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THE TWO-SAMPLE PROBLEM FOR POISSON
PROCESSES: ADAPTIVE TESTS WITH A
NON-ASYMPTOTIC WILD BOOTSTRAP APPROACH

BY MAGALIE FROMONT*, BEATRICE LAURENT! AND PATRICIA
REYNAUD-BOURET?

*CREST Ensai - IRMAR, ¥ IMT, INSA Toulouse and * Laboratoire
Jean-Alexandre Dieudonné, CNRS, Université de Nice Sophia-Antipolis

Abstract Considering two independent Poisson processes, we ad-
dress the question of testing equality of their respective intensities.
We construct multiple testing procedures from the aggregation of sin-
gle tests whose testing statistics come from model selection, thresh-
olding and/or kernel estimation methods. The corresponding critical
values are computed through a non-asymptotic wild bootstrap ap-
proach. The obtained tests are proved to be exactly of level a, and
to satisfy non-asymptotic oracle type inequalities. From these oracle
type inequalities, we deduce that our tests are adaptive in the mini-
max sense over a large variety of classes of alternatives based on clas-
sical and weak Besov bodies in the univariate case, but also Sobolev
and anisotropic Nikol’skii-Besov balls in the multivariate case. A sim-
ulation study furthermore shows that they strongly perform in prac-
tice.

1. Introduction. We consider the two-sample problem for general Pois-
son processes. Let N' and N~! be two independent Poisson processes ob-
served on a measurable space X, whose intensities with respect to some
non-atomic o-finite measure p on X are denoted by f and g. Given the
observation of N' and N~!, we address the question of testing the null
hypothesis (Hp) 7 f = ¢” against the alternative (Hy) 7 f # ¢”.

Many papers deal with the two-sample problem for homogeneous Poisson
processes such as, among others, the historical ones of [47], [13], [23], or
[54], whose applications were mainly turned to biology and medicine, and
less frequently to reliability. More recent papers like [39], [44], [12], and [11]
give interesting numerical comparisons of various testing procedures. As for
non-homogeneous Poisson processes, though we can find a lot of references
on the problem of testing proportionality of the hazard rates of the processes
(see [17] for instance for references), we found very few papers devoted to a
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2 M. FROMONT ET AL.

comparison of the intensities themselves. Bovett and Saw [8] and Deshpande
et al. [18] respectively proposed conditional and unconditional procedures to
test the null hypothesis ” f /g is constant” against ”it is increasing”. Desh-
pande et al. [18] considered their test from a usual asymptotic point of view,
proving that it is consistent against several large classes of alternatives.

We propose in this paper to construct testing procedures of (Hp) against
(Hy) which satisfy specific non-asymptotic performance properties.

More precisely, given some fixed a and 8 in (0,1), we prove that our
tests are exactly of level «v and that they have a probability of second kind
error at most equal to S under ”optimal” conditions for various classes of
alternatives. In order to specify what is the meaning of ”optimal” conditions
for a class Sy of alternatives (f, g) for which (f —g) is smooth with parameter
J, we introduce for any level « test ®, with values in {0,1} (rejecting (Hy)
when ®, = 1) its uniform separation rate p(®,,Ss, 3) over S5 defined by

(1.1) p(®q,Ss5,8) = inf < p >0, sup Prg(Pa=0)<Bo.
(1.9)€Ss: |l f—gl>p

P, here denotes the joint distribution of (N', N=1), and ||.|| is a L?-norm
which will be defined more precisely later in the paper. Considering some
classes of alternatives based on classical Besov bodies, weak Besov bodies
as in [21] in the univariate case, but also Sobolev and anisotropic Nikol’skii-
Besov balls in the multivariate case, we prove that the uniform separation
rates of our testing procedures achieve their best possible values over many
of such classes simultaneously. In other words, we prove that our level «
tests @, have a uniform separation rate over Sy of the same order (up to a
possible unavoidable small loss) as

(1.2) p(Ss @, ) = inf p(®a, S5, ),

where the infimum is taken over all level a tests ®, and where S; is a class
of alternatives (f,g) for which (f — g) belongs to a classical or weak Besov
body, a Sobolev or an anisotropic Nikol’skii-Besov ball with smoothness
parameter d, for many § simultaneously. Such tests are said to be adaptive
in a minimax sense.

Note that the quantity p(Ss, a, ) introduced by Baraud [4] as the («, 3)-
minimax rate of testing over Ss or the minimax separation rate over Sj
is a stronger version of the - asymptotic - minimax rate of testing usually
considered. In order to deduce from our results recognizable asymptotic rates
of testing, we assume that the measure p on X satisfies du = ndv, where
n can be seen as a growing number whereas the measure v is held fixed.
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Typically, n is an integer and the above assumption amounts to considering
the Poisson processes N! and N~! as n pooled i.i.d. Poisson processes with
respective intensity f and g w.r.t. v. In the most general case, one can always
assume that n is just a positive real number and not necessarily an integer.
The reader may also assume for sake of simplicity that v is the Lebesgue
measure when X is a measurable subset of R?, but it is not required at this
stage: v may be any positive measure on X.

Many papers are devoted to the computation of asymptotic minimax rates
of testing in various classical statistical models, hence we obviously do not
give an exhaustive bibliography on this topic. We can cite for instance the
key references that are the series of papers due to Ingster [31], and the paper
by Spokoiny [56] who first proved that adaptive testing without a small loss
of efficiency is impossible when considering classical Besov balls as classes
of alternatives in the Gaussian white noise model.

In the one-sample Poisson process model, Ingster and Kutoyants [33]
proved that for the goodness-of-fit testing problem, the minimax rate of
testing over a Sobolev or a Besov ball BS;(R) (with 1 < ¢ < +o0 and
smoothness parameter § > 0) for the Sobolev or Besov norm or semi-norm
is of order n=20/(49+1) For the problem of testing that the intensity is con-
stant, we obtained in [21] new lower bounds for the (¢, )-minimax rates of
testing over classical and weak Besov bodies. These lower bounds are similar
to Ingster and Kutoyants’ones for classical Besov bodies, but for weak Besov
bodies, the bounds are somewhat surprising: they are so large that they co-
incide with the minimax estimation rates and that there is no additional
loss of efficiency due to adaptivity.

In the present two-sample problem for Poisson processes, no previous
minimax results are available to our knowledge. However, we prove in Section
4.3.1 that some lower bounds can be deduced from the ones in the one-
sample Poisson process model. Hence, our lower bounds in [21] also hold in
the present problem. We can also refer to some known results in the classical
i.i.d. two-sample problem, which is closely related to the present problem.
We thus cite for instance the results obtained in [30], and [10]. Ingster [30]
propose adaptive procedures whose testing statistics are related to a model
selection estimation approach, while Butucea and Tribouley [10] propose
an adaptive procedure whose testing statistic is based on a thresholding
approach.

We consider in this paper a rather large variety of classes of alternatives,
on univariate but also on multivariate spaces. Hence, in order to construct
some general testing procedures, which are adaptive in the minimax sense
over several of these classes simultaneously, we call for various approaches,



4 M. FROMONT ET AL.

including model selection, thresholding, and kernel ones. Our testing proce-
dures actually consist in multiple testing procedures obtained from the ag-
gregation of model selection, thresholding, and/or kernel based single tests.
The aggregation of model selection and thresholding based tests was al-
ready proposed in different statistical models in [56], [57], [5] and [21] where
the considered classes of alternatives were univariate Besov bodies or balls.
Our choice of introducing additional kernel based tests allows us to obtain
minimax results for classes of alternatives based on multivariate Sobolev or
anisotropic Nikol’skii-Besov balls. Notice that by kernel, we mean either a
classical approximation kernel or a Mercer kernel (also called learning ker-
nel), more usual in statistical learning theory. Approximation kernels were
used for instance in [28] for the Gaussian white noise testing problem, while
Mercer kernels were used for instance in [27] for the multivariate i.i.d. two-
sample testing problem.

As far as here, we only mentioned the fact that our tests are proved to be
exactly of level a;, but we did not explain how we ensure that. In the classical
i.i.d. two-sample problem, the question of the choice for the critical values
in testing procedures is a well-known crucial question. Indeed, the asymp-
totic distributions of many testing statistics are not free from the common
unknown density under the null hypothesis. In such cases, general bootstrap
methods are often used to build data driven critical values. Except in the
cases where the permutation bootstrap method is used, authors generally
prove that the obtained tests are (only) asymptotically of level a.

In this work, we adopt one of these general bootstrap approach, but from
the non-asymptotic point of view: the critical values of our tests are con-
structed from a wild bootstrap method, that can be viewed as an adapted
version of the permutation bootstrap method in a Poisson framework. We
prove that the corresponding tests are actually exactly of level «;, and then
we also address the question of the loss due to the Monte Carlo approxima-
tion of the wild bootstrapped critical values.

Section 2 is entirely devoted to bootstrap approaches, with general con-
siderations first, and with a detailed description of our own wild bootstrap
approach in the present two-sample problem for Poisson processes then.
The rest of the paper is organized as follows. In Section 3, we introduce
single tests, whose statistics are each based on one so-called kernel function
defined from either an orthonormal basis of a subspace of L?(X), or an ap-
proximation kernel, or a Mercer kernel. The corresponding critical values
are constructed from the wild bootstrap approach described in Section 2,
leading to exact level « single tests. We then give conditions such that these
single tests also have a probability of second kind error at most equal to [,
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and finally we study the cost due to the Monte Carlo approximation of the
wild bootstrapped critical values. In Section 4, we construct exact level «
multiple tests by aggregating several of the single tests introduced in Section
3. The advantage of such multiple tests is that they satisfy non-asymptotic
oracle type inequalities, hence we can prove that they are also adaptive
in the minimax sense over various classes of alternatives based on classical
and weak Besov bodies in the univariate case, or Sobolev and anistropic
Nikol’skii-Besov balls in the multivariate case. Then, a simulation study is
proposed in Section 5. The proofs of our theoretical results are finally post-
poned to Section 6.

Let us now introduce some notations that will be used all along the pa-
per. For any measurable function h, we denote by |h|ec = sup,ex |h(x)],
1l = (e h@)?dia) V2, [l = [y h(@)ldpg, and [B] = (f, hle)dvo) 2,
|hl1 = [y |h(z)|dv, when they exist. We denote by (.,.),, the scalar prod-
uct associated with |[.|, and (.,.) the scalar product associated with |.|. We
denote by dN' and dN~! the point measures associated with N' and N~*
respectively, and to suit for the notation Pf, of the joint distribution of
(N',N—1), we denote by E f,¢ the corresponding expectation. We set for any
event A based on (N, N71), Py) (A) = supg(s.), f=g3 Pr.g(A).

Furthermore, we introduce all along the paper some constants, that we do
not intend to evaluate here, and that are denoted by C(a, f,...) meaning
that they may depend on «, 3, .... Though they are denoted in the same
way, they may vary from one line to another line.

Finally, let us make the two following assumptions, which together imply
that f and g belong to L.2(X, du), and which will be satisfied all along the
paper, except when specified.

AsSUMPTION 1. [|f|1,, < +00 and ||g||1,, < +00.
ASSUMPTION 2. | floc < 400 and |g|ss < +o0.
2. A wild bootstrap approach for marked Poisson processes.

2.1. General considerations on bootstrap methods. Bootstrap methods
were introduced first by Efron [19] whose aim was to generalize and improve
the ideas of the jacknife from Quenouille [48] and Tukey [59]. These meth-
ods were originally developed for an i.i.d. sample X = (Xi,...,X,,) from a
distribution P, and a root R,, = R,(X;P), defined as a functional of the
sample X and the common distribution P, whose probabilistic characteris-
tics having a particular interest from a statistical point of view (distribution,
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or expectation, variance, quantiles, etc.) are unknown, and have to be es-
timated. Denoting by P,, the empirical measure associated with X defined
by P, = %Z?:l 0x,, Efron’s original idea was to replace in the expres-
sion of R,(X;P), P by P,, and X by an i.i.d. sample from P, denoted by
X, = (X1, X, ) and called a bootstrap sample from X. The condi-
tional distribution of the resulting "bootstrapped” root R} = R, (X, ;Py)
given X is then proposed as an estimator of the distribution of R,,.

