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Abstract
In this paper, we consider two systems modelling the evolution of a rigid body in an incompressible
fluid in a bounded domain of the plane. The first system corresponds to an inviscid fluid driven by
the Euler equation whereas the other one corresponds to a viscous fluid driven by the Navier-Stokes
system. In both cases we investigate the uniqueness of weak solutions, & la Yudovich for the Euler
case, a la Leray for the Navier-Stokes case, as long as no collision occurs.

1 Introduction

In this paper, we consider two systems modelling the evolution of a rigid body in an incompressible fluid
in dimension two. The two cases correspond respectively to the inviscid case, where the fluid is driven
by the Euler equation, and the viscous case, where it is driven by the Navier-Stokes system. In both
cases we investigate the uniqueness of weak solutions (& la Yudovich for the Euler case, & la Leray for
the Navier-Stokes case).

To model the body-fluid systems, we introduce the following objects. Let £} a smooth connected
bounded open set in R?, and Sy smooth closed connected and simply connected subset of €. We consider
the motion in the domain € of a solid occupying at time ¢ the domain S(¢) C €2, where S(0) = Sp.

The motion of this solid is rigid, so that S(¢) is obtained by a rigid movement (that is a translation
and a rotation) from its initial position Sg. The group of rigid transformations of the plane is the special
Euclidean group, denoted by SE(2). We will denote m > 0 and J > 0 respectively the mass and the
inertia of the body and h(t) the position of its center of mass at time ¢. We also introduce

((t) = H(t),
the velocity of the center of mass and
r(t) = 0'(t),
the angular velocity of the body. The angle § measures the rotation between S(t) and Sy. Accordingly,
the solid velocity is given by
us(t,x) = 0(t) +r(t)(x — h(t)) " 1)
A way to represent the rigid motion from Sy to S(t) is to introduce the rotation matrix

~[cosB(t) —sinf(t)
Q(t) = sin@(t) cosf(t) |-

Then the position 7(¢,z) € S(t) at the time ¢ of the point fixed to the body with an initial position x is
T(t,z) := h(t) + Q(t)(z — h(0)),
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so that
S(t) = 7(t)(So)-
We denote
h(0) = hg, h'(0) = £y, 6(0) =0, 7(0) = r, (2)

the initial values of the solid data.
Let us stress here that, given some initial data, it suffices to know (¢, r) to deduce all the other objects
above, since to (¢£,7) € C°([0,T]; R? x R) we can associate (h®",04™) € C*(]0,T]; R? x R) by

t t
W) = ho+ [ 6 057(t) = /0 " 3)

0
the velocity

ug” (@) = () + r(t) (@ — hOT ()T, (4)
and

cos 04T (t) —sin 9”(15)}

QD)= Line“(t) cos 657 (1) ?

We also deduce the rigid displacement and the position of the solid, let us say 7" (t) and S*"(t) defined
by
TOT(t) s QYT (H)[z — ho] + hET(t) € SE(2), and SY"(t) = 757 (t)S,. (6)

Then we define the fluid domain as
]-"Z”"(t) =Q\ Sl”"(t). (7)

We may omit the dependence on (¢, 7) when there is no ambiguity on the various objects defined above.
In the rest of the domain, that is in the open set
F(t) :==Q\S(1),
evolves a planar fluid driven by the Euler or the Navier-Stokes equations. We denote correspondingly
Fo :=Q\ So,

the initial fluid domain. We will consider for each ¢ the velocity field u = u(t,z) € R? and the pressure
field p = p(t,x) € R in F(t). The fluid will be supposed in both cases to be homogeneous of density 1,
in order to simplify the equations (and without loss of generality). We denote

ult=0 = uo, (8)

the initial value of the fluid velocity field.
Now to be more specific on the systems under view, we distinguish between the two cases.

1.1 The Euler case

In this case, the fluid equation is the incompressible Euler equation and the body evolves according to
Newton’s law, under the influence of the pressure alone. The boundary conditions correspond to the
impermeability of the boundary and involve the normal component of the velocity. The complete system
driving the dynamics reads

%—l—(u-V)u—i—Vp:O for x € F(t), (9)
divu=0 for =€ F(t), (10)
u-n=ug-n for x e dS(t), (11)
u-n=0 for z€0Q, (12)
mh” (t) :/ pndo, (13)

85 (1)
T0(t) = / p (@ — h{t)): - ndo. (14)

a5 (1)



When x = (x1,z2) the notation z* stands for

xt o= (—x2,21),

n denotes the unit outward normal on OF(t), do denotes the integration element on the boundary 0S(t)
of the body.

For this system, one can prove the existence of a solution “a la Yudovich” [33] on a time interval
limited only by the possible encounter of the solid and the boundary 92. The main assumption is that
the initial vorticity

wp := curl ug,

is bounded in €.
Theorem 1. For any ug € C°(Fo;R?), (lo,70) € R? x R, such that:
div ug = 0 in Fo, ug-n = by + ro(x — ho)L) -n on 08y, ug-n =0 on 99, (15)

and
wg := curlug € L™ (Fy), (16)

there exists T' > 0 and a solution
(€,r,u) € CH([0,TT;R? x R) x [L(0, T LL(F(£))) N CO([0, T WH(F(1)))], Vg € [1,+00),
of (9)-(14). Moreover, if T < +o0 is mazimal, then
dist(S(t),00) - 0 ast — T~ . (17)

Several comments are in order here.
First the notation LL(F(t)) refers to the space of log-Lipschitz functions on F(t), that is the set of
functions f € L>°(F(t)) such that

[f(x) = f(y)]
—yl(1+In" |z —y|)

[fllcex @y = [ fllL=(F) +sup < +o0. (18)
ety |T

For a functional space X of functions depending on the variable x, the notation L>°(0,T; X (F(t))) or
C([0,T]; X (F(t))) stands for the space of functions defined for each ¢ in the fluid domain F(¢), and which
can be extended to functions in L>(0, T; X (R?)) or C([0,T]; X (R?)) respectively. In the same spirit, we
will make the abuse of notations [0, T] x F(t) for Usepo,ry{t} x F(t).

The other remark is that the pressure p is uniquely defined, up to a function depending only on time,
by (¢,7,u) as a function of L (0, T; H'(F(t))) (see Corollary 2). In particular this gives a sense to the
right hand sides of (13)-(14).

In the case when Q = R?, the equivalent of Theorem 1 (together with the uniqueness in this particular
case), was proven in [13]. In this particular situation, one can make a rigid change of variable to write
the system in Fy, which simplifies the analysis.

We provide in the appendix a proof of Theorem 1 in the case considered here where the system
occupies a bounded domain.

The first main result of this paper is the following.

Theorem 2. The above solution is unique in its class.

1.2 The Navier-Stokes case

We now turn to the case of a viscous fluid.



In this case, the fluid equation is the incompressible Navier-Stokes equation and the body evolves
according to Newton’s law, under the influence of the whole Cauchy stress tensor. The boundary con-
ditions are the usual no-slip condition for the velocity field. The complete system driving the dynamics
reads

@—i—(?rV)u—Au—i—Vp:O for =z € F(t),

19
ot

(19)
divu=0 for =€ F(t), (20)
u=ug for x € dS(t), (21)

u=0 for z €99, (22)
(23)

mh" (t) = —/ Tn do, 23
a8 (1)

T(t) = — / Tn - (z — h(t)* do, (24)
aS(t)
where the same notations for x, do and h are used as in the previous paragraph, and where
1
T(u,p) := —pIld+2Du with Du := i(Vu + vu™).

For this system, one can prove the existence of a weak solution “a la Leray” [25, 26], for which the main
assumption is that the initial velocity ug is square-integrable. To define more precisely what we mean
by a weak solution of (19)-(24), let us define a velocity field globally on § by setting

u(t,x) :=u(t,z) for x € F(t) and u(t,z) :=us(t,z) for = € S(t), (25)
where ugs is given by (1). We will say that u is compatible with (¢,r) when (¢, -) belongs to H*(£2) for
almost every ¢ and (25) holds with F(t) = F%"(t) and us is given by (1). Similarly, for the initial data,
we define a velocity field @y by setting

to(z) := ug(z) for x € Fy and Tg(x) := by + ro(z — ho)* for = € Sp.

Now to define the notion of weak solutions that we consider, it will be useful to introduce the density
inside the solid at initial time ¢ = 0 as the function ps,(z), for x € Sy. Accordingly, the mass and the
inertia of the solid satisfy

m=[ ps@de wd T= [ ps@)le - hol* .
So SO

We extend this initial density as a function on the whole domain 2 by setting
po(z) = ps, in Sg and po(x) =1 in Fo. (26)
Given a rigid movement (¢,7), we define the solid density as:
ps(ty) = pey (77 (8,)) 7 () in S (1) and psey () = 0 in FE7 (1), (27)
and the density p(t,z) in [0,T] x 2 as
p(t,z) = ps(t,x) in S4"(t) and p(x) =1 in FO"(t). (28)
Definition 1 (see [18, 3, 1, 28, 6]). We say that
(¢,r,@) € C°([0,T]; R? x R) x [L>(0,T; L*(Q)) N L*(0,T; H'(Q2))]
is a weak solution of (19)-(24) with the initial data (2)-(8) if @ is divergence free,

u 1is compatible with (¢,r), (29)



and for any divergence free vector field ¢ € C°([0,T] x ;R?) such that Dp(t,x) = 0 when t € [0,T)
and x € S4"(t), there holds, when p is given by (28):

- - =00 o oDy . Do —
/onuo~¢|t_o—/Q(pu~¢)|t_T+/(07T)Xqu.at—k(u@u—?Du).Dd)0. (30)

We will also say that (¢,r,u) € C°([0,T];R? x R) x [L>=(0,T; L2(F4"(t))) N L2(0,T; HY(F"(t)))] is a
solution when (¢,r, @) with w defined by (25) is a solution.

