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Regularization of subsolutions in discrete weak KAM theory

P. BERNARD, M. ZAVIDOVIQUE
November 3, 2012

Abstract

We expose different methods of regularizations of subsolutions in the context of discrete weak
KAM theory. They allow to prove the existence and the density of C''! subsolutions. Moreover,
these subsolutions can be made strict and smooth outside of the Aubry set.

1 Introduction

We consider a smooth connected Riemannian manifold M endowed with the distance d(.,.) coming
from the Riemannian metric. Fixing a cost function ¢ : M x M — R we study the functions v : M — R
which satisfy

V(z,y) € M x M, u(y) —u(z) < c(z,y),

we call them subsolutions, by analogy with those appearing in Weak KAM theory (see [F'S04, Ber(7]
for example). We will denote by SS the set of subsolutions, and by SS¢ = SS N C%(M,R) the
set of continuous subsolutions. These subsolutions are one of the important objects in discrete (in
time) weak KAM theory. Some other aspects of this discrete theory have been discussed in [Gom05,
BB07, Zav12]. This theory is also closely related to the time—periodic weak KAM theory, discussed
for example in [CISMO0, Ber08] and many other papers. In many aspects, these various settings
(discrete, time-periodic, autonomous) are similar, but differences appear for some specific questions.
For example, the convergence of the Lax—Oleinik semi—group holds only in the autonomous setting,
see [Fat98, FMOO, Ber02, BRO5], the Hamilton—Jacobi equation does not have such a nice form in
the discrete setting as in the autonomous setting, see [Gom05]. Some other specific aspects of the
discrete case are discussed in [Zav12]. Concerning the regularity of subsolutions, the existence of C!
subsolutions was obtained in [Zav12] in the discrete setting by an adaptation of the original proof of
Fathi and Siconolfi ['S04]. On the other hand, the proof of the existence of C''! subsolutions given
in [Ber07] for the autonomous setting does not extend to the discrete setting. The existence of O
subsolutions was however obtained in [Zav10] by a different method. Our goal here is to extend and
simplify the results of this paper.
Defining, as usual, the discrete Lax—Oleinik operators

T, u(x) = yig]a u(y) +c(y,z), T, u(z) = sup u(y) — c(z,y),
Y

we see that a function u is a subsolution if and only if one of the equivalent relations is verified:
u<T, u or Tju < u.

Note as a consequence that the functions 7 u and T.fu are themselves subsolutions whenever u is a
subsolution. We will use the following hypothesis on ¢. More concrete hypotheses implying this one
are given below.

Hypothesis 1. For each subsolution u, the functions T, u and —7T.u are locally semiconcave’.

IThroughout the paper, we call semiconcave what is sometimes called semiconcave with a linear modulus.



Subsolutions do not necessarily exist, and, when they exist, they are not necessarily continuous (the
continuity of subsolutions is discussed in [Zav12]). Under Hypothesis 1, the existence of a continuous
subsolution is implied by the existence of a (possibly discontinuous) subsolution w, just consider the
subsolution 7, u, which is locally semiconcave hence locally Lipschitz. See also Lemma 2.2 below.

Theorem 1. If Hypothesis 1 holds, then the set of locally C1' subsolutions is dense in the set of
continuous subsolutions for the strong topology.

We recall that the strong (or Whitney) topology on C°(M,R) is induced by the basis of open sets:
Ocr={9€ CO(M,R), YzeM, |f(z)—g(x)| <e(x)}

where f € CY(M,R) and e is a continuous positive valued function on M. For further precisions on
this topology, see [I1ir94, Chapter 2]. The existence of C''! subsolutions was proved in [Zav10], but
the density is new. In [Zav10], the existence of C'™! subsolutions is deduced from the following result
of Ilmanen (see [[1m93, Car01, FZ10, Berl0]):

Theorem 2. Let f and g be locally semiconcave functions on M such that f + g > 0. Then there
exists a locally CY function u such that —g < u < f.

We will offer a direct proof of Theorem 1, which is inspired from the proof of [lmanen’s Lemma given
in [Berl10]. Note that Theorem 1 implies Theorem 2. This follows immediately from the equivalence,
for a given function u, between the two following properties:

e the function g + u is bounded from below and —¢ < u — inf(g + u) < f;
e the function u is a subsolution for the cost c¢(x,y) = g(x) + f(y).

We need to introduce more definitions before we state our other results. The subsolution w is
called free at x if
Tru(z) < u(z) < T, u(x).

