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HOW BEHAVE THE TYPICAL L4-DIMENSIONS OF MEASURES?
FREDERIC BAYART

ABSTRACT. We compute, for a compact set K C R?, the value of the upper and of the
lower L?-dimension of a typical probability measure with support contained in K, for
any g € R. Different definitions of the “dimension” of K are involved to compute these
values, following q € R.

1. INTRODUCTION

Let K be a compact subset of R?, and let P(K) be the set of Borel probability measures on
K; we endow P(K) with the weak topology. In this paper, we are interested in properties
shared by typical measures of P(K). By a property true for a typical measure of P(K),
we mean a property which is satisfied by a dense G set of elements of P(K).
Specifically we deal with the upper and lower L?-dimensions of measures. Let u € P(K),
r >0 and g € R\{1}. We write

L(r.q) = /K w(B(e, )" du(z).

The lower and upper L?-dimensions are now defined, for ¢ # 1, by

1 log I
D,(q) = liminf « 08 u(r,q)
a r—0 q — 1 10g r
D 1 log I
D,(q) = limsup « 08 u(r, C]).
r—0 q - 1 logr

When ¢ = 1, the definitions involve a logarithmic factor:
I(r,1) = /Klogu(B(x,r))d,u(x)

Jic log u(B(z,7))dp(z)

D, (1) = liminf

7—0 logr
— 1 B d
D,(1) = limsup Jiclog p(Bw,r) ,u(a:)
r—0 10g’l“

These dimensions were introduced by Hentschel and Procaccia in [HP83] in order to gen-
eralize the information dimension of a measure. They are important for their relationship
with the multifractal formalism. This formalism, which was conjectured in the 1980s in
the physic literature, asserts that for “good” measures, D, (q) = D,(q) for any ¢ € R and
that the Hausdorff multifractal spectrum of p coincides with the Legendre transform of

7, ¢ R = R defined by 7,(¢) = (1 — ¢)D,(q) = (1 — q)Dy(g). This multifractal formal-
ism has been verified for various classes of measures on RY, see [Fal97] and the references

therein.

Date: March 13, 2012.



2 FREDERIC BAYART

In a series of papers ([Ols05], [O1s07] and [Ols08]), L. Olsen made a first approach to
estimate the typical value of D, (¢) and of D,,(g). To state his results, we need to introduce

some classical terminology which can be found e.g. in [Fal03]. For a subset E C RY, we
denote the lower box dimension of E and the upper box dimension of E by dimg(F)
and dimp(E), respectively. The Hausdorff and the packing dimension of E are denoted
respectively by dimy (E) and dimp(F). Also, for a subset K of R? and z € K, we define
the lower local box dimension of K at x and the upper local box dimension of K at x by

dimp o (2, K) = }i_f}(l)(h_mB(KﬂB(xﬂ”))
dimp joc(7, K) = ;Lr%m—mB(KmB(x,r)).

Theorem A (Olsen). Let K be a compact subset of RY. Write

= ke KO = ol lnfdims (B(.7)
+ _ . T I . T
sTo= ;rl?}; dimp joc(z, K) = ;rl?}; 711r>1f(’] dimp(B(z,r))

s = dimp(K).
Then the following holds:

All measures p € P(K) satisfy | A typical measure u € P(K) satisfies
g>1 0<D,(q) <Dulg) <s D,(q) =0
s— < Dy(q) < s*
q€[0,1] 0<D,(q) <Dulg) <s s— < Dy(q) <s.

Remark 1.1. In this paper, we adopt the normalization of [Ols07] instead of that of
[OIs05], because it avoids unpleasant factors (1 — ¢) all over the proofs, and also because
it seems clearer if a dimension is always nonnegative. We nevertheless mention that this
inverts the definition of D, (¢) and D, (q) of [Ols05] when ¢ > 1.

Remark 1.2. In [Ols08], the inequality s— < D,(q) < s is announced for a typical
measure when ¢ € [0,1). However, there is a mistake in the proof, precisely in Lemma
2.3.1. A correct statement of this lemma should be:

Let E C K and let u € P(E). Then
Eu(Q) < dimp(E)

for all ¢ € [0,1).
This correct statement forces to replace s™ by s in Theorem A, which is less good. See
also the forthcoming Theorem 1.6, which shows that typically D, (q) > s™ for ¢ € [0,1).
Remark 1.3. It should be observed that the precise statement of Theorem A is:

a typical measure satisfies for every ¢ > 1...
That is formally stronger than:

for every g > 1, a typical measure satisfies ...

The work of Olsen leaves open several questions:
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e What happens in the remaining cases? Olsen conjectured that, for any ¢ < 1,
D, (q) = 0 and that, for any ¢ <0, D, (q) = +o0.

e Can we say more for the upper L¢-dimension? Precisely, does there exist for
any ¢ > 0 a real number f(q) such that a typical measure p € P(K) satisfies
D,(q) = f(g)? In this case, Olsen conjectured that we cannot do better than
s_ < D,(q) < s* for a typical u € P(K).

Our aim, in this paper, is to answer these questions. To this intention, we need to introduce
two new ways to measure the size of a compact set. The first one measures how behaves
locally the upper box dimension, uniformly in K. For a set E C R% and r > 0, we denote
by P,.(E) the largest number of pairwise disjoint balls of radius r with centers in E and
by N, (FE) the smallest number of balls of radius r which are needed to cover E.

Definition 1.4. Let K be a compact subset of R?. The local uniform upper box dimension
of K is the real number dimp jocunit (&) defined by

log P, (K N B(z;, o))

dimp, g(K) = inf inf inf limsup inf
tocunif () N>1ay,..xnEK 10>0 Tﬁopzfl,...,N —logr
log N, (K N B(z;, o))
= inf inf inf limsup inf
N>1zy,..,zny€K10>0 g i=1,.,N —logr

(the equivalence between these two definitions is a standard property of box-like dimen-
sions.) It is easy to check that

mlglf( dlmB Jloc (1' K) d IMpB loc umf(K) < :1:12;( dimB,loc (1'7 K)
We shall see later that these inequalities can be strict.

We will also need another variant of the lower box dimension, which measures both the size
and the connectivity of a set. For K a compact subset of R%, let C,,(K) be the collection
of the half-closed dyadic cubes of size 27" intersecting K, namely

Sk ki1 ki kj+1
Cn(K) = H[Q—i% ]2—: > kj eZandH[Qn, 2": )mK;é@
j=1

Let Ky = Ucec, (k) C and let Cp(K) be the number of connected components of Ky. We
may observe that the sequence (C,,(K)) is nondecreasing.

Definition 1.5. Let K be a compact subset of R%. The box separation index of K is the
real number bsi(K) defined by

bsi(K) = lim inf M.
n—+oo  nlog?2

It is clear that bsi(K) < dimp(K). Heuristically speaking, bsi(K) is large if, for each
n > 1, you need many cubes of size 27" to cover it and if these cubes are far away from
each other.

It should be pointed out that neither the local uniform upper box dimension nor the box
separation index can be considered as a dimension. For instance, £ C F' does not imply
dimp joc,unit (E) < dimp joc unit(F) or bsi(E) < bsi(F). As an example, if you set E = [1,2]
and F' = {0}U[1,2], then dimp jocunif(E) = 1 whereas dimpg jocunif(F) = 0. Regarding the
box separation index, bsi([0, 1]) = 0 (the 27 "-mesh cubes intersecting [0, 1] are connected),
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whereas bsi(K) = 1/2 when K = {0} U{1/n; n > 1}. This last fact follows easily from
the standard proof of dimpg(K) = 1/2.

Our first main result now reads:

Theorem 1.6. Let K be an infinite compact subset of RY. Write
Ssep = bsi(K)
sy = dimp ocunit(K)
s = dimp(K)
sp = dimp(K).
Then the following holds:

All measures p € P(K) satisfy | A typical measure u € P(K) satisfies
q>1 0<D,(q) <Dulg) < sp Du(q) = su
D,(q)=0
q€(0,1) 0<D,(q) <Dpulq) <s Du(q) =s
D,(q)=0
q=0 0<D,(q) <Dulq) <s Du(q) =s
Q# Q) = Ssep
q<0 0<D,(q) < Dy(q) Dy(q) = +o0
Qu(Q) - Ssep

The typical values of ﬁu(q)7 for ¢ > 1, and of Qu(q)7 for ¢ < 0, are very interesting.
Indeed, they did not take the worst possible values, what is rather atypical in analysis!
From a technical point of view, these results force us to prove two inequalities instead of
just one, since we cannot use the results of the second column. They also point out that
the typical L%-dimensions of measures supported by K depend heavily both on the size
and on the local structure of K, since they involve the local uniform upper box dimension
and the box separation index of K.

As one can guess, the proof of Theorem 1.6 requires delicate constructions of measures as
well as a careful examination of the local structure of a compact set. More surprizingly,
it also involves elements of graph theory. It should be noted that the unusual notions of
dimension used in Theorem 1.6 can be easily computed for natural compact sets arising in
multifractal analysis: Cantor sets, self-similar compact sets, finite disjoint unions of these
sets,...

