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Abstract. We consider the operator H := d; — A + V in 2D or 3D waveguide.
With an adapted global Carleman estimate with singular weight functions we give a
stability result for the time dependent part of the potential for this particular geometry.
Two cases are considered: the bounded waveguide with mixed Dirichlet and Neumann
conditions and the open waveguide with Dirichlet boundary conditions.
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1. Introduction

We first consider a bounded waveguide Q = (=L, L) x D in R? with d = 2 or d = 3.
In the two-dimensional case, D = (0, h), where h is a fixed positive constant, while in
the three-dimensional case, D is a connected, bounded and open domain of R? with C*
boundary denoted T'y. We denote I'y = I'f UTT. We will denote = = (21, 22) a generic
point of 2 where z; € (—L, L) and x5 € D. We consider the heat equation

Ou—Au+V(t,x)u=0, in (0,7) x Q,

u(t, z) = b(t, x), on (0,7) x [—-L, L] x 9D, (1.1)
a,,u(t, :i:L, 1‘2) = k’i@, .%’2), on (0, T) X D, ’
(0, ) = 1o(z), on

where V(t,x) = q(t, x2) f(x1) and f(z1) > 0. The aim of this paper is to give a stability
and uniqueness result for the time dependent part of the potential ¢(t, z5) using global
Carleman estimates. We denote by v the outward unit normal to 2 on 0f2.

We shall use the following notations @ = (0,7") x  and ¥ = (0,7") x 012.

Our problem can be stated as follows:
Is it possible to determine the coefficient ¢(¢,z5) from the measurement of 9,(0,,u) on
(0,T) x (=L, L) x T'{, where I'{ is a part of 9D?

Let u (resp. u) be a solution of (1.1) associated with (q, f, b, ug) (resp. (¢, f, b,

Uo))

Our main result is

~ . T
llg — QH%Q((E,T—e)xD) < Cc[|0,(0ryu) — au(amu)||i2((0,T)X(_L7L)XF;r)7 0<e< 9

where C. is a positive constant which depends on (©,T'],e,T) and where the above
norms are weighted Sobolev norms.

Using a method introduce in [AT], we first derive a global Carleman estimate with
singular weight for the operator H := 9, — A with a boundary term on a part I' of the
boundary I' of D. Then using these estimate and following the method developed by
Choulli and Yamamoto [CY06], we give a stability and uniqueness result for the time
dependent part ¢(t, z5) of the potential V (¢, x).

For the first time, the method of Carleman estimates was introduced in the field of
inverse problems in the work of Bukhgeim and Klibanov [BK]. A recent book by
Klibanov and Timonov [KT] is devoted to the Carleman estimates applied to inverse
coefficient problems.

The problem of recovering time independent coefficients has attracted considerable
attention recently and many theoretical results exist. Regarding time dependent
coefficient few results exist. In the case of source term, Canon and Esteva [CE]
established uniqueness and a priori estimates for the heat conduction equation with



Stability result for a time dependent potential in a waveguide 3

over specified data. Choulli and Yamamoto [CY06] obtained a stability result, in
a restricted class, for the inverse problem of determining a source term f(x,t) from
Neumann boundary data for the heat equation in a bounded domain. In a recent
work, Choulli and Yamamoto [CY11] considered the inverse problem of finding a control
parameter p(t) that reach a desired temperature h(t) along a curve «(t) for a parabolic
semi-linear equation with homogeneous Neumann boundary data and they established
existence, uniqueness as well as Lipschitz stability. Using optic geometric solution,
Choulli [Ch09] considered the inverse problem of determining a general time dependent
coeflicient of order zero for parabolic equations from Dirichlet to Neumann map and
he proved uniqueness as well as stability. In [E07] and [EO08], Eskin considered the
same inverse problem for hyperbolic and the Schrodinger equations with time-dependent
electric and magnetic potential and he established uniqueness by gauge invariance.
The idea introduce in [Y] allows us to take into account the particular geometry of our
domain. Indeed, the z;-derivative do not alter the Dirichlet condition.

In a second part, we will consider an open waveguide Q2 = R x D in R%. We will denote
x = (z1,x2) a generic point of Q0 where x; € R and zo € D. We consider the heat
equation

Ou—Au+V(t,x)u=0 in (0,7) x £,
u(t,z) =b(t,z) on (0,T) x 01, (1.2)
u(0,2) = ug(x) on £,

where V (t,z) = q(t,x2) f(z1) and f(x1) > ¢pin > 0. Using an approach similar to the
previous case we will give a stability and uniqueness result for the time dependent part
of the potential ¢(¢, z5) using global Carleman estimates. We denote by v the outward
unit normal to 2 on 02 =R x 9D.

