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A Kohn-Vogelius formulation to detect an obstacle immersed
in a fluid

F Caubet’ M Dambrine! D Kateb! and C Z Timimoun ¥

February 12, 2012

Abstract

The aim of our work is to reconstruct an inclusion w immersed in a fluid flowing in
a larger bounded domain {2 via a boundary measurement on 9€2. Here the fluid motion
is assumed to be governed by the Stokes equations. We study the inverse problem of
reconstructing w thanks to the tools of shape optimization by minimizing a Kohn-
Vogelius type cost functional. We first characterize the gradient of this cost functional
in order to make a numerical resolution. Then, in order to study the stability of
this problem, we give the expression of the shape Hessian. We show the compactness
of the Riesz operator corresponding to this shape Hessian at a critical point which
explains why the inverse problem is ill-posed. Therefore we need some regularization
methods to solve numerically this problem. We illustrate those general results by some
explicit calculus of the shape Hessian in some particular geometries. In particular, we
solve explicitly the Stokes equations in a concentric annulus. Finally, we present some
numerical simulations using a parametric method.

Keywords: geometric inverse problem, order two shape sensitivity, shape calculus, station-
ary Stokes problem.

AMS Subject Classification: 49Q10, 34A55, 49Q12

1 Introduction, notation and setting of the problem

The problem of reconstructing an inclusion w immersed in a fluid flowing in a greater
bounded domain ) has been investigated by many authors. In [4], Alvarez et al. studied
this inverse problem in order to determine the shape and the location of w via the mea-
surement of the velocity of the fluid and the Cauchy forces on the boundary 9. After,
in [5], Alves et al. used a method mainly based on the analysis of a system of nonlinear
integral equations to determine the geometry and the position of a rigid object immersed
in a viscous and incompressible fluid. In a more recent work [14], Conca et al. investi-
gated the problem of the detection of a moving obstacle in a perfect fluid with a boundary
measurement. When the obstacle is a ball, they showed that the position and the velocity
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of its center of mass can be identified from a single boundary measurement. In [15], using
complex analysis tools, Conca et al. proved that this result cannot be generalized to any
solid. However, they extended the result to moving ellipses: they proved that a solid with
some symmetry properties can be partially detected. As expected for an inverse problem,
the numerical experiments which were conducted show some difficulties to reconstruct the
object. Those numerical difficulties are explained in a recent paper of Badra et al. (see [8]).
Using a least-squares approach, the authors prove that the problem is severely ill-posed.

Here the fluid motion is assumed to be governed by the classical Stokes equations with
non-homogeneous Dirichlet boundary condition on the exterior boundary and homoge-
neous Dirichlet boundary condition on the interior boundary. In order to simplify the
expression, we assume that the exterior forces are null but the same results hold if we
add a second member. This problem is classical and was studied by many authors (see for
example [4], [8], [28], [1], [9, 10]) due to its importance in many applications involving fluid
related technology and receive considerable attention by engineers and mathematicians.
It is known to be ill-posed and our goal is to determine what sort of informations on the
shape to be detected can be recovered by the tools of shape optimization.

Following previous works on electrical impedance tomography by Afraites et al. in [2]
or [3] and Badra et al. in [8], we solve our inverse problem by minimizing a cost functional.
In our paper, we consider an other approach than the least-squares cost functional for the
same problem than the one studied in [8]. Indeed, we show how to solve the inverse problem
by defining a Kohn-Vogelius type cost functional. Here we make the measurement only
on a part of the exterior boundary and not on the whole exterior boundary as in the
classical Kohn-Vogelius approach (see [2] for example). Thus, we consider here the Stokes
equations with Dirichlet and mixed boundary conditions. Then, we follow the classical
recipe: first we give an explicit formula for the gradient of this functional and compute
after the associated shape Hessian to study the stability. We show the compactness of
the Riesz operator corresponding to this shape Hessian at a critical point; this explains
why the inverse problem is ill-posed. We then illustrate this result by computing explicitly
this shape Hessian matrix for some particular geometries; we point out the consequence
of the high frequencies on the value of the smallest eigenvalue. Finally, we present some
numerical simulations with a regularization method: we use here a parametric model.

The paper is organized as follows. Firstly, we introduce the notations, the overdeter-
mined problem that we consider and the Kohn-Vogelius cost functional Jgy . Secondly, in
Section 2, we state the main results of this work. We recall an important identifiability
result that we quote from Alvarez et al. (see [4, Theorem 1.2]) which ensures that the
functional Jxy has a unique global minimum. The first order derivatives of the state and
of the cost functional are characterized and the shape Hessian is explicitly computed. We
then claim that the Riesz operator associated to the shape Hessian is compact. This result
is crucial in the sense that it explains all the stability difficulties that one has to face. Fi-
nally, in order to illustrate the exponentially ill-posedness of this problem, we present an
explicit calculus of the shape Hessian in a concentric annulus and compare it with the elec-
trical impedance tomography case (i.e. the Laplacian case). In Section 3, we prove those
results. In the last part of this paper, we present some numerical attempts to effectively
reconstruct the inclusion w using shape derivative informations. Let us point out that we
use a parametric model of shape variation in order to highlight the bad conditioning of
the Hessian matrix. To remove the oscillations due to the high frequencies, we propose an
adaptive method which seems to be efficient. The needed results on Stokes equations with
mixed boundary conditions (a theorem of existence and uniqueness of the solution and a
local regularity result) are recalled in Appendix A. Moreover, the explicit computations



of the solution of the Stokes equations in an annulus are detailed in Appendix B.

Introduction of the general notations. Let us introduce the notations that we adopt
in this paper. For a bounded Lipschitz open set Q € RY (N = 2 or 3), we denote by LP(£2),
WmP(Q) and H*(2) the usual Lebesgue and Sobolev spaces. We note in bold the vectorial
functions and spaces: LP(Q), W™P(Q), H*(Q2), etc. We denote by || the measure of €.
Moreover, n represents the external unit normal to 9€2, and for a smooth enough function
u, we note dpu the normal derivative of u. Finally, we define the space

lﬁmw:{peﬂunuépzo}

The problem setting. Let 2 be a bounded, connected and Lipschitz open subset of
RN (N =2 or 3). Let dy > 0 fixed (small). We define Oy, the set of all open subsets
w of © with a C%! boundary such that d(z,dQ) > dy for all z € w and such that Q\w
is connected. The set Oy, is referred as the set of admissible geometries. Notice that we
make the assumption that the inclusion is far from the boundary 0€2. We also define 4,
an open set with a C'°° boundary such that

{z € Q; d(z,00Q) > do/2} C Qq, C {z € Q; d(z,00) > dy/3}.

Let f € HY/? (09) such that f # 0 satisfying the compatibility condition

f-n=0. (1.1)
oN

Let O be a non-empty subset of 9Q and g € H™Y/ 2(0) be an admissible boundary mea-
surement. For w € Oy, let us consider the following overdetermined Stokes boundary
value problem

—vAu+Vp = 0 in Q\w
divu = 0 in Q\w

u = f on 00 (1.2)
u = 0 on Jdw

—vOhu+pn = g on O.

Here the constant v > 0 represents the kinematic viscosity of the fluid, the vectorial
function w represents the velocity of the fluid and the scalar function p represents the
pressure.

We assume here that there exists w* € Oy, such that (1.2) has a solution. Thus, we
consider the following geometric inverse problem:

find we Oy, and a pair (u,p) which satisfy the overdetermined system (1.2).  (1.3)

We will tackle the inverse problem of reconstructing w thanks to the tools of shape
optimization. In order to recover the shape of the inclusion w, a usual strategy is then
to minimize a cost functional. In this work, we consider the following Kohn-Vogelius cost
functional

1
Ieve) =g [ vivn —un)f,



where (up,pp) € H'(Q\w) x L2(Q\w) is the unique solution of the Stokes problem with
Dirichlet boundary conditions

—vAup+Vpp = 0 in Q\w
divup = 0 in Q\w

up = f on 09 (1.4)
up = 0 on Jw

and (upn,py) € HY(Q\@) x L2(Q\©) is the unique solution of the Stokes problem with
mixed boundary conditions

—vAuny +Vpy = 0 in Q\w
divuy = 0 in Q\w
—vOpuN +pyn = g on O (1.5)
uny = f on 9Q\O
uny = 0 on Jw.

We refer to [12] or [18] for the results of existence, uniqueness and regularity of the solutions

of the Stokes problem with Dirichlet boundary conditions. Notice that we assume the

compatibility condition (1.1) associated to problem (1.4) is satisfied. Concerning the mixed

boundary conditions, we recall the main results used in this paper in Appendix A. Hence,

the existence and the uniqueness of the couple (upn,py) is guaranteed by Theorem 11.
Then, we try to minimize the Kohn-Vogelius cost functional Jxv :

w* = argmin Jgy (w). (1.6)
wEOdO
Indeed, if w* is solution of the inverse problem (1.3), then Jxy (w*) = 0 and (1.6) holds.

Conversely, if w* solves (1.6) with Jgy (w*) = 0, then this domain w* is a solution of the
inverse problem.

Introduction of the needed functional tools. To define the shape derivatives, we
will use the velocity method introduced by Murat and Simon in 1976 in [23]. To this end,
we need to introduce the space of admissible deformations

U :=1{0c W>(R"Y); Supp 6 C Qy,}.