We turn now to the L'-case. This is maybe the most important case. In the literature,
the L!-dimensions are also known as the (upper and lower) information dimension or as
the (upper and lower) entropy. From Theorem 1.6, we can get immediately the typical
value of D, (1). However, that of D, (1) is unpredictable: it is not clear if it should be s,,
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like for ¢ > 1, or s, like for ¢ < 1. It turns out that neither s, nor s is convenient. In
fact, the situation breaks down dramatically for the upper L'-dimension: in general, there
is no typical value for ﬁu(l)! We cannot say more that ﬁu(l) belongs typically to some
interval, and we shall give soon the optimal interval. Nevertheless, we need to introduce
yet another couple of definitions.

Definition 1.7. Let K be a compact subset of R?. The convex upper bozx dimension of
K is the real number dimp ¢ony (/) defined by

dim .p; log P (K N B(x;,
dimp cony (K) = inf inf inf inf lim sup ZZ pi*08 7"( ( P)) .
) N>1z1,..zN€K p>0p;>0,>", pi=1 10 —logr

The mazimal convex upper box dimension of K is the real number dimp cony,max (/) defined
by

di—mB,COnv,max(K) = sup di—mB,conv (K N B(yap))
yeK,p>0

It is clear from the definition that
di—mB,loc,unif(K) S di—mB,COHV (K) S di—mB,conV,max(K)-

We shall see later that these inequalities can be strict.

Our main theorem on L! now reads:

Theorem 1.8. Let K be an infinite compact subset of RY. Then a typical measure p €
P(K) satisfies

D, (1) =0 and D,(1) € [dimp cony (K), dim . conv,max (K)].

Moreover, if [a,b] is any interval such that a typical measure p € P(K) satisfies D, (1) €
[a,b], then
a S (ﬁ—mB7COHV (K) and b Z di—mB,conmmax(K)-

As before, even though the definition of the (maximal) convex upper box dimension is
not very appealing, it can be easily computed for many compact sets, like Cantor sets,
self-similar compact sets, finite disjoint unions of these sets... Here is an example to see
how Theorem 1.8 reads on a very easy compact set. It points out that we cannot expect
to get a typical value for the upper L'-dimension. This happens only for this value of g.

Example 1.9. Let K = {0} U[1,2]. Then a typical measure p € P(K) satisfies D, (1) €
[0,1] and this interval is the best possible.

The paper is organized as follows. In Section 2, we introduce the tools which are needed
throughout the paper. In Section 3,4,5, we prove Theorem 1.6, whereas Section 6 is
devoted to the study of the upper L'-dimension. We conclude in Section 7 by remarks
and open questions.

2. PRELIMINARIES

2.1. The topology on P(K). Throughout this paper, P(K) will be endowed with the
weak topology. It is well known (see for instance [Par67]) that this topology is completely
metrizable by the Fortet-Mourier distance defined as follows. Let Lip(K’) denote the family
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of Lipschitz functions f : K — R, with |f| <1 and Lip(f) < 1, where Lip(f) denotes the
Lipschitz constant of f. The metric L is defined by
Luv) = sup

[ tan~ [ sav
feLip(K)

for any p,v € P(K). We endow P(K) with the metric L. In particular, for y € P(K) and
0 >0, Br(p,0) ={v € P(K); L(u,v) < 6} will stand for the ball with center at p and
radius equal to 9.

We shall use several times the following lemma.

Lemma 2.1. For any o € (0,1), for any 5 > 0, there exists 6 > 0 such that, for any E a
Borel subset of K, for any p,v € P(K),

Ll w) <6 = u(E) < v(B(a)) + 5,
where E(a) = {z € K; dist(x,E) < a}.
Proof. We set

« provided t € E
f(t) =< a—dist(z, E) provided 0 < dist(z, F) < «
0 otherwise.

Then f is Lipschitz, with |f| <1 and Lip(f) < 1. Thus,

wWE) < 1/fdu

(67

< é[/fdu+5}

< v(BE(w) + g.

Hence, it suffices to take § = af3. O

Our first application of Lemma 2.1 is that a small perturbation of a finite measure p
does not change dramatically the value of I,(r,q), provided we allow to change slightly
the radius. Here is the statement that we can get for ¢ > 1. F(K) denotes the set of
probability measures with finite support in K.

Corollary 2.2. Let ¢ > 1. There exists Cq > 0 such that, for any p € F(K), for any
r > 0, there exists § > 0 such that, for any v € P(K) with L(u,v) <4,

I,(r,q) < Cyl,(2r,q) and I,(2r,q) > Cq_llu(r, q).
Proof. We begin by fixing a pair (¢,n) with ¢ € (r,2r) and n > 0 such that
{ [t =t +n) 0 {lle —yll; =,y € supp(p) } = &;
Va,y € supp(p), = #y = [lz -y > 2.

Observe that this choice of ¢ and 1 guarantees that, for any x € supp(p) and any z €
B(z,n), then

supp(p) N B(x,t) = supp(u) N B(z,1)
so that ,u(B(a:,t)) = ,u(B(z,t)). Now, suppose that 4 > 0 has been chosen so small that
any v € P(K) with L(u,v) < § satisfies
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e for any x € supp(u),

Sulfa)) = Su(Blen/2)) < v(Ble.n) < 20(Blx, 20)) = 2u({z})
Ethis is posesible b(y z;pplying Lemma 2.1 with o = 7/2 and 3 = infcgupp(u) #({7}))-
e for any = € supp(u),
v(B(z,m) > n(B(z,n/2) -

> p(fa)) - B0

where N denotes the cardinal of the support of ;. What is important here is that,
setting Y = | ) B(x,n), one gets

v(Y)>1-1,(2r4q).

1,(2r,q)
N

xEsupp(p

e for any x € supp(u) and any z € B(z,n),
v(B(z,r)) <2u(B(z,t)) = 2u(B(z,t))

1 1
v(B(z,2r)) > 5;1(3(2,25)) = §,u(B(x,t)).
Again, this is possible thanks to Lemma 2.1 and because p has finite support.

Hence, on the one hand, we get

IV(T‘,(]) = Z )L($7n)y(3(z,r))qldy(z)—i-/cy(B(z’r))qldy(z)

xEsupp(p

IN

20 3" p(Ba,)" pl{a}) +v(Y©)
xesupp(p)

QqIﬂ(t’ Q) + IH(2T’ Q)

(27 +1)1,(2r,q).

On the other hand, we also have

L,(2r,q) > Z V(B(Z,2T‘))q_1dl/(z)

xesupp(p) Bz.m)

> 270 Y u(B)" p{a})
zesupp(u)
> 27U, (t,q) > 279,(r,q).

IN A

O

When ¢ < 1, the situation is more difficult. Indeed, for an arbitrary close to p measure
v € P(K), v(B(z,r))9! may be very large even if z ¢ supp(u). However, adding an
assumption to avoid singularities, we are able to prove the following corollary.

Corollary 2.3. Let g < 1. There exists Cq > 0 such that, for any p € F(K), for any
r > 0 with M(B(x,r)) > 0 for any v € K, there exists 6 > 0 such that, for any v € P(K)
with L(p,v) < 6,

1,(2r,q) < Cyl,u(r,q) and I,(r,q) > C, ' I,(2r,q).
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Proof. Let a = mingex u(B(x,r)) > 0. a is positive since p has finite support so that
p(B(z,7)) can only take a finite number of values. As before, let t € (r,2r) and let n > 0
be such that
{ [t =t + ] {llz —yll; 2,y € supp(p)} = 2;
Va,y € supp(p), = #y = |z —yl > 2n.
Then, for any = € supp(u) and any z € B(z,n), one gets

w(B(w,0)) = n(B(=,1).
Now, provided 6 > 0 is small enough, Lemma 2.1 tells us that, for any v € P(K) with
L(p,v) <9,

1 1
Vz € K, v(B(z,2r)) > g,u(B(z,t)) > 1 (B(z,1))
(recall that pu(B(z,t)) > a > 0). Let F = K\ UJ:Esupp(u B(:U,n) Then
L(2rq) = ) / ) o) / o))
vesupp(u) ¥ B@n v(B(z,2r) (z,2r)
_ dl/(z)
< / —_ +2! q/ — 1.4
xesuzpp B u(B(z 1) F p(B(z 1)

< ol-d Z V(Lx’n)l)__i_gl—qaq—ly(p)_
xEsupp(p) M(B(x’t)) !

We apply Lemma 2.1 again to observe that, provided § is small enough, for any x €

supp(u),
v(B(x,m)) < 2p(B(z,3n/2)) = 2u({z})
and that
v(F) < p(F(n/2) +e=¢,

where € > 0 is arbitrary. Thus we conclude that
I(2r,q) < 2*791,(t,q) + 2" %% e
< 227, (r,q)
if € > 0 is small enough. For the other inequality, we simply write

I(r,q) = Z/ V(z)

resupp )1 !
> / P
TESUpp p B(z,m) p ) !
> Z 9q—1 V(B(x’n)l), _
TEsupp M(B(m’ t)) !

Now, we can choose d > 0 to ensure that v(B(z,n)) > 27 u(B(z,n/2)) = 27 pu({z}), so
that

v

Iy(n Q) Z 2q72IM(t7Q) Z 2q72[M(2T7 q)
(]

Remark 2.4. The assumption ,u(B (:U,T)) > 0 for any x € K is needed only to prove
I,(2r,q) < CqIM(r, q).
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Of course, there is a similar statement for ¢ = 1. Nevertheless, we will need later a more
precise result, because of the logarithm. We restrict ourselves to one inequality.