[

We define the set A, as
Ay i={z e M, Tiu(x)=u(z)=T,ulx)} C M,

and the Aubry set A as
A=) AuCM
ueSS
where the intersection is taken on all subsolutions. Under hypothesis 1, the sets A, are closed, since
they are defined by the equality T.-u = T, u. The set A is then also closed. Moreover, it makes no
difference to restrict the intersection to continuous subsolutions in the definition of A, by Lemma 2.2
below. We say that the subsolution w is strict at (x,y) if

u(y) —u(z) < c(z,y).

Obviously, the subsolution w is strict at (z,y) and at (y,z) for each y if it is free at x. We define the
set

~

Ay o= {(z,y) € M* : u(y) — u(z) = c(z,y)}.

JI:ZZ (w ?Iu
ueSS

We also define

where the intersection is taken on all subsolutions. Equivalently, if Hypothesis 1 holds, the intersection
can be taken on continuous subsolutions, by Lemma 2.2. This yields that A is also closed.

Theorem 3. Assume that ¢ satisfies Hypothesis 1. Given a subsolution u, there exists a subsolution
v such that



e v=uon A,,

v 18 smooth and free on the complement of A,

v is locally C11,

v is strict at each pair (x,y) where u is strict.
We can then obtain a subsolution which is as smooth, free, and strict as possible:

Theorem 4. If ¢ satisfies hypothesis 1 and admits a subsolution, then there exists a lOCallyAC’l’l
subsolution which is free and smooth in the complement of A, and strict on the complement of A.

Observe as a consequence that the projections of A on both the first and the second factor are
contained in A, (and, under the additional hypothesis 2, each of these projections is equal to A, see
below). Strict C1! subsolutions were obtained in [Zav10] under an additional twist assumption. We
will use a simple trick of [Ber07] to obtain directly the general result from Theorem 1. That the
subsolutions can be made smooth outside of A is well-known. It will certainly not be a surprise to
specialists that this can be done without destroying the global C'! regularity, although we do not
know any reference for this statement. We prove it using a regularization procedure due to De Rham
[dR73]. This proof also applies to the “classical” (as opposed to discrete) weak KAM theory.

The abstract Hypothesis 1 holds in a more concrete setting, introduced in [Zav12]:
Hypothesis 2. The function c satisfies the following properties:

e uniform super-linearity: for every k > 0, there exists C'(k) € R such that

V(z,y) € M x M, c(z,y) > kd(z,y) — C(k);

e uniform boundedness: for every R € R, there exists A(R) € R such that

V(z,y) e M x M, d(z,y) < R= c(z,y) < A(R);

e local semiconcavity: for each point (xg,yg) there is a domain of chart containing (zg, yo) and
a smooth function f(z,y) such that ¢ — f is concave in the chart. (This holds for example if ¢
is C2 or locally C'11).

This hypothesis has two important consequences, as was proved in [Zavl2]. First, it implies
Hypothesis 1. Second, it implies that the extrema in the definitions of T u(z) are reached for each
continuous subsolution v and each z € M. This in turn implies that the the projection of A on the
first, as well as on the second, factor are equal to A, which corresponds to the projected Aubry set
introduced in [Zav12]:

Lemma 1.1. Assume that ¢ satisfies Hypothesis 2. Given x € A, there ezist y and z such that (x, z)
and (y,x) are in A.

PROOF. Let w be a continuous subsolution which is strict outside of A (such a solution exists by Theo-
rem 4). Let y be such that T, w(z) = w(y)+c(y, z). Since z € A we obtain that w(z) —w(y) = c(y,z).
Hence (y,z) € A, = A. The existence of z is proved in the same way, using 7.". 0

Finally, let us mention one last setting in which Hypothesis 1 holds :

Hypothesis 3. The function c is locally bi-semiconcave:
for all (z,y) € M x M we can find the following:

e neighborhoods U and V of respectively x and y,

e diffeomorphisms ¢ and 9 from B, to respectively U and V (B, is the unit ball in R™),



smooth functions f and g from B, to R,

such that for each x € M, the function z — c(:z:,gog(z)) — g(z) is concave and for all y € M, the
function z — ¢(p1(2),y) — f(2) is concave.

It is easy to prove, as in [Zav10, Proposition 4.6], that Hypothesis 3 also implies Hypothesis 1
(using that an infimum of equi-semiconcave functions is itself semiconcave).
We thank the anonymous referee for his very careful reading which led to many improvements.