Now we have the following existence theorem of weak solutions.

Theorem 3 (see [18, 3, 1, 28, 6]). For any ug € L*(Fo;R?) and (€y,70) € R? x R satisfying (15), for
any T > 0, there exists a weak solution

(¢, r,m) € C°[0,T);R? x R) x [C([0,T]; L*(2)) N L*(0,T; H' (Q))],
of (19)-(24) with the initial data (2)-(8). Moreover, for any t € [0,T],

1/ ot Nk, )2 der + 2/ p(s, ) Di(s,z) : Di(s, z) dx ds — 1/ po(@)[To(@)2de. (31)
2 Ja (0,6)xQ 2 Ja
Remark 1. The proof of the existence of such weak solutions can be found in [21, 28]. Note in particular
that the function ps defined by ps(t,z) = po((T57(t,+)) " (x)) in S (t) and ps(t,z) =0 in Fo7(t) is a
weak solution of
{ Oips +div (psu) =0 in (0,T) x €, (32)
ps(0,+) = ps, in So and ps(0,-) =0 in Fo,
and hence the unique solution of this system (see [5, Corollary II.1]).
We notice that the notion of weak solutions can be slightly different. In particular, [3] does not express
the solid movement by (29) or p by (28), but as follows. The solid density ps is obtained as the solution
of (32) and then the compatibility condition in [3] reads: u(t,-) belongs to H(Q) for almost every t and

psDu = 0.

Due to the lack of regularity of w, we do not know if this compatibility condition is sufficient to ensure
(29) (see also the discussion in [8, Section 3]).

Remark 2. The energy identity (31) belongs to the folklore in the subject and can be proved proceeding
as in the case of a fluid alone, see for instance [27, p. 87]. The strong continuity in time of u in L*(Q)
is then a direct consequence of (31).

Let us add a few words on previous references. In the case when Q = R2?, one can again use a rigid
change of variables to prove the existence and uniqueness of such solutions cf. [24, 29, 32]. In the case
considered here where ) is bounded, this is no longer possible; we refer here to [18, 3, 1, 28] which
establish the existence of solutions “a la Leray” as stated in Theorem 3. Let us also mention the recent
works [6, 7] which establish the existence of solutions “& la Leray” in three dimensions and the papers
[17, 4, 31] where the existence and uniqueness of strong solutions for short times were studied, including
in the three-dimensional case.

The second main result of this paper states that the solution given by Theorem 3 is unique as long
as there is no collision.

Theorem 4. LetT > 0 and (£,r,u) be as in Theorem 3. Assume that for any t € [0, T], dist(S(t), 08))
0. Let (¢,7,@) be another weak solution of (19)-(24) on [0,T] with the same initial data. Then (£,7, @)
(4,r,u).

This result extends the one in [31] where it was assumed in addition that the initial fluid velocity
is in the Sobolev space H'. Therein it was mentioned that “uniqueness of weak solutions is an open
question, even in the two-dimensional case.” This issue was also mentioned recently in the conclusion of
the paper [2]. Theorem 4 therefore brings an answer to this issue, as long as there is no collision.

It is not known in general whether or not a collision may happen. However the possibility of a
collision is excluded in some particular cases by the results in [20, 19], see also the recent work [11] about
the influence of the boundary regularity. On the other hand the results of [21, 30] prove that such weak
solutions cannot be unique if a collision occurs.

v



1.3 Structure of the paper
To simplify the notations and without loss of generality, we will suppose that
ho = 0.

The paper is organized as follows. In Section 2 we establish a preliminary result on a class of changes of
variables associated to a rigid motion. This result will be useful for the proof of Theorem 2 and for the
one of Theorem 4 as well. Then we proceed with the proofs of these theorems respectively in Section
3 and in Section 4. The structure of these sections is quite the same: we will start by giving some
a-priori estimates satisfied by any solution, respectively in the Sections 3.1 and 4.1, and then we prove
the uniqueness, in the Sections 3.2 and 4.2. Finally, in the appendix, we prove Theorem 1.

2 A basic lemma

Given A C R? and § > 0, we denote
Vs(A) = {x € R? / dist(z, A) < 5}.
We rely on the following proposition.
Proposition 1. Let  and Sy be fized as previously. There exist a compact neighborhood U of 1d in
SE(2), d >0 and ¥ € C=(U; Diff(?)) such that V[Id] =Id and that for all T € U,
U[r] is volume-preserving, (33)
U[r](z) = 7(z) on Vs(So) and ¥[r](z) =z on Vs(92) N Q. (34)
Above, Diff(Q) denotes the set of C*°-diffeomorphisms of (2.

Proof. The proof is similar to [14, Lemma 1]. First we use that the exponential map exp : se(2) — SE(2)
is locally a diffeomorphism near the origin of se(2), say on a neighborhood & C SE(2) of Idg2. Here se(2)
is the Lie algebra associated to the Lie group SFE(2). This exponential map on the space se(2) ~ R? x R

can be represented as the map which associates to (¢,7) € R? x R the value at time 1 of the solution
7(t) of following ODE in SE(2):

%T(t,ﬂj) =047 (r(t,x) —7(t,0)t =L+ 7 (7(t,z) — tO)t with 7(0,-) = Idge . (35)

Reducing U if necessary, we find U as a compact neighborhood of Id in SE(2) on which In is a diffeomor-
phism, which contains all the intermediary states 7(¢,-) leading to 7(1) = 7 when 7 € U and for which
holds for some § > 0

max {|T(x) —z|, €8y, TE U} <6 and max{dist(T(So),aQ), TE U} > 36.
Now given 7 € U, we hence associate (¢,r) := In(7) and the corresponding time-dependent (¢, z). Let

¢(t, x) a smooth function equal, for each ¢ € [0,1], to 1 in Vs(7(¢,Sp)) and to 0 outside of Vas(7(¢,Sp)).-
We define the following time-dependent vector field on R2:

Vi (t,x) == V*+ ((b(ac) <xi 4+ Mr» .

2
Note that
Vi(t,x) =L+ 7 (x — t)F in V5(So) and Vi (t,z) = 0 in V5(09). (36)
We define ¥ € Diff(Q2) as the value at ¢ = 1 of the flow associated to V, that is
\II[T] = 7(17 ')7

where 7(t, z) the solution of the ODE:

%’7(157%) =V(t,y(t,z)) with (0, ) =Idg.

It is straightforward to see that - is a smooth function of V' and hence that ¥ is a smooth function of
7. Also, (34) follows from (36). Finally (33) follows from div V' = 0. O



We have the next corollary, where we consider SE(2) C R3 so that we can use the R? norm on the
elements of SE(2). When we consider a time-dependent family of rigid motions (7(t))¢e[o,r], we will
write 7 := 7(t, ).

Corollary 1. Reducing U if necessary one has for some C' > 0:,
V7 e U, 0o (U} — 1d] e < Cllr — s, (37)

and if 7,7 € C1([0,T); SE(2)), then for all ty € [0,T),

Let us emphasize that {¥[7]} ! denotes the inverse of ¥[7;] with respect to the variable z.

< C (I s 1o = Fogllmo + 1177, = 7 1z ) (38)
(D)

o o]

Proof. Reducing U if necessary, one has uniformly for 7 € U that
1
[W[r] —1d ||C2(§) < bR

so that we have a uniform bound on ||[{¥[r]}~! |2 @), and (37) follows from the fact that ¥ is uniformly
Lipschitz on U. In the same way, we have

V1,7 €U, |0.9[r]— 8:”‘11[%]”01(5%2“) < C|7 = 7|lgs.- (39)
On the other side, denoting

g(t,2) = VIn)(x), ht,z) = (¥R} (2), §(t.x):=V[R](z) and h(t,z) = {V[7]} " (2),

we have
% (Wlr] o (U[A]} (@) = Buglt, h(t,2)) + (Bug(t, hlt, 2))) DLkl ).
Since
9 g(t, h(t, ) + (02(t, h(t,x)))deh(t, x) = O, (40)
we have
% (\I’[Tt] o {\P[%t]}_l(mw = atg(tv B(tvx)) - 8t§(t7 iL(t, l‘))
+ {azg(tv i"(t’ .73))) - 8I§(t7 B(ta J}))} atil(tv l‘) (41)

Concerning the first term in the right hand side of (41), we use
Org(t,y) = [d¥(ry) - 7{](y) and O,g(t,y) = [d¥(7) - 7](y), (42)

and the regularity of W. Concerning the second one, we use (39) to estimate the term between brackets
and (40) and (42) to estimate d;h. Our claim (38) follows. O

Remark 3. Clearly we could have put any C*(Q2) norm on the left hand sides of (37) and (38).

