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Plateau borders of smectic liquid crystalline films
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(Received ?? ??? 2010)

We investigate the geometrical properties of Plateau borders in an arrangement of connected
smectic A free standing films. The geometry is chosen such that a circular Plateau border
surrounds a planar smectic film and connects it with two smectic catenoids. It is demonstrated
that similar to soap films, the smectic film geometry can be described by a negative line tension
of the circular contact region. Thus, the equilibrium angle between the films depends upon
the liquid content in this region, and with increasing liquid content, deviations from Plateau’s
rule are observed. The experimental results are qualitatively comparable to soap films. A
possible origin of slight quantitative differences is discussed.

Keywords: foams; Plateau border; Plateau’s rules; decoration lemma; thin films; smectic
liquid crystals

1. Introduction

Foams of different compositions play an important role in everyday’s life, including
food and beverage industry, technical products for insulation, mechanical damping,
cleaning, fire fighting and others. The inner structure of a dry foam is an ensem-
ble of cells formed by thin liquid films. The quasi-polyhedral cells are filled with
a gas. Already in the middle of 19th century, Joseph Plateau had expressed the
basic scientific concepts describing foam properties, and he established geometrical
rules for stable foam structures [1]. Foam dynamics and ageing have attracted the
interest of researchers for decades, quantitative relations for many properties of
foams have been derived analytically as well as empirically. Numerous experiments
have been devoted, and are being devoted, to the study of foam structures and the
relation to their mechanical properties [2–4]. Nevertheless, such materials are still
fascinating, and even today some of their basic properties are only partially under-
stood. Open questions concern, for example aspects of foam dynamics like drainage
and coarsening, [5, 6]. One interesting aspect that demonstrates the importance of
foam research for other fields concerns similarities between the description of cell
structures in foams and granular materials [7, 8].
The Plateau borders in foam structures, the zones where the liquid films converge,

play an important role in the foam dynamics. They contain the main part of the
liquid component. When foams are sheared or strained, the reorganization of the
cell structure involves viscous flow in the Plateau borders, and dissipation [9, 10].
But even in absence of external forces, ageing of the foam by gas diffusion through
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the liquid films leads to a reorganization of cell ensembles and the motion of Plateau
borders.
Mathematical models of foam structures often reduce the cells to quasi-

polyhedral objects separated by infinitely thin films, which meet in lines that form
the skeleton of the foam. This is reflected in the abstract ’dry’ foam model, for
which simple geometrical rules describe the equilibrium angles between films. For
example, the equilibrium angles of three films that meet in a contact line have
to be 120◦ (Plateau’s rule). Only then, forces related to film tensions compensate
each other. If the liquid content of the foam is not negligible, in ’real’ foams, the
liquid will assemble almost exclusively along the lines of the skeleton of Plateau
borders. The ’decoration’ of this skeleton with liquid leaves the geometrical prop-
erties of the structure essentially unchanged, at least for sufficiently small liquid
fractions. However, a closer look at the shape of the Plateau borders containing
a non-vanishing amount of liquid shows that corrections are to be made. One has
to consider a non-zero Laplace pressure of the liquid respective to the surround-
ing gas compartments. Consequences of the decoration of the foam skeleton with
liquid have been discussed by Kern and Weaire [11]. The Laplace under-pressure
in the Plateau border is responsible for a negative energy contribution related to
the liquid content in the film edges. This can be described mathematically by a
negative line tension of the film edges. Such a line tension may change, for exam-
ple, the equilibrium angles of three films when the connecting edge is not straight.
Géminard et al. [12] have demonstrated this in a particularly simple soap film
structure. They have chosen the geometry of catenoid soap films with a central
film spanning in the waist of the catenoids. They found a monotonous relation
between the contact angle and the liquid content in the Plateau border. The angle
between the two catenoid films increases with the liquid content, i.e. the central
planar film is slightly larger than expected for a dry foam. The Plateau border is
consequently longer than for an ideal dry film. Besson et al. [13] have confirmed
this observation and performed dynamical measurements of the Plateau angle in
soap films under mechanical strain. Fortes and Teixeira have calculated Plateau
borders in soap foams for a number of different cell geometries, including cells in
3D foams [14, 15] and hemispherical bubbles on solid substrates [15–18]. They also
obtained deviations of the Plateau border shape from a 120◦ angle in 3D foam cell
arrangements [14].
Besides aqueous solutions, which have been extensively studied in the past, foams