2 Preliminaries

We gather here some useful facts obtained from elementary manipulations of the Lax—Oleinik opera-
tors. Let us first list, without proof, some properties of the operators T:F.

Monotony : u < v = TFu < TFv.

Convexity : Given a sequence u,, of functions and a sequence a,, of non—negative numbers such
that > yan, =1, and such that the series Y -y anT. Un, Y ey @ty and Y an T u, are
converging point—wise, we have

TC_( Z anun) > Z anT, up Tj( Z anun) < Z anTjun.
neN neN neN neN

The set SS of subsolutions is convex, and it is closed under point—wise convergence. A convex
combination )y anu, of subsolutions, with a point-wise convergent sum, is a subsolution; it
is free at x (resp. strict at (z,y)) provided there exists n such that a,, > 0 and such that wu,, is
free at = (resp. strict at (z,y)).

We have the equalities T.F o T o T,;F =T and T, o T;F o T, =T .

We have the inequalities
TroT;u<u , T, ol u>wu

for each function wu.

If u is a subsolution, then

Tru<TfoT, u<u<T, oT u<T, u (1)

C

The following criterion for subsolutions is taken from [Zav12]:

Lemma 2.1. Let u be a subsolution and let us consider a function v such that

u<v<T, u,

then v itself is a subsolution.

C c

PRrROOF. The statement follows from the inequalities u < v < T u < T, v. 0

Playing with the Lax—Oleinik operators also leads to:

Lemma 2.2. Let u be a subsolution, then the subsolution

o Tru+TroT  u+T, oTfu+T, u
o 4

is free on the complement of Ay, equal to u on A, and strict on the complement of fTu If Hypothesis
1 holds, then v is locally Lipschitz.



We then have A, C A,, but this inclusion is not necessarily an equality.
PRrROOF. To prove that v is free on the complement of A,,, we consider a point x at which v is not free,
and prove that z € A,. We either have T.fv(z) = v(z) or T, v(z) = v(x). In the first case, we have

do(x) = AT v(z) < T o T u(x) + T o T o T u(x) + T o T o Tifu(x) + TiF o T u(x)
hence the inequalities

Tf o THu(e) < Thu(e) , T 0Ty o T ule) < T o Ty u(w)
T o T o Tju(e) = Tiu(e) < T o Tju(e) , TF o Ty u(x) < Tr ula)

C

sum to an equality, hence they are equalities. In view of (1) the two last equalities imply that
TFu(z) = u(x) = T u(z). The second case is similar. It then follows from Lemma 2.3 below that v
is strict outside of A,,. 0

The following Lemma allows to reduce strictness questions to freedom questions, and ends the
proof of Lemma 2.2.

Lemma 2.3. Let u,v be subsolutions, such that v is free outside of A, and equal to u on A, then v
is strict at each point (x,y) where u is strict.

PROOF. Let (x,y) be a pair at which v is not strict. Then v(y) —v(z) = ¢(z,y), hence T v(y) = v(y)
and Tv(z) = v(x). Since v is free outside of A, this implies that both z and y belong to A,. Since
u = v on A,, we conclude that

hence w is not strict at (x,y). 0

It will also be useful to quantify the freedom of a subsolution u by its leverage function:

Definition 2.4. The leverage function A\, : M — [0, 00) of the subsolution u is defined by:
1
A(z) = 3 min (T, w(z) — u(xz), u(z) — T, u(z)).

Note that w is free at x if and only if A, (z) > 0.

Lemma 2.5. Let u be a subsolution and let v be another function such that |u — v| < Ay, then v is
itself a subsolution. Moreover, if u is free at x then so is v, and if u is strict at (z,y), then so is v.

PROOF. By definition, we have
3max{A,(z), Au(y)} < max{u(z) — Tru(x), T, uly) —uy)} < clz,y) —uly) + u(z).
We conclude that
0 < max{Ay(z), Au(y)} < e(z,y) —v(y) +v(z)

hence that
THo(z) + Au(z) < v() < Tov() — Ay ()

for each x, which implies that v is a subsolution which is free at points where u is free. The last claim
follows from Lemma 2.3. 0



3 The uniform case on R" and the Jensen transforms

In this section we work on M = R"™. A function u : R® — R is called k-semiconcave if u(x) — kx|
is concave. We make the following more quantitative version of Hypothesis 1 on the cost c:

Hypothesis 1-K. There exists a constant K such that for each subsolution w, the functions 7, u
and —TFu are K-semiconcave.