Then for V € U and t € [0,7) (where T' > 0 is a fixed real number sufficiently small), we
define w; := (I+¢V)(w). In this paper, V is referred as the perturbation direction and
we denote

Vo=V -n

For details concerning the differentiation with respect to the domain, we refer to the papers
of Simon [26, 27] and the books of Henrot and Pierre [20] and of Sokotowski and Zolsio
[30].

2 Statement of main results

Identifiability result. We quote an identifiability result in the Dirichlet case proved by
Alvarez et al. [4, Theorem 1.2]. In order to state it, let us precise a notation: we denote
by o the stress tensor defined by

o(u,p) == v(Vu +' Vu) — pl.



Here 'Vu is the transposed matrix of Vu. Notice that if divu = 0 in Q\@, one has
—div (o(u,p)) = —vAu+ Vp in Q\w.

Theorem 1 (Alvarez et al., [4]). Let Q CRY (N =2 or 3) be a bounded C*' domain,
and O a non-empty open subset of 0N). Let

wo, w1 € {w CC Q; w is open, Lipschitz and Q\w is connected}

and f € H3/2(8Q) with f # 0, satisfying the fluz condition / f n=0. Fore, =0 or
o0
£« =1, let (uj,pj) for j =0,1, be a solution of

—div (o(uj,pj)) +ediv(uj @ u;) = 0 in Q\wj
divu; = 0 inQ\wj

u; = f ondQ
u; = 0 on &uj.

Assume that (uj,p;) are such that
o(ug,po)n=o(u1,p1)n on O.
Then wy = wiq.

We can adapt this result to our problem, i.e. with —vdyu + pn instead of o(u, p)n,
with e, = 0, with Q Lipschitz and with f € HY?(8Q) (see [8, Theorem 2.2]). Hence this
result states that given a fixed f, two different geometries wy and wy in Oy, yield two
different measures g1 and gz. Thus problem (1.3) admits a unique solution.

Sensitivity with respect to the domain. The following result is based on [8, Proposi-
tions 2.1 and 2.5] and ensures that the solutions (up,pp) and (un,pn) are differentiable
with respect to the domain. Moreover, we characterize the shape derivatives of these
solutions.

Proposition 2 (First order shape derivatives of the states). Let V € U be an admissible
deformation. The solutions (up,pp) and (un,pN) are differentiable with respect to the do-
main and the shape derivatives (u'p,pp) and (un, ply) belong to H?(Qq,\@) x H(Q4,\@).
The couples (u'p,p}) € HY(Q\©) x L3(Q\w) and (u)y,ply) € HY(Q\W) x L2(Q\©) are
respectively the only solutions of the following boundary value problems

—vAup + Vp:D =0 in Q\w
divupp, = 0 in Q\w
up = 0 on 0N (2.1)
up = —ViOhup onodw
and
—vAuN +Vpy = 0 in Q\w
divuly = 0 in Q\w
—vOpuly +pyn = 0 on O (2.2)
uy = 0 on ON\O
uy = —Vidhun ondw.



In order to simplify the expressions, we introduce the following notations:
w:=up—un and ¢:=pp—pn, (2.3)
where (up,pp) solves (1.4) and (un,pn) solves (1.5).

Proposition 3 (First order shape derivative of the functional). For V € U, the Kohn-
Vogelius cost functional Jiv is differentiable at w in the direction V' with

DJxy (w).V = —/

1
(vOhw — qn) - OpupVy + 21// IVw|? Vi, (2.4)
ow

ow

where (w, q) is defined by (2.3).

Second order analysis: justification of the instability. We study the stability of
the problem. First, we give an explicit formula for the shape Hessian when w € Oy, in
the following proposition. In order to simplify the expressions, we will use the following
notations:

w =up—uy and ¢ :=ppH—pl, (2.5)

where (u'p, ) solves (2.1) and (u/y, ply) solves (2.2).

Proposition 4 (Second order shape derivative of the functional). The solution (u,p) is
twice differentiable with respect to the domain. Moreover, for V. € U, we have

DQJKV(w).V.V = [l/Vw’ :Vw — (V@n'w’ +vVwn' —¢n— qn') - OnUp
Ow

— (yanfw — qn) . (&,u'D + Van’)] Va
+/ div [(;V]Vw|2 — (vOuw — gm) ~8nuD)V] Vo, (2.6)
Ow

where (w,q) and (w',q’) are defined respectively by (2.3) and (2.5).

Let w* be a critical point of the Kohn-Vogelius functional. The following proposition
shows that the optimization problem (1.6) is unstable.

Proposition 5 (Compactness at a critical point). Let w* € Oy, be a solution of the inverse
problem (1.3). We have

D?Jky (w*).V.V = —/ (vOnw' — ¢'n) - OnupVi,
Ow*

where (W', q') is defined by (2.5). Moreover, the Riesz operator corresponding to D Jicy (w*)
defined from H'Y?(8w*) to H™Y2(dw*) is compact.

The above proposition explains the difficulties encountered to solve numerically this
problem. Indeed, the gradient has not a uniform sensitivity with respect to the deformation
direction: hence, oscillations of the boundary generated by high frequencies are to be
expected (see Section 4 for the numerical simulations).



Explicit computation of the shape Hessian when O = 9. We illustrate the
compact behavior of the shape Hessian in the case O = 9€). We study it in the bi-
dimensional situation for some particular geometries. In order to simplify the expressions,

we assume v = 1. In the following, (€,,¢€p) := (( ::ﬁg ) , < _Czlsnee )> represents the

polar coordinates system.

Proposition 6 (Explicit calculus of the shape Hessian in a concentric annulus). Let us
assume that the optimum w* corresponds to the concentric annulus case

Q,={zeR? p<z|<1}.

Set f = cos(nb)é,, n > 1 and the associated Neumann boundary condition g (see (B.4)).
Let p > 1 and let us define

€n = p2— P42 (=14 n?) pPHn _ p2ptiln g p2an
ki = 2(=14p"") +n? (=14 p%) (14 p*") —n(-1+p%) (1+p*")
Ap = 2(=14 %) +p* (<14 %) (=14 p") + 2 (14 p?) (—1+p*)
_pQ (_1 +p2) (1 +p2 +4p2p +p4p _|_p2+4p)
By = (p* —p20® +2 (=1 +p?) pPt% — p2pht y p2tip)
We have
D2 Jxy (w*) [(cos kB)€;. , (sinlf)e] =0
and
D% Jxy (w*) [(coskb)e; , (coslf)e;] = D2Jgy(w*)[(sinkd)e;, (sinlb)e;]
1 .
=5 (Bojnt + B jnsi)) it k—1=2n
= 1 .
=5 (Bojntr + B i) ifl—k=2n
Rn,\nJrk\ + Rn,|nfl| if k=1,
where
—87Tp2+2" 9 p2pA .
R = P ifp>1
n,p 5% Kn Bp op
R, — T 5 =3412p" —6p" —4p° + p° + 16p" In(p)
" & "(=3+3p2—pt+p%) (1= p?+ (1+p?)In(p))
R,o = 0.

Remark 7. In particular, if |n—k| ¢ {0, 1}, notice that we can write the diagonal elements
of the shape Hessian under the form

D% Jgy (w*) [(coskB)e, , (coskB)e,] = D?Jgy(w*)[(sinkb)e;, (sinkd)e;]
_87.rp2+2n ) p2|n+k|A\n+k\ N p2|nfk|A|n_k|
= K
&2 Btk By

Let us compare our Stokes case with the electrical impedance tomography (E.1.T.) situation
(see [2, Proposition 3]). We make the computations of the E.I.T. case with Dirichlet
boundary conditions (in [2], they impose Neumann boundary conditions). Proceeding as



in [2] and in this paper, we prove that, in the E.I.T. situation with Dirichlet boundary
conditions (and with f = cos(nf)é,, n > 1), the Hessian matriz is defined similarly as in
Proposition 6 with
2 —2+42n 2
R,, = —dmnip pp” if p>1
= 14"
Rn,O = 0.

Hence our shape Hessian has the same aspect than the Hessian in the E.I.T. case.

Example 8. In order to be complete, we give some examples of the influence of the differ-
ent parameters on the value of the smallest eigenvalue A\, of the shape Hessian D? Jxy (w*)
and hence on the reconstruction of the object.

In Table 1, we study the influence of the size of the object w*. We here assume that
f =cos(20)€é, (i.e. n=2) and k,l = 1,...,7. The reqularizing behavior is emphasized:

Table 1: Influence of the size of the object p on the smallest eigenvalue A; of the shape
Hessian D?Jy (w*).

p | 09 0.7 0.5 0.3 0.1 0.05
A1 | 8.9401e+05 1.0921e+03 3.9992 0.0019 3.1851e-10 1.9032¢-14

the more the object is far of the exterior boundary €2, the more the functional is degenerated
(and the more it is difficult to detect it).

In Table 2, we study the influence of the deformation directions. Here again we assume
n =2 and we fit p = 0.7. As we expected taking into account of our compactness result 5,

Table 2: Influence of the high frequencies on the smallest eigenvalue A of the shape Hessian
D2 Jgv (w*).

k1]1,...5 1,...10 1,..15 1,..30 1,..40 1,...60
A1 | 6.4483e+03 137.7707 14.5852 6.9862e-04 3.6934e-06 4.7546e-12

we see that the problem is severely ill-posed for the high frequencies.