3 Proof of Theorem 2

In this section, we consider the inviscid case and prove Theorem 2.



3.1 A priori estimates

We begin by giving a priori estimates on a solution given by Theorem 1. We suppose that 02 has
g + 1 connected components I'y,...,I'g11; we suppose that g4, is the outer one. We add to this list
Iy =Ty(t) = 0S(t). We denote t the tangent to 02 and dS(t) and define

% 12/
F.

i

ug-tdo fori=1,...,g and 'yO::/ ug - tdo,
0S¢

and we let ;
v i=lol + Y 1l-
i=1
We have the following a priori estimates on any solution of the system in the sense of Theorem 1.

Proposition 2. Let ({,7,u) a solution of the system in the sense of Theorem 1 in the time interval
[0,T]. Then one has the following a priori estimates: for allt € [0,T] and q € [1,4+0],

[eurlu(t, )| Loz @) = || curluo || La(zy).

Vi:l,...7g,/u(t,-)-tdazvé and / u(t,-) - tdo = 7o,
r; o5(t)

lult, M2z 7y + mle@) | + Tlr@) = lluollzzz,) +mlbol* + Tlrol*.

Moreover, for 6 > 0, there is a constant C > 0 such that for all T' such that dist(S(t),09Q) = ¢ on [0,T],
one has for allt € [0,T] and g € [2,00),

lut, Miwrazw) < Calllwollzaz) + ol + Irol + 7). (43)
Proof. Given such a solution (¢,r,u), the vorticity w(t, z) := curl u(t, ) satisfies the transport equation
Ow~+ (u-V)w=0 in F(t). (44)

Due to the log-Lipschitz regularity of u, one can associate a unique flow ® = ®(¢, s, ), and by uniqueness
of the solutions of (44) at this level of regularity, one has w(t,z) = wo(®(0,¢,2)). Since ® is volume-
preserving (as follows from div u = 0), we obtain the claim on || curl u| s (#(:)). The second conservation
is Kelvin’s theorem, and the third one the conservation of energy.

Estimate (43) is classical in the case of a fluid alone, and is central in the argument of Yudovich [33].
Here, we only need to prove that the constant appearing in the elliptic estimate for the div /curl system
does not depend on the position of the solid, as long as it stays distant from the boundary. Precisely, we
prove the following.

Lemma 1. For any R > 0, there exists C > 0 such that if S = 7(Sy) for T € SE(2) satisfies

SCQ and dist(S,00) > R, (45)

/ u - tdo
r‘.

i

then any u : F — R? verifies, for all ¢ > 2:

g

lullw.a ) < Ca(ll ewrlull oz + | div ullgoiz) )+ C (1w nllwi-vaaor) + 3
=0

). (46)

where T'g := 0S8 and F :=Q\ S.

Above we take as a convention that

I fllwi-1/a.007) == inf {|Fllwraz), feWH(F) and flor = f}. (47)

That this norm is equivalent to the usual one (for fixed ¢), comes from the trace theorem and the
existence of a continuous extension operator W=/ %4(9F) — Wha(F).

Once Lemma 1 is established, (43) is a consequence of the previous conservations. O]



Note that the equivalent of Lemma 1 in the framework of Holder spaces is known (see e.g. [15, Lemma
5]):

Lemma 2. In the context of Lemma 1, for A\ € N and a € (0,1), there exists a constant C > 0

independent of T such that
/ u~tdo'> . (48)
r;

Proof of Lemma 1. As we explained this is standard in a fixed domain (see in particular [12, 33]). Note
in particular that it is elementary to reduce to the case where

g

[ullcrsram < C <|| div ullore(z) + [ carlullora(z) + [Ju - nllorria@auas) + Z
i=0

u-n=0 on INUIS and / u-tdo=0 forall i=0...g,
T

by using the convention (47) and the following functions H; := V+4);, for 1 < i < g, where v; satisfies

—AyY; =0 for z € F,
¢Z:1 on Fi)
Y; =0 on (OQUIS)\ T},

so that

curl H; =div H; =0 in Q\F, H;-n=0 on 9QUIS and / H; tdo=146;; for 1<j<g.
Ly

For these functions H;, we have suitable estimates by using Lemma 2.

We notice that the set of 7 € SE(2) such that S = 7(Sp) satisfies (45) is compact. Hence by a
straightforward compactness argument, and since such a constant C' > 0 is well-defined for any fixed
configuration S = 7(8Sp) satisfying (45), we see that we only need to prove that, given such a fixed
configuration S, there exists a constant C' > 0 for which (46) is valid whenever S = 7(S), when 7
belongs to some arbitrarily small neighborhood of Idg:. Now given a fixed configuration S, we introduce

d > 0 and € € (0,0) such that for any 7 € SE(2), |7 —Id || < € one has for S := 7(S):
dist(S,99) > 46 and V;5(dS) is a tubular neighborhood of dS.
We introduce ¢ a cutoff function in C§°(R?) such that
@ =10n Vos(S) and ¢ =0 on R?\ Vs5(S).

Now we introduce u; € V[/ll’q(]R2 \S) and uy € WhH4(Q) as the solutions of the following elliptic systems:

oc

curlu; = peurlu in R?\ S,
div u; = pdivu in R?\ S,
u;-n=0 on O0S,
Jogu1 - tdo =0,

lim 4 400 u1 () = 0,

curlug = (1 — ) curlu in Q,
divug=(1—¢)divu in Q,
Ug -n = —u-n on 0L,

fariu2~tda:0, 1=1...¢g.

(49)

Note that the compatibility condition

7/ u1~nd0:/(1fga)divudx,
19) Q

/(1—<p)div ud:v:/(l—go)div udz,
Q

].'

comes from

and the use of the divergence theorem:

/divudsz and /(pdivudxz/divuldx:/ ul-nda+/ uy - ndo.
F F F Fle) 28



Moreover, by using Stokes’ formula (in the interior of T'; of in §), the fact that the outer component of
0 is I'gy1 and considering the supports of ¢ and 1 — ¢, one sees that

Vi=1,...,9, /u1~th:/ ug - tdo = 0.
T; aS

Using the fact that inequality (46) is true for a fixed geometry and that the problem satisfied by u;
is invariant under rigid movements, we deduce that there exists a constant C' > 0 independent of 7
(satisfying |7 — Id || < €) and for which

llutllwrames) < C(J(H curlu| o (r) + || div U||Lq(f))~ (50)

and
[uzllwra) < Ca(l| curlul| Loz + | div ullzaz)) + Cillur - nllwi-1/0.0(00)- (51)

As a consequence, the right hand sides of (50) and (51) can be estimated by the right hand side of (46).

Now we introduce w : F — R as the solution of

curlw =divw =0 in F,
w-n=—us-n on IS,
w-n=0 on 0,
friw-tdazo, i=0,...,g.

Note that the compatibility condition between div w and w-n is satisfied because, relying on the support

of ¢, one has
/ u2~ndJ:/(1—g@)divudx:0.
as s

We observe that ug is harmonic in Vs(9S). It follows from standard properties of harmonic functions
that for some C' > 0 independent of 7 small and ¢ > 2 one has (given « € (0,1)):

ugjasllcre(as)y < Clluzllp2(vsos))-

It follows that w € C%(F) and using Lemma 2 we deduce that for some C,C’,C”" > 0 independent of
7 small:
[wlwraF) < Clwllcrer < Cluzll2z) < C”luzllwraF)-

The conclusion follows since by uniqueness of the solutions of the div /curl system:

curlv =0 in F,
divo=0 in F,

v-n=0 on 9NUJIS, — v=0,
friv-tdo:0, i=0,...,9,
one has:
u = Uy —+ (5 + w.
Gathering the estimates above, we get the conclusion. O

We have the following consequence of Proposition 2.

Corollary 2. Under the assumptions of Proposition 2 (including that dist(S(t),00) = 6 on [0,T]), we
have for some constant C' = C(||lwol| o (7,) + [€o| + [ro| +7) > 0 that uniformly in [0,T]:

()| 52 (Fay) + 10l 2 (7)) + VPl L2(Fe)) < C. (52)

Proof of Corollary 2. The estimate of ||u(t)| g1 (F(x) is a direct consequence of Proposition 2. Also, by
Proposition 2, we have that

[llyia 7z sy < Clllwoll Lo (z0) + 1ol +[rol +7)- (53)
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Now we use the decomposition of Vp (see e.g. [15, Lemma 3]):

Vp=Vu-V (((I’i)i—l,Z,?) . m /> : (54)

where the functions ®; = ®;(¢,x) (known as the Kirchhoff potentials) and the function p = u(t,z) are
the solutions of the following problems:

—A®; =0 for x € F(t),

0P, o
=K; for z € dS(t), o ifi=1,2,
gg where K := { (@ —h(E)n if i=3, (55)
L =0 for x €09,
on

and
—Ap =tr(Vu-Vu) for z € F(t),
g—g =V {u—us,u—us}—n- (T(QU*’Lbsfg)L) for = € 9S(t),
= —V?p(u,u) for xedQ,

where us = us(t, x) is given by (1) and where p = p(¢, x) is the signed distance to QU 0S(t) (which we
define in a neighborhood of 9Q U 0S(t)), chosen to be negative inside F. The function p is constant in
time near 92, and is transported by the solid movement near 9S(t). Note that the fact the compatibility
condition between Ay and % u is satisfied thanks to

tr(Vu - Vu) =div ((u- V)u), Vp=n on 9N UIS,

(11) and (12).
Moreover, using Green’s theorem, (55) and (54), we obtain that the equations for the solid, that is
(13)-(14), can be recast as follows (see also [15, Lemma 4]):

/
M H - { [ u-ve, da:} , (56)
r F(t) ic{1,2,3}

where

m Idg 0

0 7 (57)

M= M;+ My, My = [ } and My = [ff(t) Vo, -Vo; dm]

ije{1,23}
Note that the matrix My is symmetric and nonnegative, as a Gram matrix.