One setting which implies this condition is the following version of Hypothesis 3:

Hypothesis 3—K. There exists a constant K such that the function z — ¢(z,y) is K—semiconcave
for each y and the function y — c(z,y) is K—semiconcave for each z.

We will use the Jensen transforms which associate, to a function v : R® — R and a positive real
number ¢, the functions

—t _ LT +t _ L e
T tul@) = jnf (ul)+ gy —al?), T (@) = sup (ulw) -l )

These are nothing but the Lax—Oleinik operators associated to the costs ¢;(z,y) = %Hy —z|%

Theorem 5. Let u be a uniformly continuous subsolution. The function J~t o J¥2t o J=ty is finite
and, for t small enough, it is a CY' subsolution. Moreover, it converges uniformly to u as t —
0. More precisely, if u is a uniformly continuous subsolution then for t,s < K~ the functions
Jto JHU+s) o J=5y and JT o J=U+9) o Jtsy are CY1 subsolutions which converge uniformly to u as
t,s — 0. Moreover, we have

THoT u<J o ) o g0 < Tru , THu< JMoJ ) o g5y < T o Thu.

Note that the last inequalities imply that J—* o JTtS) o J=5y and JTt o J~(F9) o Jt5y are
subsolutions, by Lemma 2.1. We recall a few properties of the Jensen transforms, most of which
are proved in [Berl0] or [AD00]. Both families of operators J~ and J*1 are semi-groups. They are
monotonous in the following way:

Vs >t >0, infu<Ju<J u<<u< Iy < J™u <supu
and in the following one:
u<v={Vt>0, J'u<J ' and JTu < J 0}

We call modulus of continuity a continuous function p : [0,00) — [0,00) such that p(0) = 0. A
function f is said p—continuous if |f(y) — f(x)| < p(|ly — z||) for all  and y. Given a modulus of
continuity p, there exists a modulus of continuity e such that, for each p—continuous function wu, the
following properties hold:

e the functions J ‘u and J™'u are finite-valued and p—continuous for each t > 0,
o Jlyis t~!-semiconcave and J1t u is t~!-semiconvex,

o 77— ulloo + 1T u — uflos < €(),

o JtoJty >wand J o J tu < u,

e the equality J ! o Jt'u = u (resp. J** o J~'u = w) holds if and only if u is t~!-semiconcave
(resp. t~!-semiconvex),

e if u is semiconvex (resp. semiconcave) then J—t o J™tu (resp. J*' o J7tu) is C1! (and finite
valued).



Using these properties, we now prove Theorem 5. Let u be a uniformly continuous subsolution, with
modulus p. Since the function u is a subsolution, we have v < T, u hence T u is finite-valued. Our
hypothesis is that the function 7, v is K-semiconcave. For s < K~!, we have

u< J Po P u < J o (T u) =T, u,

where the last inequality follows from the K-semiconcavity of T, u and the properties of J~ oJ ¥ listed
above. We conclude that the function J~% o J™%u is a p-continuous, s~!'-semiconcave subsolution.
Similarly, if u is p—continuous and ¢ < K~!, then the function J** o J~fu is a p-continuous, ¢t~!
semiconvex subsolution. Applying this observation to the function J % o J™5u, we conclude that
JttoJ to J %o JT%u is a p-continuous subsolution. This subsolution is C'*! since J=% o J™%u is
semiconcave. We have the inequality

TroT u=J"oJ T 0T u)<J o lu< J Mo P o J S0 u < J o JHT u) < T, u.
Finally, we have
u<J P o JPu < T (u+ [T — ufloo) < [T u — ullos + ([T U — uljos +u < u+€(s)
and similarly u — €(t) < J*' o J~'u < u hence
u—e(t) <J Mo J u I o J ) o gty < J 5o g u <u+ e(s),

where € is the modulus associated to p in the list of properties of J. 0

4 The general case

In this section, we come back to the general setting and prove Theorem 1. We derive it from the
uniform version using partitions of unity, as was done in [Berl0] for Ilmanen’s Lemma. We fix a
locally finite atlas (¢;)ier constituted of smooth maps ¢; : B, — M, where B,, is the open unit ball.
We assume that all the images ¢;(B,,), for i € I, are relatively compact in M. Moreover, we consider

a smooth partition of unity (g;);er subordinated to the locally finite open covering (¢z(Bn)), - Given
positive numbers a;, b;,7 € I, we define the operators
Vre M, Su(x) =) [J% o " (giuo g0 ¢ (), (2)
el
Vo e M, Su(z)=>Y_ [JoJ Y (giuog) o¢; (x). (3)
i€l