This intuitive estimation method was justified theoretically by asymptotic
arguments that were first specific to the considered root and its probabilistic
characteristics of interest (see [19] and for instance many papers on the
bootstrap of the mean, and linear or related statistics like [55], [7], [3], [24]
among others). These arguments generally rely on a result of consistency
such as:

L(R;,|X) ~ L(Ry),

meaning that the conditional distribution of R} given X converges in prob-
ability or almost surely to the asymptotic distribution of R,,. Then, consid-
ering the empirical process G, = \/n(P, — P), some general results on the
consistency of the bootstrapped empirical process G}, = \/n(P} —P,,) where
e dx; ., were obtained in [7], [25], or [38].

From a practical point of view, taking advantage from the fact that a real-
ization of the bootstrap sample X' given (X1,...,X,) = (z1,...,2,) can be
simulated by simply taking n values with replacement in the set {z1,...,2z,},
statisticians often do not strive to compute exactly the probabilistic char-
acteristics of the bootstrapped root R}, but rather approximate them by
Monte Carlo procedures. This explains the frequent confusion between the
term of bootstrap and the one of resampling, which is more related to the
mechanism at stake in the Monte Carlo procedures following the bootstrap
estimation. If we introduce for every i = 1...n, the random variable M, ;
defined as the number of times that X; appears in the bootstrap sample X,
it is easy to see that the bootstrapped empirical process satisfies:

1 n
Gl = V(B = Ba) = == 3 (Mni = 1.
=1

and that any linear root R} can be expressed as a function of X and the
M, ;’s only. The random vector (My1,..., My ,) which has a multinomial
distribution with parameters (n,n=!,... n~!) is viewed as a resampling
plan, and the Mr’w-s as the resampling weights of the bootstrap method.
Starting from this observation, many authors proposed to study other
types of resampling weights, and to replace (M 1,...,M,,) by any ex-
changeable random (or not) vector (W 1,...,Wy,). This allowed to see
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some well-known methods such as Fisher’s permutation ones or cross valida-
tion ones as some bootstrap methods (see [51], [45], and [2] for more details).
This also led to various new types of bootstrap methods such as the m out
of n bootstrap introduced by Bretagnolle [9], the Bayesian bootstrap of Ru-
bin [52] and Lo [41], whose resampling weights have a Dirichlet distribution,
Weng’s [61] bootstrap, and the wild bootstrap whose weights are i.i.d. vari-
ables with expectation and variance equal to 1, and which is detailed in [42].
Praestgaard and Wellner [46] proved an analogue of Giné and Zinn’s theo-
rem from [25] for the general exchangeable weighted bootstrapped empirical
process under appropriate conditions on the weights (W, 1,..., Wy, ).

It is now admitted that these new types of bootstrap methods are very
useful in many situations, and particularly when the root R,, is a degenerate
U-statistic, and/or a testing statistic in the i.i.d. two-sample problem.

2.2. Bootstrap methods turned towards degenerate U -statistics. Let us
recall that a U-statistic of order p (1 < p < n) can be defined by

Upvn(h)=<g>_1 S h(Xi,. X))

1<i <...<ip<n

for some symmetric measurable function h. U, ,,(h) is said to be degenerate
when h € L1(dP) and [ h(z1,...,2p)dP(z;) = 0 for every i € {1,...,p}.
Bootstrap methods were widely investigated for U-statistics since they of-
ten appear in general statistical questions. In particular, for non-degenerate
U-statistics of order 2, the consistency of Efron’s bootstrap is proved in
[7]. This becomes more complicated for degenerated U-statistics. Bretag-
nolle [9] actually proved that a naive use of Efron’s bootstrap for R, (X; P) =
n(Upn(h)—E[h(X,, ..., X;,)]) fails in this case. This can be briefly explained
by the fact that the distribution of R, (X;P) is not a uniformly continu-
ous function of P, so that replacing naively P by P, in the expression of
R, (X; P) results in losing the degeneracy property. Bretagnolle solved the
problem by reducing the size of the bootstrap sample and introducing the
so-called m out of n bootstrap. Arcones and Giné [1] gave another solution
which consists in forcing in some sense the bootstrapped root to keep the
degeneracy property. For instance, when p = 2, it consists in taking R}
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instead of R} where

this naturally led to generalizations of Arcones and Giné’s results to other
kinds of bootstrapped U-statistics, in particular Bayesian and wild boot-
strapped U-statistics (see [29], [16], and [35]).

A simple wild bootstrap method consists for instance in replacing the
resampling weights (Mp1,..., My ) by (Wha,...,Wnn) = 2(By,...,By),
where the Bjs are i.i.d. random variables from the Bernoulli distribution
with parameter 1/2. Then the wild bootstrapped root can be written as

-1 n
(2.1) Ry =n <g> > erah(Xy, X)),

k=1

where (e1,...,e,) = (2B; — 1,...,2B, — 1) is an i.i.d. sample from the
Rademacher distribution.

2.3. Bootstrap methods turned towards the i.i.d. two-sample problem. Re-
cently, Janssen and Pauls [36] gave a complete study on the use of various
bootstrap methods in statistical testing contexts.

Given a prescribed level a € (0,1), following the Neyman and Pearson
principle, a test has at least to be exactly or asymptotically of level «. For
instance, when the test rejects the null hypothesis if R,, > ¢4, Ry has to
be a relevant statistic allowing to distinguish between the null and alter-
native hypotheses, and ¢, is a critical value which has to guarantee that
the test is actually exactly or asymptotically of level a.. In the easiest cases,
the distribution of R,, under the null hypothesis is exactly or asymptotically
known, so that its quantiles or its asymptotic quantiles are also known or
at least easily approximated by classical Monte Carlo methods. The (1 — «)
quantile is then chosen as the critical value ¢, ,,. When the distribution of R,
under the null hypothesis depends on the unknown underlying distribution,



TWO-SAMPLE PROBLEM FOR POISSON PROCESSES 9

one has however to turn to alternative approaches, such as bootstrap ones.
A usual practice is to estimate the quantiles or asymptotic quantiles of R,
under the null hypothesis by the conditional quantiles of R} given the ob-
served variables and to approximate them by a Monte Carlo method. In the

i.i.d. two-sample problem, one considers X = (X{,... ,X}Ll , Xl_l, . ,X,lll)
where X! = (X{,... ,X}Ll) and X! = (Xl_l, . ,X;fl) are two indepen-

dent i.i.d. samples from respective unknown distributions P' and P!, and
one aims at testing (Hp) P! = P~!” against (Hy) "P! # P~1”. In this
case, it is frequent that the distribution or the asymptotic distribution of
the testing statistic under (Hp) is not free from the common distribution
P! = P~!. For instance, Kolmogorov-Smirnov statistics whose distributions
or asymptotic distributions under (Hp) are free from P! = P~! under con-
tinuity hypotheses when the data are univariate, however fail to be distri-
bution free under (Hp) when the data are multivariate. Bootstrap methods
are now commonly used to overcome this difficulty (see [6] for the precursor
permutation approach, [50], [51], [20] chapters 15 and 16, [45], and more
recently [36] for interesting and helpful discussions). For instance, let us
consider as in [45] the general two-sample Kolmogorov-Smirnov statistic in-
dexed by a class F,,+n_, contained in a Donsker class under P! and P~1,
and denoted by Ry, ,_,. Let R, be the corresponding permutation or

ni,n—1
Efron’s bootstrapped statistic and ¢}, , (1 — a) be the (1 — ) quantile
of the conditional distribution of R}, , | given X. Praestgaard proved that
under (Hy) and appropriate conditions on Fy,, 1, ,, when nj,n_; — oo with

’I’Ll/(’l’Ll + ’I’L_l) — e (0, 1),

(22) £(R;1,n71|X) = £(Rn17n71)
in probability and that c;,, ,, | (1—a) converges to the (1—a) quantile of the
asymptotic distribution in probability. It follows that the test rejecting (Hy)
when Ry, n , > ¢, (1 — ) is asymptotically of level a. With similar
arguments, Praestgaard also proved that the test is consistent against any

alternative.

2.4. Bootstrap methods turned towards our two-sample problem for Pois-
son processes. Let us come back to the present two-sample problem for
Poisson processes, and recall that we aim at testing (Hy) ”f = ¢” against
(Hy) ”f # g7, from the observation of two independent Poisson processes
N' and N~! with respective intensities f and g. The single testing statistics
that we consider in this paper are degenerate U-statistics of order 2. In or-
der to construct adequate critical values, we have chosen to use the simple
wild bootstrap approach described in (2.1). Of course, we are not in an i.i.d.
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one-sample framework here, but we can easily imagine to generalize (2.1) to
the case where X is replaced by (N, N=1), and P by Py g

More precisely, one of the single testing statistics considered in this paper
is defined by

(2.3) T=>" > ta@)wa)eded,

AN z#£x’ €N

where N is the pooled Poisson process such that dN = dN'+dN~!, &0 =1
if x belongs to N! and ) = —1 if z belongs to N~!, and {¢\,\ € A} is
an orthonormal basis of a finite dimensional subspace S of L2(X, du). We
introduce

(2.4) 2= > (X)) X)eier,

XEA i£i'€{1,...,Nn}

where IV,, denotes the size of the pooled process N, the X;’s denote the points
of N, and (&;);en is a sequence of i.i.d. Rademacher variables independent of
N. Under (Hy), T¢ has the same distribution as the true Wi}d bootstrapped
version 35en Yisieqn,... N,y UA(KD)UA(Xi)ek ek, cicwr of T

We then introduce the (1 — a)) quantile of T¢ conditionally to N that we

denote by qg()x Finally, we decide to reject (Hp) when T > qg()x, where the
conditional quantile qg()l is in fact approximated by a classical Monte Carlo

method.

Notice that this test is very close to Wellner’s [60] permutation test in
an ii.d. two-sample framework, and we can see it as an adapted version
of Wellner’s test to our Poisson process framework. However, one of the
particularities of our work, as compared to Wellner’s and most of previ-
ous authors’ ones, is that we control the probabilities of first and second
kind errors of our tests from a non-asymptotic point of view. Whereas, for
instance, Praestgaard [45] proves a strong result like (2.2) and the conver-
gence of ¢, ,, (1 —a) to the (1 — a) asymptotic quantile in probability, we

prove that under (Hj), conditionally to N, T and T¢ exactly have the same
distribution. Hence, under (Hy), P (T > qg()lﬂ\f > < «, as a consequence

N)

V) <,

which means that our test is exactly of level a. In the same way, whereas
many authors prove that their bootstrapped tests are consistent against
some or all alternatives, we give precise conditions on the alternatives which
guarantee that our test has a prescribed probability of second kind error.

P(Ho) (T > qg
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Such non-asymptotic results derive from the following proposition, which
can be deduced from a general result of [14], but whose quite easy and
complete proof is given in Section 6 for sake of understanding.

PROPOSITION 1.

(i) Let N' and N~' be two independent Poisson processes on a metric
space X with intensities f and g with respect to some measure p on X and
such that Assumption 1 is satisfied. Then the pooled process N whose point
measure is given by dN = dN' + dN~' is a Poisson process on X with
intensity f + g with respect to . Let (eg)meN be defined by ) = 1 if x
belongs to N and €0 = —1 if x belongs to N~'. Then conditionally to N,

the variables (Eg)xeN are i.1.d. and
(2.5)
0 _ __ [ 0_ _1a) — 9@
VzeN, P(ey =1|N) = @) +9@) P(ey = —1|N) = @) +9@)

with the convention that 0/0 = 1/2.

