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ON THE FITTING SUBGROUP AND SOLUBLE RADICAL OF A

SUPERSIMPLE GROUP OF FINITE RANK

CÉDRIC MILLIET

Abstract. G is a group with supersimple theory having finite SU -rank and
F it(G) is the subgroup of G generated by all of its normal nilpotent subgroups.
We show that F it(G) is definable and nilpotent. This answers a question
asked by Elwes, Jaligot, Macpherson and Ryten in [2]. We also show that the
subgroup of G generated by all of its normal solvable subgroups is definable
and solvable.

1. Introduction

In [2], Elwes, Jaligot, Macpherson and Ryten have begun an investigation of groups
definable in supersimple theories of finite SU -rank. They often have been working
under the extra assumption that T eq eliminates ∃∞, meaning that there is a finite
upper bound for the size of the finite members of any familly of sets uniformly
definable in T eq. Among the main results, the following was obtained : if G is a
group definable in a supersimple theory of finite SU -rank such that T eq eliminates
∃∞, then the soluble radical of G is a definable and solvable subgroup. It was asked
if such a G had a largest nilpotent normal subgroup F and if F would be definable.
We give a positive answer here and prove more generally that the Fitting subgroup
of a supersimple group of finite SU -rank is definable and nilpotent. We also show
that the soluble radical of a supersimple group of finite SU -rank is definable and
solvable.

2. Preliminaries

The FC-centre of a group G is defined by

FC(G) = {g ∈ G : gG is finite}

Inductively on n, we call FCn+1(G) the preimage in G of FC(G/FCn(G)), with the
convention that FC0(G) is {1}. This defines an ascending chain of characteristic
subgroups of G. The group G is called FC-nilpotent if G equals FCn(G) for some
natural number n, the least such we call the FC-nipotency class of G. Finite groups
and nilpotent ones are both examples of FC-nilpotent groups. If G/N is a quotient
group modulo a normal subgroup N of G, we write FCG(G/N) for the preimage
of FC(G/N) in G by the canonical surjection from G onto G/N .
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Lemma 2.1. If N is a finite normal subgroup of G, then FC(G) equals FCG(G/N).

Proof. The canonical surjection from G onto G/N has a finite kernel. It follows
that the conjugacy class xG is finite if and only if (xN)G/N is finite. �

Lemma 2.2. If H and N are two normal subgroups of G with N ≤ H, then
FCG(G/H)

/

N equals FCG/N (G/N
/

H/N).

Proof. There is a canonical homomorphism from G/H onto G/N
/

H/N . It follows

that (xH)G/H is finite if and only if ((xN)H/N)G/N
/

H/N is finite. This means
precisely that x ∈ FCG(G/H) if and only if xN ∈ FCG/N (G/N

/

H/N). �

Lemma 2.3. If for some natural number n the quotient FCn+1(G)/FCn(G) is
finite, then FCn+2(G) equals FCn+1(G).

Proof. We have

FCn+2(G)/FCn(G) = FCG(G/FCn+1(G))/FCn(G)

By Lemma 2.2

FCn+2(G)/FCn(G) = FCG/FCnG(G/FCn(G)
/

FCn+1(G)/FCn(G))

As FCn+1(G)/FCn(G) is finite, applying Lemma 2.1 we get

FCn+2(G)/FCn(G) = FC(G/FCn(G)) = FCn+1(G)/FCn(G)

�

3. Supersimple groups

A supersimple group G of finite SU -rank is equiped with a rank function taking
values in the natural numbers, and ranking any definable subset X of G. We write
SU(X) for the rank of X . The SU -rank is increasing : if X ⊂ Y are two definable
subsets of G, then SU(X) is smaller or equal to SU(Y ). If G is supersimple of finite
rank, then so is any of its elementary extension, and so is Geq, meaning that any
quotient group G/N by a definable subgroup N has finite SU -rank. A definable set
(in T eq) has SU -rank zero if and only if it is finite. In particular, if H is a definable
subgroup of G, then SU(G/H) equals zero if and only if H has finite index in G.

The following comes from [3, Remark 3.5] as a particular case of [11, Theorem 5.5.4]

Fact 3.1 (Indecomposability Theorem). G is a supersimple group of finite rank,
(Xi)i∈I a family of definable subsets of G. There exists a definable subgroup H of
G such that

(1) H ≤ 〈Xi : i ∈ I〉
(2) Finitely many translates of H cover Xi for every i.

If the sets Xi are normal in G, the group H may be choosen normal in G.