The functions in the sums are extended to the whole of M by the value zero outside of the domain
¢i(By,). The sums are locally finite hence well-defined. Theorem 1 follows from:

Theorem 6. Assume that the cost ¢ satisfies Hypothesis 1. Let u be a continuous subsolution and
€e: M —]0,00) be a continuous function. For suitably chosen positive constants (a;)icr and (b;)ier,
the function S o S(u) is a locally C™' subsolution such that |u — S o Su| < € and

T oT u < SoSu< T, u.

PROOF. Since the image ¢;(B,) is relatively compact and since the atlas is locally finite the set
Ai={jel, ¢;(B,)Ne¢i(B,)# @} is finite, let us denote by e; its cardinal. Setting

_ g, o)

€; °
2maxe;
JEA;

7



we observe that

viel, e <t inf e(gi(a)). (4)

2 zeB
JEA; "

Let us make the convention to extend all functions which are compactly supported inside B,,, like
(giu) o ¢; by the value 0 to the whole of R™. For each i, we choose a positive constant a; such that

| (giw) o ¢ — T =% o JT4 ((giu) o ¢y) ||, < €. (5)

Such a constant exists because the function (g;u) o ¢; is uniformly continuous on R™. Since T, u is
locally semiconcave, the function (¢;7 u) o ¢;, extended by zero outside of B,,, is semiconcave on R”"
(see [Ber10]). We can assume by taking a; > 0 small enough that it is a; 'semiconcave, so that

lgiu] o ¢i < T~ 0 JTU([giu] 0 ¢i) < T4 0 JTU([giT w0 ¢i) = [T, u) o i

on R™. This implies in particular that the function J~% o J™% (g;u o ¢;) is supported in B,. As a
consequence, the function [J ~io JTi(gu o @)] o (bi_l, extended by zero outside of ¢;(B,,), is locally
semiconcave on M, hence the function Swu is locally semiconcave, being a locally finite sum of locally
semiconcave functions. By summation, we get

u=Y (gu)opiody <Su< Y [gTru]opiod;! =T, u,

el i€l

which, by Lemma 2.1, implies that Su is a subsolution. We have |u — Su| < €/2, by (5).
Next, we chose b; such that [¢; 7" o T u) o ¢; is b;lfsemiconvex, which implies that

(0T, o T ulo ¢y = J 0 0 I ([T o T ) o ¢y)
< I o TV ([giu] 0 ¢) < T 0 TP ([giSu] 0 ¢i) < [9:Su] o .

As above, this implies that Jtb o J =0 ([giSu] o qbi) is supported on B,,. Note that it is also C! hence
the function (J*% o J 7% ([g;Su]o¢;)) o ¢; ', extended by zero outside of ¢;(B,,), is locally C! on M.
By summation, we obtain that

TjoTc_u<Su<SoSu<Su<T_u,

C

which implies that S o Su is a subsolution. This function is locally C*! as a locally finite sum of
locally C'™! functions. Finally, we can assume by possibly reducing b; that

[(giSu) 0 ds — T 0 T ((giSu) 0 1) ||, < i,

I

which implies that |S o Su — Su| < €/2 hence that |S o Su — Su| < e. 0

Theorem 7. We assume hypothesis 1. Let Q C M be an open set and let u be a continuous subsolution
which is free on Q. Then the subsolution u belongs to the closure, for the strong topology, of the set
of CH1 subsolutions which are free on Q and equal to u on A,.

PROOF. Let € : M — ]0,00) be a continuous function. We can chose a; and b; in such a way that
S o Su is a subsolution which is equal to v on 4, and such that |S o Su — u| < e. However, S o Su
need not be free on ). To preserve the freedom of u, we work with the modified cost

&(x,y) = c(z,y) —¥(y),

where 1 is a smooth bounded function such that 0 < ¢ < A, (the leverage function of u), with strict
inequalities on 2. The associated Lax—Oleinik operator is

T v(x) = —(x) + T, v(x).