(ii) Respectively, let N be a Poisson process on X with intensity f+ g with
respect to some measure ji. Let (€),cn be a family of random variables with
values in {—1,1} such that, conditionally to N, the variables (e;), ey are
i.9.d. and

f(x) g ()
f () +g(x) fx)+g(x)

with the convention that 0/0 = 1/2. Then the point processes N' and N~!,
respectively defined by the point measures dN} = 1.,—1dN, and dN;' =
1.,=—1dN, are two independent Poisson processes with respective intensities

f and g with respect to pu on X.

VaxeN, P(e, =1|N) = , P(e, =—1|N) =

Proposition 1 allows us to exactly validate the wild bootstrap approach
in our context.

Of course, looking at the performance of our test and the validity of the
wild bootstrap approach from a non-asymptotic point of view poses the
addi(‘g\ifg)nal question of the exact loss due to the Monte Carlo approximation

of q;_,,. We address this question in Section 3.3.

3. Single testing procedures based on a general kernel function.

3.1. Description of the single testing procedures. Assuming that f and g
belong to L2(X, du) (which in particular occurs when Assumptions 1 and 2
are satisfied), a natural idea to test (Hp) ”f = ¢” against (Hy) "f # ¢”
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is to use an estimator of || f — gHﬁ as testing statistic. We consider a finite
dimensional subspace S of L?(X,du), an orthonormal basis {1y, A € A} of
S for {.,.),, and the random variable T defined by (2.3). T' can be rewritten

T (L)L)

Since E [(f zb,\le)z} =(f ¢>\(x)f(:17)d,ux)2+f V3 (z) f(w)dpy, and similarly
for E [(f wAdN_l)z}, it is easy to see that

Efg[T] = ITs(f = g)l7,

where IIg is the orthogonal projection onto S for (,> Hence T is an
unbiased estimator of [IIg(f — g)|| and the choice of T' as testing statistic
may be relevant.

From Proposition 1, we deduce that under (Hy) and conditionally to N,
T and 7. defined by (2.4) have the same distribution. Hence, as we have

seen in Section 2.4, given a prescribed level « in (0, 1), if qﬂi is the (1 — «)
(N)
-«

quantile of 7% conditionally to N, the test which rejects (Hy) when T>q
is exactly of level a.

We want to generalize this test, starting from the remark that T can also
be expressed as

where K(z,2") =Y, cp ¥a(z)a(2”).
Let now K be any symmetric kernel function: X x X — R satisfying the
following assumption.

ASSUMPTION 3. [y K Nf+9)(@)(f + g)(@)duzpdu, < +oo.

Denoting by X2 the set {(z,2’) € X2, x # 2'}, we introduce the statistic

(3.1) T = > K(z,a")del = / K(x,2")%% dN,dN,y .
x#x' €N X0

In the following, we use the notation ¢, for the operator defined by:

(3.2) Ko, p(a’ /K x, 2" )p(x)dpy,
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and by analogy
(3.3) K op(x /K (z,2")p(x)dv,.

Let us now introduce the quantity

Ex = (Kou (f—9),f — 9

which is well-defined thanks to Assumptions 1 and 3.
Since for every x in N, E[}|N] = (f(x) — g(x))/(f(z) + g(x)),

Eﬁg[TK] = Efg[ [/ K :E :E 5905 /ded :|:|

B Ef[/ Kwe) §+§Eg§§ ,> g( l>deN}

= [ K@) = ) = o) s

Hence, the statistic Tk is an unbiased estimator of Ex.

We have chosen to consider and study in this paper three possible exam-
ples of symmetric kernel function K. For each example, by giving a simple
expression of £k, we explain here why Tk may be a relevant statistic for the
problem of testing (Hy) " f = ¢” against (Hy) " f # g¢”.

1. Our first choice for K is a symmetric kernel function based on an
orthonormal family {¢, A € A} for (.,.),:

o) =Y a()ea(@

A€A

When the cardinality of A is finite, Tk corresponds to our first natural
testing statistic 7. When the cardinality of A is infinite, we assume that

sup Z [a(z) 1 (2")] < +oo,

IIEX)\EA

which ensures that K (z,z') is defined for all #, 2’ in X and that Assumption 3
holds. Typically, if X = R? and if the functions {1y, A\ € A} correspond to
indicator functions with disjoint supports, this condition will be satisfied.
We check in these cases that

Ex = [Us(f = 9)l3
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where IIg denotes the orthogonal projection onto the subspace S generated
by {1, A € A}, that is Tk is an unbiased estimator of |IIs(f — g)[?. Hence,

when {¢y, A € A} is well-chosen, Tk can be viewed as a relevant estimator
of [f — gl

It may also be interesting to consider an orthonormal family {@x, A € A}
for (.,.) and

K(z,2') =) oaa)ea(a).
AEA

Recalling that pu = nv, it is easy to pass from this case to the previous one
by setting 1y = px//n: the new Tx computed with the py’s is just 7 times
the previous Tk computed with the v)’s, as well as Ek.

2. When X = R? and v is the Lebesgue measure, our second choice for
K is a kernel function based on an approximation kernel k in L?(R?), and
such that k(—z) = k(x): for = (21,...,2q), 2’ = (2],...,2}) in X,

1 1 — ) Ty —x)
K(x7x,):Hd hk( T hy s
i=1 1l

where h = (hy,...,hq) is a vector of d positive bandwiths. Notice that
the assumption that & € L?(R%) together with Assumption 2 ensure that
Assumption 3 holds. Then, in this case,

Ex = knxu (f —9), f — 9w

where kp,(uq,...,uq) = mk‘ <Z—i, e Z—Z) and *,, is the usual convolution
operator with respect to the measure p.
3. Our third choice for K is a general Mercer or learning kernel (see [53])

such that
K(x7 LE,) = <9($), H(x,»?'i}(v

where 6 and Hx are a representation function and a RKHS associated with
K. Here, (.,.)3, denotes the scalar product of Hx. We also choose K such
that it satisfies Assumption 3. This choice leads to a testing statistic close
to the one in [27] for the classical i.i.d. two-sample problem when the sizes
of the i.i.d. samples are equal. We will however see that the statistic is not
used here exactly in the same way as in [27], since the critical value of
our test is not chosen in the same way. While Gretton et al. [27] choose
their critical values from either concentration inequalities, or asymptotic
arguments or an asymptotic Efron’s bootstrap approach, we will choose our
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critical value from the exact wild bootstrap approach described above, and
which is precisely justified by Proposition 1.
In this case, it is easy to see that

2
Ex =

[ 0@ - 9wy
X

Hr

From Lemma 4 in [27], we know that this quantity corresponds to the
squared Maximum Mean Discrepancy on the unit ball in the RKHS H:

5K=< sup /#uxf—mumM>.

7l g <1

Moreover, when K is a universal kernel, such as the Gaussian and the Lapla-
cian kernels, £x = 0 if and only if f = g. Note that in the density case (i.e.
when [ f(x)dp, = [ g(x)dp, = 1) this is sufficient to say that the kernel
is characteristic in the sense of [22].

Thus, for each of the three above choices for K, we have seen that it is
actually pertinent to take Tk as testing statistic and to reject (Hp) when
Ty is larger than a critical value to be defined.

The critical value that we define here is constructed from the same wild
bootstrap approach as above. Hence, we introduce

(34) T[e{ = Z K(Xi,Xi/)EiEZ‘/,
i#i'€{1,....Nn}

where (¢;);en is a sequence of i.i.d. Rademacher variables independent of IV,

and we denote by q%vl)_ ., the (1 —a) quantile of Tf{ conditionally to N. We

finally consider the test that rejects (Hp) when Tk > q%\fl)_ s Whose test

function is defined by
(3.5) Pro=1

Ti>qel o

3.2. Probabilities of first and second kind errors. In this section we study
the properties of the above single test ®x , defined by (3.5), through its
probabilities of first and second kind errors.

Firstly, from Proposition 1, we deduce that under (Hy), Tf{ and Tk have
exactly the same distribution conditionally to N. As a result, given « in
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(0,1), under (Hy), qg) is also the (1 — a) quantile of Tk conditionally to

l1—a
N and under (Hy),

P (TK > q%\’fl)_a

By taking the expectation over N, we obtain that

N)ga.

P(HO)((I)K@ == 1) § Q.

Secondly, given /3 in (0, 1), we here want to bring out an exact condition
on the alternative (f,g) which will guarantee that

]P)fvg(q)K,a = O) < B

Let us introduce the 1 — 3/2 quantile of the conditional quantile qf,??_ ., that
we denote by qf‘_ﬁﬂ. Then for any (f,g),

Prg(®ra=0) < Pro(Tk < qigp) +5/2,

and a condition which guarantees Py (T < @ g /2) < /2 will be enough
to ensure that Ps,(®x o = 0) < . The following proposition gives such a
condition. It is crucial in the proofs and understanding of the results of the
paper.

PROPOSITION 2. Let a, 3 be fized levels in (0,1). For any symmetric
kernel function K satisfying Assumption 3, we recall that

EjlTx] = Ex = (Ko (f = 9). f = 9)us
with o, defined by (3.2), and we introduce
A = [ (o7 = @) (7 +9) (@)
X
Bk = E*(z,2")(f + 9)(@)(f + 9)(2")dpadpey.

X2

If

|24k + Bk,
(3.6) S > 2 % + a4 g0

then IP’f,g(TK < qf‘_ﬁ/z) < B/2, so that

]P)fvg(q)K,a = O) < B
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Moreover, there exists some positive constant k such that, for every K,

(3.7) Ai_p2 < £In(2/a) 25%

To prove the first part of this result, we simply use classical Markov
inequalities since obtaining precise constants and dependency in [ is not
crucial here (see Section 6). The control of ¢{*_ 8/2 is obtained from a property
of Rademacher chaos combined with an exponential inequality (see [15] and
[40]).

Note than in the Mercer kernel case, we are taking here the work of [27]
further by giving, in the Poissonian context, a non-asymptotic condition to
guarantee a certain power and this condition non surprisingly is about the
squared Maximum Mean Discrepancy £k being large enough.

Furthermore, considering the asymptotic setting, i.e. where du = ndv,
allows to better understand Proposition 2 and to deduce from it recognizable
properties in terms of uniform separation rates. Considering each of our
three choices for the kernel K, and evaluating Ax and Bg in these cases,
we actually obtain the following theorem.

THEOREM 3.1.  Let «, 8 be fized levels in (0,1). Let k > 0 be the constant
of Proposition 2. Let ® o be the test function defined by (3.5), where K is
a symmetric kernel function chosen as in one of the three following different
cases.

1. Let {ox,A € A} be an orthonormal basis of a linear subspace S of
L2(X,dv). We assume either that the dimension of S is finite, equal to D,
or that the two following conditions hold

(3.8) sup Z loa(z)oa(z))| = D < +o00
z,x'eX AEA
2
(3.9) / (Z loa(z \) (f + 9)(@"dvpdvy < +o0.
AEA

In both cases, we define K(x,z") =3\ cp ox(x)par(2'), and we assume that
(3.10)

=gl > |(f—g)—Ts(f—g) P+ A2/ o /75, I+ Gloo.

ny/B Bn

with M(f,g9) = |f + gleo if the dimension of S is finite and M(f,g) =
VI + glool f + gl1 if the dimension of S is infinite.
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2. Let X = R% and v be the Lebesque measure on X. Let k be an approz-
imation kernel in L2(R?), such that k(z) = k(—x), h = (hy,...,hq) with
hi >0 for everyi=1...d, and K(xz,2") = kp(x — '), with kp(uy, ... ,ug) =

k <ﬂ ..,Z—Z). We assume that

d h1?

i1 hi

1f = 9I* 2 I(f — 9) = knx (f = 9)I?