Corollary 2.5. Let e > 0, r > 0 and p € F(K). There exists 6 > 0 such that for any
v € P(K) with L(u,v) <4,

I,(r,1) <log2+ (1 —¢)l,(2r,1).
Proof. Again, let t € (r,2r) and let 7 > 0 be such that

{ [t =t + )0 {llz —yll; 2,y € supp(u)} = &;
Va,y € supp(p), x #y = [lz —yl > 2.
Then, for any = € supp(u) and any z € B(z,n), one gets
w(B(@,1) = n(B(=,t)).
Let 6 > 0 be such that, for any = € supp(u) and any z € B(z,n), for any v € P(K) with
L(p,v) <6,
v(B(z,r)) <2u(B(z,t)) = 2u(B(z,t)) < 2u(B(z,2r)),

v(B(z,n)) > (1 —e)u(B(x,1/2)) = (1 —e)u({z}).

Then,
I(r,1) < xeg;;(u) B(Wlog(V(B(z,r)))du(z)
< mesuzp;)(m log(2)v (B(z,n)) + mesu%(m log pu(B(x, 2r))v(B(x,1))
< log2+(1-¢) Y logu(B(x,2r))u({z})
< log2+ (L)

Another application of Lemma 2.1 is the following result on open subsets of P(K):

Lemma 2.6. (a) Let z € K, a € R and r > 0. Then {u € P(K); p(B(xz,r)) > a} is
open.

(b) Let E C K be such that there exists o > 0 with E(a) N K = E. Then {u €
P(K); uw(E) > 0} is open.

Proof. (a) If a does not belong to [0,1), then the set is either empty or equal to P(K).
Otherwise, let 4 € P(K) be such that p(B(z,r)) > a. One may find ¢ > 0 such
that p(B(z,(1 — €)r)) > a. Thus the result follows from Lemma 2.1 applied with
E=B(z,(1—-¢)r),a=er and g = (u(B(z, (1 —e)r)) —a)/2.

(b) The proof is similar (and even easier).

(]

Finally, we will need that some subsets of P(K) are dense in P(K). We first recall a result
which can be found e.g. in [Ols05, Lemma 2.2.4.].

Lemma 2.7. Let (z;);>1 be a dense sequence of K. Let (fini)n>1, 1<i<n be a sequence of
P(K) such that, for any n > 1 and any 1 < i < n, supp(pn,:) C K N B(z;,1/n). Then,
for any m > 1, Uan { o Pittng; Pi >0, > pi = 1} is dense in P(K).
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Since a compact set is separable, the previous lemma yields in particular that the set F(K)
of probability measures on K with finite support is dense in P(K). Moreover, taking the
p; in Q, we can always consider a sequence () of F(K) which is dense in P(K).

We shall also need several times the following result.

Lemma 2.8. Let n > 1 and let Ky,..., K, be nonempty subsets of K. Then {,u €
P(K); u(K;) >0 for any j =1,...,n} is dense in P(K).

Proof. Let v € P(K), € >0 and for each j =1,...,n, let z; € K;. We set
c n
n= (1—€)V+Ezl(;xj
=

Then L(p,v) < 2¢ and p(K;) >0 for any j =1,...,n. O

2.2. Graph theory. Surprizingly enough, our constructions of measures with prescribed
properties need some results from graph theory. Let us first recall some terminology, which
can be found e.g. in [Diel0]. Let G = (V, E) be a graph. We recall that two vertices v, w
of E are adjacent or neighbour if vw is an edge of G. A path between two vertices v and
w is a sequence of vertices vg = v, v1,...,vny = w such that v;v;11 belongs to the set of
edges E for any i € {0,..., N —1}. We say that the graph is connected provided any two
vertices of G can be linked by a path in G.

If U is a subset of V, the induced subgraph G(U) is the graph whose set of vertices is U
and whose set of edges is the subset of E containing all edges vw with v,w € U.

Our first lemma is a well known result in graph theory. For convenience, we provide a
proof.

Lemma 2.9. Let G = (V, E) be a connected graph. There exists a vertex v € V' such that
G(V\{v}) remains connected.

Proof. Let [v,...,vn]| be a path such that its vertices are pairwise different, and whose
length is maximal in the set of such paths. Then G\{vp} is connected. Indeed, take any
v,w € V\{vo} and let [wo,...,w,] be the shortest path from v = wp to w = wp in G. In
particular, w; = vy for at most one i € {1,...,p — 1}.

If for any ¢ € {1,...,p — 1}, w; is not equal to vy, there is nothing to prove : the path
stays already in G(V\{vo}). Thus, suppose that w; = vy for some i. If w;_1 or witq
did not belong to {v1,...,vx}, then we could add the edge w;_1vg or w;1vp to the path

[vo, ..., vN], with a new vertex. This would contradict the maximality of this path. Thus,
w;—1 and wj41 both belong to {v1,...,vx}, and we can replace in [wy, . .., wp] the subpath
[wi—1,w;, w;+1] by the corresponding subpath joining w;_1 to w;41 using only vertices in
{v1,...,un}, and thus avoiding vy. O

This lemma allows us to give weights on the vertices of a connected graph with particular
properties.

Lemma 2.10. Let G = (V, E) be a connected graph, let € > 0 and let p > 1. There exist
vo € V' and positive real numbers (wy)vey such that

o for any v € V\{vg}, one can find a neighbour u of v such that w, < ew;
o wy, > 1/2;
> ey Wy =1
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Proof. We proceed by induction on the number of vertices of G, the case where this
number equals 1 or 2 being trivial. So, suppose that V contains n > 3 elements and let
v1 be given by Lemma 2.9. The graph G(V\{v;}) remaining connected, we can apply
the induction hypothesis with some g9 € (0,¢) to the graph G(V\{v1}). We get positive
numbers (6y)yev\ (o} and vo € V\{v1}. Let a > 0 be very small and let

wy, = (1—-a)f, ifv#uv
Wy, = Q.

Provided a@ > 0 is small enough, w,, is much smaller that w,, for v any neighbour of v;.
Moreover, when v € V\{vg,v1}, one can find another vertex u which is a neighbour of v
in G(V\{v1}), in particular in G, such that

HU < 5095.
This leads to e
< P < p
Wy < = a)p—lwu <ewl,
provided o > 0 is small enough again. The property w,, > 1/2 is also true, under the
same restriction on a. ]

2.3. Measures with prescribed properties. Our results will depend on the construc-
tion of probability measures on K having prescribed properties depending on the dimension
of K. Of course, the choice of the definition of the dimension will determine the properties
of the measure on K that we can expect. In this direction, the most famous result is the
Frostman lemma (see [Fal03]) which is based on the Hausdorff dimension.

Lemma 2.11. Let K be a nonempty compact subset of R®. Then, for every 0 < t <
dimy (K), there exists u € P(K) and constants C > 0, ro > 0 such that M(B(m,r)) < Crt
forallx € K and 0 <1 < rg.

This lemma has a counterpart for the upper-box dimension, due to Tricot ([Tri82]).

Lemma 2.12. Let K be a nonempty compact subset of RY. Then, for everyt > dimp(K),
there exists p € P(K) and constants C' > 0,19 > 0 such that ,u(B(:U,T)) > Crt for all
r€ K and 0 <r <rg.

One can also ask to weaken the assumption in the anti-Frostman lemma, by the use of the
lower-box dimension instead of the upper-box dimension. This is possible, even if there is
a price to pay: the conclusion is also weaker, since it is only obtained for one value of r,
arbitrarily small.

Lemma 2.13. Let K be a nonempty compact subset of RY. Then, for everyt > dimgz(K),
for every o > 0, there exists i € P(K) and r € (0,c) such that p(B(z,r)) > 27 for all
re K.

Proof. One can find 7 € (0,a) such that P, 5(K) < 2'r7". We set P = P, 5(K) and let
x1,...,xp € K be centers of disjoint balls of radius r/2. We define

1 P
w= EZ%'
j=1

Then, for any € K, one can find i € {1,..., P} such that z; € B(z,r) (otherwise
B(z,r/2) would not intersect any B(xj,7/2)). Thus

pu(B(z,r)) |

> > 97 tpt,
252
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We can, like in Frostman lemma, obtain measures with an upper estimate of the size of
balls using the upper-box dimension only. However, here too, we have to work with a fixed
radius.

Lemma 2.14. Let K be a nonempty compact subset of R? and let 0 < t < dimp(K).
Then, for any a > 0, one can find r € (0,«) and p € P(K) such that, for any x € K,
w(B(z,r)) <7t

Proof. The proof is similar to that of Lemma 2.13. By definition of the upper-box dimen-
sion, one can find r € (0, «) such that

r~t <P,.(K).
Let P =P, (K) and let x1,...,zp € K be the centers of disjoint balls with radius r. Then

the measure
1 P
=7 >0
j=1

is convenient. Indeed, for any € K, the ball B(x,r) contains at most one of the z;, so
that p(B(z,r)) < P71 <rl. O

We finally use the box separation index. This is much more delicate, and we work directly
with I,,(r, q) instead of p(B(z,r)).