Fach subsolution for the cost ¢ is thus a subsolution for the cost ¢, and ¢ satisfies Hypothesis 1.
Moreover, the function w is a subsolution for the cost ¢. We apply Theorem 6 and get a locally C'!
subsolution w~ for the cost ¢, which satisfies |w™ — u| < € and w™ = w on A,. This function then
satisfies

Tow =y +T;w Z2¢Y+w”
hence it is a subsolution for the cost c¢. Similarly, by applying Theorem 6 with the modified cost
c(z,y) — ¥(x), we get a locally C1! subsolution w™ (for the cost c¢) such that

THwt <wh —,

|lwt —u| < e and wt = w on A,. We then set w := (wt + w™)/2 and claim that this locally C'!
subsolution is free on 2. This follows from the inequalities

Tow> (Tow +T,wh) /22 w4+ /2,
Trw < (THw™ + Trwh) /2 <w—1v/2,
since 1) is positive on 2. We also obviously have |w — u| < € and w = u on A,. 0

5 Proof of Theorem 3

We will build successively subsolutions vy, vy, v3 which are all equal to u on A, and free on the
complement 2 of A,. By Lemma 2.3, this also implies that the subsolutions v; are strict where wu is
strict. We take
CTHu+TroT u+T, oT u+T, u
= 1 ,
which is continuous, equal to u on A, and free on the complement of A, by Lemma 2.2.

We then build vy by applying Theorem 7 to vy, with Q = M\ A,, and get a locally C'! subsolution
v9 which is free on Q and equal to u on A,.

The following mollification result, which will be proved in the Appendix using a procedure due to
De Rham, allows to smooth our subsolution on {2.

U1

Theorem 8. Let f be a locally C*' function on M and let € : M — [0,00) be a continuous function.
Then, there exists a locally C*' function g : M — R which is smooth on the open set Q := e¢~1(0, +00)
and satisfies, for all x € M,

|f(@) = g(@)] + ldaf — dagll + - + [d5F — dgll < e().

More precisely, we apply Theorem 8 to the function f = ve, with k£ = 1, and with a function €(z)
such that e = 0 on A,, € > 0 on Q (the complement of A,), and € < Ay, (the leverage function of
v9). We get a Cb! function vz, which is smooth on  and is equal to u on A,. Since |v3 — va] < Ay,
Lemma 2.5 implies that v is a subsolution which is free on 2. Lemma 2.3 then implies that v3 is
strict where u is strict. 0

6 Proof of Theorem 4

It is enough to prove the existence of a subsolution u which is free on the complement of A and strict
on the complement of A. Theorem 3 then implies the existence of a locally C'! solution v which is
free and smooth on the complement of A, and which is strict on the complement of A. We start with:

Lemma 6.1. If ¢ satisfies Hypothesis 1 and admits a subsolution, then there exists a continuous
subsolution wy which is free on the complement of A.



PROOF. Let us consider a point = ¢ A. By definition, there exists a subsolution v, such that x ¢ A,_,
hence, by Lemma 2.2, there exists a continuous subsolution u, € SS¢ which is free at x. By continuity
of ug, T u, and T u, we may consider a positive number €, and an open neighborhood of z, O,, on
which the following holds:

The set M \ A satisfies the Lindelof property (it is a separable metric space). We can thus extract a
countable covering O,, n € N of the covering O,, x € M \ A. Denoting by u,, and €, the continuous
subsolution and positive real number associated to O,,, we consider a convex combination

wy = E GpUp,

neN

where ay, is a sequence of positive numbers such that ) " a, = 1 and such that the sum in the definition
of wy is normally convergent on each compact set. The function w; is then a continuous subsolution.
For each x ¢ A, there exists ng € N such that x € O,,,, and we have

T wi(z) =T, ( Z anun> (x) = Z an T, up(x) = apy€n, + Z Aty > w1 (T).

neN neN neN

A similar computation shows that T/ Fw;(z) < wy(x). m

Lemma 6.2. If there exists a continuous subsolution, then there exists a continuous subsolution ws
which is strict at each pair (x,y) where a strict continuous subsolution exists. Under Hypothesis 1,
the subsolution woy is then strict outside of A.