L A+ 2On0/e) [T glell T FE 811 + gl
nvB [T hs pn

3. Let K be a Mercer kernel associated with a representation function 0
and a RKHS Hy such that Assumption 8 holds.
We define Cx = [0 K*(x,2")(f + 9)(x)(f + 9)(2)dvadvy, and we assume
that
. _ 2
If =gl = inf [ [|(F —9) = 77" K o (f = 9)|

442v2cIn(2/a) =1  8|f + gl
i nry/B OK} * pn

Then in all these three cases, one can guarantee that

]P)fvg(q)K,a = O) < B

Comments.

1. In the first case, we can see that the right hand side of (3.10) reproduces
a bias-variance decomposition close to the bias-variance decomposition for
projection estimators, with a variance term of order v/D/n instead of D/n.
This is quite usual for this kind of test (see [4] for instance), and we know
that this leads to sharp upper bounds for the uniform separation rates over
particular classes of alternatives.

2. The second case also reproduces a bias-variance decomposition when
k € LY(RY) and [y, k(2)dv, = 1: the bias is here |(f — g) — kn * (f — g)].
When hy = ... = hy, the variance term is of order hl_d/ 2 /n. As usual in the
approximation kernel estimation theory, this coincides with what is found
in the first case through the equivalence hy® ~ D (see [58] for instance for
more details).

3. The third case is unusual, since the term |(f —g) =7 'K o (f — g)| can
not always be viewed as a bias term. Indeed, Mercer kernels are frequently
used in statistical learning, but their approximation capacity is not necessar-
ily considered. In particular when we consider the first case where the family
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{pr, X € A} is orthonormal w.r.t. (.,.) or the second case with k € L!(R%)
and [pq k(2)dv, = 1, these conditions give a link between the measure v and
the statistics leading to potentially fruitful approximation properties. When
Mercer kernels are involved, the only usual normalization consists in ensur-
ing that K (x,z) = 1. This normalization corresponds to a normalization of
the vector #(x) in the RKHS. However since the RKHS has in general no link
with the underlying measure v, there is in general no classical normalization
for our present problem. That is the reason why we forced such a normaliza-
tion via the factor r. Note that performing the procedure with K or r—'K
exactly leads to the same test. Thus, there are special cases for which one
can go a bit further, and recover the results given in the first and second
cases. Let us consider K (x,2") = c{p(x), o(a'))pa with o(x) = (ox(x))rea
and ¢ > 0. K is a Mercer kernel usually known as a projection kernel with
Hi = RY and 6(x) = \/cp(z). It is not mandatory in statistical learning
for instance that the family (¢x(x))xea is orthonormal for (.,.). However,
when we add this assumption, taking r = ¢ exactly leads to the result given
in the first case. Let us now consider X = R and v the Lebesgue measure
on R. Let K (z,2") = exp(—(x —2')?/(2h?)) be the classical one-dimensional
Gaussian Mercer kernel with variance h%. Let us denote by k the density of
the standard Gaussian distribution and let kj, = (1/h)k(./h). Then we have
K(x,2') = h\/27ky(z —2"). Applying the result stated in the third case with
r = h\/27 also leads to the result stated in the second case.

When we are not in these special cases, though we can not really give a
statistical interpretation of our result, we however think that the introduc-
tion of Mercer kernels may help if the space X is unusual or pretty large
with respect to the (mean) number of observations and/or if the measure
v is not well specified or easy to deal with. In such situations, the use of
Mercer kernels may be the only possible way to compute a meaningful test
(see [27] where such kernels are used for microarrays data and graphs).

3.3. Performances of the Monte Carlo procedure.

3.3.1. Probability of first kind error. In practice, a Monte Carlo proce-
dure will be used to estimate the conditional quantiles qgl)_ o 1t is therefore
natural to address the following question: what can we say about the proba-
bilities of first and second kind errors of the test built with these Monte Carlo
approximations? Recall that we consider the test ®x  rejecting (Hp) when
Tk > qgl)_a, where T is defined by (3.1), and qgl)_a is the (1—«) quantile

of T % defined by (3.4) conditionally to N. qgl)_ ., Is estimated by ‘?%\9— ., via

the Monte Carlo method as follows. Conditionally to N, we consider a set of
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B independent sequences {€?,1 < b < B}, where € = (€),¢n is a sequence

of i.i.d. Rademacher random variables. We define for 1 < b < B:

T = Z K(z,2")eleb,.
c#x' €N
Under (Hp), conditionally to N, the variables T f(b have the same distribution
function as TK, which is denoted by F. We denote by F p the empirical
distribution function (conditionally to N) of the sample (Tf; ,1<b< B):

1 B

— 1
B
b=1

Vo € R, FK,B(x) = Feb
K >
Then, (j%\’fl)_ ., is defined by

‘jgl)—a = Flp(l—a) =inf{t e R, Fx p(t) > 1 —a}.

We finally consider the test given by
(3.11) Dr =1

AT
Tic>die]

The following proposition gives an upper bound for the level of P K-

PROPOSITION 3. Let $r o be the test defined by (3.11). Under the null
hypothesis (Hy) 7f = g7,

3 : A —2)2
Prg <<I>K,a:1‘N) <a+ inf <ﬁ+2e )

_ For example, if we take o = 0.05 and B = 200000, the level of the test
@ o is controlled by 5.5%.

3.3.2. Probability of second kind error.

PROPOSITION 4. Let o and 8 be some fized levels in (0,1) such that

a > /InB/4AB and 8 > 4/VB. Let ®f  be the test defined by (3.11). Let
Ex, Ax and By be defined as in Proposition 2. There exists some constant

Kk > 0 such that if

2AK + Bg 2 By
(3.12) 8K>2”T+Kln a_m 5 2
2vVB 2 VB

then

]P)fvg(q)K,a = O) < B
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When comparing the condition (3.12) with (3.6) and (3.7) in Proposi-
tion 2, we can notice that they asymptotically coincide when B — +oc.
Moreover, when o« = 8 = 0.05 and B > 6400, the multiplicative factor of
kv By is multiplied by a factor of order 2 in (3.12) compared with (3.6). If
even B = 200000, this factor passes from 23.4 in (3.6) to 26.4 in (3.12).

4. Multiple testing procedures. In the previous section, we have
considered testing procedures based on a single kernel function K. Using
such single tests however leads to the natural question of the choice of the
kernel, and/or its parameters: the orthonormal family when the kernel K
is based on such an orthonormal family, the bandwidth A when K is based
on an approximation kernel, the parameters of K when it is a Mercer ker-
nel. Authors often choose particular parameters regarding the performance
properties that they target for their tests, or use a data driven method to
choose these parameters which is not always justified. For instance, in [27],
the parameter of the kernel is chosen from a heuristic method.

In order to avoid choosing particular kernels or parameters, we propose
in this section to consider some collections of kernel functions instead of
a single one, and to define multiple testing procedures by aggregating the
corresponding single tests. We propose an adapted choice for the critical
value. Then, we prove that these multiple procedures have strong statistical
performances since they satisfy oracle type inequalities and are adaptive on
several classes of alternatives simultaneously.

4.1. Description of the multiple testing procedures. Let us introduce a
finite collection {K,,, m € M} of symmetric kernel functions: X x X — R
satisfying Assumption 3. For every m in M, let TKm and T K, berespectively
defined by (3.1) and (3.4) with K = K,,, and let {w,,m € M} be a
collection of positive numbers such that > _, e < 1. For u € (0,1),
we denote by q%\jl)_u the (1 —wu) quantile of Tﬁm conditionally to the pooled
process N. Given a € (0,1), we consider the test which rejects (Hy) when
there exists at least one m in M such that

T (N)
K, > q (N)_ _w
m,l—ug ‘eWm

)

where u((JN) is defined by

(4.1) u,(lN) =supu>0,P | sup <Tf<m — qian)—ue*wm) >0
meM ’

N>ga}.
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Let @, be the corresponding test function defined by

(4.2) B, =1 A .
SUPy, e M (TKm _qf:i u(N)e*wm)>0
T Uy

Note that given the observation of the pooled process N, u((lN) and the
quantile q(Nl)
m,

Section 5).

It is quite straightforward to see that this test is of level a and that one
can guarantee a probability of second kind error at most equal to 5 € (0,1)
if one can guarantee it for one of the single tests rejecting (Hy) when T K, >

(N)

q | . We can thus combine the results of Theorem 3.1.
m,l—uy e”Wm

Even if the multiple testing procedure may be performed for collections
of kernel functions mixing the three possible choices of kernel functions in
Theorem 3.1, we have decided to focus on the first two choices, where we
know that the performance of the corresponding tests is already optimal if
the space S or the approximation kernel k is well-chosen. This enables us to
go a little bit further in the interpretation of the results as oracle inequalities.

(N) can be estimated by a Monte Carlo procedure (see
—Uy e Wm

4.2. Oracle type inequalities for the probability of second kind error.
4.2.1. Multiple testing procedures based on orthonormal families.

THEOREM 4.1. Let o, 3 be fized levels in (0,1). Let {S,,,m € M} be
a finite collection of linear subspaces of L2(X,dv) and for all m in M, let
{©r, A € Ay} be an orthonormal basis of Sy, for (.,.). We assume either that
S has finite dimension D, or that conditions (3.8) and (3.9) hold for A =
Ay and D = Dy,. We set, for allm € M, Kp(z,2') = 3 \cp,. oa(z)pa(a’).
Let @, be the test function defined by (4.2) with the collection of kernels
{Kp, m € M} and a collection {wy,, m € M} of positive numbers such that
ZmEM e <1

Then the test ®, is a level o test. Moreover, there exists some positive
constant k such that if

(43) 1f - gl 2 mi‘e%{ I(f ~ 9)T1s,,( ~ )P

44 2¢26(I0(2/a) + wn) -, 81f + gloo
+ v M(f,g)\/D—m} L e
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with M'(f,g) = max (1 + gloos /IF + gloclf + gl ) then
Psg (o =0) < 6.

Comparing this result with the one obtained in Theorem 3.1 for the sin-
gle test based on an orthonormal family, one can see that considering the
multiple testing procedure allows to obtain the infimum over all m in M
in the right hand side of (4.3) at the price of the additional term w,. This
result can be viewed as an oracle type inequality: indeed, without knowing
(f — g), we know that the uniform separation rate of the aggregated test is
of the same order as the smallest uniform separation rate in the collection of
single tests, up to the factor w,,. It will be used to prove that our multiple
testing procedures are adaptive over various classes of alternatives.

We focus here on three particular examples. The first example involves
a nested collection of linear subspaces of L2(]0,1]), as in model selection
estimation approaches. In the second example, we consider a collection of
one dimensional linear subspaces of I.2([0, 1]), and our testing procedure is
hence related to a thresholding estimation approach. In the third example,
we introduce a collection of infinite dimensional linear subspaces of L2(R).