Lemma 2.15. Let K be a nonempty compact subset of R%, let n > 1 and let ¢ < 0. There
exists v, € P(K) with finite support such that, for any p = Zf\il pidz, € P(K) with finite
support, for any 0 € (0,1), setting v = (1 — 0)u + Ovy,, then

q
1(327.) < N(1— )99 + 07+ 0 C,(K)',

where a = min, (p;). Moreover, v(B(z,3.27")) >0 for any z € K.

Proof. We use the notations of the introduction. We decompose K, into its connected
components Cp1(K),...,Cp c, (k) (K). For any j = 1,...,Cy,(K), we denote by C]i», 1=
1,...,kj, the half-closed dyadic cubes of size 27" appearing in C;. By definition, C]i» NnK
is never empty, and we can fix y; a point in Cji NnK.

We endow each C, ; with a graph structure. Precisely, we say that two cubes C’; and C}
are adjacent provided their closure do intersect. The graph C,, ; is then a connected graph.
Moreover, it is easy to check that if C} and C]l~ are adjacent, then for any = € Cji», le» is
contained in B(z,3.27") (at this part of the proof, we find convenient to use the ¢*°-norm
on R%, and to suppose that B (x,7) is the ball corresponding to this norm. Working with
a different norm would only replace here 3 by a constant depending on d. This would not
change at all the content of our main theorem.)

Let € > 0 be such that (k1 + -+ + k¢, (k) < Cn(K)?. We apply Lemma 2.10 to each
connected graph C, ; with p = 1 — ¢. This gives weights wj», it =1,...,k;. Renumbering
the cubes if necessary, we can always assume that, for any ¢ in 1,...,x; — 1, there exists
l # i such that the cubes C; and C]l~ are adjacent, and wj» < a(wé)lfq (that is we suppose
that the vertex vg in Lemma 2.10 is C’;j.)
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We finally set

Ky
)\j = Zw;éy;
=1
Cn(K) 1
Vp = C K)\J

Let now p and v as in the assumptions of the lemma. We first observe that for any
xz €K, V(B(x, 3.2*")) > 0. Indeed, any = € K belongs to some C} and V(B(x,3.2*”)) >
V({y;}) > 0. Let us now control 7,(3.27",q):

Cn(K) kKj

I,(327"q ZZ/ —x?); ok

=1 =1 ZOKV

To estimate the integral, we distinguish three different cases:

(a) There exists (at least) one point in the support of p which lies in C; N K. Then we
just use that, for any = € Ci N K, v(B(z,3.27")) > v(C; N K) > (1 — 6)a, so that

d
/ v(z) — <y(CINEK)? < (1—6)%a,
- _ q
cink v(B(z,3.27"))
Observe that this estimate concerns at most N cubes. '
(b) supp(u) N C7 is empty, and i < x; — 1. Let le» be a neighbour of C} such that
wj» < a(wé)lfq. For any z € Ci N K, we already observed that B(z,3.27™) contains

le» N K, so that V(B(:U,?).Q_")) > V(Cl NK) > & (K) . Thus,

dv(x) V(CiNK) g pu

/C;OK V(B(x,3.2—"))17q = 917q(w§)1chn(K)q,1 = (wé-)l*an(K)q = Cn(K)1

(c) For the last cubes, namely supp(u) N C’jZi is empty and i = k;, we argue as in case (a),
except that now the mass of the cube C]i» N K is given by vy,:
/ dv(x)
CINK V(B(a:,3.2*”))1_q

< v(C)NK)1

< L( "‘J’)q
S CuE) W

(2 e

Putting this together, and remembering the value of €, we get that

IN

Ch( -1 94 Cn(K)
I,(327",q) < N(1-6)%a+ Z ZC —— Z < > K)™
(1) < N(1—9)qaq+9q+%cn(K)H.
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2.4. Results true for all measures. The results true for all measures which are quoted
in Theorem 1.6 are not new. All of them can be found in [Ols05] or in [Ols08], except
D,(q) < sp for ¢ > 1. But this inequality can be found in [Cut95] for ¢ = 1, and the
remaining cases follow easily from the next lemma, which is an easy application of Jensen
inequality.

Lemma 2.16. Let q1 < g2 be two real numbers and let p € P(K). Then
D, (q1) > D,(¢2) and Dy(q1) > Dyu(g2).

3. TYPICAL LOWER L4-DIMENSIONS, ¢ <0

Let K be an infinite compact subset of R%. In this section, we prove that a typical measure
p € P(K) satisfies D,,(¢) = ssep for any ¢ < 0. We first observe that we can work with a
fixed value of q. Indeed, suppose that we are able to prove that, for any ¢ < 0, the set

M(Q) = {M € P(K)a QM(Q) = Ssep}

contains a dense Gs-set. Then consider (g,) a dense sequence in (—oo, 0],with ¢o = 0 and
let

M = ﬂM(Qn)

which itself contains a dense Gs-set. Let u € M and let ¢ € (—00,0]. One can find two
subsequences (gg(n)) and (qy(n)) such that gs) < ¢ < gy(n)- Since D, (qpm)) < D,(q) <
D, (qg(n)), taking the limit, we get D ,(q) = Ssep-

This trick works in any case. In particular, in this section, from now on, we fix ¢ < 0.

3.1. The lower estimate. We first prove that a typical measure p € P(K) satisfies
Qu(q) > Sgep- Let n > 1, and recall that C,, 1, ... ,Cn,cn(K) denote the connected compo-
nents of K, the union of the dyadic cubes of size 27" intersecting K. We also define

AnJ' - U C N K.
CeCn,j
It is important to notice that dist(A, j, A, ) > 27" provided j # k, and that K is the
(disjoint) union of the A, ;. In particular, A, ;(27""1) N K = A, ;. We finally set
Ry = {pePK); Vje{l,...,Ca(K)}, u(Any) >0}

R = ()R

n>1

and we claim that R is the dense Gs-set we are looking for. Indeed, each R, is dense by
Lemma 2.8 and open by Lemma 2.6. Moreover, any p in R has its lower L?-dimension
greater that or equal to sgp. Indeed, let r > 0 be small, and let » > 1 be such that

2-(n+1) « p < 27" We know that
/Am u(B -

S
A,y 1(Anj) 1 —¢’

IM(T7 q) =

v



HOW BEHAVE THE TYPICAL L4-DIMENSIONS OF MEASURES? 15

because the A, ; are well separated, so that A, ; D B(z,r) N K for any « € A, ; and any
r < 27" Thus we find

Iu(r.q) = (A, )1

Now, since ZC"(K) pu(Anj ) = 1, it is well known that this quantity is minimal when
1(Anj) = & (K) for any j = 1,...,C,(K). This shows that

Iu(ra q) > Cn(K)l_

Taking the logarithm, dividing by (¢ — 1)logr, which is positive, and taking the liminf,
we get the aforementioned lower bound for D,,(q).

3.2. The upper estimate. We now prove that a typical measure p € P(K) satisfies

D,,(q) < ssep- It is sufficient to prove that, for any ¢ > seep, a typical measure p € P(K)

satisfies D,,(q) <.

Let p € F(K), p = NN | pids,, a = min;(p;) > 0 and let [ > 1. By definition of the box
separation index, one can find n > [ very large such that

N(1 — N"YY? + N7 4 279N 70, (K)' 72 < 2m(1=4),

Let v,, be the measure given by Lemma 2.15 and let

1 1
Vpl = 1_N M‘FNVn

We can apply Corollary 2.3 to the measure v,; and to r = 3.27" to get some positive 9,
such that, for any v with L(v,v,,;) < 0.,
,(627",q) < Cyly, (327", q)
< Cu(NQ—N1a?+ N79+27IN"I1C,(K)'9)
)

IN

We finally set
R = ﬂ U BL Vu,la 1,1 )
1>1 peF(K)

For any fixed | > 1, {v,;; p € F(K)} is dense in P(K). Indeed, let A € P(K) and let
e > 0. Since K is infinite, there exists p € F(K) such that L(u, ) < /2 and the cardinal
number of the support of p, denoted by NV, satisfies N > 4/e. Now,

€ 2
L -+ — .
(W, A) < 2+N <e

Thus, R is a dense Ggs-set. Moreover, for any v € R, there exist arbitrarily large integers
n such that

1,(6.27",q) < C,2"01=9),
Taking the logarithm and dividing by (¢ — 1) log(6.27"), this shows that D, (q) < t.
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3.3. The box separation index of self-similar compact sets. We end up this section
by computing the box separation index of a self-similar compact set. Fix an integer N > 2
and let S; : RY — R%, i =1,..., N be contracting similarities with respective ratio ;. Let
K be the self-similar compact set associated to these similarities, namely K is the unique
nonempty compact subset of R? satisfying

K =JSsi(K).

We say that (S1,...,Sn) satisfies the open set condition if there exists an open nonempty
and bounded subset U of R? with S;i{ C U and S;id N S;U = @ for all 4,5 with 7 # j. We
also say that (S1,...,Sn) satisfies the strong separation condition if S;K N S;K = @ for
all i # 7.

When (S1,...,Sn) satisfies the open set condition, the Hausdorff dimension and the box
dimension of K are well known. Define /8 as the unique solution of ZZ]\LI rf = 1. Then
dimy (K) = dimg(K) = dimp(K) = B (all details can be found in [Fal03]). Under a

slightly stronger assumption, this is also the value of the box separation index.

