:E[F /0 100[_%74(:5@ =E{F | et dt}
> 0.

Therefore, we deduce from Corollary 4.17 that F [gF(F ) Lenj—nm) (F )] By dominated
convergence, this yields E [gr(F)1¢(F)] > 0, implying in turn that P(gr(F) > 0) = 1. ]

The following theorem gives a new density formula for F' in terms of the function gr. We will
then study some of its consequences.

Theorem 8.2 (Nourdin, Viens, 2009; see [37]) Let ' € DY2 with E[F] = 0. Then, the
law of F admits a density with respect to Lebesque measure (say, p : R — R) if and only if
P(gp(F) > 0) = 1. In this case, the support of p, denoted by suppp, is a closed interval of R
containing zero and we have, for (almost) all x € supp p:

_ENEN o [F vy
p(x)_QgF(x) p( /0 gF(y)>' (892)

Proof. Assume that P(gr(F) > 0) =1 and let C be a Borel set. Let n > 1. Corollary 4.17 yields

F
E {F/ 1Cﬂ[n,n}(t)dt} = E[1onnn (F)gr(F)]. (8.93)

Suppose that the Lebesgue measure of C is zero. Then ffoo lonj—nn)(t)dt = 0, so that
E[lcann(F)gr(F)] = 0 by (8.93). But, since P(gp(F) > 0) = 1, we get that P(F €
C N [-n,n]) = 0 and, by letting n — oo, that P(F' € C) = 0. Therefore, the Radon-Nikodym
criterion is verified, hence implying that the law of F' has a density.

Conversely, assume that the law of F' has a density, say p. Let ¢ : R — R be a continuous
function with compact support, and let ® denote any antiderivative of ¢. Note that ® is necessarily
bounded. We can write:

Bl6(F)gr(F)] = E[®(F)F] by (4.53)

~ [o@apis = [ ota (/ (y)dy>dx:E{¢<F)W

Equation (%) was obtained by integrating by parts, after observing that

oo
/ yp(y)dy — 0 as |z| — oo
X

(for z — 400, this is because F' € L' (2); for z — —oo, this is because F has mean zero). Therefore,
we have shown that, P-a.s.,

I yp(y)dy

=)

(8.94)

46



(Notice that P(p(F) > 0) = [p 1pm)soyp(z)dz = [p p(z)dz = 1, so that identity (8.94) always
makes sense.) Since F € D2, one has (see, e.g., [38, Proposition 2.1.7]) that suppp = |, 8] with
—0 < a < f < +oo. Since F has zero mean, note that a < 0 and 8 > 0 necessarily. For every
x € (o, B), define

o (z) = /OO yp (y) dy. (8.95)

The function ¢ is differentiable almost everywhere on (a, ), and its derivative is —zp(z). In
particular, since p(a) = ¢(8) = 0 and ¢ is strictly increasing before 0 and strictly decreasing
afterwards, we have p(x) > 0 for all x € («, 3). Hence, (8.94) implies that P(gr(F) > 0) = 1.

Finally, let us prove (8.92). Let ¢ still be defined by (8.95). On the one hand, we have
¢ () = —xp(x) for almost all € suppp. On the other hand, by (8.94), we have, for almost
all z € supp p,

p(x) = p(x)gr (). (8.96)
By putting these two facts together, we get the following ordinary differential equation satisfied by
©:
/
7 (@) - for almost all x € supp p.

p)  gr(r)

Integrating this relation over the interval [0, x| yields

log ¢(x) = log ¢(0) — /Ox gic(iz)-

Taking the exponential and using 0 = E(F') = E(F}) — E(F_) so that E|F| = E(F}) + E(F_) =
2E(F}) = 2¢(0), we get

plx) = 5 B|Fl]exp (— I g%) |

Finally, the desired conclusion comes from (8.96). ]

As a consequence of Theorem 8.2, we have the following statement, yielding sufficient conditions
in order for the law of F' to have a support equal to the real line.

Corollary 8.3 Let F' € DY with E[F] = 0. Assume that there exists opin > 0 such that
gr(F) > o2,,, P-as. (8.97)

Then the law of F', which has a density p by Theorem 8.2, has R for support and (8.92) holds almost
everywhere in R.

Proof. 1t is an immediate consequence of Theorem 8.2, except for the fact that supp p = R. For the
moment, we just know that supp p = [«, 5] with —oo < a < 0 < f < +o0o. Identity (8.94) yields

/ yp (y)dy > o2, p(z) for almost all z € (a, §). (8.98)

47



Let ¢ be defined by (8.95), and recall that ¢(z) > 0 for all x € (o, ). When multiplied by
x € 10, ), the inequality (8.98) gives % > ——7—. Integrating this relation over the interval [0, z]

min

yields log ¢ () — log ¢ (0) > —J—;, ie., since p(0) = $E|F|,

22

[e.e]
1 —_z
w(x)Z/ yp (y)dy > S E|Fle *7nin. (8.99)
x

¢ (x) _ =z

Similarly, when multiplied by = € (a,0], inequality (8.98) gives 0 < #+—. Integrating this

77—, L.e. (8.99) still holds for = € («,0].
Now, let us prove that 8 = 4oc. If this were not the case, by definition, we would have ¢ (3) = 0;
on the other hand, by letting x tend to § in the above inequality, because ¢ is continuous, we would

relation over the interval [z, 0] yields log ¢ (0) —log ¢ (z) <

_ 8
have ¢ (8) > LE|Fle 2omin > 0, which contradicts 8 < +00. The proof of @ = —oo is similar. In
conclusion, we have shown that supp p = R. [ |

Using Corollary 8.3, we deduce a neat criterion for normality.

Corollary 8.4 Let F € DY? with E[F] = 0 and assume that F is not identically zero. Then F is
Gaussian if and only if Var(gr(F)) = 0.

Proof: By (4.53) (choose ¢(x) =z, G = F and recall that E[F] = 0), we have
E[(DF,—DL'F)g] = E[F?] = VarF. (8.100)

Therefore, the condition Var(gg(F)) = 0 is equivalent to P(gr(F) = VarF) = 1. Let F' ~ N(0,0?)
with ¢ > 0. Using (8.94), we immediately check that gp(F) = o2, P-as. Conversely, if
gr(F) = 0? > 0 P-as., then Corollary 8.3 implies that the law of F' has a density p, given by

22
plz) = %efﬁ for almost all € R, from which we immediately deduce that F ~ N(0,0%). m

Observe that if F' ~ N(0,02%) with 0 > 0, then E|F| = /2/7 o, so that the formula (8.92) for
p agrees, of course, with the usual one in this case.