Ezample 1. Let X = [0,1] and v be the Lebesgue measure on [0, 1]. Let
{v0, ¢G> JEN, ke{0,... , 27 —1}} be the Haar basis of L2(X, dv) with

(4.4) wo(r) = 109 () and ‘P(j,k)(x) = 2j/27/1(2j37 — k),

where () = 1jg1/2)(z) — 1[1/2,1)(). The collection of linear subspaces
{Sm,m € M} is chosen as a collection of nested subspaces generated by
subsets of the Haar basis. More precisely, we denote by Sy the subspace of
L2([0,1]) generated by g, and we define Kq(z,2") = @o(z)po(z’). We also
consider for J > 1 the subspaces S; generated by {px, A € {0} UA;} with
Ay = {(,k), j €{0,...,J =1}, k € {0,...,27 —1}}, and K (z,2') =
2oxe(oyun, PA(z)ea(2’). Let for some J > 1,

My={J,0<J<J},
and for every J in Mz, wy =2 (In(J + 1) + In(7/V6)) . Let 3 be the test

function defined by (4.2) with the collection of kernel functions {K;,J €
M} and with {wy,JJ € Mj}. We obtain from Theorem 4.1 that there
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exists some constant C («, 3, | f oo, |g]oo) > 0 such that if

(4.5) If = gl* = C (e, 8,1 floc, I9l0) Jieg\ﬁj {H(f —9) —1Is,(f = 9)I?

2J/2
+ (In(J + 2))7},

then Py , (CDS) = 0) < B.

Ezample 2. Let X = [0,1] and v be the Lebesgue measure on [0,1]. Let
{w0, (k) J € Nk € {0,...,27 — 1}} still be the Haar basis of L2(X, dv)
defined by (4.4). Let for some J > 1,

A;j={(.k), j€{0,....0 =1}, ke {0,...,27 —1}}.

For any A in {0} U A, we consider the subspace S, of L2([0,1]) generated
by @i, and Ky(z,2') = ox(x)ea(2'). Let 32 be the test defined by (4.2)
with the collection of kernel functions {K, A € {0} U A5}, with wg = In(2),
and w(; ) = In(27) + 2 (In(j + 1) + In(x/v/3)) for j € N,k € {0,...,27 —1}.
We obtain from Theorem 4.1 and Pythagore’s theorem that there is some
constant C' (a, 3, | f]oo, |g]sc) > 0 such that if there exists A in {0} U A5 for

which
w

A
ITs, (f = 9)I* = C (e, B, [ flloos lglloe) =
then Py <<I>((12) = 0) < f. Notice that if Mj; = {m,m C {0} UAj}, the

above condition is equivalent to saying that there exists m in M j such that

M5, (F = )17 > € (0B o Iglo) 222

where S, is the linear subspace generated by {px, A € m}. Hence, we obtain
that there exists some constant C (o, 3, | f] oo, [9loc) > 0 such that if

(46) 1f = glI* = C (@8 1flos Igloe) int {I(f —9) ~ W5, (F = 9)
+ ZAEm w)\}7

n

then Py , <<I>,(12) = 0) < pB.
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Ezample 3. Let X = R and v be the Lebesgue measure on R. We define, for
all jin N and k in Z, @) = 2j/21[ﬁ M) For every j in N, we denote by

277 27

S; the linear subspace of L?(R) generated by {¢; s, k € Z} and K;(z,2) =
> kez ©ik(@)pjk(2"). Then (3.8) holds and

> lein(@)esr(a)| = 21 [e ket

keZ 2

where k(z') is the integer defined by 2’ € [k(x-/) ha)+1

5 —5f > This ensures that
(3.9) holds:

2
/ <Zl%k z)pjn( )l) (f + 9) (=) dvpdvy

keZ

- 22j/R </R lxe[kgi'),k(rgg)'*l)dl/m) (f +9)($/)d’/x’
= 2 [ (f 4 9o < +ox.
R

Let for some j > 1, M;={j, 0<j < 7}, and for every j in M, wy =

2 (In(j + 1) + In(7/v/6)) . Let 2% be defined by (4.2) with the collections
{Kj,j € M;} and {wj,j € M;}. We obtain from Theorem 4.1 that there
exists some positive constant C («, 3, | f + g|oo, | f + g]1) such that if

If=gl* = C (e, B, |f + gloos |f + gl1) glf {H(f g9) — s, (f — 9)II”
y
+ln(j+2)%},

then Py, <<I>((13) = 0) < . Note that this example allows us to consider two

independent Poisson processes that are defined on the whole real line, as
well as the two examples presented in the next section.

4.2.2. Multiple testing procedures based on approzimation kernels.

THEOREM 4.2. Let o, 3 be fized levels in (0,1), X = R? and let v be
the Lebesque measure on RY. Let {ky,,,m1 € My} be a collection of approz-
imation kernels such that [y k2, (x)dvy < 400, km,(z) = km,(—2), and a
collection {hm,, ma € Ma}, where each hy, is a vector of d positive numbers
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(hma1s oy Py d). We set M = My x Ma, and for all m = (m1, ma) in M,
z=(11,...,24), ¢ = (2,...,2}) in RY,

Kp(x,2') = [

/ /
(- a') = 1 i (azl — Tq — a:d>
mo - — 7d mi ey .
[Tizi homa i a1 frms.d

Let @, be the test defined by (4.2) with {K,,,m € M} and a collection
{wm,m € M} of positive numbers such that -, .\, e~ < 1. Then & is
a level o test. Moreover, there exists k > 0 such that if

If =gz, it {10 = 0) s (F = 0) P+

4+ 2v26(In(2/0) + wm) [1f + QHOOHf + gk 2 | 81F + gl
n\/B ’L 1hm27i /Bn '

then

We focus here on two particular examples. The first example involves a
collection of non necessarily integrable approximation kernels with a collec-
tion of bandwidths vectors whose components are the same in every direc-
tion. The second example involves a single integrable approximation kernel,
but with a collection of bandwidths vectors whose components may differ
according to every direction.

Example 4. Let X = R% and v be the Lebesgue measure on R?. We set
M; =N \ {0} and My = N. For m; in My, let ky,, be a kernel such
that [ k2, (z)dv, < 400 and ky,, (¥) = Ky, (—z), non necessarily integrable,

whose Fourler transform is defined when k,,,, € L*(R?)NL2(R9) by kz/m\l (u) =
Jga Fm, (z)e" ™% dy, and is extended to ky,, € L?(R?) in the Plancherel sense.

We assume that for every my in My, [Em, oo < +00, and

11— Fony (0)]

<C
" ’

(4.7) Ess sup,cra\ {0}

for some C' > 0, where |u|s denotes the euclidean norm of u. Note that
the sinc kernel, the spline type kernel and Pinsker’s kernel given in [58] for
instance satisfy this condition which can be viewed as an extension of the
integrability condition (see [58] p. 26-27 for more details). For mgy in Mo,
let Ry, = (27™2,...,272) and for m = (my,ma) in M = M; x Ma, let

1 - o/
Kp(x,2') = Kimy hmy (x —2') = o, (ml o xd).

2—dm2 2—m2 ’ ’ 2—m2
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We take W, my) = 2 (In(my(ma + 1)) + In(72/6)), so >, cpe ™ < 1.
Let 5 be the test function defined by (4.2) with the collection of kernel
functions {K,,,m € M} and {w,,, m € M}. We obtain from Theorem 4.2
that there exists some positive constant C(a, ) such that if

mi,mz)EM

Wony ma) \/ 17 + glool f + gl Tm, I } . ||f+g||oo>

If = gl* > C(a ﬂ)<( inf {H(f = 9) = ki * (f = 9)I

2—dma n

then Py, (@ =0) < 8.

Ezample 5. Let X = R% and v be the Lebesgue measure on R?. Let M; =
{1} and My = N For z = (z1,...,74) in R% let ki(z) = HZ L ki)
where the kp;’s are real valued kernels such that ki; € L'(R) N L%(R),
k17,~(a:,~) = kl z( Z and f]R klz )dml = 1. For mo = (m271,.. , Mo d)
Mo, hypy g = 27M20 and for m = (mq, mg) in M = My x Mo,

1 x; —
AN AN . ? )
Km(ﬂf,ﬂf ) n kml’hmz (LZ' o7 ) n 11:11 hmz,i kl’l < hmz,i > .
We also set wyq ) = 2 Z?:l (In(mg,; + 1) + In(7//6)), so that
D omeMyx My € U = 1. Let 3 be the test function defined by (4.2) with

the collections {K,,,m € M} and {w,,,m € M}. We deduce from Theo-
rem 4.2 that there exists some positive constant C(«, 3) such that if

If =gl > C(%ﬁ)( inf {ll(f = 9) = K, * (f =9I

maEMa

Cama) [1f + gloolf + glilka } . ||f+g||oo)

n H?:l hmz,i n
then P, (2 =0) < 8.

4.3. Uniform separation rates over various classes of alternatives. We
here evaluate the uniform separation rates, defined by (1.1) with the norm
||| of L2(X,dv), of the multiple testing procedures introduced above over
several classes of alternatives based on Besov and weak Besov bodies when
X C R, or Sobolev and anisotropic Besov-Nikol’skii balls when X = R¢.
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4.3.1. Uniform separation rates for Besov and weak Besov bodies. Let
<I>((11) and <I>((12) be the tests defined in Fzample 1 and Ezample 2 in Sec-
tion 4.2.1.

Recall that these tests are constructed from the Haar basis {pq, YGk)J €
N,k €{0,...,27 —1}} of L?(X,dv) defined by (4.4). Let

1 2
W, = max(®!),, %)),

Like in [21], we define for 6 > 0, R > 0 the Besov body Bgm(R) as follows :

27 -1
(4.8) BS (R) = {8 € L2([0,1]),5 = aopo + > > (0 PGk
jeN k=0

27 -1
oz% < R? and Vj € N, Z O‘%j,k) < R22_2j5},
k=0

We also consider weak Besov bodies given for v > 0, R’ > 0 by

27 -1

(4.9) W—Y(R,) = {S S L2([0, 1]), S = Yo + Z Z a(j,k)cp(j,kﬁ
JEN k=0

271

2y

2 2 /2 T2y

\V/t > O,Clolaggt + EN kg . a(j7k‘)10¢%j’k)gt S R t Y }
JE =

Let us introduce

Bsoo (B R R") = {(£,9), (f = 9) € B} o(R) N W;(R),
max(|floo, lglos) < R"}.
COROLLARY 1. Assume that Inlnn > 1, 27 > n?, and J = +o0. Then,

for any § >0,v>0, R,R,R" >0,
(i) if 6 > /2

26
Inl 541
p(Va, Bs~.oo(R, R, R"),8) < C(6,7,R,R,R", , B) ( n nn> ¥ ’

(73) if 6 < y/2

5
1 _0
p(\IlOHB(S:'Y’OO(Ra R/7 R”)?B) S 0(57 ’Y, R, le R”7 Oé, B) <%> 2v+1 '



TWO-SAMPLE PROBLEM FOR POISSON PROCESSES 29

Comments. Notice that our classes of alternatives are not defined in the
same way as in [10] in the classical ii.d. two-sample problem, since the
classes of alternatives (f,g) of [10] are such that f and g both belong to a
Besov ball. Here the smoothness condition is only required on the difference
(f —g). Our classes are consequently larger than those of [10]. In particular,
the functions f and g might be very irregular but as long as their difference
is smooth, the test will be powerful.

Let us now see why the above upper bounds are nearly optimal in the
minimax sense. Recall that the optimal value for the uniform separation
rate of a level « test over a class of alternatives Ss is given by the minimax
separation rate p(Ss, a, ) over Ss defined by (1.2).

We deduce from the results given in [21] the following lower bounds.

PROPOSITION 5. Assume that R > 0, R’ > 0, and R" > 2, and fix some
levels o and B in (0,1) such that o+ < 0.59.
(i) When 6 > max (v/2,v/(1 4+ 2v)), then

lim inf n%B(B&%w(R, R R"),a,B) > 0.

n——+o0o
(ii) When 6 < /2 and v > 1/2, then

lim i n ﬁ /D
im inf (—) P(Bs 00 (R, R, R"), 0y ) > 0.

n—+oco \Inn

(13i) When 6 < v/(14 27) and v < 1/2, then

2y

llHl mf <’I’Li A 1 (1+48)(1+27) > 10(85 Y OO(Rv Rlv Rl/)) «, 5) > 0.
n——+o00 = o

Hence the test ¥, is adaptive in the minimax sense over Bs 5 (R, R', R"),

up to a Inlnn factor in the case (i) and exactly in the case (i7). The exact
rate is however unknown in the case (7ii).