In order to highlight this degeneracy and to compare our Stokes case with the E.I.T.
case (with Dirichlet boundary conditions), we present in Figure 1 the spectrum of the shape
Hessian matriz for 50 Fourier modes. Here again we fit n = 2 and p = 0.7. The results
are presented in decimal logarithm scale to emphasize the behavior of the spectrum. As a
clear consequence, the corresponding mode is poorly distinguished by the functional: the
functional is almost flat in the direction of high frequencies. We will have to take into
account of this point for the numerical simulations (see Section 4). Figure 1 also suggests
that the E.I.T. case is as ill-posed as the Stokes case.

3 Proof of the main results

In order to simplify the expressions, we only detail the case O = 02 but the proofs in the
general case are simple adaptations of the ones detailed here. We recall that we use the
notations (w,q) and (w', ¢’) defined respectively by (2.3) and (2.5).



Figure 1: The typical spectrum of the shape Hessian in decimal logarithm scale

First order shape derivative. The proof of Proposition 2 is directly adapted of the
proof of Proposition 2.5 in [8] and we refer to this paper for the details. The main difficulty
is to prove the existence of the shape derivatives: it is obtained through a generalized
implicit function theorem proved by Simon (see [28, Theorem 6]). The characterization
of (up,p) and (uy, ply) is obtained using classical results of shape derivatives calculus
(see [20, Chapter 5]).

Proof of Proposition 3. The Hadamard’s formula (see [20, Theorem 5.2.2]) leads:
1
DJgy(w).V = / <yV'w Vw' + 5uoﬁv(|Vw|2 V)>
0w
1
= / vVw:V(up — ul) + / v|Vw|? Vi, (3.1)
Nw 2 Jow

using the fact that V' = 0 on 9{2. Let us prove that
/ vVw : Vuly = 0. (3.2)
0w
Applying Green’s Formula and using the system (2.2) solved by (u/x, ply), we get

/ vVw:Vuly —/ vAuly - w + / VOnuy - w
N\w Q\w o(\w)

= — Vp?v-'w—i-/ vOpuy - w
Q\w O(Q\w)

= / p’NdiV'w—/ p'Nw-n—i—/ RTINER T
0w HO\D) HO\D)

= 0,

since divw = 0 in Q\w, —vdhu'yy + plyn = 0 on I and w = 0 on Jw.

Then, let us write vVw : Vu, as an integral on dw. Proceeding as above, we
oO\w



apply Green’s Formula on this term and use the system (2.1) solved by (u/p, p;) to obtain

/ vWw:Vup = —/ VA'w-u'D+/ vohw - ulp
N\w Nw o(\w)

= — Vq-u'D—i-/ voqw - up
O\w H(Q\@)

= / qdivu'D—/ qu’D-n—i—/ vohw - u'p
O\w a(Q\@) a(Q\@)
= / (VOhw — qn) - up.
(Q\@)
Since u’p, = 0 on I and U, = —dhupV; on dw, we obtain
/ vVw : Vup = —/ (VOhw — qn) - OqupVi. (3.3)
Q\w ow
Gathering equations (3.1), (3.2) and (3.3), we check that

Dy (w).V = —/

1
(VOhw — qn) - OqupVy + 2u/ |V'w]2 Va.
Ow

Ow

Characterization of the shape Hessian.

Proof of Proposition 4. The proof of the existence of the second order shape differentia-
bility of the states (up,pp) and (upn,py) is directly adapted from [8, Proposition 2.3].
Thus we do not detail it here.

From Proposition 3, we have

DJgy(w).V = / [;I/ IVw|? — (vdqw — qn) -6nuD} Va
Ow

= / div [(11/ IVw|? — (vdqw — ¢gn) - 8nuD> V},
0\w 2
since V' = 0 on 92. From Hadamard’s formula (see [20, Theorem 5.2.2]), this leads
D?Jgy(w).V.V = Q\7div <[1/V'w’ Vw — (V@n'w’ + vVwn' — ¢n — qn’) - Opup
— (V0w — qn) - (Opulp + Van’)} V)
+ /aw div <BV IVw|? — (vdqw — ¢qn) - anuD} V> Va.
Since V' = 0 on 92, we then obtain
D Jgy (w). V.V = g [I/Vw’ :Vw — (V@nw’ +vVwn' — ¢'n — qn’) - OpUD
— (VOhw — qn) - (Opup + Van’)} Va
+ /&J div (BV IVw|? — (vdpw — gn) - 8nup} V) Vi

O]

10



Justifying the ill-posedness of the problem. The instability of the inverse problem
(1.3) is proved using the same methods as those used in [8]. Therefore, we use a local
regularity argument (see Theorem 12) in order to prove the compactness of the Riesz
operator corresponding to the shape Hessian at a solution of the inverse problem. An
alternative proof could be to use the hydrodynamical potential layers as what is done in
[2] for the Laplacian case.

In order to prove Proposition 5, we investigate the properties of stability of the cost
functional Jiy. Then we consider an admissible inclusion w* € Oy, which is solution of
problem (1.3). Then, w* realizes the absolute minimum of the criterion Jxv, Jxy (w*) =0
and then up = un and pp = py in Q\w. Therefore

DZJKV(OJ*).V.V = —/ (u@n'w’ —d n) - ohupVi.
Ow*

Proof of Proposition 5. We first decompose D2 Jy(w*) as a composition of two operators:
for Ve U,
DIy (W) V.V = (M(V), T(V)) g-1/2( ) 112 (910%)

where (-,-) denote the dual product between H~/?(dw*) and H'/?(dw*). Here, the oper-
ator T : HY?(0w*) — HY2(dw*) is defined by

T(V) := —0qupVy
and the operator M : HY?(8w*) — H™Y/2(dw*) is defined by
M(V) :=vipw' — ¢n.

From the systems (2.1) and (2.2) and using the fact that up = un in Q\w* (and then
Onup = Opun on dw*), we obtain the following system:

—vAw' +V¢ = 0 in Q\w*
divw’ = 0 in Q\w*

w = —u)y on 0N
w = 0 on Ow*.

Since Opup does not depend on V', notice that the operator 1" is linear continuous as
multiplier by a smooth function (see [22]). Now, let us prove the following lemma which
states that the operator M is compact. Hence, the Riesz operator corresponding to the
shape Hessian is compact as composition of linear continuous operator with a compact
one. O

Lemma 9. The operator M is compact.

Proof. We decompose the operator M as follows:
M = M2 o M1

with
M :V e H2(8w*) — M(V) := —ulyy € HY/2(09),

and
My : ® € HY/2(09) = My (®) := v8,® — xn € HV/2(dw*),

11



where (uy, ply) is solution of (2.2) and where (®,y) € H'(Q\w*) x L(Q\w*) solves

—vA®+Vy = 0 in Q\w*
div® = 0 in Q\w*

® = T on 9N
® = 0 on Jw*

(3.4)

Let us prove that Mj is linear continuous and Ms is compact. We check that
My = M0 My

with
M :V e HY2(8w") = My (V) i= —0qunVy € HY2(8w*)
and with
Mo :n e HY/2(0w*) — My o(V) == —z € H/2(9Q),

where the couple (2, q) € HY(Q\w*) x L2(Q\w*) is solution of

—vAz+Vqg = 0 in Q\w*
divz = 0 in Q\w*

—vOhz+qgqn = 0 on 0f)
z = mn on Jw*.

Since Onupn does not depend on V', the operator M ; is linear continuous as multiplier
by a smooth function (see [22]) and the operator M; 2 is clearly linear continuous. Thus
Mj is linear continuous.

Finally, we decompose M as follows:

My = Ms 30 Ms o0 M,
where
My : ® € HY2(09) — (®, %) € H(Q4,\w*) x H2(Qg,\w")
with (@, x) solution of (3.4),
My : (v,€) € H?(Qg,\w*) x H2(Qy,\w*) — v8qv — £n € H2(5w*)

and My 3 is the compact imbedding of H*?(dw*) into H*/2(dw*). From the local regu-
larity theorem 12, the operator Ms ; is linear continuous and the operator Ms 2 is clearly
linear continuous. Then, by composition Ms is compact, which concludes the proof. [

Explicit computation of the Hessian matrix in a concentric annulus. We recall

- o 0 —sin6 .
that (€,,€p) := << Z?r? 0 ) , < czlsnﬁ >> represents the polar coordinates system.

Proof of Proposition 6. Using the computations of up, un, up and u/y (see Appendix B),
we will compute the elements of the Hessian D?Jxy ((cos kf)€;. , (coslf)€;) when the
Dirichlet data on the exterior boundary is taken as f = f(¢®9) = cos(nf)e;.. From
the computations detailed in Appendix B, we see that only the elements with & = [ or
| k — 1 |= 2n have to be computed; the other elements are zero.