Now from Lemma 2, we deduce the boundedness in CM® of the functions V®; independently of the
time. By using Lemma 1 and (53), we obtain that

IVl L2z )y < C(llwoll Loz + ol + [rol +7)- (58)

Hence with (56) we deduce the boundedness of (¢, r'), which together with (54) and (58), gives the claim
on Vp. The claim on d;u follows by using (9). O

3.2 Uniqueness: proof of Theorem 2

We now turn to the core of the proof of Theorem 2.

Consider (¢1,71,u1) and (€2, 72, u2) two solutions in the sense of Theorem 1 defined on some time
interval [0,7]. We associate correspondingly h; and hg, S; and Ss, etc. By a standard connectedness
argument, it is sufficient to prove the uniqueness on an arbitrary small time interval [0, T ], so that we
allow ourselves to choose T > 0 small. We let 7 and 7 in C2([0,T]; SE(2)) the corresponding rigid

movements associated to these solutions. For each ¢ € [0, 7] we introduce ¢; and 1) in Diff(Q2) by

e = V()] o (PO} =,

11



where ¥ is defined in Proposition 1; we have chosen T > 0 small enough so that 7 (¢) and 72(t) belong
to U for all ¢ in [0, 7. It is easily seen that ; is volume preserving and sends Fi(¢) into Fa(t). Now we
define

Un(t, @) = [der(2)] 7 - ua(t, u(2), @ € Fu(t), (59)

the pullback of uz by ¢, which is a solenoidal vector field on Fi(t), due to div ug(t,-) = 0 and the fact
that ¢; is volume preserving (see e.g. [23, Proposition 2.4]). We also define

Polt, ) := pa(t,pi(x)), z € Fi(t), and lo:=d(mi o7y ) by =Q1 Q5" - L. (60)
Obviously,
ug(t, ) = dpi(Ye(z)) - Ua(t, Pe(x)) and pa(t, ) = pa(t, Pi(x)) in Fo(t).

Now to write the equation satisfied by w2, we compute the partial derivatives of us in terms of those
of 4. For convenience, we simplify the notations below as follows: an exponent i designates the i-th
component of a vector; we drop the index 2 in wuo, s, p2, p2 and the index t in ¢; and ;. Moreover
we use Einstein’s repeated indices convention and omit to write the variables with the following rules
(which include the case where « is void so that there is no partial derivative):

ot = 8au(t, JJ), Ol = &ﬂ](t, %(33)), Oap = 6ocp(t7 l‘), Oup = &xﬁ(ta wt(-r))a
Oatp = Oao(t, (), Dath = Dup(t, x). (61)

From

we deduce _ _ _ _ _
O’ = O’ ok + O’ " 8t1/)l + (at(?kgo’)ﬂk + 6,3“01 8t1/)l ﬂk,

dju' = Opp" Oy 9,9 + (") Oyt ¥,
dip = Op 00"
It follows that
(u- V)ui = 8jui
= W (Opp' 000" + (D) Oy @)
= O’ W (Opy" 00 05 + (9,") Oy @)
= Opp U Oyt + (9" 0",
where we used that '
am(p] 8jwl = 5ml~
Hence the equation of @ reads
0= oy’ + @ 9;a" + 0;p
+ (Orp" — 0ir) 04it™ + Onp’ Q" (Opp') + (O Opp" )™ + (Ofy ") (Op') "
+ ! 8@’“(8;9@" — k) + al(afktpi) a*
+ 0P (00" — dic).
In the above equation, all the factors between parentheses are small (in L norm) whenever [|¢; —
Id || o2y + 19epell o @) is small.
Now we define
w(t,x) == uy(t,x) — ta(t,z) and p(t,x) :=pi(t,x) — pa(t, ) in Fi(¢), (62)
ilS:hlth, é:zé)l—é)g, é::flng and 7:217'177’2. (63)

We deduce that

Ot + (uy - V)a+ (- Vg + VP = f in Fi(t), (64)
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with

Fr = (On" — i) 0y + O Dyl (Op") + (Ok0rp")its + (OF") (Op') ik
+ @ty 015 (O’ — Sir) + (O") @ 0¥ + Onpa (000" — 6ir).  (65)

Now we proceed by an energy estimate. Multiplying (64) by @ and integrating over Fi(t), we deduce

/flu)(ata + (uy - V)a) - dudw + /

11~(11~V)ﬂ2d$+/ ﬂ-Vﬁdm‘:/ ﬂ-fdx. (66)
Fi(t) 1(t) Fi(t)

].'

Concerning the first term on the left hand side, using that F;(¢) is transported by the flow associated
to uy, we infer that
d jaf?

— aZr.

(Opt + (uq - V)4) -4 de = —
/]-'1(t) ' dt Jr@ 2

For what concerns the second term in (66), we use Proposition 2: there exists a constant C' > 0 such
that for any ¢ € [2,00) one has

Viiz|| Lz ) < Calllwoll L (z) + [l + Irol +7)-

It follows that for some Co = C(||wol| £ (7,) + [€o| + 70| +7), one has

/ - (@ V)i de
]:1(t)

Let us turn to the third term in (66). We first note that, due to (33) and (34), one has div & = 0 in
Fi(t), up -n =1ag-n =0 on 9N, and

2
< |IVaa|pall@®| o < Cog 2?72

Ua(t,x) -ni(t,x) = (uz - ng)(t, 72 0 Tfl(x)) = (172 + 1oz — hl(t))L) -ny(t,x) on 9S8 (),

where n; is the normal on 98;(t), i = 1,2. It follows that

/ i Vpds :/ P ny) do
F(t) 081 (t)

= / ﬁ(lﬂ—f(x—hﬂt))ﬂ -ny do

le(t)
= l / 5 m do
) Josiey " \(@ = ha(#)F - m
0 O +milf\ _1d, s A oz
B <r) ' (m o 2) = 53 (Ml + TN ) = mil - by (67)

We used that

mié:/ para do + mitly, jf;:/ Po(z — hy(t))* - ny do.
081 (t) 85, (t)

We estimate the last term in (67) by
[mil - Oz | < C(lo,ro, uo) [0 +[7[7). (68)

Concerning the right hand side in (66), we see that

/f ( )71 fda| < Cllat) |2 (x, @) {H% —Id o2 + 10epellon @)
1(t

x (14 19si2(0)l| 2 0y + N2 (s (70 + 9Pz ) - (69)

13



Using Corollaries 1 and 2 we obtain

/ i fdx
]'—1(15)

Summing up, we obtain that for any ¢ € [2, 00):

< C(Y, by, 70, u0) [a() | L2109y (1 Ry ) () lls + 11 (6, 7) (1) s )

2
7

d /.. . . X . . A
& (1l + 182+ 172) < Co (a0l + 3+ 1P 4 124 6+ 16
Concerning the solid movement, we have
1| = |ty — o] < |01 — bo] + |02 — £o] < C(10] + 16]), (70)
SO d
= (1A + 1012) < C 182 + 1712 + Bl + 19F2).
Hence we obtain that
d o/, . o g A . e A
& (N + 1824 172 12 162) < Ca (g, + 167 + 2+ 6 + 167
1
< Cug ([lil3a o + 12+ 712 + B2 4+ 1012) "

by considering T sufficiently small so that the parenthesis in the right hand side is not larger than 1.
1
Since the unique solution of ¢y’ = Ny« with y(0) =¢ > 0 and N > 0 is given by

a comparison argument proves that
lalZz + 102 + 77 + [A* + 101> < (C11),

and we conclude that h = 0, f=0and =0 fort < 1/C4 by letting ¢ — +o0.

4 Proof of Theorem 4

We now turn to the viscous system.

4.1 A priori estimates

We begin by giving a priori estimates on a solution given by Theorem 3. Therefore we assume in the
sequel that (¢,r,u) is a solution as given by Theorem 3 on [0, 7], T' > 0. Let us call F(¢) and S(¢) the
corresponding fluid and solid domains, h, 8 the associated center of mass and angle, and @ given by (25).
We also introduce

plt,) = ps(t,2) = ps, (T (£, )7 (2)) in S(t) and p(t,2) = pr = L in F(2), (71)

and
us(t,x) = L(t) + r(t)(x — h(t)) .

We will also use, for T' > 0, the notation

Fr = Upeo,m) {1t} x F(t).

Moreover we assume that dist(S(t), 92) > 0 on [0, T.