This paper is organized as follows. In section 2, using an adapted global Carleman
estimate for the operator H, we give a stability result for the coefficient ¢ of problem
(1.1). In section 3, we consider the open wave guide and we establish a stability result
for the coefficient ¢ of problem (1.2).

2. Stability result for a bounded waveguide

In this section we consider problem (1.1). We will establish a stability result and deduce
a uniqueness for the coefficient g. We give the result for the bounded waveguide with
mixed boundary conditions. The Carleman estimate will be the key ingredient in the
proof of such a stability estimate.

From now on we set

Q=(—-L,L)xD, Q=(0,T)xQ, £, =(0,T) x [-L,L] x 9D,
¥ =(0,T)x {—=L} x D, 5 =(0,T) x {L} x D, ¥ =%, U]
and

¥ =(0,T) x 09.
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2.1. Carleman estimate

Let us introduce the differential operator
P=0,—-A,+ A(t,z) -V, -+B(t,x)
with A € L®(Q,R?%) and B € L*>°(Q). Let I'] be a closed subset of 9D, let a € (=L, L)
and let I'" be defined by
I+ = (—L,L) x I'}.
Let ¢ be a C*(R4™!) function satisfying the following conditions:
(1) ¥2(z2) > 0in D,
(ii) There exists Cy > 0 such that |[Vie| > Cy >0 in D,
(iii) 9,19 <0 on (ID\TY).
For the proof of existence of a function satisfying these conditions, we refer to [FI] and
[CIK]. Now let ¢; € C*(R) be a function satisfying the following conditions

(i) Y1(z1) >0 for x € (—L, L),

(ii) ¢i(z1) <0 for z € (—L,a),

(iii) ¥i(x1) > 0 for = € (a, L),
) Yi(=L) =1 (L) =0

One can easily prove existence of a function satisfying these conditions. Choose
(a1, 29) = 1 (21)1e(2). Then, 1 is a C*(R?) function satisfying the conditions

(iv

Assumption 2.1 We have:

o Y(z) >0 inQ,

o There exists Cy > 0 such that V| > Cy >0 in §,

e 0,0 <0 on (0Q\TT),
Op,¥(x) <0 forx € (—L,a) X D,
Op,0(x) >0 for x € (a, L) x D.
Now, let us introduce the function

n(t,z) = g(t) (62)"’”""’ - e’\w(z)) , p>0 (2.3)

with
1

)= —.
g(t) T —1)
We consider the following Carleman estimate.

Theorem 2.2 ( Theorem 3.4, [Ch09]) Let Assumption 2.1 be fulfilled. Then, there exist
three constants sy, C' and X depending of Q, T', I'*, |A|pec (g ray and |B|p~(q) such that

/cge‘QS" [(s9) 71 (Au)* + (s9) 7 (Opu)* + 59| Vul® + (sg)*u?] du dt - (2.4)

<C (/ e 2 Pu)? dx dt +/ e 2 Msg(0,u)’do dt)
Q (0,T)xI+

for s> sp and u € C*(Q), u=0 on %.
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2.2. Inverse Problem

Let u be solution of

Ou — Au~+ q(t, x2) f(x1)u =0 in Q,
u(t,z) = b(t, x) on i,
Ou(t,—L,xe) = k_(t,x), Oyu(t,L,z3) =ky(t,z) on (0,T) x D,
u(0,x) = ug(x) in Q,

and © be solution of

O — At + q(t, xe) f(z1)u =0 in @,

u(t,z) = b(t,x) on i, (2.5)
Ou(t,—L,xe) = k_(t,x2), O,u(t,L,xs) =ky(t,xz2) on (0,7)xD,
u(0,x) = up(x) in Q,

Let us consider the following conditions.

Assumption 2.3 Here we assume that
o q(t,x2) f(21),q(t, 22) f(z1) € CH2(Q),
o bc C¥HF3([0,T] x [~L, L] x 0D),
e uy € C**(0),
o ke 3 ([0,T) x D),
o 0:b(0,2) — Ayup(x) + q(0, 22) f(21)up(x)
e 0:b(0,x) — Ayuo(x) + q(0, z2) f(x1)up(z)
e f>0,0>0, uy>0,
o u(t,—L,x5) >0, u(t,L,zy) >0, (t,ax3)€]0,T]xD.