Let us begin by the case k = [. We have

D2Jgv((coskf)e , (coskb)€r) = (—On(uy —up)+ (Py —pp)n(p,0), —Vadnup)

- [ @+p)

12



with

_ (7 % D D
E0)= (K‘,Hk"r cos (n+k)8 + Kj,_p| » cos (n—k:)@) (an cos (n+k)0 + K, cos (n—k)9>
and with

F(8)= ('L]Wﬂ,r sin (n+k)0 + Ly, sin (n—k)9> (LQ,, sin (n-+k)0 + L2, sin (n—k;)e),

where K, and LY, are defined by (B.5) and K, and Zn,r by (B.6). Since K2 =0 by

n,r
computations, we have E(f) = 0 and then we have only to compute

27
D2y ((cos kO)e , (coskO)er) = p / (E(0) + F(0))do
0
= Tp <z|n+k|,rL1?,r + E|nfk|,1"L£,r)

Set p1 = [n + k| and pp = |n — k|. Defining &, &y, A,,, By, and R, ,, as in the statement
of Proposition 6, we obtain after some computations

D?Jxy ((coskb)e; , (coskb)er) = Ry p, (p) + Rupy(p)-
Similarly, we prove that
D?Jxy ((sinkb)e; , (sinkb)er) = Ry p, (p) + Rups (p)-

Let us now study the case |k — | = 2n. Set V:=(coskf) €, and W :=(cos(0) e,. We
denote (wiy, ¢4y) the shape derivative in the direction W (the pair (w’,¢’) is defined in
(2.5)). Then, using the linearity of the Stokes problem and the polarization formula for
the quadratic form, we prove that

D2Jxv ((cos kO)&; , (cos16)é&,) =

% (/ (—0wyy + gwn) - OnupVy, +/ (—Owy, + gyn) - 8nuDWn> )
P P

w* w*

Let us focus on the first integral: the case of the second integral is obtained by reversing
the roles of k£ and [. Defining

G(0)= (I~(|n+k|7r cos (n+k)f + IN(‘n_k‘,r cos (n—k)@) (K,?’T cos (n+1)0 + KTIZT Cos (n—l)@)
and

H(0)= (E|n+k|,r sin (n+k)0 + Ly, |, sin (n—k)a) (Lg,, sin (n+1)0 + LD, sin (n—Z)e),
we have

/8 (—O0ww + qwn) - dnupV, =/8 (G+H).

Using the fact that K/gr = 0, we then obtain

o ifk—1=2n

~ 27.( ~
/ (G+H) = pLin_g) o Loy / (sin(n — k)0) sin((n +1)8) = —pm Ljp g+ Ly,
Ow* 0

13



o ifl—k=2n

|G = oL £, [ sinn + K)0)sin((n = 106) = =pnLeng L

Thus,
—%Lﬁr ('En,|n_k| + En,m”) if k—1=2n
D2 Jey (") [(cos k)€, , (coslB)er] = —%”LQT (Enw,ﬂ n va‘n_”) if | —k=2n
prLP, (Em,nm + En,m_”) if k=1
We proceed in the same way for D2Jgy (w*) [(sin kf)€;. , (sinlf)é€;]. O

4 Numerical experiments

Since the problem is severely ill-posed, we need some regularization methods to solve
it numerically, for example by adding to the functional a penalization in terms of the
perimeter. Indeed, this term leads to well posed problems (see [13] or [16]). Here we
choose to make a parametric regularization using a parametric model of shape variations
in order to first highlight the bad conditioning of the shape Hessian matrix.

4.1 Framework for the numerical simulations

The numerical simulations presented are made in dimension two using the finite elements
library MELINA (see [21]) and the mesh generator TRIANGLE (see [25]). We use a P3-P2
finite elements discretization to solve the Stokes equations (1.4) and (1.5). The framework
is the following: we assume the kinematic viscosity v is equal to 1, the exterior boundary is
assumed to be the unit circle centered at the origin and we consider the exterior Dirichlet

boundary condition
Fom no - sin 6 0 ¢ [0,2r)
“\ -, /) —cosf J’ ST

where n = (n1, ng) is the exterior unit normal. Notice that f is such that the compatibility
condition (1.1) is satisfied. In order to have a suitable pair (measure g, domain w*), we
use a synthetic data: we fix a shape w*, solve the Stokes problem (1.4) in Q\w* using
another finite elements method (here a P4-P3 finite elements discretization) and extract
the measurement g by computing —vdyu + pn on 0Q2. Except when mentioned, the
simulations are performed in the case where O = 0f2.

Here, we restrict ourselves to star-shaped domains and use polar coordinates for
parametrization: the boundary dw of the object can be then parametrized by

u={(30) (20 ) e}

where zg,y9 € R and where 7 is a C*! function, 2m-periodic and without double point.
Taking into account of our main compactness result (Proposition 5), we approximate the
polar radius r by its truncated Fourier series

N
rn(0) == adl + Z al cos(kf) + bl sin(k6),
k=1

14



for the numerical simulations. Indeed this regularization by projection permits to remove
high frequencies generated by cos(kf) and sin(k@) for k >> 1, for which the functional is
degenerated.

Then, the unknown shape is entirely defined by the coefficients (a;,b;). Hence, for
k=1,...,N, the corresponding deformation directions are respectively,

V=V, = ( é > Vo=V, = ( (1) ) V3(0) i= Vg (0) = ( cos >

sin @

cos 6
sin 0

Varsa0)= Vo 0)i=cosi0) ( Song ). Vara(0) =i, 0)=sinti) ( o ).

sin 6

0 € [0,27). The gradient is then compute component by component using its characteri-
zation (see Proposition 3, formula (2.4)):

(VIkv(@)) =Div(@) Vi, k=1....2N+3.

This equality is simply that

im JKv((I + th)(w)) — Jrv(w)
t—0 t

= DJKv(w) . Vk.

Notice that we have to solve only two Stokes problems (problems (1.4) and (1.5)) to
compute the gradient. Indeed, the directional perturbations V' dependance is explicit in
formula (2.4).

The optimization method used for the numerical simulations is here the classical gra-
dient algorithm with a line search (using the Wolfe conditions: see for example [24, eq.
(3.6) page 34]). Moreover, we here use Ngg := 100 discretization points for the exterior
boundary and N;,: := 75 for the interior boundary. In order to be completely explicit, we
detail this algorithm:

Algorithm 1

1. fix a number of iterations M and an initial shape wy,

2. mesh Q\@; using TRIANGLE (where w; denotes the i iterate of the approximate
shape),

solve problems (1.4) and (1.5) with w = w; using MELINA,

extract Vup, Vupn, pp and py on Ow; and compute VJgy (w;) using formula (2.4),
use the Wolfe conditions to compute a satisfying step length «;,

move the coefficients associated to the shape: w;11 = w; — ;VJgy (w;),

get back to the step 2. while ¢ < M.

NS otk w

Remark 10. Here, we do not use an optimization method of order two due to the ex-
pression of the shape Hessian (2.6). Indeed, notice that (u'p,pp) and (u'y,ply) (and so
(w',q")) depend on the perturbation direction V. Therefore, if we want to compute this
shape Hessian (for a shape parametrized by k parameters), then we will have to solve
2 + 2 x k Stokes problems, which would be too costly.

4.2 Highlight of the degeneration of the functional

First, we want to detect an obstacle w] contained in the class of objects with which we
work. We want to detect the obstacle which boundary is parametrized by:

. 0.15 . cos 0
Bt = {( o1 ) n (0.65 —0.250080—0.15sm9> < o ) L fe [0,27r)},

15



that is to say with five parameters. In order to reconstruct this object, we work with shapes
parametrized respectively by five and fifteen parameters and we stop each experiment when
we obtain a residual value of the cost function Jxv: € ~ 1073. Figure 2 shows that when

T 4 T T T
I\ 5 param.
g 7\ — 15 param. | |

ext. bound.
shay

Figure 2: Reconstruction of wj with different numbers of parameters

we work with five parameters, the residual € corresponds to a very good approximation
of the object. But the more we add parameters, the more the functional flattens and the
more the approximation corresponding to the residual € is poor. Indeed, we see oscillations
of the final object when we work with high frequencies. We can also notice that it is longer
to obtain the residual £ with many parameters.

The same experiment was conducted to detect a more complicated obstacle which does
not belong to the discretized set of objects. It is parametrized by:

* 0.1 +0.5cosf + 0.1 cos 40
= {< 0.5sin 6 + 0.1 cos 46 ) , 0 € [Oa%)}- (4.1)

Here again, the conclusion is the same (see Figure 3): high frequencies lead oscillations of

—— linear regression

@ (oger. 21 param. , log err. 17 param.) ‘
e
intal shape || A
17 param.
—— 21 param. sk /

Figure 3: Reconstruction of w3 with different numbers of parameters

the boundary and then a poorer approximation.

Here again, more iterations are needed to obtain the residual €. In order to compare the
errors, we represent on the second graph of Figure 3 the logarithm of the residual obtained
with 17 parameters (noted log(J17)) versus the logarithm of the residual obtained with 21
parameters (noted log(J21)). We then obtain a regression line whose equation is given by
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y = 1.091x — 0.064. Hence N7 _ 0938 J999! and this points out that when the number

of iterations is big, the gap be2tlween Ji7 and Jo1 is big too (Ji7 is much smaller than Jop).

The problem is: how to know the number of parameters with which we must work to
well approximate the shape? Indeed, if we work with too few parameters we cannot detect
a non-trivial shape and if we work with too many parameters, degeneracy of the functional
leads problems. From now, we present some numerical illustrations.

4.3 An adaptive method

A solution which seems to be efficient is to use an adaptive method. It consists in in-
creasing gradually the number of parameters during the algorithm to a fixed final number
of parameters. For example, if we want to work with twenty-one parameters, we begin
by working with two parameters during five iterations, then with three parameters (we
add the radius) during five more iterations, and then we add two search parameters every
fifteen iterations.