Theorem 3.1. Let (Si,...,SN) be contracting similarities of R with ratios (ry,...,rN)
and let K be the associated self-similar compact set. If (S1,...,SN) satisfies the strong
separation condition, then

bsi(K) = dimy(K) = dimp(K) = dimp(K) = 8

N =1,

where [ is the unique solution of Y ;" r;

Proof. Since bsi(K) < dimg(K), we just need to prove that liminf,, % > 3. For a

word i = i1 ...4, with entries in {1,..., N}, define
Si=8;, 008, i ="y .. .Tip, pizriﬁ.
Since the strong separation condition is satisfied, there exists m > 0 such that
dist (S;(K), S;(K)) > 27™ for any i # j.
For r > 0, denote by I(r) the set of words i such that
Tiy oo Tip, ST and 74 ...y, > T

Such a word is called minimal with respect to r. The key points are the following facts
which can be found e.g. in the proof of [Fal03, Theorem 9.3]:

e For any 7> 0, > e/ pi = 1;
e For any r >0, K C U;g () Si(K).
Now, by definition of I(r), p; < r? for any i € I(r), so that
card(I(r)) > rh.

Pick now i # jin I(r). By minimality of i and j, i is not the beginning of j, and conversely.
Let &k be the smallest index with iy # jx and let u be the word u =147 ...45_1. Then

diSt(Si(K), Sj (K)) diS‘C(SuSZ',C (K), Squk (K))
Tiy - - .Tikfldist(Sik (K), Sjk(K))

27 My,

(AVARLVARLV]

We specialize this inequality for » = 27", In each S;(K), i € I(27"), one can find a point
belonging to K. Furthermore, the distance between Sj(K) and Sj(K) is greater than
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2-(+m) when i # j € I(27"). Thus, the closure of the dyadic cubes of size 2~ (+m+2)
intersecting .S;(K') and the closure of the dyadic cubes of size 2~("*™+2) intersecting Sj(K),
i#jeI(27™"), are disjoint. Hence,

Crm2(K) > card(I(27™)) > 27",
Taking the logarithm and the liminf, this yields bsi(K) > £. O

Remark 3.2. The example of K = [0, 1] shows that we cannot only assume the open set
condition.

4. LOCAL UNIFORM UPPER BOX DIMENSION AND TYPICAL UPPER L%-DIMENSION

In this section, we study the link between the local uniform upper box dimension of the
compact set K and the typical upper L?-dimension, ¢ > 1, of the probability measures on
K. We also show that the local uniform upper box dimension does not coincide with the
local upper box or the local lower box dimensions.

From now on, we fix ¢ > 1 and set s, = ﬁBJogunif‘(K).

4.1. The lower estimate. Let t < s,. One intends to show that D, (q) >t for a typical
measure p € P(K). Let (x;);>1 be a dense sequence in K and let n > 1. By definition of
Su, one may find r,, < 1/n such that, for any i = 1,...,n,

P, (KN B(z;,1/n)) > r,".

Arguing like in the proof of Lemma 2.14, we can construct for each n > 1 and each
i < n a measure fi,; € P(K) such that supp(un;) C B(z;,1/n) and, for any = € K,

,U'n,i (B(x7 rn)) S TZ-
Let also 6, > 0 be given by Lemma 2.1 for a = r,,/2 and 8 = rl. We finally set

n n
A = {mem'; pi>0, Y pi= 1}
i=1 i=1

R, = U BL(:U’(SH)
nEAR

R = () U Rn
m>1n>m

By Lemma 2.7, for any m > 1, Uan R, is dense, so that R is a dense Gg-subset of
P(K). Pick now v € R. There exists an arbitrarily large integer n and p € A,, such that
L(p,v) < 6,. Now, u satisfies, for any = € K,

/L(B(%’,?”n)) = Zpilu'n,i(B(xﬂan)) < rlrtz'
=1

Taking into account the value of §,, this yields
v(B(z,rm/2)) < 2rk.
Integrating this inequality, we get
I,(rn/2,q) < 2q_1rfl(q_1).

Since 7, can be taken arbitrarily small, this implies D, (q) > t.
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4.2. The upper estimate. Let ¢ > 5,. Our aim is to show that, generically, D, (q) < t.
By definition of the local uniform upper box dimension, one can find x1,...,z, € K, all
different, ro > 0, with 4r¢ < min,4; ||z; — ;|| and a > 0, such that, for any r € (0, «), one
may find ¢ € {1,...,n} with

log N, (K N B(z;, 1)) <
—logr -

The crucial point here is a result which appears in the proof of [Ols05, Lemma 2.3.1.]. Tt

is based on Jensen’s inequality.

Lemma 4.1. Let u € P(K), let E be a Borel subset of K with u(E) > 0. Then, for any

r >0,
p(E)1
I1,(2 > 71
w(2r.0) = N, (E)a-1

We then set

R={pePK); Vie{l,...,n}, u(B(ziry)) >0}.
The set R is dense (Lemma 2.8) and open (Lemma 2.6). Moreover, for any p € R and
any r > 0,

B(z;,19))* C
1,(2r,q) > sup #(B(wi;r0)) >

i=1,...,n Nr (K N B(CEZ, To))q_l B inf¢:17,,.,n (Nr (K N B(mz, To))q_l ’

where C =inf,—; ,u(B(a:i, ro))q. Taking the logarithm, we find
log I,,(2r,q) >logC — (¢ — 1) ilnf log NT(K N B(wi,ro)).
1= n

Now, for any r in (0, «), this becomes
log 1,,(2r,q) > log C +t(q — 1) log .

We now divide this inequality by (¢ —1)logr (which is negative) and we take the limsup
to obtain that D,(q) < t.

4.3. Comparison of three notions of dimensions. We now show that the local uni-
form upper box dimension is not always equal to the (local) lower box dimension or to the
(local) upper box dimension. For simplicity, we set
+ . .
sT = inf dim z, K
vk B,loc( ) )
_ = inf dim z, K).
s xEK—B’10C( ) )
That s, > s_ for some compact sets is easy: it suffices to take a Cantor set K for which
dimp(K) < dimp(K). The uniformity in the construction of the Cantor set ensures that

5. =dimg(K) and s, = s7 = dimp(K)

(see [Tri82] for details).

To prove that it is possible that s, < sT, we also use Cantor sets. Let (ny) be a sequence
of integers increasing to +oo with ng = 1 and ngy1 > 5ny. We define two sequences (ay,)
and () by ap = By =1 and

27 provided n € [ng, 2ny)
apt1 =4 3 provided n € [2ng, 3ny)

9 otherwise
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27 provided n € [3ng, 4ny)
Bni1 =< 3  provided n € [4ng, 5ng)

9 otherwise.

Define E (resp. F') a Cantor subset of [0,1] (resp. of [2,3]) as follows : E =(, E, (resp.
F =), F.) where at each step we divide each subinterval of E, (resp. F},) into a1
(resp. fBp+1) intervals of size 100~+tY) Thus E, (resp. F),) consists of a3 X -+ X ay,
(resp. B1 X -+ X [3,) intervals of size 100~".We finally set K = F U F. A key point in the
construction is that, for each n,

min(aq ... ap, f1...06,) = 9™

Thus we need at most 9" intervals of size 100~ to cover either F or F. On the contrary,
when we look separately at E or at F', we need for certain values of n more intervals.

Let us proceed with the details. By uniformity of the construction of each Cantor set, it
is not hard to show that

inf dimp joc(z, K) = inf (dimp(E), dimp(F)).
zeK

Now,
logay ...an . log 9nk277k 5log 3

dimp(E) = limsup ————" = | —
mp (B) = Hmsup = 10700 ~ £ 2 log 100~ 2log 100°

and, in the same way,

—_— ) log By ... Bn . log 9327 9log 3
dimp(F) = limsup —————— = lim = .
n—+oo TN 1og 100 k—+oo 4ng log 100 41og 100

On the contrary, we shall see that for this compact set K, s, < ; o3

2125 (actually, s, is equal

t li}golgo?a). Indeed, it is enough to show that
. inf (log N, (E),log N,(F)) 210g 3
lim sup < .
r—0 —logr log 100

This follows easily from

. log 9™ 2log 3
lim sup = .
n—+oo Nlog100  log 100
Remark 4.2. The local uniform upper box dimension can also be easily computed for a

regular compact set. We recall that a compact set K C R? with dimy (K) = s is called
Ahlfors regular if there are positive constants ¢y, ca, 79 > 0 such that

c1(2r)* <H* (K N B(z,r)) < c2(2r)®

for all z € K and all 0 < r < ro. For a Ahlfors-regular compact set, it is easy (and
classical) to check that

in}f(di_mB ez, K) = dimpz joc wnif (K) = dimy (K) = s.
TE€ ’ T

This happens in particular if K is a self-similar compact set satisfying the open set con-
dition.
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5. TYPICAL LI-DIMENSIONS, THE REMAINING CASES, q # 1

In this section, we turn to the remaining cases, for ¢ # 1. More precisely, we prove that a
typical measure p € P(K) satisfies

e D,(q) = dimp(K) provided g € [0, 1);

° Eu(q) = 400 provided ¢ < 0;

e D, (q) = 0 provided ¢ € (0,1).

As previously, we can work with a fixed g € R.