Comment. For sake of simplicity we only considered the Haar basis, but
any wavelet basis may be considered. The proofs of the results could easily
be extended to compactly supported wavelets.

4.3.2. Uniform separation rates for Sobolev and anisotropic Nikol’skii-
Besov balls.
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Sobolev balls. Let us introduce for § > 0 the Sobolev ball Sg(R) defined by
S3(R) = {s ‘RY = R, s € LY(RY)NLA(RY), / Jul%|5(u)|2du < (27T)dR2},
Rd

where |u|q denotes the euclidean norm of v and § denotes the Fourier trans-
form of s: §(u) = [pa s(z)e®m de.

We here evaluate the uniform separation rate of CID,(IA‘) defined in Exzample 4
of Section 4.2.2 over the classes

SY(R, R, R"Y={(f.9), (f —9) € S}R),
max (| f[1,g1) < R, max(] floo, l9loc) < R"},

for every 6 > 0, and R, R, R" > 0.

COROLLARY 2. Assume that Inlnn > 1. For any § >0, R,R',R" > 0,

25
Inlnn 4+
- .

(@D, SHR, R, R"), B) < C(6.0, 8, R, R, R, d) <

Comments. From [49], we know that, in the density model, the minimax

adaptive estimation rate over Sg(R) is of order T when 0 > d/2. Rigol-
let and Tsybakov construct some aggregated density estimators, based on
Pinsker’s kernel, that achieve this rate with exact constants. In the same
way, the test CIDS‘) consists in an aggregation of some tests based on a collec-
tion of kernels, that may be for instance a collection of Pinsker’s kernels. It

achieves over S§(R, R', R") a uniform separation rate of order = up to
a InInn factor. This rate is now known to be the optimal adaptive minimax
rate of testing when d = 1 in several models (see [56] in a Gaussian model
or [32] in the density model for instance). From the results of [28], we can
conjecture that our rates are also optimal when d > 1.

Nikol’skii- Besov anisotropic balls. Let 6 = (d1,...,d4) with 6; > 0 for every
i=1...dand R > 0. For all ¢ in R, we denote by [¢] the integer such that

t — [t] € (0,1]. We consider the anisotropic Nikol’skii-Besov ball ./\/'2‘57d(R)
defined by:

(4.10) /\/’2‘57 4(R) = {s :R? - R, s has continuous partial derivatives DZ-L(SZ'J

of order |0;| w.r.t u;, and ||DiL5iJs(u1, ce U, ,ud)—Di@Js(ul, g2

< R|v|5i_t5iJ, Vi=1...d, ui,...,uq,v € R}.
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Let <I>,(15) be the test defined in Example 5 in Section 4.2.2. Assume further-
more that fR\kl,i(xi)Ha:i]éidxi < 400, and [ klz(xl)xfda:, = 0 for every
i=1...dand j =1...|0;]. We here evaluate the uniform separation rate
of @&5) over the classes

N3 4(R, R R") = {(f,9), (f —9) € N34(R),
max(|f]1, lgl) < R, max(]f]sc, [gloc) < R"},

for every ¢ €]0, +oo[® and R, R', R" > 0.

COROLLARY 3. Assume that Inlnn > 1. For any 6; >0, i=1...d, and
R,R',R" >0, setting 1/5 = 3% 1/5;,

25
Inlnn\ 1+45
" .

(@9 N3 (R R, R"), B) < C(6,0,, R, R, R, d) <

Comments. When d = 1, from [32], we know that in the density model,
the adaptive minimax rate of testing over a Nikol’skii class with smoothness
parameter § is of order (Inlnn/n)?%/(0+4) We find here an upper bound
similar to this univariate rate, but where ¢ is replaced by ¢. Such results
were obtained in a multivariate density estimation context in [26] where the
adaptive minimax estimation rates over the anisotropic Nikol’skii classes
are proved to be of order n=%/(+20) and where adaptive kernel density
estimators are proposed. Moreover, the minimax rates of testing obtained
recently in [34] over anisotropic periodic Sobolev balls, but in the Gaussian
white noise model, are of the same order as the upper bounds obtained here.

5. Simulation study.

5.1. Presentation of the simulation study. In this section, we study our
testing procedures from a practical point of view. We consider X = [0, 1] or
X =R, n = 100 and v the Lebesgue measure on X. N! and N~! denote two
independent Poisson processes with intensities f and g on X with respect to
wu with dp = 100dv. We focus on several couples of intensities (f, g) defined
on X and such that [y f(2)dv, = [y g(@)dv; = 1. We choose o = 0.05.
Conditionally to the number of points of both processes N' and N~!, the
points of N' and N~! form two independent samples of i.i.d. variables with
densities f and g with respect to v. Hence, conditionally to the number of
points of N' and N~!, any test for the classical i.i.d. two-sample problem
can be used here. We compare our tests to the conditional Kolmogorov-
Smirnov test. Thus we consider five testing procedures, that we respectively
denote by KS, Ne, Th, G, E.
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KS corresponds to the conditional Kolmogorov-Smirnov test.

The tests Ne and Th respectively correspond to the test functions <I>,(11)
and CID(()?) defined in Ezample 1 and Ezample 2 in Section 4.2.1 with J =7
and J = 6.

The tests G and E are similar to the test defined by CIDS) in Fxample 5
in Section 4.2.2. For the test G, we consider the standard Gaussian approx-
imation kernel defined by k(z) = (27)~"/2 exp(—22/2) for all 2 € R and for
the test E, we consider the Epanechnikov approximation kernel defined by
k(z) = (3/4)(1 — 2?)15<1. For both tests, we consider {h,,,m € M} =
{1/24,1/16,1/12,1/8,1/4,1/2} and the associated collection of kernel func-
tions {K,,, m € M} given for all m in M by K,,(x,2') = ﬁk‘ (x;;f/> We
take for both tests w,, = 1/|M| = 1/6.

Let us recall that our tests reject (Hp) when there exists m in M such
that

F (N)

TKm - qm,l—u&N)e*wm

where N is the pooled process obtained from N' and N~!, and u,(IN) is
defined by (4.1). Hence, for each observation of the process N whose number

(N)

of points is denoted by N,, we have to estimate uy ' and the quantiles

q(Nl) (N) . These estimations are done by classical Monte Carlo methods
m,l—u, ‘e”Wm

based on the simulation of 400000 independent samples of size N,, of i.i.d.
Rademacher variables (see Section 3.3 for the theoretical study of these
Monte Carlo methods when only one test is considered). Half of the samples
is used to estimate the distribution of each Tf(m The other half is used to
approximate the conditional probabilities occurring in (4.1). The point u,(IN)
is obtained by dichotomy, such that the estimated conditional probability
occurring in (4.1) is less than «, but as close as possible to . By monotony

arguments, this is equivalent to make u varying on a regular grid of [0, 1]

with bandwidth 2716, and to choose u((xN) as the largest value of the u’s on
the grid such that the estimated conditional probabilities in (4.1) are less
than «.

5.2. Simulation results. We use 5000 simulations to estimate the level of
significance, and 1000 to estimate the powers of each tests.

For the estimation of the levels, we consider three common intensities.
The first one is the uniform density on [0, 1], the second one is the Beta
density with parameters (2,5), and the third one is a Laplace density with
parameter 7.
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Let
filz) = 1py(@),

)
f2.2.5(x) (1 ) 1jo,1)(z)

Jo 2

o) = T,

Taking f as one of these three fonctions, we realize 5000 simulations of two
independent Poisson processes N' and N~! both with intensity f w.r.t. to
. For each simulation, we determine the conclusions of the tests Ks, Ne,
Th, G and E, where the quantiles of our four last tests are estimated by the
Monte Carlo methods described above. The levels of the tests are estimated
by the number of rejections for these tests divided by 5000. The results are
given in the following table:

\f\KS\Ne\Th\G\E\
fi 0.053 | 0.049 | 0.045 | 0.053 | 0.053

fozs | 0.053 | 0.047 | 0.043 | 0.051 | 0.050
faz | 0.0422 | 0.0492 | 0.0438 | 0.054 | 0.055

In order to evaluate the power of the tests, we first consider couples of
intensities (f,g) such that f = f; and g is successively equal to intensities
that are classical examples in wavelet settings, and are defined by

Grae(®) = (L+)Ljq) () + (1 = €)1jg24) (%) + Liga,1) (2)

1j91)()
=[1+ (14 sgn(z — : )
9o (x n Z & 2 Ca(n)
- Ll pi 7 Lo (@)
g3e(z) = (1 =€)y (2 Zg] Ly 0.284

where p, h, g, w, € are defined as in [21] 1,0 <e<1,0<a < 1/2, 7> 0 and
C5(n) is such that fol gop(x)dx = 1.

p= ( 0.1 0.13 0.15 023 025 04 044 065 0.76 0.78 0.81
h=( 4 -4 3 -3 5 -5 2 4 -4 2 -3
g= 4 5 3 4 5 4.2 2.1 4.3 3.1 5.1 4.2
w= ( 0.0056 0.005 0.006 0.01 001 0.03 0.01 0.01 0.005 0.008 0.005

— — — —
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We then consider couples of intensities (f,g) such that f is equal to the
above Laplace density f37 with parameter 7, or to the Laplace density f3 19
with parameter 10:

f3,10(33) — 56—10\90—1/2\7

and g = g4,1/2,1/4 is the density of a Gaussian variable with expectation 1/2
and standard deviation 1/4.

For each couple (f,g), we realize 1000 simulations of two independent
Poisson processes N' and N~! with respective intensities f and g w.r.t. p.
For each simulation, we determine the conclusions of the tests Ks, Ne, Th, G
and E, where the quantiles of our four last tests are estimated by the Monte
Carlo methods described above. The powers of the tests are estimated by
the number of rejections for these tests divided by 1000. The results are
summarized in Figures 1 and 2 where in each column, the estimated power
is represented as a dot for every test. The triangles represent the upper and
lower bounds of an asymptotic confidence interval with confidence level 99%,
with variance estimation.

KS Ne Th G E KSNe Th G E KS Ne Th G E KS Ne Th G E KS Ne Th G E KS Ne Th G E KS Ne Th G E

FI1GURE 1. Left: (f,g9) = (f1,91,a,c). Fach column corresponds respectively to (a,e) =
(1/4,0.7), (1/4,0.9), (1/4,1) and (1/8,1). Right: (f,g) = (f1,92,n). Each column corre-
sponds respectively to n =4, 8 and 15.
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i = * # i
09 . . 0ok
08 N 08F v
[ A 07l
06| A o6 a A
v 05 v v
0ar 04|
03 N 03F v
02 a 02

01f 0if

FIGURE 2. Left: (f,g) = (f1,93,c). The two columns correspond respectively to e = 0.5 and
1. Right: (f,g9) = (f3.x194,1/2,1/4). The two columns correspond respectively to X =7 and
A =10.

In all cases, the tests G and E based on the approximation kernels are more
powerful (sometimes even about 4 times more powerful) than the KS test.
This is also the case for the test Ne, except for the last example. The test Th
is more powerful than the KS test for the couples (f,g) = (fi,91.a,c), but it
fails to improve the KS test for the other alternatives. We conjecture that the
test Th consists in the aggregation of too many single tests. We can finally
notice that the test E strongly performs for every considered alternative,
except in a sparse case, where the test E is less powerful than the test Th
(see Figure 1). Our conclusion is that the test E is a good practical choice,
except maybe when sparse processes are involved. Aggregating the tests E
and Th in such cases would probably be a good compromise.