We also adapt the number of discretization points for the interior boundary (we con-
serve the same for the exterior boundary). We fix a minimum number of discretization
points (here 40). Then, when we consider the perturbation directions associated to cos(k0)
and sin(k€), we discretize the interior boundary using N;p: = 9 * k points. This method
permits to discretize half of a period using five points, which seems suitable.

The algorithm is the same than Algorithm 1 described above. However, the step 6. is
replaced by

wl-+1(1 . m) = wl-(l : m) — oziVJKv(wi)(l : m),

where w;(1 : m) represents the m first coefficients parametrizing the shape w; (the same
notation holds for VJgy (w;)(1 : m)). The number m grows to the fixed final number of
parameters following the procedure described previously. This process permits to avoid
the oscillations of the boundary as what is shown in Figure 4. Indeed, we saw in Figure 3

—— 21 param. adapt.

initial shape
—— 21 param. adapt.

0 50 100 150 200

Figure 4: Reconstruction of w3 using the adaptive method with 21 parameters

that if we work with twenty-one parameters, oscillations appear but we see in Figure 4
that it is not the case using this adaptive method. We can notice that this adaptive method
leads to steps in the evolution of the residual. Hence this adaptive method seems to be
efficient and permits to reconstruct the obstacle removing the oscillations due to the high
frequencies.
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4.4 Detecting objects with corners

In order to test the performances of our algorithm and of our adaptive method, we want
now to detect more complicated obstacles and particularly, we wonder if it is effective to
reconstruct objects containing straight lines and corners.

The first objective is then to detect the square wj whose vertices are the points
(—0.55,—0.55), (0.55,—0.55), (0.55,0.55) and (—0.55,0.55). We see in Figure 5 that this

ext. bound

——--- exact shape
-~~~ initial shape

27 param. adapt.

0.8

08t

04+

02t

0.2t

04l

06}

081

Figure 5: Reconstruction of w3 using the adaptive method with 27 parameters

reconstruction is quite efficient. However, if we want to reconstruct a smaller object, the
results are significantly worse. Indeed, in Figure 6, we reconstruct the square wj whose

ext. bound,
xact shape

08t

initial shape
27 param. adapt.
06| 1

04r

02t

0.2

0.4

06}

08l

Figure 6: Reconstruction of w} using the adaptive method with 27 parameters

vertices are the points (—0.2,—0.2), (0.2,—-0.2), (0.2,0.2) and (—0.2,0.2). We see that the
detection is not good. This phenomenon concerning the size of the object was underlined
using the explicit calculus of the shape Hessian in Table 1 (in Example 8).

Thus, the parametrization method coupling with our adaptive method seems to be effi-
cient to reconstruct obstacles, even if the shapes are not trivial. However, the regularizing
behavior complicate the detection of small objects or of distant parts of the measurement
domain.
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4.5 Influence of the size of the domain where measurements are made

Let us consider the influence of the size of O, the part of the boundary where the measure-
ments are assumed to be made. We now restrict the domain O to some part of 9. We
precise that we use here exactly the same algorithm and the same parameters and data
that the ones used in Section 4.3. In particular we use the previously described adaptive
method and we want to reconstruct the object wj which is given by (4.1).

In Figure 7, we make the measurement only on a semicircle. On the left of Figure 7,

T
ext. bound.

ext. bound.
% meas. bound.
shape

-~~~ intial shape
—— 21 param. adapt.

21 param. adapt.

Figure 7: Reconstruction of w; using the adaptive method with 21 parameters restricting
the measurement domain (O is a half of 02)

O is the upper semicircle. As we could expect, the reconstruction of the object w3 is
less efficient than in the case O = 99 (see Figure 4). In particular, the bottom of the
obstacle (i.e. the part exposed to the part of the exterior boundary where we do not make
the measurement) is poorly detected. We precise that here, we do not obtain a residual
£ ~ 1073 as in the case O = 99 but only € ~ 6.8 - 10~3. On the right of Figure 7, O is the
lower semicircle. We obtain similar results. As we expected, we see that in this case only
the bottom of the obstacle is well detected.

In Figure 8, O is the right superior quart-circle. Here again, the reconstruction is less

08t

061

04

0.2

02t

04l

0.6

0.8

Figure 8: Reconstruction of wj using the adaptive method with 21 parameters restricting
the measurement domain (O is a quarter of 0€2)

efficient than in the case O = 92 and even in the previous case O = %OQ. We can notice
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again that only the part exposed to the measurement domain O is well determined. Here,
we only obtain a residual € ~ 8.4 - 1073.

These two simulations emphasize an intuitive idea: the more the measurement domain
O C 09 is small, the more it is difficult to well reconstruct the object w.

4.6 Detecting more than one object

Theoretically, besides the regularity assumptions, the main assumption is that Q\w is
connected. This assumption does not exclude the case of two or more inclusions in €2. Thus,
we want now to detect numerically two objects: a square w; whose vertices are the points
(—0.6,0.1), (—0.1,0.1), (—0.1,0.6) and (—0.6,0.6) and a circle w§ centered at (0.35, —0.35)
with radius 0.35. Here again we use the adaptive method described in Section 4.3. Since
the computation is significantly longer than the one with only one object, we stop the
experiment when the residual is € &~ 1.5e—02. We then obtain Figure 9.

ext. bound.
o8| - "

0.6+

04f

02t

02f

041

0.8

08l

Figure 9: Reconstruction of wy and wg using the adaptive method with 19 parameters

This result is satisfying and we can hope that it would be more efficient if we increase
the accuracy of the computation (using a better finite elements discretization for example)
and/or if we increase the computation time. Notice that the non-smooth square is not
as-well reconstructed as the circle: this is caused by the polar representation we used.

Notice an important remark. The parametric method that we adopted here to detect
the objects does not permit to modify the topology of the object w. Thus, in order to
detect two or more inclusions, we have to know how many objects are included in Q. A
solution could be to initialize the algorithm using the notion of topological gradient (see
for example [11], [19] or [29]) which could give us the number of inclusions and their rough
location, providing initial shapes for our optimization method.

5 Conclusion

We have partially reconstructed an obstacle immersed in a fluid by minimizing the Kohn-
Vogelius functional. The Kohn-Vogelius approach proposed here is not the classical one
and permits to make the measurement only on a part of the exterior boundary and not on
the whole exterior boundary. We have used shape optimization methods to compute the
gradient and to motivate the use of a parametric model to solve numerically the inverse
problem. Indeed, this problem is severely ill-posed. In order to highlight the exponentially
ill-posedness of our problem, we have computed explicitly the shape Hessian matrix in a
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concentric annulus. We have then compared our Stokes case with the Laplacian situation
and have concluded that the two cases are as ill-posed. The numerical simulations made in
the bi-dimensional case were effective but oscillations appeared when we worked with high
frequencies. In order to remove these oscillations, the adaptive method that we proposed
seems to be efficient.

There is still some room for improvement principally concerning the numerical issues.
Our algorithm permits to reconstruct more than one object if we know how many objects
are included in the domain. The use of the notion of topological gradient (see for example
[11], [19] or [29]) could permit to give us the number of inclusions and their rough location,
providing initial shapes for our optimization method.
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A Some results on the Stokes problem with mixed condi-
tions

We recall classical results about the Stokes problem with mixed boundary conditions: a
theorem of existence and uniqueness of the solution and a local regularity result.
In all this appendix, we note C a generic positive constant, only depending on the
geometry of the domain and on the dimension, which may change from line to line.
First, let us introduce some notations: for € an open set of RV (N € N*), an open
subset w CC 2 and an open subset O C 9N of the exterior boundary, we define

Vo(Q\w) :={u e H'(Q\©); dive =0 in Q\@, u =0 on dw U (0Q\0)} .

Moreover, we denote respectively by (-, '>Q\w and (-, -)pq (or (-,-)s,) the duality prod-
uct between [Hl(Q\w)]' and H'(Q\@) and the duality product between H™/2(9Q) and
HY/2(0Q).

Theorem 11 (Existence and uniqueness of the solution). Let  be a bounded Lipschitz

open set of RN (N € N*) and let w CC Q be a Lipschitz open subset of Q such that Q\@
is connected. Let O be an open subset of the exterior boundary 02 and v > 0. Let

(£19, R0, hewt, hint) € [H'(Q\@)]" x L2(Q\@) x H™Y2(0) x HY/2(80\0) x H?(dw).

Then, the problem
—vAu+Vp = f in Q\w
dive = ¢ in Q\w

—vOpu+pn = ho on O (A.1)
U = heg on IQ\O
u = hijp on Ow

admits a unique solution (u,p) € HY(Q\W) x L2(Q\w) and the following estimate holds:

lullg o) + Pl @) < C( Il @@y + 1902w

+ HhOHH—l/Q(O) + ||hethH1/2(aQ\5) + ||hint”H1/2(5w) )
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Proof. Step 1: existence and uniqueness. Let us begin by studying the case of null di-
vergence. According to [7, Lemma 3.3], consider H € H'(Q\w) such that div H = 0,

H = hjpt on 0w, H = hegt on 9Q\O such that H - n =0 and satisfying
0NUIOw

| H sz o) < € (Primt g2 oy + Iheat i 2000) ) - (A-2)
Then the couple (U :=u — H,p) € H'(Q\w) x L2(Q\w) satisfies
—vAU +Vp = f+vAH in Q\w

divU = 0 in Q\w
—v0hU +pn = hegr +v0nH on O
U =0 on 9Q\O
U =0 on Jw.