5.1. Typical upper Li-dimension, ¢ € [0,1). In [Ols08], it is proved that any measure
p € P(K) satisfies D,(q) < s where s = dimp(K). So, since the result is trivial if
dimp(K) = 0, we may assume that s is positive, and we have just to prove that, given
any t € (0,s), a typical pu € P(K) satisfies D, (q) > t.

Let (un) be a sequence of F(K) which is dense in P(K). Write p, = SN | pid,,, where
the z; are all different and each p; is nonzero. Let «,, > 0 be such that

1 1 _
ap < - Naf, < 3 and 4oy, < IZI;I?H:CZ — x|

For these values of ¢ and «,, Lemma 2.14 gives us a real number r, € (0,c,) and a
measure m, € P(K) such that, for any x € K, my,(B(z,r,)) < rf. We then set

N
1
En = _1Ogrn7 Vp = (1 — En),un + EnMp and Yn = l:leB(x“Tn)

We first observe that

N
vn(Yn) < 1—¢g,+e, Zmn(B(xi,rn))
i=1
< 1—an+€nNrfL
< 1-2
- 2

Moreover, for any = ¢ Yy, v, (B(z, 7)) < €,7h, so that,

dvy,(z)
L) = e

> (Ve e

1 _
> 53%7”3@ 1

V

Now, Corollary 2.3 (see also the remark following it) gives us a real number §,, > 0 such
that, for any v € P(K) satistying L(v,v,) < d,,, one has

1
I,(rn/2,q) > Zaq pia=1),

n'n
Taking the logarithm and dividing by (¢ — 1) log r,,, which is positive, we get

log IV(TN/27q) > Cl + 02 log(_ log(rn))

+ t.
(q - 1) log(rn) log Tn
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Finally, we observe that since (g,,) is going to zero, (1) keeps dense in P(K). We then

consider the dense Gs-set
R= () U Brn,n).

m>0n>m

The work done before implies immediately that any v € R satisfies D, (q) > t.

5.2. Typical upper Li-dimension, ¢ < 0. Let (u,) be a sequence in F(K) which is
dense in P(K). For any n € N, let m,, = ¢,,, where y,, does not belong to supp(s,). Let
(rn) be a sequence decreasing to zero such that 2r, < dist(yy,,supp(u,)). We set

en =71 and vy, = (1 — ep) iy, + EnMy.

Observe that (v,,) remains dense in P(K). Moreover, the choice of r,, ensures that

—1 _
Iun (rn7 Q) > Vp ({yn})yn (B(yru rn))q = Un ({yn})q =T, ",
Corollary 2.3 gives us a real number §,, > 0 such that any v € P(K) satisfying L(v, v,) < 0,
also verifies
(2) I,(rn/2,q) > Cyr, ™.
We then consider the dense Gs-set
R=1) U Brn, ).
m>0n>m

Picking any v € R, we can find n as large as we want and the corresponding r,, as small as
we want such that (2) holds true. Dividing by (¢ — 1)log 7y, which is positive, and taking
the limsup, this yields D, (q) = +o0, and this holds for a typical v € P(K).

5.3. Typical lower Li-dimensions, ¢ € (0,1). We begin by applying the anti-Frostman
lemma 2.12 to get a measure m € P(K) and some C,ro > 0 such that m(B(z,r)) > Cr

for all x € K and all 0 < r < 7o, where ¢t > dimp(K). Let (u,) be a sequence of F(K)
which is dense in P(K). We write u, = Ziil pidz, and we also set
1
rp = min <—,mjn(pi)"(1q)> s en =D/ and v, = (1 — €, pin + £nm.
n 4
Observe that (g,) goes to zero, so that (v,) remains dense in P(K). Let also Y,, =
Ufil B(x;,ry,). Tt is easy to check that
e Vx ey, I/n(B(CC,’I“n)) > min;(p;)/2;
o Vi &Yy, vn(B(x,mm)) = Ceprl.

Thus, one obtains

_ dva () (@)
Iyn(rn,Q) - /Yn l/n(B(CC,’I"n))l_q + /Y,f Vn(B(x,T'n))l—q

< C <min(pi)q71 + Egr;t(kq)) .

(in this proof, the letter C' denotes a positive real number which may change from line to
line, remaining always independent of n). The values that we impose on r,, and ¢,, ensure
that

1
L, (rp,q) <C (W + 1) .

Tn
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Now, Corollary 2.3 gives us some J, > 0 such that any v € P(K) with L(v,v,) < 0,
satisfies

L, (2r,,q) <C (L + 1) .

1
/"

It is now routine to prove that

R= ) U Br(vn6n)

m>0n>m

is the dense Gg-set we are looking for to prove that, typically, D M(q) =0 when ¢ € (0,1).

6. TYPICAL L!-DIMENSION

We now turn to the L'-dimensions. Lemma 2.16 yields that, for a typical measure u €

P(K)7
0<D,(1) <D,(1/2) =0 and s, < D,(2) < D,(1) < D,(1/2) = s.

We now prove the nontrivial part of Theorem 1.8. We shall need several times the following
analog of Lemma 4.1.

Lemma 6.1. Let K be a compact subset of R, let A C K, let i € P(K) and let r > 0.
Then

/ log p(B(z,2r))du(z) > —p(A(r)) logN,(4) —e™ .

A

Proof. We follow [O1s07]. For brevity, write NV = N,.(A). Let x1,...,zy € K be such that
AcC Uf\il B(z;,r). Put By = B(x1,r) and E; = B(:Ui,r)\U;»;ll B(zj,r) fori=2,...,N.
Since for any = € E;, E; C B(x,2r), we may write

/Alog,u(B(x,Qr))d,u(x) = ;/AﬂEi log 11(B(z, 2r))du(z)
> Z/AOE log (u(E; N K))dpu(x)
> Z u(E; N K)log (u(E; N K)).

1

Now, we apply Jensen’s inequality to the convex function ¢ : (0,+00) — R, t — tlogt.
Observing that Ufil E;N K C A(r) and that ¢ is bounded from below by e, we get

N
[ oz u(B2n)dute) = N3 g oluEin K)

N (Z Su(EN K))

v

)

) (u <UEmK>> — (UEmK) log N

—e 1 - 1(A(r)) log N.

v

v
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We divide the proof of Theorem 1.8 into four parts. For convenience, we set :

: max :
Sconv — dlmB,conv(K) and Sconv — dlmB,conv,max(K)-

6.1. The lower bound. Let ¢ < Scony. One intends to show that D, (1) > ¢ for a typical
measure 4 € P(K). Let (x;);>1 be a dense sequence of distinct points in K and let n > 1.
Let pn > 0 be such that 4p, < min(||lz; —z;||; 1 <i < j <n)and p, < 1/n. Let finally
P1,--.,Pn > 0 be such that >, p; = 1. By definition of Scony, one may find r, < p, such
that, setting P, = P, (K N B(xi,pn)),

n
Zpi log(P;) > —tlogmry,.

We then consider, for a fixed ¢ in 1,...,n, points x7, j = 1,..., P;, which are the centers
in K N B(x;, pp) of disjoint balls of radlus Tn. We observe that our choice of p,, ensures

that all balls B(x l,pn) 1=1,...,n,5=1,..., P, are pairwise disjoint. We set
pi
i = 3 25 ;

(3
=1

and we majorize I, (rn,1):

1

n P; ‘
Hn,(py) (V“n, 1) = Z % Z log (,U'n,(pi) (B(xg,rn))>
- sz log(pi) Zpl log(P,

< tlog T

Now, Corollary 2.5 gives us a real number d,, ,,,y > 0 such that L(v, i, (p,)) < 0y, (p,) implies
I,(rp/2,1) <log2 + (1 — %) tlog r,. We conclude by setting

Ap = {Mn,(pi); pi >0, sz‘ = 1}

i

R, = U BL(/J'n,(pi)75n,(p¢))
Hin, (p;) EAn

R - N UR.
m>1n>m

R is a dense G5 subset of P(K) and any v € R satisfies

— 1
D, (1) > limsup <1 - —) t=t.
n

n—-+o0o

6.2. The upper bound. Let t > s22* One intends to show that there exists a dense

conv

and open set of measures p of P(K) such that D, (1) < t. We first fix ¢y € (s22X, ¢) and

n > 0 such that (1 + 2n)ty < t. Let (y,) be a dense sequence of distinct points in K and
let (pn) be a sequence of (0,1) such that

1
pn < 1
{ B(yi,2pn) N B(yj,2pn) = @ for any i # j in {1,...,n}.
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Let N > 1 and let n < N. By definition of sgeax, we know that we may find an integer
M, n > 0, elements z.,... ,mi\f”’N contained in B(yn, pn), a real number §, y € (0, pn)

and real numbers pl., . .. ,pﬁ/["’N in (0,1) with 3, pi, = 1 satisfying

p log N, (K N B(z!, 5n7N))
Z <to

- —logr
provided r is small enough. Reducing d, n if necessary, we can always assume that the
balls B(x},, 20, n), for i = 1,..., M, y, are pairwise disjoint and that they are contained
in B(yn, pn). Let also Qn be defined by

On = {(Q17"'7QN) € (071)§ Z%‘Zl}-

For any q = (¢1,...,qn) in Qn, we also fix ey g € (0, 1) satisfying
(d+Neng < nto
eng(l—phan) < nphgnforanyn=1,...,Nandanyi=1,..., M, n.
We finally set, for N > 1 and q € Qp,