As a ‘concrete’ application of (8.92), let us consider the following situation. Let K : [0,1]2 — R

be a square-integrable kernel such that K(t,s) = 0 for s > ¢, and consider the centered Gaussian
process X = (Xt);e[,1) defined as

1 t
Xt:/ K(t,s)dBS:/ K(t,s)dB,, tel0,1]. (8.101)
0 0

Fractional Brownian motion is an instance of such a process, see, e.g., [25, Section 2.3]. Consider
the maximum

Z = sup Xi. (8.102)
te[0,1]

Assume further that the kernel K satisfies

1
Je,a >0, Vs, te[0,1)%, s#t, 0< / (K (t,u) — K(s,u))?du < c|t — s|°. (8.103)
0
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This latter assumption ensures (see, e.g., [11]) that: (i) Z € DY2; (ii) the law of Z has a density
with respect to Lebesgue measure; (7ii) there exists a (a.s. ) unlque random point 7 € [0, 1] where
the supremum is attained, that is, such that Z = X, fo (1,5)dBg; and (iv) D Z = K(,t),
t € [0,1]. We claim the following formula.

Proposition 8.5 Let Z be given by (8.102), X be defined as (8.101) and K € L*([0,1]?) be
satisfying (8.103). Then, the law of Z has a density p whose support is Ry, given by

Emz-mZ) ([ w-ElZh)
plz) = 2h () p( /E[Z} () ) > 0.

Here,
hz(x) = / e “E|[R(19,m)|Z = x| du,
0

where R(s,t) = E[XsXy], s,t € [0,1], and 7, is the (almost surely) unique random point where

1
x™ = / K(t,s)(e “dBs + /1 — e"2udB.)
0

attains its mazimum on [0,1], with (B, B’) a two-dimensional Brownian motion defined on the
product probability space (Q, F,P) = (Qx Y, F o F',PxP).

Proof. Set F = Z—E[Z]. Wehave —D;L™'F = Y72 | 15 (fq(,t)) and Dy F = PR qIP (fq(1)).
Thus

/ Py(DiF du—z Z1(fq( / e “qe” qludu_z 1 (el
0 0

Consequently,

o0
~D,L7'F = / e “Py(D;F)du, te[0,1].
0

By Mehler’s formula (4.49), and since DF = DZ = K(7,-) with 7 = argmax;c[g 1] fol K(t,s)dBs,
we deduce that

[e.e]
—DtLlF:/ e “E'[K(1y,t)]du,
0
implying in turn

9r(F) = EUDF,~DL™ Fpaon)F) = [ Lt | due K (o BB () )
_ /0 R [E [ /O 1K(To,t)K(Tu,t)dt]F”du: /0 " B [ [R(ro, )| F] du

= / e “E[R(ry, )| F] du
0
The desired conclusion follows now from Theorem 8.2 and the fact that F' = Z — E[Z]. [

To go further. The reference [37] contains concentration inequalities for centered random
variables F' € DY? satisfying gr(F) < aF + 3. The paper [41] shows how Theorem 8.2 can lead to
optimal Gaussian density estimates for a class of stochastic equations with additive noise.

49



9 Exact rates of convergence

In this section, we follow [30]. Let {F},},>1 be a sequence of random variables in D*? such that

E[F,] = 0, Var(F,) = 1 and F, BN~ N(0,1) as n — oco. Our aim is to develop tools for
computing the exact asymptotic expression of the (suitably normalized) sequence

P(F,<z)—P(N<z), nx>l1,
when = € R is fixed. This will complement the content of Theorem 5.2.

A technical computation. For every fixed z, we denote by f, : R — R the function
u
2 _ 42
L) = @2 [ (1 o) - 2@ da
—00

u? O(u)(1 —P(x)) ifu<a
= V2me /2><{ D)1 () fusz (9.104)

where ®(z) = \/%7 I . ¢~%°/2da. We have the following result.

Proposition 9.1 Let N ~ N(0,1). We have, for every x € R,
—x2/2
Vor

Proof. Integrating by parts (the bracket term is easily shown to vanish), we first obtain that

BIf(N)N] = 5(* = 1)°

(9.105)

, +o0 , e~ u/2 +00 ) U’ /2

_ \/% / :o(u? .y ( / uoo 1oy (@) — @(x)}ea2/2da> du.

Integrating by parts once again, this time using the relation u? — 1 = %(u?’ — 3u)’, we deduce that

/+Oo(u2 1) </“ [1 (oo (@) — (I)(x)]e—QQ/Zda> "

—00 —00

400 2
= _1/ (u® — 3u) [1( oo (0) — ®(2)]e™ 12 du

3/

1 x 9 +oo 5
= —g </ (u3_3u)e—u /Zdu—fb(m)/ (u3_3u)e—u /Qdu>
B é (a2 = 1)e /2, since [(u? = 1)e"/2)' = —(u® = 3u)e™"/2,

A general result. Assume that {F),},>1 is a sequence of (sufficiently regular) centered random
variables with unitary variance such that the sequence

o(n) = \/E[(l —(DFy, DL 'F) 2w ,))?, n>1, (9.106)
converges to zero as n — 0o. According to Theorem 5.2 one has that, for any x € R and as n — oo,

P(F, <z)— P(N <z) <dpy(F,,N) <2p(n) — 0, (9.107)
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where N ~ AN (0,1). The forthcoming result provides a useful criterion in order to compute an exact
asymptotic expression (as n — oo) for the quantity

P(F, <z)— P(N < x)
p(n)
Theorem 9.2 (Nourdin, Peccati, 2010; see [30]) Let {F,},>1 be a sequence of random

variables belonging to DY2, and such that E[F,] = 0, Var[F,] = 1. Suppose moreover that the
following three conditions hold:

, n=>=1.

(i) we have 0 < p(n) < oo for every n and p(n) — 0 as n — oo;

(ii) the law of F,, has a density with respect to Lebesque measure for every n;

(DF,,—DL~1F,)

e . . 2 71 . . . .
(iii) as n — oo, the two-dimensional vector <Fn, LRy > converges in distribution

o(n)
to a centered two-dimensional Gaussian vector (N, Na), such that E[N?] = E[N2] = 1 and
E[NlNQ] = pP.
Then, as n — oo, one has for every x € R,
P(F, <) — P(N < —2%/2
Fnsa) = PINST) Py 2 (9.108)

p(n) 3

Proof. For any integer n and any C'-function f with a bounded derivative, we know by Theorem
4.15 that

B[F, f(Fn)] = B[f'(F){DFn, —DL™ ' Fy) 12w, ).

Fix 2 € R and observe that the function f, defined by (9.104) is not C! due to the singularity in .
However, by using a regularization argument given assumption (ii), one can show that the identity

E[anx(Fn)] - E[fa,:(Fn)<DFna _DL_an>L2(R+)]
is true for any n. Therefore, since P(F,, < x) — P(N < z) = E[f.(F,)] — E[F.fz(F,)], we get
P(F, <z)— P(N < x) _
p(n)

1—(DF,,—DL'F,)2r,)
p(n)

Reasoning as in Lemma 3.1, one may show that f, is Lipschitz with constant 2. Since ¢(n)~!(1 —
(DF,,—DL™'F,)2(,)) has variance 1 by definition of (n), we deduce that the sequence

1 —(DF,,—DL'F,)2,)
p(n)

is uniformly integrable. Definition (9.104) shows that u — f/(u) is continuous at every u # x. This
yields that, as n — oo and due to assumption (i),

fé(Fn)X ) n>1a

1 —(DF,,—DL'F,) 2 )
p(n)

E | f(F) X — —E[f(N1)No] = —p E[f(N1)N1].