of other complex fluids have been a topic of interest in recent research. Foams can be
formed, e.g., by lamellar ionic liquid crystals [19–21] and by calamitic smectics [22].
Smectic films behave in many respects similar to soap films, although their internal
structure is in general quite different. Ageing and structural properties of smectic
foams have been reported [22]. In the essential characteristics, smectic foams behave
like aqueous foams. It has been shown earlier that smectic phases form catenoids,
too. These structures have been used, e.g. for studies of oscillations [23] and collapse
dynamics [24]. Smectic catenoids can be prepared with well defined film thicknesses
(Fig. 1), and uniform smectic catenoids are not susceptible to drainage. In this
communication, we report the analysis of Plateau border geometries of smectic
films in equilibrium.

2. Experiment

We explore the same geometry as used by Géminard et al. [12] in the previous
study of soap film catenoids. The structure under investigation consists of a flat
circular smectic liquid crystal (LC) film spanned between two catenoid smectic films
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Figure 1. Images of catenoid structures with non-uniform film thickness before equilibration (top) and
final uniform film thickness (bottom). The catenoids with the uniform film thickness are less than 50 layers
thick, the non-uniform catenoids have thicknesses of several hundred layers.

(Fig. 2a). The setup consists of two vertically moveable coaxial tubular supports
(diameter D = 10mm) with beveled ends. The films are observed with a digital
camera, see Fig. 3a. The LC material used is the standard substance 4-octyl-4’-
cyanobiphenyl (8CB) (commercially produced by Synthon GmbH) with a purity
of 99.6% (GC). The chemical structure and the mesomorphism are sketched in
Fig. 3b. All experiments were performed at room temperature (25°C) in the smectic
A mesophase.

Figure 2. (a) Sketch of the three-film geometry. A circular LC-film (light grey) surrounded by a Plateau
border is suspended between two catenoidal LC-films.(b) Profile of the Plateau border in the central cross
section.Simple geometric relations show that when the Plateau border meets the adjacent film tangentially,
hPB can be set equal to rPB.

Plateau borders of freely suspended smectic films are prepared in a three-step
procedure. First, we apply a small amount LC-material onto the lower support
tube. Second, we contact the coaxial tubes so that the liquid crystal completely
connects the two tube ends. Then we pull a catenoid LC film between the two sup-
ports. The distance between the supports is increased beyond the critical distance
for catenoid rupture (Hc ≈ 0.66274D). When the catenoid collapses, thin circular
films remain on each tube end. One of them is kept. We bring the tubes in contact
again, and then pull another catenoid film. Now it contains a central film that
spans the waist of the outer film. The resulting two catenoids and the central film
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Figure 3. (a) Sketch of the experimental setup. The three-film geometry is prepared between two coaxial
cylindrical tubes. Tube diameters are 10 mm; (b) chemical structure and mesophases of the liquid crystal
8CB.

are stable as long as the distance between the two supports remains smaller than
≈ 0.405D. When the two tube ends are separated further, the films collapse again.
Thus, all experiments are performed at separations H < 0.4D. The LC content in
the Plateau border is more or less affected by the initial amount of liquid crystal
at the tube ends, it can be controlled to a certain extend. More material leads to
thicker Plateau borders.
The catenoids are illuminated with monochromatic parallel light. This facilitates

the analysis of the pictures. Photos are taken with a Canon EOS 400D digital
camera with macro lens. Figure 4 shows a typical side view of the experimental
situation. The films, with thicknesses between 100 nm and a few micrometers, are
transparent. They show characteristic interference colors when illuminated with
white light, or interference stripes under monochromatic illumination, from which
the local film thickness can be determined. In this work, we did not particularly
care to achieve uniformly thick films. The Plateau borders appear as dark bands.
Here, the incident light is deflected because entrance and exit surfaces of light
beams are not parallel to each other inside the Plateau border region. The edges
of the Plateau borders appear very sharp in the transmission images, so that hPB
can be determined with an accuracy of about 20 µm.
We note that in soap films, one can show by simple geometric relations that the