PROOF. Since M is separable, the set SS¢ of continuous subsolutions is also separable (for the
compact—open topology), and we consider a dense subsequence (uy)nen. Set

wo = Z ap Uy (6)

where the a,, are positive real numbers such that ) a,, = 1 and the sum (6) is uniformly convergent on
each compact subset. The function ws is a subsolution since it is a convex combination of subsolutions.
If now (x,y) € Ay,, summing the inequalities

vneN, ap (un(y) - un(x)) < anc(:v,y),
gives an equality, therefore all inequalities are equalities and
VneN, (z,y)€ Ay,

By density of the sequence u,, we deduce that (z,y) € .Zu for each continuous solution u. Under Hy-
pothesis 1, A is exactly the set of pairs at which no continuous subsolution is strict: A = (,css . A,

hence, (z,y) € A. O

To finish the proof of Theorem 4, we consider the subsolution v = (w; + wy)/2. This subsolution
is free on the complement of A because w; is, and it is strict on the complement of A because ws is.

O
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A  Proof of Theorem 8

We prove Theorem 8 using a regularization procedure due to De Rham, see [1R73]. The idea of De
Rham is to construct an action t of R™ on R™ by smooth diffeomorphisms supported on the unit sphere
B,,, in such a way that the induced action on B, is conjugated to the standard action of R™ on itself
by translations. More precisely, there exists a diffeomorphism b : B,, — R" and diffeomorphisms t,,
y € R", of R™, equal to the identity outside of the open unit ball B,,, such that the map (z,y) — t,(z)
is smooth and such that
ho ty =y+h
on Bj,. This implies that t is an action of the group R"™ on R", which means that t, o t,; = t,4
for each y,y’. Since t is smooth, ty = Id, and t, = Id outside of the unit ball, the maps t, converge
uniformly to the identity as y — 0, and all their derivatives converge uniformly to the derivatives of
the identity.
Let us give some details on the construction of h and t. We set

where h : [0,1] = R, is a smooth, strictly increasing (k' > 0) function such that

h(r) =r, 0<r<1/3,
h(r)=exp ((r—1)72?), 2/3<r<1.
We then define t,, for each y € R" by
ty(z) =7 (b(x) +y) if x € By,
ty(z) =2 it zeR"\ B,,.
It is clear from these formula that t,,,» = t,ot,/. The only issue is the smoothness of t. Differentiating
the previous group property with respect to 3y’ and taking v’ = 0 yields the following relation:
2’( = 2’t ot
oy Y oy v
This implies that

ty(r) =o+ /01 %tty(x)dt =z + /0 ((%tty(x)>ydt =z + /01 (%to(tty(x))>ydt.

In other words, the map t, is the time-one flow of the vector field X, (x) := M (z)y, where M (z) =
Oyty(az)‘yzo. In order to prove that the map t is smooth, it is enough to observe that the matrix
M (x) depends smoothly on x. This matrix can be computed, recalling that the gradient of the norm
x> ||z|] s ry =z /]x||:

1

!
(D!

t [z ¢
Ty T + e (L, — 1y 7s).
Since 1/h, 1/h', as well as all their derivatives go to 0 when |[z|| — 1, we conclude that M (z) is
smooth.
We have exposed the construction of h and t. They allow to define a local regularization procedure
with the help of a smooth kernel K7 : R™ — [0,00). We assume that K is supported in the unit ball
By, and that [ K; = 1. For 5 > 0, we set K,(z) =1 "K;(n 'x).

M(x) = dy(h ™"

Lemma A.1. Let O C R" be an open set containing B,,. Given a locally integrable function f : O —
R and n €]0, 1], we define

fe) = [ (6@ K0

The following assertions hold:
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1. The function f, is C*° in B, and equal to f outside of B,,,

2. If f is C* on O, then so are the functions fn, and fr — fin C* asn — 0.

3. If f is C®1 on O, then so are the functions [y, and limsup, g Lip(dkfn) < Lip(d¥f).
4. If, in some open set O' C O, f is C* in O, then so is fn-

PrOOF. On B,, we have
foob™h = (fobTh) x Ky,
where % is the convolution. Since the functions K, are smooth, this implies the first claim. Writing
fn—f= (foty = f)Ky(—y)dy
B(0,n)

and observing that fot, — f — 0 in CFR™ R") as y — 0 (because t, — Idin C’k(R",R")) yields
the second claim. We will now prove that

lim sup Lip (d*(f o t,)) < Lip(d" f), (7)

y—s0

which yields the third claim in view of the relation
d];fn = / d];(f oty) Ky (—y)dy.
B(0,n)

Let us consider a component 9%(f o t,) of the differential d*(f o t,), where a = (a1,..., ) is a
multi-index such that |« = > «; = k. By the Faa di Bruno formula, expressed in terms of partial
differentials (see [C'S96] for example), we have

0z (foty) = Z a");(x)f’ Ba,)\(dxtyv"’vdlca‘ty)y

IENRYSTY

where the B, \ are universal multi-variable polynomials with no constant terms. These polynomials
satisfy the equalities

Bao(1d,0,---,0) =1 and B, ,([d,0,---,0)=0

for all A # «. Since t;, — Id in C*°, the first of these equalities implies that the function x

Boo(dgty, ... ,dlva‘ty) is converging to 1 in C'*°. Concerning the other factor in this term, we have

Lip((9°) o t,) < Lip(9” f)Lip(t,) —> Lip(d” f).