Consequently, relation (9.108) now follows from formula (9.105). ]

The double integrals case and a concrete application. When applying Theorem 9.2 in
concrete situations, the main issue is often to check that condition (iz) therein holds true. In the
particular case of sequences belonging to the second Wiener chaos, we can go further in the analysis,
leading to the following result.
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Proposition 9.3 Let N ~ N(0,1) and let F,, = IJ(f,) be such that f, € L*(R2) is symmetric
for all n > 1. Write ky(Fy,), p > 1, to indicate the sequence of the cumulants of F,,. Assume that
ko(Fy,) = E[F2] =1 for all n > 1 and that k4(F,) = E[F} —3 — 0 as n — oo. If we have in
addition that

Fn F,
faln) L gnd L)Q 0, (9.109)
Ka(Fn) (Ka(Fn))
then, for all x € R,
P(F, <xz)— P(N < x) o 2

— 1—23)e 2 asn — oco. 9.110
ka(Fy) 6V 2T ( ) ( )

Remark 9.4 Due to (9.109), we see that (9.110) is equivalent to

N

P(F, <z) - P(N < 1 —=
(Fn <) ( x)_) (1_952)3 2 asn — oo.
lig(Fn) 6\/ 2

Since each F,, is centered, one also has that r3(F,) = E[F3].

Proof. We shall apply Theorem 9.2. Thanks to (5.60), we get that

ka(Fy) E[FY -3

By combining this identity with (5.58) (here, it is worth observing that f, ®; f,, is symmetric, so
that the symmetrization f,®1f, is immaterial), we see that the quantity ¢(n) appearing in (9.106)
is given by \/k4(F},)/6. In particular, condition (7) in Theorem 9.2 is met (here, let us stress that
one may show that k4(F,) > 0 for all n by means of (5.60)). On the other hand, since F), is
a non-zero double integral, its law has a density with respect to Lebesgue measure, according to
Theorem 4.18. This means that condition (i7) in Theorem 9.2 is also in order. Hence, it remains
to check condition (4i7). Assume that (9.109) holds. Using (7.87) in the cases p = 3 and p = 8, we
deduce that

Iig(Fn) . 8 <fn7 fn X fn>L2(R2+)
ra(Fn) V6 o(n)

and
ks (Fy) 17920[|(fn ®1 fn) @1 (fn @1 f")”%Q(Ri)
(ra(En))? o(n)? '
On the other hand, set

_ 3P, 1
=
p(n)
By (5.62), we have %HDYnH%Q(R” —1=2I8(f, ®1 fn). Therefore, by (5.58), we get that

1 ) 2 128
E <§HDYHHL2(R+) - 1) ] = Wn(fn ®1 fn) @1 (fn @1 fn)HL?(Ri)
= LH)Q — 0 asn— oo.
140 (k4(Fy))
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Law

Hence, by Theorem 5.5, we deduce that Y,, = N(0,1). We also have

_ 4 _ Poull) , av
E[YnFn] = (P(n) <fn @1 fn,fn>L2(Ri) a 2 /-{4(Fn) - 2

=:p asn — oo.

Therefore, to conclude that condition (ii7) in Theorem 9.2 holds true, it suffices to apply Theorem
6.2. [

To give a concrete application of Proposition 9.3, let us go back to the quadratic variation of
fractional Brownian motion. Let BY = (B!);~¢ be a fractional Brownian motion with Hurst index
H € (0,3) and let

I
—

1
Fo=— [(Bi4 — B - 1],
Onp, 0

i

where o, > 0 is so that E[F2] = 1. Recall from Theorem 5.6 that lim, o 02/n =23, ., p*(r) <
oo, with p: Z — R4 given by (5.69); moreover, there exists a constant ¢y > 0 (depending only on
H) such that, with N ~ A(0,1),

CH
dT\/(Fn,N) g —, n Z 1. (9111)
vn

The next two results aim to show that one can associate a lower bound to (9.111). We start by
the following auxiliary result.

Proposition 9.5 Fiz an integer s > 2, let F,, be as above and let p be given by (5.69). Recall that

H < %, so that p € £*(Z). Then, the sth cumulant of F,, behaves asymptotically as
*(s—1)
ks(Fp) ~nt™8/225/271 (5 — 1)1 v S’ Pie@) as n — oo. (9.112)
T

Proof. As in the proof of Theorem 5.6, we have that F), faw IB(f,) with f, = i Zz;é 6%2. Now,
let us proceed with the proof. It is divided into several steps.

First step. Using the formula (7.87) giving the cumulants of F,, = IP(f,) as well as the very
definition of the contraction ®1, we immediately check that

2371 s—1)! n—1
- % S° plks = ko). plha — ka)p(ky — k).
n k1,....ks=0

Ks(Fy)
Second step. Since H < %, we have that p € (1(Z). Therefore, by applying Young inequality
repeatedly, we have

el @y < olla@ ol @) < - < ol < oo

In particular, we have that (|p[*(*=1), ez < ||,0||‘21(Z) < 0.

Third step. Thanks to the result shown in the previous step, observe first that

Z |p(k2)p(ka — k3)p(ks — ka) ... p(ks—1 — ks)p(ks)| = (|p|**™Y, p)e2(z) < 0.
ko, ks €L
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Hence, one can apply dominated convergence to get, as n — oo, that
Tn

——— Ks(F

257 1(s —1)In s(Fn)

n—1-—kq

n—1
S > p(ka)plky — ks)p(ks — ka) ... p(ks—1 — ks)p(ks)

1
n
k1=0 ko,....ks=—k1
= Y plka)plky — ks)p(ks — ka) ... p(ks—1 — ks)p(ks)

k2,....ksE€EZL
max{ka, ..., ks} min{ko, ..., ks}
X [1 A <1 — - -0V " Lijkol<n,... ks <}
— > plho)plke — kg)p(ks — ka) ... p(ks—1 — ks)p(ks) = (0", p)a(z).
ko, ks EZ
(9.113)
Since oy, ~ V21 ||plle2(z) as n — oo, the desired conclusion follows. ]

Corollary 9.6 Let F,, be as above (with H < %), let N ~ N(0,1), and let p be given by (5.69).
Then, for all x € R, we have

M

<P*2, P)e (z) x

Vn(P(F, <z) — P(N < z)) — 5 (1—2%)e 2 asn— oo.
3HPHZ2(Z)

In particular, we deduce that there exists dg > 0 such that

d
\/—% < |P(F, <0) = P(N <0)| <dry(Fp, N), n>1. (9.114)
Proof. The desired conclusion follows immediately by combining Propositions 9.3 and 9.5. [ |

By paying closer attention to the used estimates, one may actually show that (9.114) holds true
for any H < 2 (not only H < 3). See [32, Theorem 9.5.1] for the details.