6. Proofs.

6.1. Proof of Proposition 1. All along the proof, [ denotes fX. One of
the key arguments of the proof is that the marked point processes are char-
acterized by their Laplace functional (see for instance [14]).

To obtain the first point of the result, this key argument makes sufficient
to compute E [exp ( f hdN )] for a bounded measurable function h on X. By
independency,

o) o o) o ).

Since the Laplace functional of N is given by

E [exp </ thlﬂ — exp (/ (eh _ 1) fdu> ,
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and the Laplace functional of N~! has the same form, replacing f by g,

E[exp </th>} — exp </<eh—1) (f+g)du>,

which is the Laplace functional of Poisson process with intensity (f + g)
w.r.t. p.

Let us now prove (2.5). The distribution of (¢9),en conditionally to N is
characterized by the function

t = (ty)een — ®(t,N)=E [exp <Z txgg) 'N] .

zeN

Let A be a bounded measurable function defined on X, and define

Ey,=E [exp </ AdN) exp <Z txag)] .

zeN

Since N' and N~! are independent,

Ey = E [exp (/()\(x) + tx)dN;> exp </()\(x) — tx)de—l)]
- E [exp ( / (A(x) + tw)dN;ﬂ E [exp ( / (A(z) tw)de_lﬂ .

Then,
By = x| [0 1)) + (O~ 1g(e)| s
= exp [(€ - 1)(f + g)(a)ds
e fran)
where

h(z) = M) + In (e f Eji)j ;)E:C”)g(f”)) |

Hence, for every bounded measurable function A defined on X,

exp ( / AdN) exp <Z txgg>] _

zeN

W @) o)
oo (f AdN)g ( Frow ' (f+g)(x)>]'

E

E
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Recalling that the marked point processes are characterized by their Laplace
functional, this implies that

_ I R
(I)(t’N)_E[eXp (ng) 'N] T (“gham T )

zeN reN

which concludes the proof of (2.5).
To prove the second point of the result, let h; and h_; be two bounded
measurable functions on X.

E [exp </ hidN* +/h_1dN—1>}

=E |E |exp </h1dN1 +/h_1dN—1> 'N”
=E|E H exp (hl (J}) 1..—1+ h_1 (J}) 1536:_1) N]] .
TeN

Remark that there is almost surely a finite number of points in N and that
if = belongs to N, then f (z) + g () > 0. Moreover

[ (x)
f(z)+g(z)
ho(zy 9 (@)
T Tt g@

Then using the expression of the Laplace functional of N, with the function

c(me @)@ 9@)
"=l ( f($)+g($)+ f(a:)+g(g;)>’

E [exp (hy () 1e,=1 + hoy () 1o,=q)] = €M)

leads to

E [eXp </ hidN'! +/h_1dN‘1>}

Finally we have that

E [exp </ hidN* +/h_1dN‘1>} —
exo ([ (e =) gaw)exp ([ (2= 1) g
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We here recognize the product of the Laplace functionals of two Poisson
processes with respective intensities f and g. This gives the independence
and concludes the proof.

6.2. Proof of Proposition 2. Let us prove the first part of Proposition 2.
Recall that ¢{" 5/2 denotes the 1— /2 quantile of qgl)_ o> Which is the (1—a)
quantile of 7' 7 conditionally to N.

We here want to find a condition on Tk, or more precisely on Ex =
Eﬁg[TK], ensuring that ]P’ﬁg(TK < q?_ﬁp) < B/2.

From Markov’s inequality, we have that for any = > 0,

Var(Tk)
22

P, (‘—TK +8K( > x) <

Let us compute Var(Tx) = E; [T?] — £%. Let XPl and X[ be the sets

{(z,y,u) € X3, z,y,u all different} and {(z,y,u,v) € X*, z,y,u,v all different}

respectively. Since
Eﬁg[j%] =Esg N” )

2
E ( K(x,x’)sgsg,dede/>
x[2]

by using (2.5),

EfolTh] = Ef,g[/XMK(x,y)K(u,U)}CJ‘rz@);;g(y)
f—9,  f—g
f+g(u)f+g(v)dedNdeude]
f—9,.f—9g
+4E ¢, UX[S] K(x,y)K(m,u)f +g(y)f+g(“)dedNdeu

+2E;, [ / Kz(:n,y)dedNy] .
x[2]

Now, from Lemma 5.4 III in [14] on factorial moments measures applied to



TWO-SAMPLE PROBLEM FOR POISSON PROCESSES 39

Poisson processes, we deduce that

B g[Ti] = /X4 (K(rc,y)K(uyv)(f - 9)@)(f —9)(y)

(f - g)(u)(f - g) (U)> d,u:cd,uyd,uudﬂv

4 /X K@ y)K(@,u)(f +9)(@)(f — )W) — 9)w)dusdpydyn,

2, K*(,9)(f + 9)(@)(f + 9)(y)dpadpsy

In order to apply this lemma, we have to verify that the three integrals
appearing in the above expression are finite. This follows easily from As-
sumptions 1, 2 et 3. We finally obtain that

Ef7g[T[2{] = 512{ + 4Ak + 2Bk.
Hence, we obtain that for any = > 0,

4Ax + 2Bk

MESAE

Taking = = \/(8Ax + 4Bk )/B in the above inequality leads to

. |8Ak + 4B
(6.1) P, <‘—TK+£K‘ > %) < g

Therefore, if Ex > 1/8‘4}(# + qlo‘_ﬂ/z, then vag(TK < qla_ﬁ/z) < /2, so
Psg(Pra=0) <.

Let us now give a sharp upper bound for ¢{* /2

Reasoning conditionally to N, we recognize in 17, a homogeneous Rademacher
chaos as defined by de la Pena and Giné [15]: it is of the form

X = g T i Ei€ir,
i
where the x; ;’s are some real deterministic numbers and (g;);en is a se-

quence of i.i.d. Rademacher variables. Corollary 3.2.6 of [15] states that
there exists some absolute constant x > 0 such that

62 o s [ 2]
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where 02 = E[X?] = D it :EZ%Z-,.
Hence by Markov’s inequality again, for all positive &,
B(1X| > ) < 2¢77%,

which implies that P(|X| > ro In(2/a)) < «, (see also [40] for more precise
constants). Applying this result to T% with o2 = > vrwen K 2(x,2') leads
to

(6.3) ¢ < /{ln(2/o¢)\/ / K2(x,y)dN,dN,.
’ x[2]

Hence ¢f" 5/2 is upper bounded by the (1 — 3/2) quantile of

ﬁln(Z/a)\/me K2(x,y)dN,dN,.
Using Markov’s inequality again and Lemma 5.4 IIT in [14], we obtain
that for any positive &,

B
Pt < K?(z,y)dNydN, > g) < 2K
XI[2] 3

By taking £ = 2Bk /3, we can finally see that

2 |28

6.3. Proof of Theorem 3.1. We here want to apply the result of Propo-
sition 2 to the three possible choices of the kernel function K.
First, notice that for all r > 0

Ex = nHKo(f—g).f—g)=n*r(r Ko (f—g),f—g)
2
= S =gl 4K o (f =P~ I(F —9) —r 'K o (f ~9)).

Then,
Ag = / (Ko (f — 9)(@) (f + 9)(@)dvs
X

n?|K o (f = 9P1f + gloo:

and Br = n?Ck, where Cx = [y K*(x,2')(f + 9)(2)(f + 9)(a')dvzdvy.
From Proposition 2, we deduce that if

If =gl + 721K o (f =P = I(f—9) —r 'K o(f—g)|

[2]f + gl [K o (f —9)| 2 2
>4 B " +m“\/5 <2+m\/§ln<a>> VCk,

IN




TWO-SAMPLE PROBLEM FOR POISSON PROCESSES 41

then
]P)fﬂ (@Kya = O) S B’

By using the elementary inequality 2ab < a?+b? with a = |Ko(f—g)|/r and

b =2v2\/|f + gle/(nB) in the right hand side of the previous inequality,
we obtain that if

If=gl> = 1(f—g) —r'Ko(f —g)I* + W
+ nri/ﬁ <2 +kV21In <%>> VCk.

then
]P)fvg (@Kya = O) S B’

Since this holds for all » > 0, one can take the infimum. This exactly leads
to the result in the third case, that is in the case of a kernel function based
on a Mercer kernel. Let us now take r = 1 and control Cg in the two other
cases.

The case of a kernel function based on an orthonormal family. We consider
an orthonormal basis {¢y, A € A} of a subspace S of L?(X, dv) and

K(z,2") = pa(@)ex(a).
AeA
In this case,
Kolf~0=3 ([ - o) ) o2 = 11507 - ).

Moreover, when the dimension of S is finite, equal to D,

2
Hf+gH§o/X <Z @A(x)tpx(fﬂ')) Ay dvy

AEA

Ck

IN

< |f+9l5D-
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When the dimension of S is infinite,

2
Ck = / <Z¢A ) (f +9)(@)(f + g)(2")dvpdvy
AEA
2
< ||f+g||oo/ <Zw w) (f + 9)(@)dvadvy
AEA

< If + 9l / > ea@oa@)on (@)ex (@) | (f + 9) (@ )dvadvy

X2 \avea
< Ul X[ r@on(@in) [ or@lon@) + ) v

AN EA

where we have used the assumption

2
L. (Z m(x)mx’n) (f + )& i < o0

A€A

to invert the sum and the integral. Hence we have, by orthogonality, and
since Y-\ op 3 () < D,

Cx < ||f+9||ooZ/<pA )(f + 9)(@')dv
AEA
< DIf +gloclf + glh.

Hence we have

This concludes the proof in the first case.

The case of a kernel based on an approximation kernel. Assume now that
X = R and introduce an approximation kernel such that f k% (z)dv, < +oo
and k(—z) = k(z), h = (h1,...,hq), with h; > 0 for every i, and K (z,z") =

kp(xz — '), with kp(z1,...,2q4) = k (ﬂ : > In this case,

- ..
=1 i ha? " ha

o(f—g)=knx(f—9),



TWO-SAMPLE PROBLEM FOR POISSON PROCESSES 43

and

Crx = /X KR — 2)(f + 9)(@)(f + )&/ )iy

A

< 1f + gl /X K2 — 2)(f + 9)(@)dveduy,

If + glool f + glllllkll?
H?:l hi

This ends the proof in the second case.

IN

6.4. Proof of Proposition 3. Assume that (Hy) " f = g” is satisfied. Con-

ditionally to IV, Ty and (j%\’fl)_ ., are independent. This leads lo

i
(N)

Tk>qK 1o

= E[1 - Fre()_)|N]

P(@K7a:1‘]\7> = E|1.

TK>qK,17a

= EE[I

N,el,...,eB] ‘N]

where Fy denotes the distribution function of 7 under the null hypothesis,
given N. We introduce the event

(6.5) 0y = {iéﬁ? Fren(t) - Fe(t)] < %} .

We deduce from the Dvoretzky-Kiefer-Wolfowitz inequality (see [43]) that

YA > 0,P (QF|N) < 2exp(—2)\?).

Hence,
2 ~(N ~(N
P(bra=1N) = E|(1-Fr(@]-.) o, + (1= Fr(@id] o)) Lag V]
(N A
< E [(1 ~ Frp(@] ) + ﬁ)m] +POQS|N).
(N) (N)

By definition of ¢;-; ., we have 1 — FK,B(QKJ_Q) < «, hence, we obtain
that for all A > 0,

A A -~
P <<1>K,a —1N) <a+ =2 227,

This concludes the proof of Proposition 3.
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6.5. Proof of Proposition 4. We set ap =« — /In B/4B.