The first a priori estimate is the following.

14



Lemma 3. There holds .,
(w-V)u,u) € L3 (Fr,R*).

Proof. The proof is left to the reader as it follows classically from the boundedness of €2, from the Holder
inequality and from Sobolev embeddings. O

The second a priori estimate uses the smoothing effect induced by the viscosity.

Proposition 3. There holds
tu e L3(0,T; W3 (F(t))), (tdu,tVp) € L3 (Fr;R*).

The proof of Proposition 3 is rather lengthy. Therefore we first give a sketch of proof before to go
into the details.

Sketch of proof of Proposition 3. The proof relies in a crucial way on the following auxiliary system with
unknown (I,t,v):
v

9 Av+Vg=g for z e F(t),

(72)

diveo =0 for =€ F(t), (73)
v=uvg for =z €dS(t), (74)
v=0 for z €9, (75)
(76)

ml(t) = — /as(t) T (v, p)ndo + mgx, 76
e == o TP RO o+ T (77)
vs(t,z) = [+ v(z — h()*, (78)

where g, g1 and go are some source terms and where the fluid and solid domains F(t) and S(¢) are
prescribed and therefore not unknown. Actually, F(¢) and S(t) are associated to the solution (¢,r,u)
above. We keep the notation

t
h(t) = / ¢ and wus(t,x) = £(t) +r(t)(z — h(t))*.
0
Let us now explain how this system enters into the game. We define
vi=tu, q:=tp, [:=tf andrv:=1tr (79)

From the equations (19)-(24) we infer that (I,t,v) is a solution of (72)-(78), in a weak sense which will
be given in Definition 2, with vanishing initial data and with, as source terms,

gi=u—t(u-V)ue L5 (Fr;R?) and (g1,g2) == ((,7) € L5(0,T; R x R). (80)

The regularity of g follows from Lemma 3. Then we have the following result about the existence of
regular solutions to the system (72)-(78).

Lemma 4. There exists a unique solution of (72)-(77) on [0, T] with vanishing initial data which satisfies
ve LE(0,T; W25 (F(1), (9w, V) € L5 (FpiRY),  (I,r) € WHi((0,T);R?). (81)

Lemma 4 is an adaptation of [10, Theorem 2.4]. We will briefly explain how to modify the analysis
in [10] in order to prove Lemma 4.

Finally we will prove a result of uniqueness for weak solutions of the system (72)-(78) so that (I,t,v)
will also satisfy the estimates given by Lemma 4, which achieves the proof of Proposition 3. O

The rest of Subsection 4.1 is devoted to the completion of the proof of Proposition 3.
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4.1.1 Notion of weak solutions of the auxiliary system

Similarly to the definition of @ in (25), we introduce the vector field g defined on Q and associated to
9,91 and g by

g(t,z) ;= g(t,z) for z € F(t) and G(t,z) := g1(t) + go(t)(x — h(t))*: for z € S(t).
Definition 2. Given g € L3 (Fr), (g1,92) € L3 (0, T;R? x R), we say that
(I,r,v) € C([0, T R? x R) x [C([0, T; L*(F(1))) N L*(0, T5 H (F(t)))] (82)

is a weak solution of (72)-(78) with vanishing initial data and with source term (g, g1, g2) if defining ©

by
o(t,z) :=v(t,x) for x € F(t) and v(t,z) :=vs(t,x) for x € S(t), (83)

where vs is given by (78), one has:
e the vector field v belongs to L?(0,T; H'(Q)) and is divergence free,
e for any divergence free vector field ¢ € C°([0,T] x Q;R?) such that Dé(t,z) = 0 when t € [0,T]
and x € S(t), there holds:

— /Q(pi- O)|t=1 + /(O,T)xQ (,05~ % —2Dv: D(b) + /OT/BS(t)(qbw)(uS -n)do dt

T
:_/ p§~¢+/ mrg - (5. (84)
(0,T)xQ 0

Let us justify this definition by proving the following result.

Lemma 5. If (I,t,v) is a classical solution of (72)-(78) with vanishing initial data and with source term
(9,91, 92) then it is a weak solution in the sense of Definition 2.

Proof. We introduce ¢ as above. In particular, one can describe ¢ in S(t) as:
B(t, ) = Ly(t) + r4(t)(x — h(t))* for any x € S(¢).

We multiply the equation (72) by ¢(t,-) and integrate over F(¢). This yields

/ ¢~<8tv—Av—|—Vp>: ¢-3.
F(t) F(t)

Now we observe that

d
al = 9,0 - ) ' .
dt ;(t)ﬁb v /f(t)( @) v+ Ht)ﬁb ( tv)+/a$(t)(¢ v)(us - n)

and

/f(t)<—Av+Vp)-¢

2 Dv: D¢ — T -od
/f D7D /Bs(t)< (v,p)n) - pdo

2/ Dv:Do+m(l' —g1) Ly + T — g2)r,
Q

thanks to (76)-(77).
Hence we get, after integrating in time, using p = 1 in the fluid and v(0,-) = 0:

/f(T) o(T,)o(T,-) - o(T,-) dx — /()T/F(t) p(0r@) - vda dt — /OT/as(t)(¢ -v)(us - n)do dt

T T
—1—2/ DE:D¢+/ [m([/_gl)'£¢+\7(t/_92)r¢]:// ¢-g.
(0,T)xQ 0 0 JF(@)
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Now using

/ ps(t,x)(x—h(t))dxzo, m:/ pS(t7x) d.’L‘, J = PS(taxﬂx_h(t)Pd% (85)
S(t) S(t) S(t)

we deduce

mgy(t) - Lo(t) + T ga(t) 74 (t) = /5( )p(t,a?)aﬁ(tw) -g(t,x) dz.
t
On another side, we see that in S(t):

et w) = Ly(t) + () (x — h(t) = —ro(t) L1 ().

Using an integration by parts in time and (85), we deduce

T T
/0 [ml' by + Tt ry|dt = 7/0 [mU-ly+ Tery] +mUT) - Le(T) + T o(T) re(T)

T
—// p5v~(6t¢)dmdt+/ mryl- 4+
0 Jsw) 0

T
T, Y6(T,-) - 6(T,-) dz.
+/S(T)p< Yo(T, ) - (T, )

Adding the equalities above, we easily obtain (84). O
Let us now prove that (I,t,v) given by (79) is a weak solution of the auxiliary system.

Lemma 6. Let (¢,7,u) a solution of (19)-(24) as given by Theorem 3, such that dist(S(t),00) > 0 on
[0,T]. Then (I,t,v) given by (79) is a weak solution in the sense of Definition 2 with source terms given
by (80).

Proof. First we easily verify that (I, v, v) satisfies (82) and that ¥ defined by (83) belongs to L?(0, T; H*(f2))
and is divergence free. Therefore it only remains to verify (84).

We consider a divergence free vector field ¢ € C°([0,T] x ©;R?) such that D¢(t,z) = 0 when
t €[0,T] and x € S(t). We first apply Definition 1 to the test function t¢ (instead of ¢). This yields:

0
—/(p@~¢)lt:T+/ pﬂ~¢>+/ p@'iZS
Q (0,7)x© (0,7)x Q2 ot

T
+/ t/ ﬂ@ﬂ:p¢—2/ Dv:D¢=0. (86)
0 F(t) (0,T)x

Then we use an integration by parts to get

/F(t)u®u:D¢=—/F(t) ((u-V)u)-¢+/ (- )(us - n) do.

8S(t)

Hence the sum of the second and of the fourth term of (86) can be recast as follows:

T T
/ pﬁ~¢+/ t/ TRU: Do = p§-¢+// (¢-v)(us -n)dodt.
(0,T)xQ 0o JF® (0,T)xQ 0 Jas(t)

Then it only suffices to observe that the last term of (84) vanishes when ([, t,v) is given by (79) to
conclude the proof. O

4.1.2 Proof of Lemma 4

We now turn to the proof of Lemma 4 which is an adaptation of [10, Theorem 2.4]. Therefore we only
highlight the differences with the claim of [10, Theorem 2.4]. Actually [10, Theorem 2.4] is given for
the three-dimensional case but also holds true for the two-dimensional case with the same proof. Also,
another difference is that [10, Theorem 2.4] deals with the “Navier-Stokes + Solid” system. However
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their proof works as well for the system (72)-(77). It is also interesting to mention that the proof of [10,
Theorem 2.4] uses the same kind of change of variables that we introduce in Proposition 1. Thanks to
this change of variable we are led to consider the following system:

9%
—U—Af)—i—VqN:g for x € Fy,

5 87

(87)
divo =0 for z € Fo, (88)
v =10g for x € Sy, (89)

=0 for z € 99, (90)
(91)

ml'(t) = —/ T(,§)n do + §1, 91
0So

JE() = — /38 T(5,@)n - (z — h())~ do + G, (92)

where § € L3 ((0,T) x Fo; R2) and (§1,§2) € L3 (0, T;R? x R),
s = [+ Tz — h(t))*,

and with vanishing initial data.
This system appears when we use the change of variable

o(t,x) == [doy(2)] 7L - v(t, o (x), z € F(t) and [:= [doy(x)] -1, T=r,

where ¢; = U[7%7(t)], ¥ being defined in Proposition 1, and when we put the error terms resulting from
the change of variable in the right hand side as in (64). Then one can look for a solution of the original
system by a fixed point scheme.