To go further. The paper [30] contains several other examples of application of Theorem 9.2
and Proposition 9.3. In the reference [4], one shows that the deterministic sequence

maX{E[FS]’E[Fé]_?)}a n =1,

completely characterizes the rate of convergence (with respect to smooth distances) in CLTs
involving chaotic random variables.

10 An extension to the Poisson space (following the invited talk by
Giovanni Peccati)

Let B = (B;)s=0 be a Brownian motion, let F' be any centered element of D*? and let N ~ N(0,1).
We know from Theorem 5.2 that

drv(F,N) < 2E[1 — (DF,—DL™'F) 2. (10.115)
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The aim of this section, which follows [43, 44, is to explain how to deduce inequalities of the type
(10.115), when F is a regular functional of a Poisson measure 1 and when the target law N is either
Gaussian or Poisson.

We first need to introduce the basic concepts in this framework.

Poisson measure. In what follows, we shall use the symbol Po()) to indicate the Poisson
distribution of parameter A > 0 (that is, Py ~ Po(\) if and only if P(Py = k) = e*)‘?ﬂ—? for
all k € N), with the convention that Po(0) = §y (Dirac mass at 0). Set A = R? with d > 1, let A
be the Borel o-field on A, and let u be a positive, o-finite and atomless measure over (A,.A). We

set A, ={BeA: u(B) < oo}

Definition 10.1 A Poisson measure n with control ju is an object of the form {n(B)}pea, with the
following features:

(1) for all B € A, we have n(B) ~ Po(u(B)).
(2) for all B,C € A,, with BN C # 0, the random variables n(B) and n(C') are independent.
Also, we note 1(B) = n(B) — u(B).

Remark 10.2 1. As a simple example, note that for d = 1 and g = A x Leb (with ‘Leb’ the
Lebesgue measure) the process {7([0,])}+>0 is nothing but a Poisson process with intensity

A

2. Let u be a o-finite atomless measure over (A, .A), and observe that this implies that there
exists a sequence of disjoint sets {A; : j > 1} C A, such that UjA; = A. For every j = 1,2, ...
belonging to the set Jy of those indices such that ;(A;) > 0 consider the following objects:

XU = (X lgj )ik > 1} is a sequence of i.i.d. random variables with values in A; and with
iy,

common distribution rﬁj-)% P; is a Poisson random variable with parameter ;1(A;). Assume
J

moreover that : (i) XU) is independent of X*) for every k # j, (ii) P; is independent of
Py for every k # j, and (iii) the classes {XU)} and {P;} are independent. Then, it is a
straightforward computation to verify that the random point measure

Pj
n() = Z Zéxg)(')’
jedo k=1

where J, indicates the Dirac mass at x and 22:1 = 0 by convention, is a a Poisson random
measure with control u. See e.g. [49, Section 1.7].

Multiple integrals and chaotic expansion. As a preliminary remark, let us observe that
E[f(B)] =0 and E[1j(B)? = u(B) for all B € A,. For any ¢ > 1, set L?(u?) = L?(A%, A, u9). We
want to appropriately define

I(f) = » fz1, ..., zg)n(dey) ... n(dxy)

when f € L?(u9). To reach our goal, we proceed in a classical way. We first consider the subset
E(u?) of simple functions, which is defined as

E(uT) :spam{lB1 ®...®1p,, with By,..., B, € Ay such that B; N B; = () for all 4 #]}

95



When f =1p, ®...®1p, with By,..., B, € A, such that B; N B; = ) for all i # j, we naturally
set

(1) i=nBr). - (Bg) = | f@r,...,wq)iidrr)...7(dwy).

(For such a simple function f, note that the right-hand side in the previous formula makes perfectly
sense by considering 7] as a signed measure.) We can extend by linearity the definition of I7/(f) to
any f € E(ud). It is then a simple computation to check that

E[IN(f)I1(9)] = popq (F.T) 12 (ur)

for all f € E(uP) and g € E(u?), with f (resp. g) the symmetrization of f (resp. g¢) and 6, , the
Kronecker symbol. Since &(u?) is dense in L?(ud) (it is precisely here that the fact that u has
no atom is cruciall), we can define Iqﬁ (f) by isometry to any f € L?(u9). Relevant properties of
Iqﬁ(f) include E[L;A](f)] =0, Iqﬁ(f) = Ig’\(f) and (importantly!) the fact that Ig’\(f) is a true multiple
integral when f € E(u?).

Definition 10.3 Fixz g > 1. The set of random variables of the form Ig’\(f) 1s called the qth Poisson-
Wiener chaos.

In this framework, we have an analogue of the chaotic decomposition (4.39) — see e.g. [45,
Corollary 10.0.5] for a proof.

Theorem 10.4 For all F € L?(a{n}) (that is, for all random variable F which is square integrable
and measurable with respect to ), we have

0 o~
Z I0(f,). (10.116)
where the kernels f, are (pd-a.e.) symmetric elements of L?(u9) and are uniquely determined by F.
Multiplication formula and contractions. When f € £(p?) and g € £(uf) are symmetric, we
define, for all r =0,...,pAgand [ =0,...,r
f *i’ g(xla s 7xp+Q7T7l)
/Al f(y17 s YL Ty s T L[ 1y - - ,'Tp—l)g(yh s YL Ty s T Tp— 1y - - - axp-l—q—r—l)
xp(dyr) . .. p(dyy).

We then have the following product formula, compare with (4.43).

Theorem 10.5 (Product formula) Let p,q > 1 and let f € E(uP) and g € E(ul) be symmetric.
Then

g -2 () () 5 ()b ()

r=0 =0
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Proof. Recall that, when dealing with functions in £(u?), Ig (f) is a true multiple integral (by seeing
7 as a signed measure). We deduce

BOG@ = [ fena)olon, i) . i, )idn) i)

By definition of f (the same applies for g), we have that f(z1,...,2,) = 0 when z; = x; for
some i # j. Consider r = 0,...,p A g, as well as pairwise disjoint indices i1,...,i, € {1,...,p}
and pairwise disjoint indices ji,...,75 € {1,...,q}. Set {k1,...,kp—r} = {1,....p} \ {i1,.. .4}
and {l1,...,lg—} = {1,...,¢} \ {y1,...,7r}. We have, since p is atomless and using 7(dz) =
() — p(dz),

[ @1 8001 ) iy ) Ty ) - )

- [4+ ) f(xk17"'7xkp_r7xi17"'7xir)g(yll7"'7qu_r7xi17"'71.2})
pT+q 7‘
xn(dw,) - - - 0(dwy,_, )i(dy,) - - - 7(dy,_, )n(das,) - .. n(dw;, )
— /A+ . fl@1,. o xperyar, oo, ar)9(Y1s oo s Ygors Q1 - o, Q)
pPTq—ar

xn(dxy) ... n(dzp—r)n(dyr) . .. N(dyq—r)n(dar) .. . n(day).
By decomposing over the hyperdiagonals {x; = y;}, we deduce that

PAq
7 7 P\ (4
ij)](f)‘[(;](g) = ZT'<T> (7”) /14p+q2r f(xla"'axpfryala"'aar)g(yla"'?yqfryah'"7a7')

r=0
xi(dzy) . .. (dap—r)0(dy1) - . . 7(dyg—r)n(dar) . .. n(da,),
and we get the desired conclusion by using the relationship
n(dar) ... n(da,) = (Aldar) + p(day)) ... (ii(day) + p(day)).
|

Malliavin operators. Each time we deal with a random element F of L?({o(n)}), in what follows
we always consider its chaotic expansion (10.116).