According to Lax-Milgram’s theorem, there exists a unique U € Vo (Q\w) such that for
all v € Vo(Q\w)

v VU : Vo = (f,v)q\5 — v VH :Vv — (ho +vonH,v), (A.3)
O\@ 0O\@

and we have, using (A.2),

Ullar @) <€ (Hf”[Hl(Q\w)]/ + Pinell g2 0w) + 1Pewtll g2 00\0) T HhOHH_l/Q(O)) :
(A.4)

In particular (A.3) is true for all v € Vo (Q\w) N H{(Q\w). Then using De Rham’s
theorem (see for example [6, Lemma 2.7]), there exists p € L%(Q\w), up to an additive
constant, such that for all v € H}(Q\w)

v VU:VU—/ pdive = ) —v VH :Vv.
NG NG <f [H3(2\@) >H-1<Q\w>,Hé(ﬂ\m NG
(A.5)
According to [7, Lemma 3.3] or [18, Theorem 3.2], we define ¢ € H'(Q\w) such that
divpy = 1in Q\w, n = 0 on IN\O and ¢ = 0 on Jw with / ey -n # 0. Let
_ O
v € H(2\W) such that v = 0 on 9N\O, v = 0 on dw and define

cp(v) = 1/ v - n.
Jo@w) PN 1 o)

Using again [7, Lemma 3.3] or [18, Theorem 3.2], we define vy € V(2\w) in such a
way that v = v1 + va + c3(v)py, where v1 € H)(Q\W) satisfies the following equality:
divev; = div (v — ¢p(v)p ). Then, using (A.3) and (A.5), we obtain

/ VVU:V'U—/ pdivv:<f,'v>Q\w—l/ VH :Vv
0w 0w 0w

— (ho + VO H,v), + /
O\w

—(fa)en)os v . VH :V(ey(v)en) + (ho +vonH, cy(v)en)o -

WUV (aofo)en) - | _pd(a@ey)
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Therefore, choosing the additive constant for p such that

/ p=v VU :Vpy
o\@ O\@

—(f,a)en)as tv . VH :Vey + (ho +vonH, c(v)en)o

we prove that there exists a unique pair (U,p) € Vo(Q2\©) x L?(Q\w) such that for all
v € HY(Q\@) with v = 0 on 92\O and v = 0 on dw,
/ VVU:V'U—/ pdivo = (f,v)q\ 5~V VH :Vv— (ho +vO0nH,v),. (A.6)
Q\w Q\w Q\w

Step 2: estimate. Let v := v + ¢(p)py, where

(p) = —
W 0w Jow”

and v € H}(Q\w) is such that divo = p — ¢(p) and HGHHé(Q\w) < Cllplliz@\g) (see [7,

Lemma 3.3]). Using v in (A.6), and according to (A.4), we obtain

Ul o) + 1Pl2@\m)
< € (Iflggs @y + Mimtleg 2y + IRt lezv/zgom) + 1Roli-1/20))
and hence
lullgr @) + [Pl @\m)
<C (HfH[Hl(Q\E)]/ + HhintHHU?(aw) + HhethHl/2(aQ\6) + HhOHH*1/2(O)>

Step 3: case g # 0. The first part of the theorem is proved for g = 0. The case g # 0
is obtained by a lifting argument. Let us define

—_— 1 o w
Ug == ug + c(g9)pnN — W O\w (ug +c(g)pnN) € HI(Q\(“))’
where 1
c(g) = % Q\wg

and where, according to [18, Theorem 3.2] or [7, Lemma 3.3], ug € H{(Q\w) is such that
divug = g — ¢(g) and ||1/1:;HH(1)(Q\5) < Cllgll2(\m)- Thus ug is such that

/Q\ug =0, divug=g in N\w and |lugllg g < Clglzw)-
Thus, defining ug := u — ug and

frve HYQ\D) = (f, v)gy — v Q\fVH:Vv—y Q\fVug:V’v,

the problem (A.1) is equivalent to
Find (uo,p) € Vo(Q\w) x L2(Q\w) such that
/ VVuO:V'v—/ pdivv:<f, v> — (ho + VO H , v),
Q\w O\w Q\w -
Yo € HY(Q\@), v =0 on dw, v =0 on IQ\O.

Then we proceed in the same manner as the case g = 0. O
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Let us now state and prove a local regularity result on the solution of the Stokes
problem with mixed boundary conditions. We first introduce the following notations: for
k, m € N, k < m and for two open sets 2 et Qs such that Qo C i, we denote by
X*m™(Qy, Q) the space of functions in H¥(Q) such that their restriction to 9 belongs
to H™(Q2). Similarly, we note X*"™ (1, Q2) the space of functions in [Hl(Ql)], such that
their restriction to 2y belongs to H™ ().

Theorem 12 (Local regularity result). Let k € N, v > 0, Q a bounded Lipschitz open set
of RN (N € N*) and w an open set with a C*¥TH1 boundary such that w CC Q and Q\w is
connected. Let O be an open subset of the exterior boundary 02 and v > 0. Let C and C’
two smooth open subsets of Q\w such that dw C AC, Ow C AC', C \Ow C C' and C' C S.
Let

(f7 g, hOa hewt» hint)
e XHH(N\@, ') x XOHL(O\@, C') x H Y2(0) x HY2(00\0) x H* 2 (w).
We consider (u,p) € HY (Q\©) x L2(Q\w) the solution of the following Stokes problem

—vAu+Vp = f in Q\w
divu = g in N\w

—vOhu+pn = ho on O (A.7)
U = hegr on ON\O
u = hip on Ow.

Then (u, p) belongs to H*2(C) x HF*1(C) and the following estimate holds:

ullegesae) + lpllinriey < C(1F I r @z + I9lxorss @aen

Proof. First, let us consider the case k¥ = 0. We define V = CUw, V' = ¢’ Uw and
p € CP(Q) such that 0 < o <1,po=11inV and ¢ =0 in Q\V'. Let
(u,p) € HY(Q\w) x L*(2\w)
the solution of problem (A.7) given by Theorem 11. Using (A.7) we check
—vA(pu) +V(gp) = f inC
div(pu) = g in C’
pu = 0 on 9V

pu = hijp: on Ow,

where f := of — vuAp — 20V uVe + pVe belongs to L2(C') and § := ¢g +u- Vi belongs
to HY(C'). From the regularity of the solutions of the Stokes equations with Dirichlet
boundary conditions (see for example [12] or [18]), pu € H*(C'), pp € HY(C') and from
the expression of f and g we obtain

leullsr e + lepliney < € (lleFlleae + leglln e
+lulla @w) + IPle@e) + hintl gy o, )

Using this inequality and the estimate on [|u[lg1(g\5) and [[p[l;2(q\z) given by Theo-
rem 11, we obtain the announced estimate for k¥ = 0. We then proceed by induction for
the cases k > 1. O
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B Resolution of the Stokes equations in a concentric annu-
lus

In this section, we solve explicitly some Stokes boundary value problems set in the con-
centric annulus
Q,={zeR?p<|z| <1}

P 0 —sinf .
The pair (€,,€p) := (< €08 ) , < St )) represents the polar coordinates system.

sin 6 cos 6
In order to simplify the expressions, we here assume v = 1 and O = 95). We first use
the partial differential equations to derive the special form of the solution, then reduce the
resolution of the boundary value problem to some linear system.

B.1 Using the PDE

Noticing that the incompressibility condition divu = 0 implies that the pressure p is
harmonic, we pass in polar coordinates (r,0) in which p can be expanded in Laurent’s
series. Hence we seek the velocity w and the pressure under the form:

Up.r (,r,)einﬁ

0 >t

u(n 9) _ U (7"7 ) _ nez . and ]3 r 9 an m9’
0 > ung(r)e™ =

neL
with
po(r) =ao+folnr and  pu(r) = anr™ + B~ 0 e 2.

We distinguish the case n = 0 of the other Fourier modes.

Case n =0. We are led to solve:
1 1 Bo 1 1
/i ! 14 !
Uy, +— Uy, — —= Upyr=— and Uypg+ — Uypg— —5 Upg =0
0,r r 0,r r2 )T r 0,0 r 0,0 r2 0, )

whose solutions are

B
@rlnr and  ugg(r) = 06

uo,r(r) =
The incompressibility condition imposes:

B
u (1) = % and  ugg(r) =

Case n # 0. We are led to solve the system:
// Tt EU%T - 7.2 lunr = |n| [anr|n‘_1 - ﬁnr_ln‘_l]
// : -1 —|n|—-1 -2
U, g T run 0 ”7;“ U, = in [am'”' + BprInl=1 —9p umﬂ} .

As we have a triangular system, we first determine the radial component u,,. We get
after some calculations

{u”ﬂ“(r) = Anﬂ“rn_l + Bn,rr_n_l + %’I"Q — ﬁl Inr ifn==1

U, (1) = An,TTn_l + err_n_l + % |no‘¢11 rinl+1 4 i '(T" —Inl+1 else.
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Then we solve the equation in the angular component and impose the incompressibility
condition to get

u”ﬂ(r) = Anﬂ"i Tnil - Bnﬂ‘irinil + Oéni (Sgén) B g) 7“2
—lﬁn(Sg(n) +nlnr) ifn=4+1,
— A il g iyl . (s9(n) n inl 41
o) r et ( T ( o A(n[+1))"
(9t i ~Inl+1
- 1
+Bni < 5 + (| = 1>> r else,

where sg(n) denotes the sign of n. Since we deal with states taking real values, we have
obviously

A—n,r = Bn,r
a_, = ap
ﬂfn = Bn'

Un,r

Un,H

By, TGRS A=y

Un(r) = Ap e ( ! ) + 2 ( ! ) + aprtt ( e )_> + Bartm ( A1) >
i rn —1 i _2-n_;
I(1+n) I(n-1)

with p = Z (anr|”| + ﬁnr_ml) + 9. We characterize in the same way the solution for
nez*

The solution uw. Noticing u,, = ( ), we have for n > 1

n <1.