Plateau border radius rPB can be set equal to the visible high hPB. This is sketched
in Fig. 2b. For reasons detailed in the discussion, we will not use this equality a
priori but relate all Plateau border size measurements to the visible height hPB.
Image analysis is performed with MATLAB software. It consists of the following

steps: the picture is converted into grayscale and cropped, background is sub-
tracted, the catenoid profile is extracted with an edge detection routine. From the
extracted shape of the catenoid, we define the rotational axis z and the coordinates
r(z) (compensating potential slight deviations of the camera axis from the catenoid
axis). Then, the catenoid profiles below and above the central Plateau border are
fitted to hyperbolic cosine functions.

r(z) = a cosh
(z − z0)

a
. (1)

Technically, we perform a coordinate transformation z → z′ so that z′ = 0 at the
support, and r(z′) = a cosh(arcosh(R0/a)− z′/a), so that only one free parameter,
a, remains. R0 = z′(0) = D/2 is the radius of the catenoid film at the support tube.
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The result of image processing is shown in Fig. 4. The constant z0 would correspond
to the position of the waist (minimal catenoid radius) in absence of the central film,
the parameter a guarantees that the boundary conditions are matched. Ideally, the
central film is in a mirror plane of the structure, but due to minimal differences in
the positions of the catenoid films at the supports, there may be slight differences
between the upper and lower catenoids, leading to minor differences between the
angles α and β. Also, gravitational effects influence the upper (green line in Fig. 4)
and lower (red line) catenoid films. These deviations do not affect the experimental
results, they cancel out in our evaluation procedure.
As a final step, we calculate the point of intersection of the two hyperbolic cosine

functions. The inner film radius R is determined as the distance between the point
of intersection and the axis of rotation. The angles α and β are evaluated from the
slopes of the fitted catenary functions in the point of intersection. The angle θ is the
sum of α and β. This procedure agrees with the evaluation scheme in refs. [12, 13].
We should mention at this point that α and β are not equivalent to the angles of the
films at the outer edges of the Plateau border. Because of the curvature of the fit
functions, the latter angles are systematically smaller than 60◦ for both catenoids,
in particular when the Plateau border is very broad. They are irrelevant for the
interpretation of our experiments. The decoration lemma for Plateau borders [25]
provides the justification of our data analysis. Weaire has pointed out that the
prediction of 120◦ angles no longer holds at the Plateau border edges of curved
films [26, 27].

Figure 4. (a) Image of the experimental situation taken with the digital camera. The circular inner LC-
film is masked by the thick Plateau border. (b) Picture after image processing and edge detection. The
red and green lines show the fitted hyperbolic cosines.

3. Results

First, it has to be verified that the films are in equilibrium when the images are
recorded. Besson et al. [13] found relaxation times of the order of 10 s for their
soap films. In smectic material, one may expect even longer equilibration phases,
because of the higher viscosities of smectics. In order to test the equilibration time,
we have recorded images of films with different Plateau border thicknesses (thick
border, ratio hPB/R = 0.20,and thin border, ratio hPB/R = 0.04) in intervals of
1 min (Fig. 5). In both geometries, the structures have reached constant equilib-
rium angles θ in less than 5 minutes. It was not intended here to determine the
equilibration dynamics, but the measurement certifies that angles determined after
10 minutes can be safely regarded as equilibrium values.
In a second set of experiments, we search for hysteresis effects. We prepare the

films and change the distance H of the supports stepwise. In order to avoid collapse
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Figure 5. Time dependence of the angle θ = α + β of the two catenoid films after the distance between
the two support tubes has been adjusted.

of the catenoids we pull the structure first to H = 3.5 mm, then we reduce the
support distances stepwise to H = 2.5 mm. Afterwards, we increase the distance
again to H = 3.7 mm. The results are shown in Fig. 6. We do not find any
hysteresis effects within the experimental accuracy. The slight decrease of θ with
decreasing tube distance H is the consequence of a slightly varying ratio hPB/R.
With decreasing tube separation H, both the radius of the central film and the
Plateau border length increase. When the liquid content in the border remains
approximately constant, hPB consequently shrinks. This is shown in Fig. 7.