As in Section 3.2, we introduce the 1 — (g - T) quantile of the boot-
strapped quantile q%vl)_ ... that we denote by ¢% ;,
B 1-(3-7%)
We set for a moment ¢ = q Recall that (j%vl) o= nglB(l —a),

(*—f)
and that q%\jl)_ ,, denotes the (1 —u) quantile of Tf( conditionnaly to N. We

have N
P(d5]_, > 1) = P(Frp(t) <1 - a).

Let us introduce the event 2 defined by (6.5), with A = v/In B/2. We then
have

P(Fgp(t) <1—alN) < P{Frp(t)<1—a}nQN)+PQS|N)
< P(Fg(t) <1—a+AVB|N)+ 2"
(N) —2)2
< P(qK,l—a—i-)\/\/E > 1N) +2e
2
< P(q%\fl)—ag > t‘N) + =

VB

by definition of A\. Now, the definition of ¢ implies that

(V) <B_2
]P (qu ap > t) 2 \/E?
hence N
Pldjq_q > t) < B/2.
Let us now control the probability of second kind error of the test o K-

5(N)

P (i <dd] ) (V) (V)

P ({Tk < dfi-o} k10 < ) + B (45010 > ¢)

< P(TK < t) +8/2.

IN

We finally deduce from (6.1) that if Ex > 1/8Aﬁ<+43;< + an(B 2 ) then
2~

3

VB

An upper bound for q ( 82 is obtained in Section 6.2. This concludes
2 VB
the proof of Proposition 4.
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6.6. Proof of Theorem 4.1 and Theorem 4.2. The proof is similar for
both theorems.
It is clear from the definition of u,(IN) that the test defined by @, is of level
a. Obviously, by Bonferonni’s inequality, ut(xN) > «, hence, setting a,, =
ae” " we have

- (N)
Prg <E|m € M, Tk, > qK”L,l—ewmu,(xN))
> Prg <Elm < M’TKW = qu_am)
>1—Psy <Vm e M,Tg,, < qug—am)

2 1— ln/f\/t ]P)ﬁg (TKm S qg?:,? 1—Oém>

me
Z 1- /87
as soon as there exists m in M such that Py, <TKm < qf,?Q e, ) < B

We can now apply Theorem 3.1, replacing In(2/a) by (In(2/a) + w,y,), to
conclude the proof.

6.7. Proof of Corollary 1. Tt is well known (see [21] for instance) that
with the notations of Example 1

I(f —9) — s, (f — 9)I* < C(8)R* 27>,

when (f — g) belongs to Bg’oo(R). Hence the upper bound of (4.5) with

J = {10g2 <<1nﬁm>462+1>J

leads to

26

p(®((x1)785,'\/7oo(R, R',R"),B) < C(6,0,8,R,R") < n )_m '

Inlnn

Of course a similar upper bound applies to V.
Let J be an integer that will be chosen later. As in [21], for any m C A; =
{(j, k),7€{0,...,J —1}, k€ {0,...,29 —1}}, one can write

[(f—9)~Ts,,(f=9)I” = I(f —9) ~ s, (f —9)I* +|1s,, (f —g) ~ILs, (f —9)I*.

But for m such that {a),\ € m} is the set of the D largest coefficients
among {ay, A € {0} UA},

s, (f — 9) — s, (f — 9)|> < C(v)R*™' D™,
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see for instance [21] p.36. Taking
J = Llogz nEJ + 1

for some € > 0, the right hand side of (4.6) is upper bounded by

C(8,7,, B, R, R, R") |n=20 + D=2 1 eDin"} .

Taking D = |(n/Inn)"@*) | and € > v/(6(2y + 1)), one obtains that
when § < v/2, D <27, and

.
p(Q)((f)’ BJ’V’OO(R’ R/’ R//)7 /8) S C((S? 7, &, /87 R7 R/7 R//) (%) i .

Since this upper bound also applies to ¥, one has
P(‘I/o” Bé,ﬁ/,oo(Ry R/a R//)a /8)

< 0o R R { () (L)L

Inlnn Inn

6.8. Proof of Proposition 5. As usual, we introduce a finite subset C of
Bs~.00(R,R',R"), composed of couples of intensities which are particularly
difficult to distinguish. Here one can use the finite subset of possible inten-
sities Spz,p,» that has been defined in [21] Equation (6.4), and define

C=A{(f,9),f =plpy and g € Su.pr},

for some fixed positive p. Next the computations of the lower bounds of [21]
can be completely reproduced once we remark that the likelihood ratio

dPp1yg.1).9 (NL N1 = dPp1yo (NY) x dPy

- (N_ ! ) )
d]P)Pl [0,11>1[0,1] d]P)Pl [0,1] d]Ppl[o,l]

where on the left hand side Py, represents the joint distribution of two
independent Poisson processes N' and N~!, with respective intensities f
and g, and on the right hand side Py represents the distribution of one
Poisson process N with intensity f. This means that the likelihood ratios
that have been considered in [21] are exactly the ones we need here to
compute the lower bound. The results are consequently identical.
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6.9. Proof of Corollary 2. Considering Theorem 4.2 applied to Ezam-
ple 4, we mainly have to find a sharp upper bound for

(m1,m2)eM

inf {Mf—g%—mmma*ﬁ—yWQ

| W m) \/ 17+ glocl f + gl [, u2}
n )

2—dm2

when (f, g) belongs to Sy(R, R', R").
Let us first control the bias term [(f — g) — Kmy hn, * (f — g)|?. Plancherel’s
theorem gives that when (f — g) € L}(RY) N 1L2(R9),

COUNF=9) = Fmyh, * (f =9I

= 1(F = 9) = s hmg * (f — 9)I2
(F —9) — Ko oy (F = 9) I
(1~ Ky o)) (T — 9

= [ (=) (=0,

:/Rd

Assume now that (f, g) € S§(R, R/, R"), and take m} = min{m; € My, m; >
d}. Note that since ks oo < 400 and ky,: satisfies the condition (4.7), there
also exists some constant C(§) > 0 such that

— 2 —
L= (27"20)| (0)(F = )2 (w)d.

|1 — Koz (u)]

< C(9).
lulf

Ess sup,epa\ {0y

Then

10 =0) = by = (= 9 < G [ 12l ),

and since (f — g) € S§(R),

I(f = 9) = kit o, * (f — 9)I> <2722 C(5) R
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Furthermore, |k;,x I?> < C(6), so

inf {Il(f —9) = ki, * (f = 9)I?

(m1,m2)eM

+

Wy ma) ||f+g||oo||f+g||1nkmln2}

n 2—dm2

moEMa n Q—dma

Wim* m o)
<COG.afR) inf {2_25m2+ mim) [1F+ 9] ||f+g||1}.

Choosing

i oo (i) ™)

45
. Inlnn\ 4+
—26 20
2772 <2 <—n ) ;

leads to

and since Wiy ms) < C(6,d)Inlnn,

40
W(m* m 0o a+45
i UL 200 < o, T oty o ()™

n 9—dmj
45
1 Inlnn\ d+4s
— S ,
n n

when (f,g) € Sy(R, R/, R"),

Noticing that

C(@ﬁ)( inf {H(f = 9) = kg * (f =9I

(m1,m2)eEM

+ n 2—dma n

Wonsma) [1F + glool f + gliTimy I } . Hf+gHoo)

48
d+45
gC((S,a,ﬁ,R,R’,R”,d)<lnlnn> -

This concludes the proof of Corollary 2.
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6.10. Proof of Corollary 3. As in the previous section, considering The-
orem 4.2 applied to Fxample 5, we here have to find a sharp upper bound
for

inf {”(f 9) —kvn, % (F—g)I® + <1mz w\f+gHoon+gH1H/<:1H2}

ma€M2 Z 1 hm27

Let us first evaluate |(f —g) — ki * (f — ¢)|* when (f —g) € Ngd(R), and
h=(h,... ha).

For z = (z1,...,74) € R% let b(z) = kyp + (f — g)(z) — (f — g)(x). Then
b(z) = /Rd ki(ui, ... ua)(f—g)(@i+urhy, ..., watughg)duy . .. dug—(f—g) (),

and since [pq k1(u1, ..., uq)duy ... dug =1,

bx) = /del(ula---aud)[(f_g)(xl+Ulh17---7xd+udhd)

—(f—g)(a:l,...,xd)}dul...dud

where fori =1...d,

bi(z) = /d ki(ui,. .. ,uq) | (f —g)(x1 +wrhy, ... @+ uihi, Tiga, .., 2q)
R
- (f - g)(xl + ulhl, ey Ly Lj41y e - - ,.’L'd)] du1 . dud,
As in the proof of Proposition 1.5 p. 13 of [58], using the Taylor expansion

of (f —g) in the ith direction and the fact that [p k1 ;(u;)uldu; = 0 for
j=1...16;], we obtain that
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(o) — RO
() = /deluw_l)!ljo (1-)

DiLéiJ(f —g)(x1 +urhy, ... @ + Tuihi, i, .. ,xd)dT] du
(uih;)Lo] /1 16:]—1
= ky(u)—"— 1— ’
/]Rd 1 )(L5iJ—1)! o( ")
<Dil5iJ(f —g)(x1 +urhy, ...,z + TUhi, Tig1, - ., Tq)
_DZL&'J (f —9)(x1 +urhy, ...,z ... ,:Ed)>d7'] du.

Hence, by using twice Lemma 1.1 p. 13 of [58] extended to the spaces R? x R
and R? x R,

.h.’L5iJ 1 _
bils < / ki(u 7’1% - / 1 — 7)ot
I3 Rd( [ [
‘DiwiJ(f—g)(:pl+u1h1,...,ZEi+7Uihi,xi+17---,xd)
2
_DlwzJ(f_g)($1—|—ulh1,,ﬂj‘Z,$d)‘d7’]du> dx

M ' _ L)1
[ Rd"‘:l(“)'(wg—l)!(/w[/o (1-)

‘DP%f—w@q+uﬁh”wm+TWMJHhuw%)

IN

1/2 2
161 )
—D; (f—g)($1+ulh1,...,l‘i...,$d)‘d7] dx du

and

uih; |19 ! =
i3 < [ Rd|kq(u)|%</o (1— 7l 1</Rd

‘DZL&Z'J (f —g)(x1 +urhy, ...,z + Tuihi, xig1, ..., 2q)

_ 2 \1/2
_Di\_‘SzJ (f — g)(xl —+ U1h17 R A ,.Z'd)‘ da:) dT) dU] .
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Since (f — g) € N3 ,(R),

[bil2 < C(6))R / [ () s ha | du < C(65) ( / |k <u>||uz-|5idu) RAY'.
R4 R4
So,
d
ler * (f —9) = (f =)l < CORD_ hl¥.

1=1

Let us now find some mo in My giving a sharp upper bound for

) ||f+9||oo||f+9||1||k1||2}'

d
maE€My HZ:l hm27i

Let 1/0 = 2?21 1/4;, and choose m3 = (m3;,...,m3 ;) in Mz, with

28
. N \5aim
M2, = \‘logz ((lnlnn) )J ’

w m
inf {H(f—g) — B, * (F— 9P+ (17; )

for every i = 1...d. Since hy,; = (27M2a L 27 M),
d
”(f - g) - kl,hm* * (f - g)|| < 0(5, R) 22_m2,i6i,
’ i=1
SO

45
Inlnn\ 1+4
- .

I = 9) = Kany = (f — 9)I* < CG,R) <

Moreover, it is easy to see that W(1,my) < C(d,d)Inlnn, and hence

Wamg) [+ gloolf + glalka]?
n [T, 27

lnlnn< n >Z§l—1(1+§5)5i

n In lnﬁn

46
Inln n) T+43

<C(5,a,B8, R, R",d)

< C(6,a,8,R,R",d) (

Noticing that when Inlnn > 1,

435

1 <lnlnn> 1445
_ é ,
n n
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this ends the proof of Corollary 3.
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