Definition 10.6 1. Set DomD = {F € L*(o{n}) : ZQQ'quHm (ua) < oo}. If F € DomD, we set

D,F = Zq L (fa te A.

The operator D is called the Malliavin derivative.
2. Set DomL = {F € L*(o{n}) : 3_ ¢* q'quHLg(Mq < oo}. If F € DomlL, we set

o0

LF ==Y "qI](f,)

q=1

The operator L is called the generator of the Ornstein-Uhlenbeck semigroup.
3. If F € L*(c{n}), we set
[e9) 1
L' F==)" 5Ig(fq).
q=1
The operator L™ is called the pseudo-inverse of L.
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It is readily checked that LL™'F = F — E[F] for F € L?(c{n}). Moreover, proceeding mutatis
mutandis as in the proof of Theorem 4.15, we get the following result.

Proposition 10.7 Let F € L%*(o{n}) and let G € DomD. Then
Cov(F,G) = E[(DG,—DL™'F) 2. (10.117)

The operator D does not satisfy the chain rule. Instead, it admits an ‘add-one cost’ representation
which plays an identical role.

Theorem 10.8 (Nualart, Vives, 1990; see [42]) Let F' € DomD. Since F is measurable with
respect to m, we can view it as F' = F(n) with a slight abuse of notation. Then

D,F = F(n+6)—F(n), teA, (10.118)
where &; stands for the Dirac mass at t.

Proof. By linearity and approximation, it suffices to prove the claim for F' = Iqﬁ (f), with ¢ > 1 and
f € &(p?) symmetric. In this case, we have

F(n+6) = » f(@1,...,2q) (N(dz1) + 6(dx1)) - .. (N(dzg) + 6¢(day)).

Let us expand the integrator. Each member of such an expansion such that there is strictly more
than one Dirac mass in the resulting expression gives a contribution equal to zero, since f vanishes
on diagonals. We therefore deduce that

q
F(77+5t) = F(W)+Z " f(l'l,...,I’l,l7t,1’l+1,...,xq);’]\(dl'l)---ﬁ(d.%'l,l);’]\(d.%'l+1).--ﬁ(dxq)
l

F(n) +qI]_,(f(t,)) by symmetry of f
= F(n)+ DiF.

As an immediate corollary of the previous theorem, we get the formula
Dy(F?) = (F + D,F)?> — F? = 2F D,F + (D,F)?, te A,
which shows how D is far from satisfying the chain rule (4.47).

Gaussian approximation. It happens that it is the following distance which is appropriate in our
framework.

Definition 10.9 The Wasserstein distance between the laws of two real-valued random variables Y

and Z is defined by

dw(¥.2) = s B = ER(Z)]| (10.119)

where Lip(1) stands for the set of Lipschitz functions h : R — R with constant 1.

Since we are here dealing with Lipschitz functions h, we need a suitable version of Stein’s lemma.
Compare with Lemma 3.1.
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Lemma 10.10 (Stein, 1972; see [52]) Suppose h : R — R is a Lipschitz constant with constant
1. Let N ~ N(0,1). Then, there exists a solution to the equation

f'(a) = xf(z) = h(x) = E[R(N)], x€R,

that satisfies || f']|oco < 1/2 and || f"|leo < 2.

™

Proof.  Let us recall that, according to Rademacher’s theorem, a function which is Lipschitz
continuous on R is almost everywhere differentiable. Let f: R — R be the (well-defined!) function
given by

f(z)=— /OO \/%E[h(e% + V1 — e 2tN)N]dt. (10.120)
0 —e

By dominated convergence we have that f; € C! with

00 —2t
f/(,l?) = — A \/%E[h/(e_tx —|— 1— 672tN)N]dt.

We deduce, for any = € R,
2

00 —2t
'z gEN/ L T 10.121
P < B [T =2 (10.121)

Now, let F': R — R be the function given by
Pla) = / EIh(N) = h{e~tz + V1 — e 2N)Jdt, = €R.
0

Observe that F' is well-defined since h(N) — h(e~ 'z + /1 — e2tN) is integrable due to

e x|+ (1—V1—e2)|N|

e~ x| + e 2N,

where the last inequality follows from 1 —v/1 —u=u/(v/1 —u+1) <wif u € [0,1]. By dominated

convergence, we immediately see that F' is differentiable with

|R(N) = h(e "z + V1 - e 2N)| <
<

F'(z) = —/0 e "B (e x4+ /1 — e 2N)dt.

By integrating by parts, we see that F'(z) = f(z). Moreover, by using the notation introduced in
Section 4, we can write

f'(@) —af(z)
= LF(x), by decomposing in Hermite polynomials, since LH, = —qH, = H,) — X H;

— _ /0°° LPh(z)dt, since F(z) = [ (E[h(N)] — Ph(z))dt

>~ d
- /0 - Peh(a)dt
= Pyh(z) — Pxh(z) = h(z) — E[R(N)].

This proves the claim for || f'[|oo. The claim for || f”||« is a bit more difficult to achieve; we refer to
Stein [52, pp. 25-28| to keep the length of this survey within bounds. [

We can now derive a bound for the Gaussian approximation of any centered element F' belonging
to DomD, compare with (10.115).
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Theorem 10.11 (Peccati, Solé, Taqqu, Utzet, 2010; see [44]) Consider F' € DomD with
E[F] =0. Then, with N ~ N(0,1),

dw (F,N) < \/gE [|1 = (DF,—DL7'F)2(,|] + E M(DtF)QyDtL—lFm(dt) :

Proof. Let h € Lip(1) and let f be the function of Lemma 10.10. Using (10.118) and a Taylor
formula, we can write

Dif(F) = f(F + DiF) — f(F) = f'(F)DF + R(t),
with |R()| < (| f"||ec(DeF)? < (DyF)?. We deduce, using (10.117) as well,
E[h(F)] - E[W(N)] = E[f(F)] - E[Ff(F)] = E[f'(F)] = E{Df(F),~DL™'F) 2(,)]

= E[f'(F)(1 - (DF,—DL 'F)r2(,))] + A(—DtL’lF)R(t)u(dt).

2

Consequently, since || f'[|oc < /2,

dw(F,N) = heSLl.lrzl)lE[h(F)]—E[h(N)]l

< \/gE [|1 = (DF,=DL™'F)12,|] + E [/A(DtF)Q\DtLlF\u(dt)] :
|

Poisson approximation. To conclude this section, we will prove a very interesting result, which
may be seen as a Poisson counterpart of Theorem 10.11.