Corollary 3.2. If G is a supersimple group with finite SU -rank, then the derived
subgroup G′ is definable.
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Proof. We follow exactly the proof of [5, Corollary 7.5]. Let C be the set of com-
mutators of G. By Fact 3.1, there is a definable subgroup H of G′ with H normal
in G such that finitely many translates of H cover C. It follows that the set of com-
mutators in G/H is finite, so the derived group (G/H)′ is finite by [6, p. 110]. �

Fact 3.3 (Lascar equality). G is a supersimple group with finite SU -rank, and H
a definable normal subgroup of G. Then

SU(G/H) + SU(H) = SU(G)

Fact 3.4 ([8]). If G is a saturated group with simple theory, its FC-centre is
definable.

4. Fitting subgroup

Let G be any group. We call the Fitting subgroup of G the subgroup generated by
all nilpotent normal subgroups. We write it Fit(G). It is worth mentioning that
the Fitting subgroup is definable if and only if it is nilpotent. Namely x belongs to
Fit(G) if and only if the subgroup generated by its conjugacy class xG is nilpotent.
It follows that Fit(G) equals

⋃

n≥1{x ∈ G : [xG ∪ (x−1)G, . . . ,n xG ∪ (x−1)G] = 1},
where for any subset X of G the set [X, . . . ,n X ] is defined inductively by [X,1X ] =
{[x1, x2] : (x1, x2) ∈ X2} and [X, . . . ,n+1 X ] = {[y, x] : (y, x) ∈ [X, . . . ,n+1 X ]×X}.
The observation that Fit(G) is definable if it is nilpotent was first made by Ould
Houcine, and the simple proof above was independently provided by the referee
of [1].

Proposition 4.1. G is a group and F is a normal subgroup of G. Assume that
F ≤ FCn(G) for some natural number n (in particular, F is FC-nilpotent). If
G/F is FC-nilpotent, then so is G.

Proof. Assume that G/F is FC-nilpotent of class m. There is a surjection from
G/F onto G/FCn(G). As recalled in [8], the image of an FC-nilpotent group by a
group homomorphism is FC-nilpotent. It follows that G/FCn(G) is FC-nilpotent
of class at most m, so that FCm+n(G) equals G. �

We recall Hall’s criterion for nilpotence.

Fact 4.2 (Hall [4]). G is any group and N is a normal subgroup of G. If G/N ′

and N are nilpotent, then G is nilpotent.

Two other proofs of Fact 4.2 can be found in [10] and [7], with a bound on the
nilpotency class of G depending on the classes of N and G/N ′ in [7]. Note that
since G/N ′′

/

N ′/N ′′ and G/N ′ are isomorphic, a straightforward induction on the
nilpotency class of N reduces the proof to the case where N is 2-nilpotent.

Fact 4.3 ([8]). G is a group with simple theory. If G is FC-nilpotent of class n,
then G has a definable normal subgroup of finite index which is nilpotent of class
at most 2n.

Fact 4.4 ([8]). G is a group with simple theory. If N is a normal nilpotent subgroup
of class n, then N is contained in a normal definable nilpotent subgroup of class at
most 3n.
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Theorem 4.5. G is a supersimple group with finite SU -rank. The Fitting subgroup
of G is definable and nilpotent.

Proof. We may assume that the ambient group is saturated, so that FCn(G) is de-
finable for all natural number n by Fact 3.4. By Lemma 2.3, for big enough n, the
quotient FCn+1(G)/FCn(G) is either trivial or infinite. By Lascar’s equality, there
exists a natural number such that FCn(G) = FCn+1(G). We call G the quotient
group G/FCn(G) so that G has a trivial FC-centre. Let F be its Fitting subgroup.

Claim 1. We may assume that FC(G) = {1}.
To prove Claim 1, we need just assume that F is definable and nilpotent and show
that Fit(G) is definable and nilpotent. Note that F is FC-nilpotent. Let F be its
pull-back in G so that we have F/FCn(G) = F . The group F is FC-nilpotent by
Proposition 4.1. By Fact 4.3, F has a definable subgroup of finite index which is
nilpotent, so it must have a normal one N . It follows that F contains a maximal
normal (in G) nilpotent subgroup H of finite index so that H equals Fit(G). Being
a finite extension of N , Fit(G) is definable.

Claim 2. We may assume that G has a definable normal 2-nilpotent subgroup.
On the one hand, if every nilpotent normal subgroup of G is abelian, then Fit(G)
is abelian. In this case, by the remark made at the beginning of this section (or
Fact 4.4), Fit(G) must be definable. On the other hand, if there is a non abelian
nilpotent normal subgroup, then there is a definable one by Fact 4.4. Call it N .
The group Z2(N) has the required properties.