Figure 6. The variation of the angle θ during the stepwise variation of the support distance H. Within
experimental accuracy, angles measured during increment of H (open symbols) and angles measured during
decrement of H (solid symbols) coincide.

Finally, we have measured the dependence of the angle θ on the ratio hPB/R.
These data have been obtained from a large number of three-film structures, they
are shown in Fig. 8. There is a clear tendency for the increase of θ with increasing
liquid content in the Plateau borders. In linear approximation, the experimental
data can be described by the relation

θ

(
hPB
R

)
= 6.84° · hPB

R
+ 120° . (2)

For hPB/R → 0 (’dry’ limit, vanishing liquid content) we regain the theoretical
value for dry foam θ = 120°. The dashed line sketches the result obtained for a
soap film by Géminard et al. [12], when one sets rPB = hPB.
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Figure 7. Variation of the Plateau border width hPB (in units of the radius of the inner film R) during
stepwise variation of the tube distance H. Symbols as in Fig. 6.

Figure 8. The angle θ is increasing with increasing ratio hPB/R. The dependence θ(hPB/R) can be
described with a linear relation. The prediction of the model, Eq. (4), is shown as a dashed line.

4. Discussion and Summary

Our measurements of the angles of Plateau borders in smectic A films confirm
qualitatively the soap film results by Géminard et al. [12]. The angles between
the two outer catenoid films are larger than 120°. Their angle θ depends linear
on the ratio rPB/R. Thicker Plateau borders lead to larger values of θ. There is
no qualitative difference between smectic LC films and soap films. The ’decoration
energy’ is of the same order of magnitude as in soap films. Quantitatively, however,
the slope in the linear relation, Eq. (2), in the smectic films is somewhat steeper
than in soap films. In order to discuss this point, we make a distinction between
our measured quantity, hPB, and the Plateau border radius rPB.
Using the concept of the negative line tension, one may estimate the dependence

of θ(rPB/R) from a model assumption of the Plateau border shape [12]. The line
tension for a Plateau border cross section formed by three circular arcs (Fig. 2) is
T = −(

√
3− π/2)γ rPB, where γ is the surface tension of the LC. Then, the force

balance in the central film plane, along the radial direction, requires

cosα+ cosβ = 1 +
T

2γR
= 1− (

√
3− π/2)

2

rPB
R

. (3)

Since α and β are close to 60◦, one can expand the two angles linearly in powers
of the small deviations α′ = α − 60◦, β′ = β − 60◦: cosα ≈ 1/2 − √

3α′/2 and
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cosβ ≈ 1/2−√
3β′/2, so that

α′ + β′ = θ − 120◦ ≈
(
1− π√

12

)
rPB
R

(4)

This model would predict a slope of 5.33◦ · rPB/R, which is in excellent agreement
with the soap film measurements [12], but 25% below the value measured for the
smectic films. Even though the measured angles for narrow Plateau borders agree
with the model within the experimental uncertainty, there is a clear and systematic
deviations for broad Plateau borders. Optical aberrations or similar systematic
errors can be ruled out, since the angle for dry foam is accurately reproduced in
films with low liquid content in the Plateau border (hPB → 0).
It is not immediately obvious why we find a slightly higher negative line tension

in the smectic systems. Therefore it may be appropriate to discuss differences to
soap films. Whereas the outer geometrical shapes of dry soap and smectic foams
are quite similar, the internal structures differ because of the smectic layering.
Particularly in the Plateau borders, smectic layers form dislocations, with a pos-
itive contribution to the free energy density (Fig. 9). Complex layer distortions,
for example disordered domains or focal conics, may be found in the meniscus.
Optically, we are not able to extract the inner structure of thick menisci. It is