Theorem 10.12 (Peccati, 2012; see [43]) Let F' € DomD with E[F] = X > 0 and F' taking its
values in N. Let Py ~ Po(\). Then,

sup |P(F € C) — P(Py € C))| (10.122)
CCN
1—e A 1—e A

E|X\ = (DF,—DL™"F)p2(,)| + E/ |DyF(D,F — 1)D; L F|u(dt).

< -

A A?
Just as a mere illustration, consider the case where F' = n(B) = 1177(13) with B € A,. We then
have DF = —DL™'F = 1p, so that (DF, =DL'F)2(,) = [1pdu = pu(B) and DF(DF —1) =0
a.e. The right-hand side of (10.122) is therefore zero, as it was expected since F' ~ Po()\).

During the proof of Theorem 10.12, we shall use an analogue of Lemma 3.1 in the Poisson
context, which reads as follows.

Lemma 10.13 (Chen, 1975; see [8]) Let C C N, let A\ > 0 and let Py ~ Po(\). The equation
with unknown f: N — R,

Af(k+1) — kf(k) =1c(k) — P(Py € C), keN, (10.123)

admits a unique solution such that f(0) = 0, denoted by fo. Moreover, by setting Af(k) =
DY
fk+1) = f(k), we have |Afcllo < =57 and | A% foloo < [ Afc]lo-
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Proof. We only provide a proof for the bound on A fg; the estimate on A2 fo is proved e.g. by Daly
in [10]. Multiplying both sides of (10.123) by A\*/k! and summing up yields that, for every k > 1,

felk) = kzl ; P(Py € O)] (10.124)
= Zf{a} T)O (10.125)
= ]—lecc(k) (10.126)
_ _& ;kl)! 3 iv [1e(r) — P(Py € C)), (10.127)
—*

where C¢ denotes the complement of C'in N. (Identity (10.125) comes from the additivity property
of C'— fe, identity (10.126) is because fiy = 0 and identity (10.126) is due to

o) — P(Py € O)] = Blic(Py) — Elle(P)]] = 0)
r=0

Since fo(k) — fo(k+1) = foe(k + 1) — fee(k) (due to (10.126)), it is sufficient to prove that, for
every k > 1 and every C C N, fo(k+ 1) — fo(k) < (1 — e )/A. One has the following fact: for
every j > 1 the mapping k — fr;)(k) is negative and decreasing for £ = 1,...,j and positive and
decreasing for k > j + 1. Indeed, we use (10.124) to deduce that, if 1 < k < j,

)\ (k—1)!
fiy(k e M Z AT r = (which is negative and decreasing in k),

whereas (10.127) implies that, if £ > j + 1,

)\ (k—1)!
Ty (k) e N Z i) (which is positive and decreasing in k).

Using (10.125), one therefore infers that fo(k+1) — fo(k) < fuy(k+1) = fey (k), for every k>0
Since

k—1 00 k 00
A\ N~ ef)\ A r A
Fh D= g = >4 S ] IR T o
r=0 r=k+1 ' r=1 r=k+
< =
A
the proof is concluded. [ |

We are now in a position to prove Theorem 10.12.

Proof of Theorem 10.12. The main ingredient is the following simple inequality, which is a kind of
Taylor formula: for all k,a € N,

78— Fa) = Af(@)(k ~ )] < LI locl(k — a)(k —a 1) (10.128)
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Assume for the time being that (10.128) holds true and fix C' C N. We have, using Lemma 10.13
and then (10.117)

[P(FeC)=P(PyeC)| = <E[Afc<F+1>1—E[ch<F>
— \E[Afo(F) - E
— \E[Afo(F) - E

—

Now, combining (10.118) with (10.128), we can write
Difo(F) = Afo(F)DeF + S(t),

with S(t) < 3| A% fo oo DiF (D F — 1)] < 17)\#|DtF(DtF — 1), see indeed Lemma 10.13 for the

last inequality. Putting all these bounds together and since ||A fo|lo < 2=
get the desired conclusion.

So, to conclude the proof, it remains to show that (10.128) holds true. Let us first assume that
k > a + 2. We then have

fk) = +ZAf a) + Af(a)(k—a +ZAf fla))
k—1j5—1
= fla)+ Af(a)(k—a)+ > Y A% a)+ Af(a —a+ZA2 (k—1-1),
j=a l=a
so that
k—2

(k) = f(a) = Af(a)(k = a)| < [|A* flloe Y (K —1-1) = %HAQfHoo(k —a)(k—a—1),

l=a

that is, (10.128) holds true in this case. When k = a or k = a + 1, (10.128) is obviously true.
Finally, consider the case k < a — 1. We have

a—1

fk) = Z Af(j )+ Af(a)(k—a)+ ) (Af(a) = Af(5))
=k
a—1a—1
= fla)+Af(a)(k—a)+ > Y A*f(l) a) + Af(a)(k — a) +ZA2 )1 —k+1),
Jj=k l=j
so that
a—1
(k) = f(a) = Af(a)(k = a)| < [|A* flloe Y (I =k +1) = %HAQfHoo(a —k)a-k+1),
I=k
that is, (10.128) holds true in this case as well. The proof of Theorem 10.12 is done. ]

To go further. A multivariate extension of Theorem 10.11 can be found in [47]. The reference
[19] contains several explicit applications of the tools developed in this section.
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11 Fourth Moment Theorem and free probability

To conclude this survey, we shall explain how the Fourth Moment Theorem 1.3 extends in the
theory of free probability, which provides a convenient framework for investigating limits of random
matrices. We start with a short introduction to free probability. We refer to [22] for a systematic
presentation and to [2] for specific results on Wigner multiple integrals.

Free tracial probability space. A non-commutative probability space is a von Neumann
algebra 7 (that is, an algebra of operators on a complex separable Hilbert space, closed under
adjoint and convergence in the weak operator topology) equipped with a trace ¢, that is, a unital
linear functional (meaning preserving the identity) which is weakly continuous, positive (meaning
©(X) > 0 whenever X is a non-negative element of o7; i.e. whenever X = YY™ for some Y € &),
faithful (meaning that if ¢(YY*) =0 then Y = 0), and tracial (meaning that p(XY) = (Y X) for
all X,Y € &7, even though in general XY # Y X).

Random variables. In a non-commutative probability space, we refer to the self-adjoint
elements of the algebra as random variables. Any random variable X has a law: this is the unique
probability measure g on R with the same moments as X; in other words, p is such that

/ Fdu(z) = o(XF), k>1. (11.129)
R
(The existence and uniqueness of p follow from the positivity of ¢, see |22, Proposition 3.13].)

Convergence in law. We say that a sequence (Xi,...,Xkn), n = 1, of random vectors
converges in law to a random vector (X s, ..., X 00), and we write

law

(Xl,na s ,Xk‘,n) — (XI,OO, e an,oo)a
to indicate the convergence in the sense of (joint) moments, that is,

lim %2 (Q(Xl,ru . ,ka)) =@ (Q(XLOO7 e 7Xk,oo)) s (11130)

n— o0

for any polynomial @ in k£ non-commuting variables.