UNQ:{MEP(K) ; VYn=1,...,N, Vi=1,...,M,n,
M(B(:U%,én,N/Q)) > (1— eN,q)p,i@qn and
ﬂ(B(ynapN)) > (1 - 6N,q)Qn}-

Each Uy 4 is open by Lemma 2.6 and |J N.qUN,q is dense by Lemma 2.7. Let us show that
any p1 € Uy q satisfies D, (1) < t. We set
Mn,N

N
Vo= VU U Bt
n=1 1

(2

and we apply Lemma 6.1 to each B(x!,d, n) and to Yy. Taking into account that we
have a partition of K, we thus obtain

N Mn,N
I(2r,1) > =Y > p(B(al,dnn + 1)) log N (K N B(x, 6n,n))

n=1 i=1
—u(Yn(r)) log N (Yiv) + Cy,
where C), does not depend on r. We first look at the last term. Provided r is small enough,

Mn,N

N
Yn(r)c K\ |J |J B(ah,60,n5/2)

n=1 i=1

so that
p(Yn() < 1-> > (1-ceng)rhan

S Equ'



HOW BEHAVE THE TYPICAL L2-DIMENSIONS OF MEASURES? 25
On the other hand, since Yy is contained in R¢, which has dimension d, we know that
log (N;.(Yx)) < —(d +1)logr
provided r is small enough. Thus, taking into account the value of ey g,

—u(Yn(r)) log N, (Yn) > nto log r.

The analysis of the first term is slightly more delicate. We first observe that, provided r
is small enough,

< w(Byn.pn)) = > pu(B(@d, 0n.))
J#i
< 1-— Z M(B(ymapN)) - Z(l - 6N,q)p{LQn
m¥#n jF#i
< 1-(I-eng) > am— 1 —eng)d—ph)an
m¥#n
< 1-(1-eng)l—¢gn) — (1 —eng) —pp)am
< PhGn +eng(l — prgn)
< (1 +n)pLan-
Thus,
I,(2r,1) > —(1+n) Z Gn Zpil log N, (K N B(xfl, 5n,N)) +ntologr + C,

> (1 + 277)t0 IOgT’ + Cy,a
provided again that r is small enough. Dividing by log r and taking the limsup, we find
D,(1) < (1+2n)ty < t.

6.3. Optimality of the lower bound. Suppose that there exists ¢t > scony such that
R = {,u € P(K); D,(1) > t} is residual. We shall arrive at a contradiction. The argument
follows rather closely that of the previous subsection. We fix ¢y € (Scony,t) and 1 > 0 such
that (1 + 2n)ty < t. By definition of Scony, one may find xy,...,zxy € K, p > 0 with
4p < min(||z; — xj||; ¢ # j) and p1,...,pny > 0 with ) . p; = 1 such that any » > 0
sufficiently small verifies

N
Zpi log (NT(K N B(xi,p))) < (—log r)tp.
i=1

Now, let € > 0 satisfying the following conditions:

{(d+1)e < nty

e < nlfipi forany i =1,...,N.

Let finally

N
U=\{nePEK); uBip/2) > (1-e)pi}.
i=1
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U is open and nonempty and one can pick u € U N'R. We set Y = K\ UY, B(xi, p) and
we apply Lemma 6.1 to get

I,(2r1) > - Z w(B(zi, p+ 1)) log N, (K N B(wi, p)) — (Y (r)) log N (Y) + C,,

> —Zu (xi,2p)) log N,.(K 0 B(w;, p)) — (Y (p/2)) log N.(Y) + C,,

provided r < p/2. Now we observe that

w(B(zi,2p)) < 1—Z,u (xj,p
J#
1= pi(l—¢)
J#i
pi+e(l—pi) < (1+n)p;

IN

IN

In the same vein, we also get

n(Y(p/2) 1= n(Blw;p/2) <<

whereas, provided r is small enough,
logN,(Y) < —(d+ 1) log .
Coming back to I,,(2r,1) and summarizing the previous results, we conclude that

N
I,(2r1) > — Z(l + n)pilog N (K N B(w;,p)) 4 (d+ 1)elogr + C,,
i=1
> (14 2n)tologr + C,,

where C), does not depend on r. Dividing by logr and taking the limsup, we obtain that
D, (1) < (14 2n)ty < t, a contradiction with u € R.
6.4. Optimality of the upper bound. Suppose that there exists t < s23% such that

conv

R = {p € P(K); D,(1) <t} is residual. Let ty € (¢,s22%) and let y € K, p > 0 be such

y “conv
that, setting E = KN B(y, p), dimp conv (E) > to. Let also 8 > 0 be such that (1 B) to > t.
We start from a sequence () C F(K) which is dense in P(K) and such that ,un(E) >0
for any n > 1. We fix n > 1 and we write

q p
n — ZQi(Syi + sz(sxl
i=1 i=1

where z; € E, y; ¢ E, pi,¢; > 0. Let a > 0 be such that 4o < min(||z; — z;||; @ # j),
da < min(||ly; —y;l; @ # 7), 4o < min(||z; —y;||) and o < 1/n. By definition of the convex
upper box dimension, we know that one can find 7, < min(e,1/n) as small as we want
such that

P P
Zpi log P, (E N B(zi,a)) > (—logry)to Zpl- = (= logry)topn(E).
i=1 =1
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For simplicity, we set P; = P, (E N B(mi,a)) and we consider points x},... ,xfi all in
E N B(x;, @) such that the balls B(x],r,) are disjoint. We then set

1 &
Uni = F Z (511:
7 j=1 4
q p
Up = Z%%i + Zpi”n,i-
=1 i=1

Uy, is close to . Indeed, for any f € Lip(K),

‘ /K fin — /K fdpn

In particular, the sequence (v,,) keeps dense in P(K). Furthermore, v, (E) = pu,(E) > 0
and

p

: 1

<Y pillei -2l <a < -
=1

q p P '
o~ e 3 (3)
i=1 =1 =1 i
= ZQzIquZ-i-Zpllog Di) Zp,log

< Z gilog(qi) + Zpi log(ps) + log(rn)tovn(E).
=1 =1

Provided r,, is small enough, this implies
L, (rn, 1) < (1= B)tolog(ry)v,(E).

Now, Lemma 2.1 and Corollary 2.5 give us a real number ¢, > 0 such that L(v,v,) < d,
implies

{ L(rn/2,1) < (1=p)I,(rn, )—|—10g2
V(E) < vp(E(a)) + Brn(E) = (1 + B)vn(E).
Thus,
a2
I,(rn/2,1) < %to log(ry)v(E) + log 2.
We define

- ﬂ U BL(Vnafsn

m>1n>m

which is a dense Gs-subset of P(K) such that any v € R’ verifies D, (1) > (11+%) tov(E).

Finally, we considered
U={pePK); uE)>1-p}

which is open and nonempty. Then any measure y in the nonempty intersection RNR' NU
satisfies the contradictory conditions

D,(1) <tand D,(1) > -5y

A
1+8 °
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6.5. Examples. To apply Theorem 1.8, we need to be able to compute the dimensions
which are involved. This is indeed possible for simple compact spaces.

Example 6.2. Let K = {0} U[1,2]. Then a typical measure u € P(K) satisfies D, (1) €
[0,1] and this interval is the best possible.

Proof. That scony = 0 is easy. It suffices to take in the definition of the convex upper
box dimension N 1 and z; = 0. To prove that sgax = 1, one may observe that

dimp cony([1,2]) = 1. a
Example 6.3. Let E and F' be the two Cantor sets defined in Section 4.3 and let K =

EUF. Then a typical measure yu € P(K) satisfies D, (1) € 611?;1;%030’ 251’(123;130 and this

interval is the best possible.

An interesting feature of the previous example is that Scony > Su.

Proof. By homogeneity of the two Cantor sets, to compute Sconyv, we just need to compute

N -n E N —-n F
inf limsup aN g (E) + SN;g9-n (F) .
a+h=1 n—s+oo nlog 100

From the construction of the Cantor sets, it is easy to check that, for a fixed choice of
a and (3, the limsup will be attained along either the sequence (2ny); or the sequence
(4ng)k. Moreover

N, o2, (E) = 927 = 3% N g-2n,, (F) = 31

N, gg—1ny, (E) = 35 N, gg—1ny, (F) = 39,
Thus,
. log 3 log 3
- f 5a+48) =————, (8a + 98) ———
Scon atpr X <( @+ 48) 510g 100" B0 T 99 110 100>
log 3

— _98°  ihf (842a,9—a).
Tlog 100 aiiy B+ 2009 — @)

The minimum is obtained for v = 1/3 (when the two terms are equal) so that

13log 3
Scony = T
O 61og 100
That s&2% = dimp(K) = 2?;;%80 is easier. Indeed, we can restrict ourselves to E where,
by homogeneity, HB,COHV(E) = dimp(E). O

Example 6.4. Let K be a Ahlfors-regular compact set with Hausdorff dimension s. Then
a typical measure p € P(K) satisfies D, (1) = s.