For the system (87)-(92) the maximal regularity result [10, Theorem 4.1] can be straightforwardly
adapted into:

Lemma 7. Letq € (1,4+00) and T > 0. For all § in L4((0,T) x Fo; R?), for all (g1, ga) in LI((0,T); R3),
there exists a unique solution of (87)-(92) on [0,T] with vanishing initial data satisfying

o e LU0, T;W>U(F,)), (8,8,Vq) € LY((0,T) x Fo; RY), (,¥) € WH9((0,T); R?). (93)

The proof of this lemma combines maximal regularity of the Stokes problem with inhomogeneous
Dirichlet boundary conditions and some added mass effects, cf. [10, Section 4] and the book of Galdi [9].
Then Lemma 4 can be deduced from Lemmas 3 and 7 (with ¢ = %) using the same fixed point procedure
as in [10, Sections 5-7]. One gets a solution for small time 7', and a solution defined on a larger time
interval by gluing together such pieces of solutions.

4.1.3 Uniqueness for the auxiliary system

Our next step toward the proof of Proposition 3 is the following uniqueness result for weak solutions of
the auxilliary system.

Lemma 8. Let g € L3 (Fr), (91,92) € L3((0,T);R?), (I1,t1,v1) and (ly, ta,v3) two weak solutions in
the sense of Definition 2 of (72)-(78) with vanishing initial data and with source terms g, g1, ga. Then
([17 Ty, Ul) - ([23 T, UQ)'

Proof of Lemma 8. We introduce 77 and Ty by (83). We define
O(t,x) :=11(t, ) — Va(t,x) in £, [:=10 — I, and t:=1] — 19,

so that .
b =1+t(x—h)"in S(t).

We introduce a test function ¢ as in Definition 2, apply (84) to (I1,t1,v1) and (l2,t2,v2) and make the
difference of the two. We obtain

A . a¢ . T A B T _—
_/Q(pv'd)”t:T_'_/(O,T)xQ (pv-§—2Dv.D¢)—|—/O /as(t)(gb-v)(us-n)dodt—/o mrg -0+, (94)
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Now after a standard regularization procedure, we can take ¢ = ¢ in (94). We infer

1 T T .
—7/p|{)(T,-)|2—2/ |D@|2+// |ﬁ|2(u$-n)dadt:/ mil- ot (95)
2 Ja (0,T)xQ 0 Jas) 0

Using the boundary conditions on ¢ and the boundedness of (¢,7), one easily sees that

|9 (us - n) do dt| <

c/ OF + O)P) at

aS(t)
Also,
T T
[ mite <o [ (o + o)
0 0
Hence T
mlUT)[* + TR(T)? + 10T |22y < C/O (1, #)(2)] dt.
So Gronwall’s lemma finishes the proof. O

4.1.4 End of the proof of Proposition 3

Let us now complete the proof of Proposition 3.

According to Lemma 6, (I,t,v) given by (79) is a weak solution of the auxiliary system in the sense
of Definition 2 with source terms given by (80). On the other hand Lemma 8 provides a strong solution
of the same system. According to Lemma 5 this strong solution is also a weak solution. Let us stress
in particular that the regularity in (93) with ¢ = % implies the regularity in (82). According to Lemma
8, these two weak solutions are equal. Therefore (I, v,v) given by (79) satisfy (93) with ¢ = , which
implies Proposition 3.

4.2 Uniqueness: proof of Theorem 4

We now turn to the core of the proof of Theorem 4.

We consider (¢1,71,u1) and (2,72, u2) two solutions in the sense of Theorem 3 in [0,7]. By the usual
connectedness argument, we can suppose 1" arbitrarily small. In particular we consider T" > 0 small
enough so that no collision occurs in the time interval [0, T] for both solutions.

Then we perform the same change of variable than in Section 2, that is, we define @y by (59), and
D2, 0y by (60). Then, dropping temporarily the index 2 in wg, @2, pa, P2 and the index ¢ in ¢; and 9,
using the notations (61) and Einstein’s repeated indices convention, we obtain:

20" = 050 (0% ") 10" ;" + O’ D;90™ 02 5F 00" + O’ O5* (03,0
+ 00 (05 0") 00" T + (97" jﬂ/)l 0% + (95 ") 00" 0,0 O "
Hence we obtain the following equation for so:
0= o’ + @ 9" + 0;p — AT
+ (8k<pi — 5ik)8tﬂk + O’ " (aﬂpl) + (akatgai)ﬂk + (8£l<pi) (5‘twl) a*
+@ 0" (k' — Six) + (Ofp") @' @ + 0P (90" — Sx)
- jwm(a?nk@i) " 8jwl - (5k<ﬂi3j¢m5jwl Zkajméjl)amlu - 3k80i alﬂk(agzjwl)
— O™ (D) 0" T — (OFe’) 2,01 0 — (0F") 050! 00 D
Once again, all the factors between parentheses in the above equation are small (in Cc! norm) whenever

loe —1d [l ca @y + 10l o1 ) is small.
Now, with the same notations (62)-(63) as in Section 2, we obtain the following equation:

Ot 4 (uy - V) + (4 V)ig + Vp— At = f in Fi(t), (96)
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with the i-th component of f given by

Foo= (O’ = )05 + O’ Bry (") + (Or0sp ity + (") (B! i
+iih iy (Onp" — Sir) + (O ") iy @ + Do (900" — Sik)
— 00" (0%,0") 1ty D00 — (O’ D00 ™ ;)" — GiGjm ;1) Oy lis — g’ Dyt (070
- jwm(aguk@i) 83‘1/)1 alzc - (alzksoi) 632‘ij 11’2“ - (812k80i) 3j¢l 6j1/)m 8mﬂ§~

On the other hand, the boundary conditions (21)-(22) become

Gy = lo(t) + ro(t)(x — hy(8))* for z € 8S(t),
e =0 for x € 0N.

The solid equations (23)-(24) for the second solid are now recast as (writing again n; for the normal on

881):
mg’Q = 7/ T(ﬁg,ﬁg)nl do + mﬂ%,
281 (t)
jT’z(t) = —/ T(fbg,f)g)nl . (I — hl(t))L do.
881(15)

Observe that the quantities above make sense for almost every ¢ > 0 thanks to Proposition 3. _
Now we define ¢, # and 4, p, h, 6 as in (62)-(63). Taking the difference of the equations of ¢5 and r9
with the equations for the first solid we obtain:

G =0(t) +7(t)(z —h(t))" for zedS(t), (97)
@=0 for z € 99, (98)
ml = — / T (@, p)ny do + mily, (99)
85, (t)
TH() = — / T(it, p)ns - (@ — b (£))* do. (100)
le(t)

Now we proceed by an energy estimate. Multiplying (96) by 4 and integrating over JFi(t), we deduce
that for almost every positive ¢ (using the regularity provided by Proposition 3):

/ (8tﬂ+(u1-V)ﬁ)~ﬁdx+/ ﬂ~(ﬁ~V)ﬂ2d:c+/ ﬂ-V;[)dx—/ o At de
Fi(t) Fi(t) Fi(t) Fi(t)

:/ G- fde. (101)
Fi(t)

Proceeding as in Section 2, we have

) o |af?
Ot + (uy - V)u) -udr = / —dx,
/m)u (ur - V)i) il

- Vpda / ( ™ ) do.
/.Fl(t) b 981 (1) P\ = m@)t-m

For the third and fourth term in (101), we have

Il
SNy
N———

—/ i-Atder = 2 Dﬂ:D?lda:—/ (DG -ny) - ddo
.Fl(t) .Fl(t) 631(t)

o i / ( Dii-my )
2 Du:Dude— |, ) - R do,
Fi(t) (T> 981 (t) (.r - ]’Ll(t))L . (D’u . nl)
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thanks to (97)-(98). Thus

N . N o N N T (@, p)na
u-Vde;—/ i-Atde = 2 Du:Dudw—(A) ( ’ R )da,
/fl(t) Fa(t) Fi(t) #) Jasiwy \(@ —hi(t))" - T(a, p)m
1
2

= 2 D4 : Diudr +

d . A~
) &(m|£\2+\7|r|2) —mil - ly . (102)
1(t

thanks to (99)-(100). The last term in the right hand side of (102) is estimated as in (68).

Now for the second term in (101), we will use the following lemma.

Lemma 9. There exists C > 0 such that for any t € (0,T), for any w € H'(F(t)) vanishing on OS
and any € > 0,

lwllLa (1) < gHw”LQ(Fl(t)) + eVl 2 (7 1))
Proof of Lemma 9. A classical interpolation argument gives that for any ¢ € (0,T), for any w € H*(F;(t)),
||w||L4(}‘1(t)) CHwHLz (F1 t))”w”Hl(}-l(t))
Since the Poincaré inequality holds for w € H'(F;(t)) vanishing on 9, we deduce that for such w,
lollam oy < ClwllY2 5, o IV 7 (103)

We deduce the claim. O

It follows that we can estimate the second term in (101) by

/ - (G- V)i do
Fa(t)

where the norms above are over Fi(t).