Conclusion.
We proceed by induction on SU(G). If SU(G) is zero, G is finite and so is Fit(G).
If SU(G) equals n+ 1, by Claim 2, there is a normal nilpotent definable subgroup
N of G of nilpotency class 2. By Fact 3.2, the derived subgroup N ′ is definable. As
N ′ is normal un G, it is infinite by Claim 1, so SU(N ′) ≥ 1. By Lascar’s equality,
SU(G/N ′) ≤ n, and we may apply the induction hypothesis to G/N ′. It follows
that Fit(G/N ′) is definable and nilpotent. Let F be its preimage in G so that we
have F/N ′ = Fit(G/N ′). By Fact 4.2, F is nilpotent. Thus F equals Fit(G). �

5. Soluble radical

We call the soluble radical of G the subgroup generated by all soluble normal sub-
groups. We write it R(G). Similarly to Fit(G), the soluble radical R(G) is de-
finable if and only if it is solvable. Namely x belongs to R(G) if and only if the
subgroup generated by its conjugacy class xG is soluble. It follows that R(G) equals
⋃

n≥1{x ∈ G : [xG ∪ (x−1)G, . . . ,2
n

xG ∪ (x−1)G] = 1}, where for any subset X of G

the set [X, . . . ,2
n

X ] is defined inductively by [X,2 X ] = {[x1, x2] : (x1, x2) ∈ X2}

and [X, . . . ,2
n+1

X ] = [[X, . . . ,2
n

X ], [X, . . . ,2
n

X ]]. Again, the fact that if R(G) is
solvable then it must be definable was first observed by Ould Houcine.

Fact 5.1 (Neumann [9]). An FC-group with bounded conjugacy classes has a class 2
nilpotent subgroup of finite index.
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Fact 5.2 ([8]). G is a group with simple theory, S a normal soluble subgroup of
derived length n. Then S is contained in a definable soluble group of derived length
at most 3n.

Theorem 5.3. A supersimple group of finite SU -rank has a solvable and definable
soluble radical.

Proof. We may assume that the ambient group G is saturated. Let n be the max-
imal rank of a definable normal soluble subgroup S. We proceed by induction on
n. If n is zero, then every normal soluble subgroup is finite by Fact 5.2. The group
FC(G) is exactly the union of all normal finite subgroups of G. By Fact 3.4 and 5.1,
the group FC(G) has a normal nilpotent subgroup of finite index, so it must be
finite. It follows that the soluble radical is finite, hence definable.

if n > 0, then by Lascar’s equality, we may apply induction hypothesis to G/S so
G/S has a definable soluble radical R. The preimage of R in G is solvable and is
the soluble radical of G. �

References

[1] Tuna Altıinel and Paul Baginski, Definable envelopes of nilpotent subgroups of groups with
chain conditions on centralizers, to appear in the Transactions of the American Mathematical
Society.

[2] Richard Elwes, Eric Jaligot, Dugald Macpherson and Mark Ryten, Groups in supersimple and
pseudofinite theories, Proceedings of the London Mathematical Society 103 (2011) 1049–1082.

[3] Richard Elwes and Mark Ryten, Measurable groups of low dimension, Mathematical Logic
Quarterly 54 (2008) 374–386.

[4] Philip Hall, Some sufficient conditions for a group to be nilpotent, Illinois Journal of Mathe-
matics 2 (1958), 787–801.

[5] Ehud Hrushovski, Pseudo-finite and related structures, Model theory and applications (eds L.
Bélair, Z. Chatzidakis, P. D’Aquino, D. Marker, M. Otero, F. Point and A. Wilkie) Quaderni
di Matematica 11 (Caserta 2003).

[6] James Humphreys, Linear Algebraic Groups, Springer Verlag, New-York 1981.
[7] Evgenii Khukhro, p-automorphisms of finite p-groups, London Mathematical Society Lecture

Note Series, Cambridge University Press, 1998.
[8] Cédric Milliet, Definable envelopes in groups with simple theory, preprint.
[9] Bernhard H. Neumann, Groups covered by permutable subsets, Journal of the London Math-

ematical Society 29 (1954) 236–248.
[10] Derek Robinson, A course in the theory of groups, Springer, 1996.
[11] Frank O. Wagner, Simple Theories, Kluwer Academic Publishers, Dordrecht, NL, 2000.

Université Galatasaray

Faculté de Sciences et de Lettres

Département de Mathématiques

Çirağan Caddesi n°36
34357 Ortaköy, Istamboul, Turquie

E-mail address: milliet@math.univ-lyon1.fr