We deduce that the upper limit of the Lipschitz constants of the term corresponding to A = « is not
greater than Lip(0°f).

On the other hand, for each of the terms with A # «, the function z —— By x(daty,. .. ,d‘xa'ty) is
converging to 0 in C hence the Lipschitz constant of the function

T — 8:?;(:0)]0 . B(X’)\(dmty, PN ,dlvodty)
is converging to 0. We conclude that
lim sup Lip(9°(f o t,)) < Lip(8°f),

which implies (7) hence the third point of the statement.
Regarding the last claim of the statement, we consider the set Q := ] L(0"), and claim
yEB(0,n)
that € is open. Assuming the claim, we observe that the function f, is smooth in B,, and that it is

12



C' in Q. Since the maps t, are all the identity outside of By, the set { contains O’ — B,. We have
covered O’ by two open sets, B,, and €2, such that the f, is C' on each of them, we conclude that this
function is C* on O'.

To prove that €2 is open, we fix z¢ € Q. For each yo € B(0,n), we have t,,(x) € O’, hence there
exists an open set Uy, containing yo and an open set §,, containing zo such that t,(z) € O for all
(x,y) € Qy, x Uy,. By compactness, there exists finitely many points y; € B(0,n) such that the open
sets Uy, cover B(0,7). The open intersection y,, which contains xg, is then contained in 2. Since

(2
this holds for each z( € €2, we have proved that () is open. O

Lemma A.2. Let O be open subsets of R and let f : O — R be a C*1 function. Given a continuous
function € : O — [0,00), there exists a function f. such that:

1. the function f. is C* in the open set {x € O,¢e(x) > 0} C O,
2. |fe(x) = f(@)| + [de fe = dafl| + - - + [|d5 fe — i fI| < () for each x € O,
3. the function f. is C*' on O, and Lip(d*f.) < 1+ Lip(d*f).

PROOF. Let us denote by F' the closed set {¢ = 0}. The complement of F' in O is open, and we
consider a locally finite covering (O;);en+ of O \ F' by open balls compactly included in O \ F. Since
inf{e(z), = € O;} > 0. we can construct inductively, using Lemma A.1 a sequence of functions,
(fi)ien such that

e fo=1,

for each ¢ € N, the function f;11is C*° in O U--- U O;41,

for each i € N, the functions f; and f;+1 are equal in O \ O;41,

for each i € N, the function f;y; is C®! in O, and Lip(d* f;;1) < 271 + Lip(d* f;),

|fix1(z) = fi(@)| + ||defisr — dafill + - 4+ ||dE firr — dE ]| < 27 %€(x) for each z € O, i € N,

Each point of O has a neighborhood on which the sequence f; is eventually constant, hence the limit
fe :=lim f; is well-defined and smooth on | JO; = O \ F. The desired estimates on f. follow immedi-

ately from the inductive estimates by summation. O

PROOF OF THEOREM 8. We fix a locally finite atlas (¢;);cn+ constituted of smooth maps ¢; :
2B,, — M, where B,, is the open unit ball. We assume that all the images ¢;(2B,), i € N* are
relatively compact in M and that the ¢;(B,,), i € N* still cover M. By Lemma A.2, it is possible to
construct inductively a sequence of functions f;, by iteratively modifying f; o ¢;+1 on B,,, such that

° f0:f7

for each i € N, the function f;11is C™®in |J ¢;(Bn)NQ,
j<itl

for each i € N, in M \ ¢;+1(By,), the functions f; and f;+1 are equal,

for each i € N, the function f;,; is C*! on M,

foreachi e N,z € M, |fi(z) — fix1(z)|+ -+ ||d’;fi — d’;fiHH < 270 te(a).

Each point z € M has a neighborhood on which the sequence f; is eventually constant, hence the
limit ¢ = lim f; is well defined, locally C*!, and smooth on . The inequality on the differentials
follows by summation from the iterative assumptions. 0
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