_ N _ N lon
<Vl z2 |@l7: < ClIVasl|Z:llalz: + flIVallz:,

Let us now turn to the estimate of the right hand side in (101). The estimate is given in the following
lemma.

Lemma 10. For some constant C > 0 depending on the geometry only and defining the function B €
LY(0,T) by
B(t) := |[t2ll Lo 0,r:L2(F () (L + IV (t, )| 22 (7 1)
+ ||U2||Loc(0 T;L2(F, t)))”VuQ( )||L2(]-"1(t))Htva2(t)HL4(]:1(t))

)

143
+ (IIt8ta | Lass 7, o) + t2llw2as (7 o) + 18V D2l a3 (7, (1))

one has the following estimate on the right hand side:

17 i
<= Val? dz dt
4 Jo Jrw

T
p 2 g7 a2
+C / B(0) | ma () F2(, ) + max (B 6,0, di. (104)

0 fdedt

.7:1(t)

Proof of Lemma 10. In what follows, C' > 0 denotes various positive constants depending on the geom-
etry and which can change from line to line. We cut f into pieces which are to be estimated separately.
Precisely, we denote

f:f1+f2+f3+f4+f57
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with
fl (OO )U2 (ak%ﬂ (’Mb Z [ mlk@i)ajwl ﬂ’; + (812k90i)5g2j¢l 71]5 )
J

fa := Ok’ Oyt (01" Z[ O™ (O ") uity D0 + Opp” By (974') + (Ofpp") 05" D)™ Oty

J
f3 = (Of') Wh 5,
fa = 0,05 Ok’ — Sir),
f5 = (Okg" — 0in) Oyl + Opa (0i* — S3x) = Y (060" 0590 D" — 63k6m 0j1) Oy i

J

e Concerning fl, using Corollary 1 we deduce that

T

< CH’&QHLOC(O’T;L2(]:1(t))) maX ||u( )||L2(]-'1(t)) max|(iz,é,g,f)|dt
0

i fidadt
€[0,t] [0,¢]

J:l(t)

T
< CHﬂz\ILm(o,T;m(mm)/0 (mac [[i(m, )17z 7, (1)) + max|(h, 0, £,7)[) dt.

€[0,] [0,¢]

e Concerning fg, using Corollary 1 one has for almost every t:

f 2
,Fl(t)

< C|\Vaa(t, )2, | (h ) O] 1] 22 (7, (1))

We fix
Bi(t) := ||Via(t, )|l L2 (7 1)) € L*(0,T) € L'(0,T),
and have
B T
i , .
R 0/0 Bu() (s (7, )3 o + e (B )2)

e Concerning f3: one has for almost every ¢t > 0, using (103):
F1 (t)

Using again the function By, we have

< Ozt ) Za ol (B O) )l 220 0

< Clla(t, )l ep I Va2t )l e (7, o) | (s 0) (O] 1l 227, ) -

- fsdzdt

T
< Cllalmoirascryon | Br)( s [ir ) s, o +ma . 0)) .

J:l(t)

e Concerning f4: we first note that thanks to Proposition 3, we have
tVig € LY3(0,T; WHYB(Fi (1)) < LY3(0,T; LA(Fi(t))).
On another side we infer from Corollary 1 that for some constant one has
1 i A
15 Bkt = dit) oy < ClET) Lo 0,0)- (105)

Using (103) and (105) we deduce that

T
ﬁ'f4 dzdt| < C/O 2 ()| a7, (o)) 1EV a2 () | La (7, () 16 P) | os 0,00 12 (Es ) L2 (7, (1)) dE

Fi(t

<C / i (O, o) IV (12 5, ) 192 (O 2 7y ) | s ) e 0y, )l 2 0 -
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We introduce
62(t) = qub( )HL2(f1(t))Htva2(t)“L4(}'1(t)) € Ll(O,T)’

as a product L*(0,T) x L*/3(0,T), and deduce

- fadadt

~ 1/2 A
- < Cllaall2 o rias maco) / Bo() (1. 7) 13w 0.0y + 1808, M3, o)) .
1

e Concerning f5: we use again (105) and we introduce
b(t) := |[tovtia(t)l| Lass(F, (1)) + Ith2(t) lw2.ar3 (2 1)) + 1EVD2(O)] Lass (7, 1))

which belongs to L*/3(0,T) thanks to Proposition 3. One deduces that

u f5 dx dt

/ BN L0y 8t N 21 mr oy .

Fu(t

Hence, with 2bur < b2*p? + 0*0=902 for p,v € R, b >0 and a € (0,1), we deduce that

U - f5 dx dt| <

Cl/ b 2/3” ||L4 (F1(t dt+0/ b 4/3||(£77§)”2L°°(0,t) dt.
F1(t)

We specify the constant C for later use. For the first term, one writes

T
/Ob(t)2/3||a(ta')”%4(]:1@))dt < C/ 221t M2 en IVt ) 2 ) dt

Y
< 0 [ o0 a0yt + g [ IV,
So one has
T ~
- U fsdzdt| < / [Valt, )H%z(fl(t))dtJrC/O 33(t){Hﬂ(ta')||2L2(f1(t))+||(€7f)||2Lw(o,t)]dt,
l

with Bz := b(t)*/3 € L'(0,T).
Summing up all the estimates above, we deduce (104). O

Back to the proof of Theorem 3. We extend d(t, -) inside Fi(t) by £ 4 7(z — hy(t)). We obtain that a(t, -)
is a L2(0,T; H'(Q)) divergence free vector field, vanishing on 9. Therefore

/ |Vﬁ|2dx</ |vm2dx:2/ |Dﬂ\2d;ﬂ:2/ |Da|? de.
F1(t) Q Q F1(t)

Now we take into account the vanishing initial condition for (¢,#,4) to deduce that for any 7T > 0
sufficiently small,

T
mli(T)R + TR+ 10T sy < C [ B0 s 1807l + minel 0,87 O] ar
Proceeding as in (70) we get
Db +1017) < C(EP + 1712 + A2 + 10P).
dt

Hence using B(t) € L' and Gronwall’s lemma concludes the proof.
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5 Appendix. Proof of Theorem 1

In this appendix, we will use the letter n for the fluid flow and 7 for the solid flow.
To (¢,7) € C°([0,T);R? x R) we can associate he’T,9£7r,u§r,T€’T and F%" by (3), (4), (5), (6) and
(7). We also introduce
Ph =W (r),

where U was defined in Lemma 1. We can ensure that 74" belongs to the set U of definition of ¥ by
choosing T suitably small.

We may omit the dependence on (¢,7) on the above objects when there is no ambiguity.

As in Section 3.1 we suppose that 9 has g + 1 connected components I'1,..., I,y and that I'g4q is
the outer one; and we denote by I'g = T'g(t) = dS(t), by t the tangent to 92 and 9S(t) and we define

fyé::/ ug-tdo fori=1,...,g and 'yo::/ ug - tdo.
r; 9So

We will use the following variant of Lemma 1.

Lemma 11. For any R > 0, there ezists C > 0 such that if S = 7(Sp) for 7 € SE(2) satisfies (45) then
any u: Q\ S — R? satisfying

divu=0 in Q\S, u-n=0 on 9Q and u-n= ({+rz*)-n on 89S,

/ u - tdo
r;

Proof. Tt is a direct consequence of Lemma 1 and Morrey’s estimates. It can also be established directly
by following the lines of the proof of Lemma 1. O

where (¢,7) € R? x R, verifies (setting again Ty := 0S):

g
lulleens) < C(lleurlull e s + + 1]+ 7)) (106)

=0

5.1 With a prescribed solid movement

We first prove the following result, which concerns the Euler system with a prescribed solid movement
of §(t) inside €2, and gives existence of a solution as long as no collision occurs.

Proposition 4. Let T > 0 and a regular closed connected subset Sg C Q and define Fo := Q\ Sp.
Consider (¢,7) € C°([0,T];R? x R) such that

for any t € 0,7, dist (7" (t)[So], 09) > 0. (107)

Consider ug € C°(Fo; R?) satisfying (15) and (16). Then the problem (9)-(10)-(11)-(12) (with S(t) =
767(Sp) and F(t) := Q\ S(t)) admits a unique solution

u € L=(0,T; LL(F (1)) nCO[0, T); WhH(F(1)))], Vg € [1,+00).