The normal derivative d,u. We easily obtain for n > 1

o o1 B,y [ —1
Ontn(r) = (n —1)Apn,r < ; >+(n+1)r”+2 < i >

n _n
+anr"< an. ) +Bnrn< n7421- ) (B.1)
1 ! 7!

and we characterize dyu,, in the same way for n < 1.

The Neumann boundary condition —d,u + pn. We easily obtain for n > 1

) (B.2)

B . n—>2° 1—n Bn,r n+ 1
anun(r) + Pt = ATLJ‘T < i(l _ n) > + rnt2 —i(n + 1)

n 1 _% -n 1
+ apr _na2; + Bnr 9n
4 4

and we characterize —Opu, + p,n in the same way for n < 1.

O FNE
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B.2 Solving the boundary value problems

In order to compute the shape hessian at €2,, we have to solve two types of boundary value
problem: first a Dirichlet’s one then a mixed one with Dirichlet boundary condition on
the inner boundary and a Neumann boundary condition on the outer one. We recall that
we assume for these computations that O = 9. Thus Problem (1.5) is now

—vAuny +Vpy = 0 in Q\w
divuy = 0 in Q\w
—vOpunN +pyn = g on 0f)
uny = 0 on Jw.

From now, we only focus on the cases n > 1. We point out that we will choose
boundary data such that all the coefficient will be real valued. Thus

A—n,r = Bn,'r = Bn,'r
a_p, = Q, = Qp

B—n E = Bn

The solution up of the Dirichlet Stokes system. Let us consider f(¢#9) ¢ L2(S")
and £0n) ¢ L2(pS'). One secks u and p such that

)
u = fl@) = ( Qm)” ) on 9Q = S!

The boundary conditions are expanded in Fourier series:

f ea:t) Z f ext) inf and feext) Z fnezt) 1n97

neZ ne”
znt Z f (int) m0 and fe(”lt) (0) _ Z f(izt)eiﬂe
n,r n, )

neZ nel

We have to seek the (unique) solution of the following linear system

n D D t
A+ B+ oo s = fi
n+ 2 2—n f(ext)
D _ D oP - D _
Anr B * 4n + 40 * 4n — 4ﬂ” i
p=1AD 4 ,neipD n 0 gDy n pl=ngD - f(mt)
wr wr dn +4 4n — 4 " rz’r )
m
+ 2 2—-n fap
n—1 4D —n-1gD n n+l D l-npD _ m,

We point out that we will choose boundary data such that all the coefficients A2, B,?T,
aP and B will be real valued. We denote

Mn _ (pn _ pfn)Z _ TlQ(p _ pfl)Z.
Using the fact that

P2 2p2n +2 (_1 + n2) p2+2n _ n2p4+2n + p2+4n _ p2p2n]\4{m
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we then get the solution of the linear system:

(ext)

4 =P+ (4 2) (7" - 1)f(m) L A= p2M) + 0 (1= p?) fup
T 2M,, nar 2M,, i
-n -1 n — -n -1 -n f(mt)
L (p=p= ) —p(p" —p )f(mt np"(p—p )+ (+2)p(p" —p7")
2M,, 2M, i
n n (ext)
5D _ n?(1—p*) + (n = 2)(1 = p*) (eaty , 1= )+ n(p* = 1) ng
T 2M,, T 2M,, i
(5 n— -n n (int)
LA = "—p) =)t )f(mt>+n2p (p—p~") +np(p" = p™) fno
M, T oM, i
_ - -~ (ext)
D (1=p?)+n-2)1-p"? (et n(l—p2) =1 —p) fup
- 2(1
L(n=2)p7"(p - p )+ (" = p" ) finn)
2Mn n,r
LA o= o™+ (0 = ) £
oM, i
- " . (ext)
g (n—2)(1—p2)+(1—p2)f(ezt)+n(1—p2)+( p*") e
n Mn n,r Mn i
L +n)p™(p—p™") + (P — )
_ (znt
+2(1 —n) S0L, o
_ (int)
PN e R A Ve SR RLY)
+2(n—1) AL T

Remark 13. We quote from Englis and Peetre that M, is called an Almansi determinant
(see [17]). This arise in connection with the following interpolation problem: try to recon-
struct a function f of the type f(x) = P(x) + e"*Q(x) where P and Q are poynomials of
respective degree m, and n, given its value at m + n points x1,T2, ..., Tmin-

Remark 14. To compare the factorization in the case of the Laplacian and the case of
the Stokes system, we recall that in the case of the Laplacian, we find a denominator equal
to

In the case of Stokes system, we rewrite the denominator as
My = (0 = o7 + Inl(e? = p7) (0" = p7") = Inl(e? = p72)).

Application to our case for up. We get

D n?(1-p*)+(n+2)(p—" 1) n((1—p~2")+n?(1—p?)
Anr 2M, 2M,
n2(1—p?)+(n—2)(1—p?" 1—p?™)4n(p?—1
BD. _ (1=p*) 2(Mn )(A=p*") (1—p 2)Mn(p ) frr
oD (Uopien0p)  nlop?) (1) oo
D n— _ 7; _2n n _n72 _2n !
Br (2)0op DEU=p™) (g pynlizp 2 HH0=p™)
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We choose £(¢*8)(9) = £(0) = cos (nf) €., n > 1 and ™) = 0. Hence f,, =

and

n2(1—p2)+(n+2)(p—27—1
AE,T (1-p%) ;Mn)(p )
n?(1—p?)+(n—2)(1—p>"
B#ZT :1 ( p)Q(JMn)( Jid)
ol 2 (1—p~2")+(n—2)(1—p~2)

; o
n (n—2)(1—p~2)+(1—p*")

My,

The solution upn of the mixed Stokes system. The coefficients are
B,]xr and o) and Y. To fulfill the boundary conditions

1
57 fn,@ =0

denoted A,]X ”

—OnuN + pNE, = g(ewt) if|lzg]=1 and wun= g(i“t) if || = p,

we have to seek the (unique) solution of the following linear system

(((1—n)AY, + (1+n)BY, + Ajnaff + 42”55
(-wAY, - a+wBY, - Y+ Y
pIAN, T TBY, el i Y
pPrAY, = Bl p’"‘“mag + ot 42n__n4ﬁév

We denote

Nn — 3/)2 + (8 + n2)p2n _ 2(_1 + n2)p2+2n + n2p4+2n + 3p2+4
which can be written under the form
Ny =3(p"—p ") +n*(p—p ) +8(1+p?).

The solution of the system corresponding to a general Neumann problem
conditions on the interface is obtained after expanding the inverse of the
sponding to (B.3). We get

AN - (n + 2)(107271 — 1) + nQ(pQ — 1) + 4ng(eart)
mr 2(n— 1)N,, nr
ext
n((1 = p2) +n2(1 - ?) 955"

+ 2N, i

L3 2)p(p" = p™") +4(n +2)p"(p p~ ') +4(n+ 4)p’1’"g(mt)

(ext)
= n,r

(ext)
n,o
(int)
n,r
(int)
gn,@

(B.3)

n

with Dirichlet
matrix corre-

2N,
Lt 4)p M p = ph) 4 3np(p" = p ") +4n+2)p "9

n,r

(int)
n,0

2N,
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By _ 21— p*) + (n = 2)(p*" )+4ng(em)
n,r (1 +n) n,r
C(@AEn)(pP 1) 400~ 1)+ 4n+2) Gy
2(1 +n)Np i
B —=2)p(p" = p") = (n* +8)p"(p~" — p) —2(n+2)pl + n i)
2N, T
n _ n _n _n n— n— (int)
L2 = pTh) —mp(p" = p7) — An(plT" = p"7T) — A(n +2)p" 7 Ino
2N, i
_ -2 _ —2n __
aé\f - 9 (2 n) (p 1])V+ (p 1) + 497(5;71&)
_9 —on (ext)
A4+n)d—p ")+ A —p ™) —49ne
+2 -
N, i
_ -n __ N n__ ,—n _ 1-n
201+ n) (n—=Dp(p™ = p") +3p(p" —p™") + (4 —n)p glint)
N, 7
_ —-n(,__ ,—1 n—1__ 1-n 1-n (int)
1201+ n) (n—1)p"(p—p ") +3(p p ") +4p In.o
N, 1
BN _ (TL + 2)(P72 — 1) + (an - 1) + 4g(e:vt)
n Nn n,r
(4=n)(p~2 = 1) + (5" = 1) + 2(n—2) s
+ .
N, i
n -1 -1/ n _ ,—n n—1
Lo — 1)(1+n)p (p )30 (" —p ")+ (n+4)p (int)
N, )
n -1 _ -1/ n_ —n\ _ I (mt)
to(n— 1) (p=p)=p (" —p") —4p=1 —nIny