Proof. For such a compact set,

s < inf dimp 1, (7, K) < Scony < Sgony < dimp(K) = s.

zeK conv
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7. CONCLUDING REMARKS

7.1. Case ¢ = +oo. The Li-dimensions of a probability measure p have also a meaning

for ¢ = —oc0 and g = +o00. Their definitions are
— log inf B(z,r
DM(—OO) — Lm sup g xesupp(p) lu’( ( ))
r—0 log
log inf B(z,r
Q (—OO) — Liminf g x€supp(p) M( ( ))
# r—0 log r
_ log su B(x,r
D,(+00) = limsup & 5HPresupp(ry) M( ( ))
r—0 logr
10g SUP,csupp(y) ,u(B(a:, r))

Dy(+o0) = hglal(?f log r

In [Ols07], Olsen shows that a typical u € P(K) satisfies
Qu(+oo) =0 and miglf(di—mB,loc(x’K) < EH(+OO) < migff(ﬁBJoc(x’K)'

Our methods allow us to determine the exact typical value of the L9-dimensions, for
q = —o0 and g = 4o00.

Theorem 7.1. Let K be an infinite compact subset of R%. Then a typical p € P(K)
satisfies
Qu(+oo) =0 Qu(+oo) = dimB,loc,unif(K)

D,(~o0) = dimp(K)  Dy(~o0) = +o.

Among these values, that of D u(—oo) is surprising, because it is different from the value
of D,,(q) when g <O0.

Proof. For commodity reasons, we set s, = dimp jocunif (/). It is easy to show that, for
any q € R,

D, (+00) < D, (q) < D, (—00) and Dy (+00) < Dy (q) < Dy(—00).

Thus, Theorem 1.6 already implies that D, (+00) < s, and that D,(—occ0) = +oc for a
typical u € P(K). Thus, it remains to show the typical (in)equalities D, (4+00) > s, and
D, (—o0) = dimp(K). We begin by showing that D, (+00) > s, for a typical u € P(K).
Let t < s, and let us apply the results of Section 4.1. They provide a dense Gs-set R and
a sequence (1) going to zero such that, for any v € R, we can find n as large as we want
such that

V(B(x,rn)) < Crt.
This immediately yields D, (4+00) > t.
We now prove that a typical p € P(K) satisfies D ,(—00) > dimg(K). For n > 1, let
P = Py« (K) be the maximal number of balls of radius 27" with center in K which do
not intersect. Let B(x1,27"),...,B(xp,27") be such a family of balls. We set U;, =
B(x;,27"), Uj = B(x;,27("*) and

Ro = {neP(K): Vi€ {l...,Pyn(K)}, u(U},) > 0}

R = ﬂRn.

n>1
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Each R, is dense by Lemma 2.8 and open by Lemma 2.6, so that R is a dense G-
subset of P(K). Pick now any p € R and let r € (0,1). There exists n > 1 such that
2-(n+1) <y < 27" Moreover,

P, . (K)

H(UJ n) <1
=1

.

so that there exists j € {1,...,Po-n(K)} with p(Uj,) < (PQ—n(K))fl. Now, since
n(U;,,) > 0, one may find y; € supp(u) NUj,,. Noticing that B(y;,r/2) is contained in
Ujn, we get

log p1(B(yj,7/2)) <log u(Uj,) < —log Py-n(K)

which itself yields

log infl"ésupp(u) M(B(.%’, 74/2)) > log Py-n (K) > log P27n(K)
log(r/2) —  log(r/2) T (n+2)log2’
Taking the liminf, this shows that D, (—o00) > dimp(K).

We finally prove that D, (—o0) < dimg(K). Let t > ¢ > dimp(K). Lemma 2.13 gives
us, for each n > 1, a measure m,, € P(K) and a real number r,, € (0,1/n) such that
my (B(x,7,/2)) > Crt for each x € K, where C' just depends on . Let now u € F(K)
and let us set

Vpn = (1 — = t)),u—l—r M,

For any x € K, v, 5, (B(:c,rn)) > Crl. By Lemma 2.1, we may find 6, > 0 such that any
v € P(K) with L(v,v,) < 6, satisfies

v(B(z,2ry)) > 2Cr.

We then consider

R={1 U Bumd)

n>1pe F(K)

which is a dense Ggs-set. For any v € R, there exists r,, as small as desired such that

log infzesupp u v (B(, 2ry)) . log(2C)

)

log ry, log ry,

so that D, (—o0) < t. O

7.2. On the optimality. It is natural to ask whether the inequalities appearing in the
second column of Theorem 1.6 are optimal or not. The third column gives the answer,
except for ﬁu(q), qg > 1 and Qu(q)7 q < 0. It is very easy to exhibit a measure satisfying
Qu(q) = 0, ¢ < 0: any Dirac mass does the job. The situation is different for Eu(q),
q > 1; we just know that D, (1) < dimp(K), but we do not know whether this is always
the best bound.

Question 7.2. What is the biggest possible valut of D,(q), ¢ > 17

It is conceivable that, at least for ¢ = 1, we need a kind of convex version of the packing
dimension.
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7.3. Li-dimension along subsequences. When, for a measure u € P(K), D,(q) <

D, (q), it is natural to ask the following question: for which 7 € (D,.(q), Dpu(q)) can we
find a sequence (r,) going to zero such that

log I,,(rn, )
(¢g—1)logmry,

The most interesting case is when all values of (Qﬂ(q),ﬁﬂ(q)) can be attained. For
continuity reasons, this is always the case.

— 77

Proposition 7.3. Let K be a compact subset of R?, let yu € P(K) and let ¢ € R. Then,
for any 7 € (D,,(q), D,.(q)), there exists a sequence (ry) going to zero such that

lOgIﬂ(Tn’Q) lOgIﬂ(Tn’l)

— 7 when q # 1, — T otherwise.

(g —1)logry, log 7y,
The proof of this proposition is based on an application of the intermediate value theorem.
Unfortunately, the map r — ﬁ X % does not need to be continuous. However,

an enhancement of the intermediate value theorem to semicontinuous functions will be
sufficient in our context. It can be found e.g. in [Gui95].

Lemma 7.4. Let f : [u,v] = R be upper semicontinuous on the right and lower semicon-
tinuous on the left. Suppose moreover that f(u) > f(v). Then for any X € (f(v), f(u)),
there exists x € [u,v] such that f(x) = \.

The regularity of I,,(-,¢) will depend on the position of ¢ with respect to 1.

Lemma 7.5. Let p € P(K) and let ¢ € R. Suppose moreover that, for any r > 0,
I,U«(T’ q) 7é +OO

(a) For g > 1, r —logI,(r,q) is negative, nondecreasing and continuous on the left;

(b) For q=1, r— I,(r,1) is negative, nondecreasing and continuous on the left;

(¢) For q <1, r—logl,(r,q) is positive, nonincreasing and continuous on the left.

Proof. We just prove the continuity statement. We fix » > 0 and we pick a sequence (r,)
increasing to r. Then (u(B(z,ry)) increases to pu(B(xz,r)) for any z € supp(p). Thus
(a) follows from the monotone convergence theorem, whereas (b) and (c) follow from
Lebesgue’s theorem. O

log 1,,(r,q)

Togr e need a last lemma.

1
In order to apply Lemma 7.4 to r — 1 X

Lemma 7.6. Let I be an interval, let g : I — (—00,0) be continuous and let f : I —
(—00,0) be nondecreasing. Then fg is upper semicontinuous on the right.

Proof. Let rg € I, let ¢ > 0 and let 7 > 0 such that any r € [ro,79 + 1) N I satisfies
g(ro) < g(r) +e.

We also know that for these values of r,

flro) < f(r) <0,

so that
f(ro)g(ro) > f(r)g(ro)
> f(r)g(r)+ef(r)
> f(r)g(r) +ef(ro).
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This shows that limsup, _, + f(r)g(r) < f(ro)g(ro), which means that fg is upper semi-
continuous on the right. O

Proof of Proposition 7.3. Let 7 € (D,,(q), Du(q)) (if D,,(q) = D,(q)), there is nothing to
say. Define

1 " log 1,,(7, q)
q—1 log r
o(r) = IL,(r1)
S if g =1.
log r
By the above lemmas, ¢ is continuous on the left and upper semicontinuous on the right.
Moreover, for any € > 0, one may find 0 < r; < r9 < & such that
¢(r1) > 7 and ¢(ra) < 7.

By Lemma 7.4, one can find r3 € (r1,72) such that

P(rs) = .

The conclusion of Proposition 7.3 follows easily. U

ifqg#1

Combining this proposition with Theorem 1.6 yields:
Corollary 7.7. Let K be an infinite compact subset of RY. Write
Ssep = bsi(K)
sy = dimp jocunif(K)
s = dimp(K).
Define, for ¢ € R\{1},

[0, s4] forqg>1

L) os prge
1 [Ssep7 S] fO?" q=0
[Ssep, +00)  for g <O.

Then a typical measure p € P(K) satisfies, for any ¢ € R\{1}, for any 7 € E,, there
exists a sequence (ry,) going to zero such that

log 1,,(7n,q)

(g —1)logry,
7.4. Prevalence. The notion of genericity used in this paper is in the sense of Baire
theorem. Omne could also consider other notions, in particular that of prevalence. In
[01s10], Olsen studied the typical values of D, (q) and D,(q) for ¢ > 0 for this notion
of genericity. Surprizingly enough, the results are rather different from the results in the
Baire point of view.

Problem. What can be said on D ,(¢) and D, (q) for a prevalent measure, when g < 07
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