Proof of Proposition 4. We use Schauder’s fixed point theorem in order to prove the existence part. Let
(¢,7) be fixed so that (107) holds. We deduce 7(t), ¢(t), S(t) and F(t) as previously. We will also use,
for T' > 0, the notation

.FT = Ute(O,T){t} X f(t)

We let
C:= {w € L*((0,T) x Fo) / llwllzee((0,1)xF0) < Hw0||L°°(J-‘o)}-

We endow C with the L>(0,T; L3(Fy)) topology. Note that C is closed and convex.
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Now we define 7 = T%" : C — C as follows. Given w € C, we define w : Fr — R? by

w(t,z) = w(p(t) ™ (2)), (108)
which belongs to L>(0,T; L>=(F(t))). Next we define u : Fr — R? by the following system

curlu = w in Fr,

div u = 0 in Fp,

u-n=0on [0,T] x 99,

u(t,z) -n=us(t,z)-nfort € [0,T] and z € dS(¢t),
friu-tdazfyé foralli=1...g,

faS(t) u-tdo = "o,

(109)

with us defined in (4). According to Lemma 11, u belongs to L>(0,T; LL(F(t))).
Consequently we can define the flow (¢, z) associated to u in a unique way. This flow sends, for each
t, Fo to F(t). Finally, we let
T (w) := wo on(t,) " op(t). (110)

It is trivial that 7(C) C C. It remains to prove that 7 is continuous and that 7 (C) is relatively compact
in L>((0,T); L*(Fo))-

Let us begin with the continuity. We consider (w,,) € CY converging to w € C for the L>(0,T; L3(F))
norm. We associate u,, and 7, corresponding to w, in the above construction, and accordingly v and
7n corresponding to w. Using (109), Sobolev imbeddings and Lemma 1, it is not difficult to see that the
velocities uy, converge to the velocity u in L>(0,T, L>(F(t))). Also, from Lemma 11 we deduce that for
some C' > 0,

[ullos 0. 1seeF @) NunllLeomecFay)) < C.

This involves the uniform convergence of 7, ' to n~!.

continuity of ¥. From this we can deduce that

The convergence of ¢, to ¢ comes from the

T(wy) — T(w) in L>¥((0,T); L3(Fp)).

Indeed, if wg € C°(Fy), this can be straightforwardly deduced from the uniform continuity of wy and
(110). The general case can be inferred by using the density of C°(Fp) in L% (Fp) for the L*(Fp)
topology.

Now let us prove the relative compactness of 7(C) in L>(0,T; L3(F)). This is a consequence of the

following lemma.

Lemma 12. Let C > 0, a € (0,1) and wy € L (Fy). Then the set
A(wo) := {wo o(t,x) forp € C([0,T] x Fo; Fo) such that |Y||ca < C and ¥ is measure—p7’esemmg}7

is relatively compact in L>(0,T; L3(Fo)).

Proof of Lemma 12. We prove the total boundedness of A(wp). Let us be given ¢ > 0. There exists
wy € CY(Fy) such that
[wr = wollpa(ry) < e

Due to the continuity of wy, it is a direct consequence of Ascoli’s theorem that A(w;) is relatively compact
in C°([0, 7] x Fo), and hence in L>(0,T; L3(Fy)). We deduce the existence of 11, ..., ¥n as above such
that

A(wy) C Blwy otp1;e) U---U B(wy 0 ¥n;€),

where the balls are considered in the space L>°(0,T; L3(Fp)). One sees that
A(wp) C B(wy 0p1;2e) U -+ - U B(wy 0 ¢; 2¢e),

which concludes the proof of the lemma. O

25



Back to the proof of Proposition 4. Using again Lemma 11, we see that we have uniform log-Lipschitz
estimates on the velocities v as w € C. This implies uniform Holder estimates on the flows 1 that we
constructed for w € C. So we conclude by Lemma 12 that 7 (C) is relatively compact.

Hence we deduce by Schauder’s fixed point theorem that 7 admits a fixed point. One checks easily
that the corresponding w fulfills the claims.

Finally, the uniqueness is proved exactly as in Yudovich’s original setting for the fluid alone; alterna-
tively, one can use the proof of uniqueness established in Subsection 3.2 with (¢1,71) = (¢3,72).

O

5.2 Continuous dependence on the solid movement

Now we prove that the solution constructed in Subsection 5.1 depends continuously on the solid movement

(4,r).
Precisely, given T > 0 and (£,7) as in Subsection 5.1, we denote u*" the unique corresponding solution
u given by Proposition 4, and w®" := curl u®" the corresponding vorticity. We associate then

@b = ub" o " and @, = Wb ot

We have the following Proposition.

Proposition 5. Let T > 0, (,,7,) € C°([0,T]);R? x R)N and (¢,7) € C°([0,T];R? x R) such that
(bn,rn) and (¢,1) satisfy (107) and

(bnyn) — (6,r) in CO([0, T;R* X R) as n — +oo.

Then _
atnm — @ in CO([0,T] x Fo) as n — +oo. (111)

Proof of Proposition 5. Following Subsection 5.1, we see that (@) is relatively compact in C°([0, T x
Fo). Also, the sequence (@) is weakly-* relatively compact in L>((0,T) x Fo). To prove (111), it
is hence sufficient to prove that the unique limit point of the sequence (@™ &% ™) in the space
CO([0,T] x Fo) x [L>=((0,T) x Fo) — wx] is (a*",0"").

Now consider a converging subsequence of (@™, @& ™). For notational convenience, we still denote
this subsequence (4™, ™), and call (ﬁ, 5) the limit. We associate the functions w™, n™, w, 77 corresponding
to (b, 7, @™, &™) and (¢,7,,w) as in Subsection 5.1.

By uniqueness in Proposition 4, to prove

(@) = (a'r,a"),

is it sufficient to prove that (W) corresponds to a solution of Proposition 4 with prescribed solid
movement (¢,r). For that, we observe that the relation

w(t,) = wo o™ (t, )"t ot (1)

passes to the L>((0,7) x Fy) weak-+ limit (or to the L>(0,T; LP(Fo)) one, p € [1,00)) since Glnomn
converges uniformly to @, so the corresponding flows converge uniformly (using again the uniform log-
Lipschitz estimates). So we infer

w(ta ) =Wwo© ﬁ(tv ')_1 © (pzﬂ‘(t).
On the other side, it is not difficult to pass to the limit in (109), so that in particular

curl (o ("7 (t,)7)) = W(t, ) o (" (¢,) 7).

Hence we deduce that (u,w) is indeed a solution of Proposition 4 with solid movement (¢,r). The
convergence (111) follows. O
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5.3 Endgame

Let us now proceed to the proof of Theorem 1. Once again we are going to use Schauder’s fixed point
theorem.
Let d := d (Sp,09) > 0 and C' > 0. We introduce

D= {(6,7) € C°(0,TER?) /(6,1 llcogomyms) < C',

where T' > 0 is chosen such that CT(1 4 diam(Sy)) < g. Observe that this condition yields in particular
that 767 satisfies

dist (77 (t)(So),09) > - for any t € [0, T]. (112)

d
3
Note that D is closed and convex.

Now we construct an operator A on D in the following way. To (¢,7) € D, we associate, as in
Subsection 5.1, Q(t), S(t), F(t) and u as the fixed point of the operator 7%". We also consider the
Kirchhoff potentials ®; as in (55) and the mass matrix M as in (57). Then, we define A(¢,r) := (£, 7),
where for any ¢ € [0, 7],

[o=[« [ oo ([f e mmens] o) o
with

Bile) = m '/as<s>(u'v¢)i) {(x - h(z))l TJ o

Due to the boundedness of ||V®;||c1.«, M~! under the condition (112) and the one of ||u|, shrinking
T if necessary, we have that A(D) C D.

Now, let us prove that A has a fixed point in D. That A(D) is relatively compact in C°([0, T]; R?)
follows from Ascoli’s theorem. That A is continuous follows from Proposition 5 and the convergence for
all ¢, under the assumptions of Proposition 5:

im0t 5 BT 0 8T in C2(F) as n — 4o0.

This convergence can be deduced from the compactness of the sequence (V®:™™) in C1(Fy) (due to
Lemma 2) and the fact that %" o ™ o (©%7)~1 converges to a function satisfying the correct system
(55) in the limit (use for instance the computations of Subsection 3.2). Therefore we can apply Schauder’s
theorem which proves the existence of a fixed point.

To see that a fixed point of the operator A corresponds to a solution of (1)-(14) it is sufficient to
observe that, thanks to an integration by parts, the solid equations can be recast as

M m - [/m“' (u- V)V, do ~Bilicpaa

i€{1,2,3}

Observe that this reformulation is slightly different from (56) and is obtained by using (9) and an
integration by parts instead of (54). This establishes the existence part of Theorem 1.

Finally, that the lifetime can be uniquely limited by a possible encounter of the body with the
boundary follows by contraposition, as a positive distance allows to extend the solution for a while,
according to the previous arguments.

Remark 4. Mizing the techniques of [16] and the ones of [15], one could prove some results about the
reqularity in time of the flows associated to the solutions given by Theorem 1. More precisely, consider a
solution (£,r,u) given by Theorem 1, then the corresponding fluid velocity field u is log-Lipschitz in the
x-variable; consequently there exists a unique flow map n continuous from R x Fo to F(t) such that

n(t,z) =x +/0 u(s,n(s,x))ds.
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Moreover there exists ¢ > 0 such that for any t, the vector field n(t,-) lies in the Hélder space

CO,EXP(—CM lwoll oo (7)) (—7:0)

If one assume that the boundaries Sy and O are C*+1¥  with k € N and v € (0, 1), then the flow (T,7)
are C* from [0,T] to SE(2) x COeP(=cTllwollee o) (Fy). If one assume that the boundaries Sy and
00 are Gevrey of order M > 1, then the flow (1,n) are Gevrey of order M + 2 from [0,T] to SE(2) X
C’O’CXP(*CTH“’O”W"(%))(fo). In particular in the case where M = 1, we see that when the boundaries are
real-analytic, then the flows (1,m) belong to the Gevrey space G3.
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