Figure 9. Sketch of the internal structure of the Plateau borders for smectic films (a,b) and soap films
(c). The smectic film will develop dislocation lines, like in the meniscus of freely suspended films [28], as
shown in (a). In thick Plateau borders, disordered multidomains may be found (b).

reasonable to assume that the disorder of the smectic layers gives a positive contri-
bution to the decoration energy. This would lower the expected deviations of the
angle θ from 120◦. On the other hand, these elastic contributions are negligibly
small with respect to the surface tension effects. An order of magnitude estimation
may demonstrate this: The free energy density in elastic distortions of the director,
irrespective of their detailed shapes, is of the order of Kq2 where K is an effective
elastic constant (of the order of 10 pN) and q is the wave number of deformations,
roughly of the order of 1 µm−1. The cross section of the Plateau border is of the
order of 0.1 r2PB, this gives an energy per length of 1 Nm−2 · r2PB. On the other
hand, the surface energy per length of the border is of the order of πγ rPB ≈ 0.1
Nm−1 ·rPB. If one assumes that the Plateau border radius is 100 µm, the two quan-
tities relate to each other as 10−8 N : 10−5 N. Even if we take into account that
defect structures are also present in the smectic meniscus, with energy densities
roughly comparable to the elastic distortions, the surface energy contributions are
larger than these bulk terms by more than two orders of magnitude.
Another possible explanation could be the assumption of a non-zero contact angle

ϕ between the Plateau border and the adjacent films (see Fig. 10), as opposed to
soap films where the circular arcs meet the films tangentially. Such finite contact
angles between meniscus and film have been measured quantitatively, e.g. [29, 30].
This would result in a more effective surface reduction of the Plateau border by
LC decoration, and consequently to an even lower effective line tension. The model
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Figure 10. Left: Sketch of the different Plateau border profiles in the soap film model (surfaces meet
tangentially, grey shaded area, dashed line) and the smectic film model (non-zero contact angle, solid
lines). Right: geometrical quantities in the case of a non-zero contact angle between film and meniscus.

sketched on the right hand side of Fig. 10 shows that in the smectic film the
visible height of the Plateau border is no longer equal to the Plateau border radius.
Instead,

hPB = 2rPB sin(30◦ − ϕ) (5)

so that the difference between the surface of the dry and the decorated Plateau
borders becomes

T = −
(√

3− π − 6ϕ

4 sin(30◦ − ϕ)

)
γ hPB. (6)

For ϕ = 0, this equation is identical with the value given for soap films. If we make
a linearized small angle approximation for ϕ, we obtain

T ≈ −
(√

3− π − 6ϕ+
√
3πϕ

2

)
γ hPB. (7)

For the angle between the two catenoids, one finds

θ = 120◦ + 5.33◦ · rPB/R+ 0.161ϕ · rPB/R (8)

Qualitatively, this contribution provides the correct trend. But quantitatively, the
result is disappointing. A back of the envelope calculation indicates that angles ϕ
of the order of ≈ 10◦ are necessary to increase the slope of the theoretical (dashed)
curve in Fig. 8 by 25%. We have no quantitative data for the contact angle in the
present material, but this angle would be about one order of magnitude larger than
available literature data [29, 30] in smectic A. Moreover, such a large contact angle
would be detectable in the catenoid profiles. In smectic C films, contact angles of
the order of ≈ 5◦ have been measured [31], and the influence of such contact angles
on line tensions of Plateau borders should in principle be detectable, when smectic
A and C films are compared.
Summarizing, the study of smectic films confirms the existence of a negative line

tension in Plateau borders. It increases in good approximation linearly with the
Plateau border height. The quantitative results for smectics are of the same order
of magnitude as for soap films and as predicted by model [12]. Nevertheless, the
reason for slight quantitative differences remains unclear. The reduced surface in a
wet Plateau border with respect to the dry limit alone cannot explain the smectic
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small to contribute to the line tension. Moreover, their contribution is opposite to
the observed effect.
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