We say that a sequence (F,,) of non-commutative stochastic processes (that is, each F), is a
one-parameter family of self-adjoint operators F,,(t) in (7, ¢)) converges in the sense of finite-
dimensional distributions to a non-commutative stochastic process Fi., and we write

f.d.d.
F, = Fy,

to indicate that, for any k > 1 and any ty,...,t > 0,

(Fp(t), ..., Fu(te)) ™ (Foo(t1), - .., Foo(ty))-

Free independence. In the free probability setting, the notion of independence (introduced
by Voiculescu in [55]) goes as follows. Let <, ..., 9, be unital subalgebras of /. Let X1,...,X,,
be elements chosen from among the .27’s such that, for 1 < j < m, two consecutive elements X;
and X1 do not come from the same <7 and are such that ¢(X;) = 0 for each j. The subalgebras
4, ..., a7, are said to be free or freely independent if, in this circumstance,

o(X1 Xy Xpn) = 0. (11.131)
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Random variables are called freely independent if the unital algebras they generate are freely
independent. Freeness is in general much more complicated than classical independence. For
example, if X, Y are free and m,n > 1, then by (11.131),

p((X™ = (XY™ — p(Y™)1)) = 0.
By expanding (and using the linear property of ¢), we get
P(XTY™) = p(X™)p(Y™), (11.132)

which is what we would expect under classical independence. But, by setting X1 = X3 = X —¢(X)1
and Xo = Xy =Y — ¢(Y) in (11.131), we also have

P((X = p(X)1)(Y = (V) 1)(X = o(X)1)(Y — ¢(Y)1)) = 0.

By expanding, using (11.132) and the tracial property of ¢ (for instance o(XY X) = ¢(X2%Y)) we
get

P(XYXY) = o(Y)?0(X?) + o(X)*0(Y?) — o(X)%p(Y)?,

which is different from o(X?)p(Y2), which is what one would have obtained if X and Y were
classical independent random variables. Nevertheless, if X,Y are freely independent, then their
joint moments are determined by the moments of X and Y separately, exactly as in the classical
case.

Semicircular distribution. The semicircular distribution S(m,o?) with mean m € R and
variance o2 > 0 is the probability distribution

1
2mo?

S(m,o?)(dx) = V402 — (. — m)? Ly, mi<a0} da. (11.133)
If m = 0, this distribution is symmetric around 0, and therefore its odd moments are all 0. A
simple calculation shows that the even centered moments are given by (scaled) Catalan numbers:
for non-negative integers k,

m-+20

/ (z —m)*S(m, 0?)(dx) = Cro?*,
m—20

1 (2k

EF1\k

fourth moment is 204. The semicircular distribution plays here the role of the Gaussian distribution.

where C), = ) (see, e.g., [22, Lecture 2|). In particular, the variance is o while the centered

It has the following similar properties:
1. If S ~ S(m,0?) and a,b € R, then aS + b ~ S(am + b, a’c?).
2. If S; ~ S(mq,0?) and Sy ~ S(ma, 03) are freely independent, then S;+ Sy ~ S(my+ma,o? +

o2).

Free Brownian Motion. A free Brownian motion S = {S(t)}+>0 is a non-commutative
stochastic process with the following defining characteristics:

(1) S(0) = 0.
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(2) For ty > t; > 0, the law of S(t2) —S(t1) is the semicircular distribution of mean 0 and variance
ty — 1.

(3) For all n and ¢, > -+ >ty > t; > 0, the increments S(¢1), S(t2) — S(t1), ..., S(tn) — S(tn-1)
are freely independent.

We may think of free Brownian motion as ‘infinite-dimensional matrix-valued Brownian motion’.

Wigner integral. Let S = {S(¢)}+>0 be a free Brownian motion. Let us quickly sketch out the
construction of the Wigner integral of f with respect to S. For an indicator function f = 1y, ,, the
Wigner integral of f is defined by

/000 Ly (2)dS(x) = S(v) — S(u).

We then extend this definition by linearity to simple functions of the form f = Zle a1y, v, Where
[u;, v;] are disjoint intervals of R,. Simple computations show that

</ f(2)dS(x ) =0 (11.134)
o ([ rwas) x [Ta@is@) = o, (11.135)

By isometry, the definition of [;° f(z)dS(x) is extended to all f € L*(R), and (11.134)-(11.135)
continue to hold in this more general setting.

Multiple Wigner integral. Let S = {S(t)}+>0 be a free Brownian motion, and let ¢ > 1 be
an integer. When f € L2(Ri) is real-valued, we write f* to indicate the function of L2(Rq ) given

by F*(t1y o tg) = Fltgse- ).
Following [2], let us quickly sketch out the construction of the multiple Wigner integral of f with
respect to S. Let DY C ]RZ_ be the collection of all diagonals, i.e.

DY ={(t1,...,tq) € RL : t; =t; for some i # j}. (11.136)

For an indicator function f = 14, where A C RY% has the form A = [ug,v1] X ... X [ug,v4] with
AN D% =), the gth multiple Wigner integral of f is defined by

I (f) = (S(v1) = S(u)) ... (S(vg) — S(ug)).

We then extend this definition by linearity to simple functions of the form f = Zle o;14,, where

Aj = [uf,v}] x ... x [ul,v}] are disjoint g-dimensional rectangles as above which do not meet the
diagonals. Simple computations show that

e(I7(f) = 0 (11.137)

oIy (NIF(9) = (f.9")2@)- (11.138)

By isometry, the definition of Iqs(f) is extended to all f € L*(R%), and (11.137)-(11.138) continue
to hold in this more general setting. If one wants I qS (f) to be a random Variable it is necessary for
f to be mirror symmetric, that is, f = f* (see [17]). Observe that I¥(f) = [;° f ) when
g = 1. We have moreover

o(I; (/)IF(9)) =0 when p #q, f € L*(RY) and g € L*(RY). (11.139)
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When r € {1,...,pAgq}, [ € LQ(R{L) and g € LQ(Ri), let us write f ~ g to indicate the rth
contraction of f and g, defined as being the element of L? (R{frq_zr) given by

FAglti, . tprgar) (11.140)

= flt, o tper, @1, 2) (T, o 2 b1y - Epge2r)dy - Ay
RT
+

By convention, set f A g = [ ® g as being the tensor product of f and g. Since f and g are
not necessarily symmetric functions, the position of the identified variables z1,...,x, in (11.140) is
important, in contrast to what happens in classical probability. Observe moreover that

If ~ 9||L2(Rg+q—2f) < Hf”L%Ri)HQHB(Ri) (11.141)

by Cauchy-Schwarz, and also that f 4 g = (f, 9*>L2(Ri) when p = q.

We have the following product formula (see |2, Proposition 5.3.3]), valid for any f € L*(RE) and
g € L*(RY):

PAq
N9 =) Lg o~ 9). (11.142)
r=0

We deduce (by a straightforward induction) that, for any e € L?(R;) and any ¢ > 1,

U, (/OOO e(m)d5x> = 17 (e®), (11.143)

where Up =1, Uy = X, Uy = X2 —1, U3 = X3 —2X, ..., is the sequence of Tchebycheff polynomials
of second kind (determined by the recursion XUy = Upq1 + Ui—1), [ e(x)dS(x) is understood as
a Wigner integral, and e®? is the gqth tensor product of e. This is the exact analogue of (1.10) in
our context.