N, i

The Dirichlet-to-Neumnn map. Here, we have to take the Neumann data

g(emt) _ gﬁezt)e—;ﬂ + géext)e—é

corresponding to the choice of the Dirichlet data f(¢¥t) . In order to simplify the expression

and to get closer to our case, we assume f (i)

straightforward calculation gives

gn,r =
gne =

where Fourier coefficients AP  BP

n,r? n,r?’ ’T'L

AR (1—n)+BE.(1+n)+

i(A2,(1—n) = BE,(1+n) -

= 0. Omitting the exponent (€2)

4—n 44+n
T on B
24+n 2—n

D and 67? are given above. The expression with

respect to the Fourier coefficients f,,, and f,, ¢ is then given by

42-=n*)(1 = p ) +2n(p " = p*") + (p" —p ") + 0P (p—p)?
9nyr = — M fn,r
n
L An(l - p2) 4+ 272" — p ") + 0P (p— p )2+ n(p" — p™")? fne
M, i
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and

An(l—p7?) +2(p7 " = p*") +n(p" —p7")? 0 (p— p71)?
gne =1 M fn,’r
n
A= p ) 2m(p 7 = ")+ (0" = ") (0 = p)?
M,

fn,9~

We illustrate the mapping (fy.r, fn.0) = (Gnr, gn,e) via the linear transformation

( In,r ) _ A(17,11) Agg) < Inr )
9n,0 Agfl) Agg fn,9

where
A A2=n?)(A = p) 2 = ") + (0" = p ) A (= p )
1,1 Mn
A A= p) 207 = p ) 4 0 (p = pT ) A n(p" — p7")?
1,2
’ Mn

Ayl = A
CAnP(A =) 4 2(p7 — o) + (07" = P P — p)?
M, '

Ay =

We can deduce the Dirichlet-to-Neumann map from this representation: in the trigono-
metric basis it is represented by a block diagonal matrix; its n—th diagonal is given by
the matrix A(n) = (AEZ))Z‘J:LQ.

Application to our case for uy. In our case, with £ (9) = f(6) = cos (nb)é,,
n> 1 and £ = 0, we then obtain

42 =01 —p~2) +2n(p~*" — p*") + (0" = p~")* + 0P (p—p1)?
Inr = — M fn,’r
g — i p2) + 207" = p*) +n(p" = p") +nP(p - p‘l)zf
n,0 Mn n,re
(B.4)
Hence
_ (n42)(p 2" —1)+n?(p*~1)+4n n((1=p~2")+n?(1—p*)
A:/ZIVT 2(%71)Nn 2N7L
BN’ _n?(1=p)+(n=2)(p*"—D)+dn  _ (44n)(p*"—1)+n>(p*—1)+4(n+2) Gnr
n,r _ 2(14+n)Np 2(14n)Np, g ’
aly o (2=n) (2= 1)+(p~?"—1)+4 g (n)(1=p=)+(1=p~2") 4 ”Te
By (42D (2144 (dmn)(p? =1+ (20— 1)42(n-2)
N, Nnp,

B.3 The formulae for the shape derivatives u/, and u/y

In this section, we deform the domain via the vector field V' = coskf €.. We then have
Via = cos k. Here again, we only focus on the cases n > 1.
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The formula for the shape derivative u’,. For n > 1, we set

n _n,n
KD = AR (1=n)p" 2 +p"?BR (1 +n) — ol + 8 p "
Ln,r = An,r(l - n)pn—Z - p_n_2Bn,r(1 + n) -y pnT + /Bn pinT

the respective Fourier coefficients of —Onup(p,#). As it has been noticed, when n > 1,
we have
KP ,=KP. and LP  =-LD.

—n,r

We will then focus on the coefficients AP, B aP" and ﬁf?/ for n > 1. Let us point out

n,r =nr “n

that the computations give K2 = 0. We have (see (B.1))

—Onup(p,l) = (Ké),reme + Kj_Dnyre*ine) € + i(LT?,Teina +LP,, eii’w)ég
= i(Lﬁremo - L, e_i”9> €y
and then
LD el(n+k)o + L? e—i(n+k)o LD ciln—k)o + L? e—i(n—Fk)o
—OgupV, =i n,r n,r é@ +i n,r n,r 60-
2 2
Hence
—Opup Vi = —L2r<sin ((n + k)8) + sin ((n — k)@)) ép.
We denote

/ D’ iph > D’ iph >
up = E Uy, (1)e™ € + E uy, o(r)e™” €,
pEIn,k peln,k

where I, , = {n+k,n —k,—n — k,—n + k}. Let us assume that —1,0,1 & I,, . (the other
cases can be treated similarly). We know that

BD p| p|
D’ _ D' p—1 p,7 D' Ipl+1__IP D' 1-lp| Pl
Upr(r) = A e e T

BY 1
D! _ i 4D p—1_ Ppr Ipl+1 ( L __bp
upve(,r) - 1 (Apﬂ"’rp rp«‘,»l + OépT P <2Sg(p) 4p + 4)

+Bpr! 1P (4;'14 - ;Sg(p)> )

We use the superposition principles: we use the fact that we have to use a linear
system associated to a Dirichlet problem and then the coefficients associated to ug;(r)
when p = |n + k| and p = |n — k| must satisfy the following linear system

\

( D’ D’ p D’ p D’ o
Ar T B g v oy =0
D’ D’ p =+ 2 D’ 2 — p ’ .
Apr = B ap+47P LT i = 0
- / —p— ! p 1 D p 1—p oD’
pp 1A£7" + p P 1B1£)r + 4p + 4pp+ ap + 4p _ 4p pﬁp = KTI?T‘
—1 4D’ —p—1pD' p+2 +1 D’ 2-n 4, _ D
L pp Ap,r - p P Bp,r + mpp ap + 4]9 — 4p pﬁp Ln,r
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We remark that the second side of the linear system is independent of k. Once the
coefficients are computed, we use (B.2) to get

(—Onu’p + ppn)(p,0) = (Kﬁil—k\,r cos (n + k)0 + K@I—M,r cos (n — k:)@) ér

- (Lﬁ;k\ﬂ‘ sin (n + k)0 + L|?1/—k:|,r sin (n — k)&) €,

where
! ! _ o ’ ’ p , _ p
KB = AD(1—p)pr24p? QBgr(l-l-p)—l—aprp(l—Z)—i-ﬁ;?p P(1+1>
! ! — —p— / / p—|—2 r 2—p
LY. = AP (1—p)pr=2—p 2B (1 +p) — o pp=—— + L pP ==

4

The formula for the shape derivative u/y. We adopt the same strategy. We have
only to write the corresponding Neumann condition on the exterior boundary (i.e. for
|z| =1). For n > 1, we set

K1]1\,[r = A%r(l - n)pn—2 + p_n_2BTJL\,[7"(1 + n) - n + 6" P 4
2 2 —
L'r]Xr = Ag‘Xr(l - n)pn—Q - p_n_QB'r]z\{r(l + ’I’L) - O"r]ypn% + Bn o 4 n

the respective Fourier coefficients of —Ohun(p, ). The computations give

KY, =0
and
N Mt 2)p" (= p7) +4p7(p " = p") + 20(n = 1)p"(p~* = D fean
n,r Mn
9 _9 f(ext
Q2P+ )" — 1)+ 2n(p" —pT") + (1 +p77)
M, i
We solve the system
( ’ _ 4*p / 4+p /
=P + Q+p)p B+ =) =8 = 0
’ / p+2 / 2*]) /
(1_]7)-’4;)\’[7 - (1+p)sz)\,/r - Tai)v + Tﬁ}jyv = 0
—1 gN’ —p—1 N’ +1,, N’ P 1-pgN' _ N
pp p,T + p p,T + 4p+4pp 4p_4p Bp n,r
—1 AN’ —p—1pN’ p+2 +14 N/ 2-p 4 " _ TN
pp Ap,r - P P Bp,r + 4p+4pp 4p_4p pﬁp - Ln,r'
We get
N _ P+ 4)pP(p—ph) +3pp(pP — pP) +4p+2)p” Py
A roo L?’LT‘
p, 2Np )
g _ PPlp=pT) = pp(p" = p7P) —dp(p'P — p" ) —A(p+2)p" 1
pr n,r
2N,
: p—DpPlp—p~ ") +3(p" ' —p'P) +4p'P
o = o1 @=L o=+ ) #4970
P
: PP (p—p ) —p M (pP —pP) —4p~' P
8 = 21 Rt .
P
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We have to compute now

(—Onuy + plyn)(p,0) = (Kﬁ;_kw cos (n+ k)0 + K|]7\"0[/—k|77" cos (n — k)@) ér

— (Lle:rkM sin (n + k)0 + Lalklﬂ" sin (n — k)9> €y

where
, , B o , , D . D
K)o = AN —p)pP? +pP2BJ (1 +p) + o p”(l—Z)JrBéVp "a+7)
, , _ o , ;op+2 P, 2—=p
L}],\fr = Ag,,(l—p)pp 2_pp 2B;,],\fr(l —i—p)—aév p”74 —i—BéVp p74 )

Finally it comes

(—0n(uy —up) + (ply — Pp)n) (p,0) = <I~(‘n+k"r cos (n + k)0+K}, x|, cos (n — k)9> €,

_ (E|n+k|,r sin (n + k)0 + E|n—k|,r sin (n — k‘)g) €y

where _ _
Ky, = Kﬁr — Ké\; and L,,= LpD,T — LIJ,\,[T- (B.6)
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