We are now in a position to offer a free analogue of the Fourth Moment Theorem 5.5, which
reads as follows.

Theorem 11.1 (Kemp, Nourdin, Peccati, Speicher, 2011; see [17]) Fiz an integer ¢ > 2
and let {S;}1=0 be a free Brownian motion. Whenever f € L*(R%), set I;f(f) to denote the qth
multiple Wigner integrals of f with respect to S. Let {F,}n>1 be a sequence of Wigner multiple
wntegrals of the form

Fn = I(}g(fn)a

where each f, € L*(R.) is mirror-symmetric, that is, is such that f, = f}. Suppose moreover that
©(F2) — 1 as n — oo. Then, as n — oo, the following two assertions are equivalent:

(i) F, & S ~8(0,1);

(ii) o(Fy) =2 =¢(S}).
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Proof (following [24]). Without loss of generality and for sake of simplicity, we suppose that
@©(F?) = 1 for all n (instead of p(F2) — 1 as n — 00). The proof of the implication (i) = (i)
being trivial by the very definition of the convergence in law in a free tracial probability space, we
only concentrate on the proof of (i7) = ().

Fix k > 3. By iterating the product formula (11.142), we can write

FJ; = I&S(fn)k = Z IkSQ*2T17...f2Tk71 (( s ((fn A fn) A fn) o ) rﬁ:l fn),

(1Tl —1)€AR 4

Apg = {(rl,...,rk_l)6{0,1,...,q}k71:r2<2q—27“1, r3 < 3q—2r1 —2ro,...,
rp1 < (k—1)g—2r —...— 2rk_2}.

By taking the -trace in the previous expression and taking into account that (11.137) holds, we
deduce that

P(FF)y =I5 (F) = > (P fa) 2 fa) ) 5 (11.144)

(T15eTk—1)EBk 4
with
By = {(7“1, coTh—1) € Akg: 2r1+ . 21 = kzq}.

Let us decompose By, into C 4, U Ej, 4, with C ; = B¢ N {0,¢}*! and Eiq = Big\ Crq We
then have

p(FF) = S (U P ) R ) ) S )

(r1,.7k—1)€Ck 4

LD DU (G (A A RSN A RBRE

(r1,Tk—1)EEg 4

Using the two relationships f, A fn=fn® fn and

- /R Fultrs -t faltqr - ta)dtr .ty = | follB oy = 1.
+

it is evident that (... ((fn = fn) = fn)...) " f, =1 for all (r1i,...,rp—1) € Clq. We deduce
that

(11, mk—1)EEK 4

On the other hand, by applying (11.144) with ¢ = 1, we get that

o(ST) = @(115(1[0,1])k) = Z (- (g A 1p1) A 1)) = 1,1

(r1,-Tk—1)€Bg 1

= > 1=#B1

(r1,--Tk—1)€Bk 1
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But it is clear that Cj, 4 is in bijection with By, ; (by dividing all the r;’s in Cy, 4 by ¢). Consequently,
p(EN) =oSH+ Y (P ) B fa) ) ) (11.145)

(7’1,...77’]9_1)6Ek’q

Now, assume that o(F3) — ¢(S7) = 2 and let us show that o(F¥) — (S¥) for all k > 3. Using
that f, = f, observe that

fo — falta,... ,tag—2r)

= fn(tla . 7tq—7"7 S1yeeny sr)fn(s,n, ..y 81, tq—r+17 N ,th_Qr)dsl N dSr
RT
+

= fn(Sra e ,Sl,tq,r, e ,tl)fn(th,QT, e ,tq,r+1, S1y--.- ,sr)dsl e dSr
RY
= fn /T\ fn(t2q72ra oo atl) = (fn /T\ fn)*(tla e at2q72r)a
that is, fn —~ fn = (fu —~ fa)*. On the other hand, the product formula (11.142) leads to

F2 =31 I§q72r( fn —~ fn). Since two multiple integrals of different orders are orthogonal (see
(11.139)), we deduce that

q—1

2 r r *
an ® aniQ(Riq) + (an”%Q(Ri)) + Z(fn — fm (fn - fn) >L2(Riq72r)

r=1

o(Fy)

q—1 q—1
= 20 fallto oo + D I1fn aniQ(Riq_zr) =24+ |lfa ~ anLQ(RQq ary. (11.146)
r=1 r=1
Using that ¢(F¥) — 2, we deduce that
Il frn — an R2-2r) —0 forallr=1,...,q—1. (11.147)

Fix (rl,...,rk_l) € Epq and let j € {1,...,k — 1} be the smallest integer such that r; €
{1,...,9 —1}. Then:

M(nﬂmﬂnwfwm
= |G ((fn ™ fa) 2 mnﬁlm”nﬂfmufﬁh\
(o ((fa® @ fa) 2 o) 5 fa) ) S S| (since f A fr=1)
[& .®fn>®<fnﬂfn>> )
< e M®M®mﬁmwmwflwmmmMm

= |lfa A fall - (since [|fa]l? = 1)
— 0 asn—oo by (11.147).

Therefore, we deduce from (11.145) that ¢(FF) — (S¥F), which is the desired conclusion and
concludes the proof of the theorem. [ |

(
3
(
((fn

During the proof of Theorem 11.1, we actually showed (see indeed (11.146)) that the two
assertions (i)-(i7) are both equivalent to a third one, namely

(731): | fr — f”||L2(R2q 2ry —0forallr=1,...,¢q—1.

Combining (i7i) with Corollary 5.5, we immediately deduce an interesting transfer principle for
translating results between the classical and free chaoses.
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Corollary 11.2 Fiz an integer q > 2, let {Bi}i>0 be a standard Brownian motion and let {S;}i>0
be a free Brownian motion. Whenever f € L*(R%), we write If(f) (resp. I&g(f)) to indicate the
qth multiple Wiener integrals of f with respect to B (resp. S). Let { fn}n>1 C L*(RL) be a sequence
of symmetric functions and let o > 0 be a finite constant. Then, as n — oo, the following two
assertions hold true.

(i) E[If(fn)] — qlo? if and only if Lp(IqS(fn)2) — o2,

(ii) If the asymptotic relations in (i) are wverified, then If(fn) fy N(0,q!c?) if and only if
I5(fa) 5 S(0,0%).

To go further. A multivariate version of Theorem 11.1 (free counterpart of Theorem 6.2) can
be found in [36]. In [31] (resp. [14]), one exhibits a version of Theorem 11.1 in which the semicircular
law in the limit is replaced by the free Poisson law (resp. the so-called tetilla law). An extension
of Theorem 11.1 in the context of the g-Brownian motion (which is an interpolation between the
standard Brownian motion corresponding to ¢ = 1 and the free Brownian motion corresponding to
g =0) is given in [12].
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