, v = (x,22) € [-L,L] x 0D,

0
07 Tr = (1'1,..'['2) S [_LvL] X aD)

Notice that Assumption 2.3 and the maximum principle implies that @(¢,z) > 0 for
(t,x) € Q. Moreover, according to [LSU, Chapter 4 Section 5|, we have u, u, 0,,u,
395117 € 62’1(6).

Remark 2.4 Assume that b(t,z) can be extended to a function by € C3**'*3 (%) such
that by > 0 and the compatibility condition

Ob1(0, ) — Agug(x) + q(0, 22) f(x1)up(z) =0, z €T
18 fulfilled. Let w be the solution of
Ow — Aw + q(t,z2) f(x1)w =0 in Q,
w(t, z) = bi(t, x) on X,
w(0, ) = up(x) in €,
Choose k4 such that
Oyw(t,£L,x5) = ky(t,z2), (t,22) €[0,T] x D.
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Then w will be a solution of (2.5) and by uniqueness we obtain

w(ta l‘) = ﬂ(t,.’E), (t,ZE) S Q
It follows that ﬂ@ = by > 0 and the last item of Assumption 2.3 can be removed.

Now, if we set v = u — u, then v satisfies

dv — Av + q(t, za) f(w1)v = (q(t, 22) — q(t, 22)) f(z1)u in  Q,

v(t,z) =0 on Xy,
Ov(t,—L,x9) =0, dv(t,L,x5) =0 on (0,7)x D,
v(0,2) =0 in Q,

Thus with the change of function w = fiM w is solution of the following system
u

Ow —Aw+ A -Vw+aw = q(t,zs) — q(t,z5) in Q,

w(t,z) =0 on i,
dyw(t,—L,xy) =0, O,w(t,L,xs) =0 on (0,7)x D,
w(0,2) =0 in Q,
where 5 B A(FD) 1V
A= %V(fﬁ) and a = W) _fﬂ<fu) v
We consider the zi-derivative of the previous system and we set z := J,,w. Let us
observe that for all function g € C'(Q) we have
O0vg(t, L, xo) = 0y, 9(t, L, xy), x93 €D (2.6)
and
Oyg(t,—L,x9) = =0y, g(t,—L,x3), x9 €D. (2.7)

Moreover, if g(t,x) = 0 for (¢,x) € (=L, L) x ID, since 0,, is a tangent derivative on
(—L,L) x 0D, we have

e g(t,x1,29) =0, (t,x1,22) € (0,T) x (=L, L) x OD. (2.8)

From (2.6), (2.7), (2.8) and the fact that z € C*>'(Q), we deduce that z is the solution
of

Oz —Az+A-Vz+az+ Biz= By, w+bw in @,

z(t,x) =0 on X, (2.9)
2(0,z) = d(z) in Q
with _ ~
By := —20,, (8:61([11)) , By :=20,, (al”? (fu)> and b= —0,,a.
fu fu

Note that Assumption 2.3 implies that A, By, By and a, b are bounded.
Set

Li(z) = /Qer" [(s9) "1 (A2)? + (s2) 71 (8i2)* + s9|Vz|* + (s9)*u?] dx dt.(2.10)
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Applying the Carleman estimate (2.4) to u = z, we obtain

L(z)<C {/ e *Msg(0,2)*dodt
(0,T)xT+

+/ e 2 (V2 + |2)?) da dH‘/ e (IVwl + [w]?) do dt| .
Q Q

The second integral of the right hand side of the previous estimate is ”absorbed” by the
left hand side, for s sufficiently large. For the last integral, we need the following lemma
proved in [Ch09]:

Lemma 2.5 Let F be a function in C(Q)). Then we have the following estimate:

[ Fega
QlJa
Proof

We recall here the proof of this lemma. An application of the Cauchy-Schwarz inequality
yields

L&[lasm

Let r(z1, &) be defined by r(zy,£) = e~ 2slto122)=6t&22)l Note that
0
0er(01,) = 2N T (€, m2)g (M1 (01, ).

Thus, Assumption 2.1 implies that Ocr(z1,§) < 0 for @ < £ < 27 < L and O¢r(z1,£) > 0
for —L < x1 < & < a. Then, in the region

{(21,8): a << <L}U{(21,§): —L<z1 <L af

2
e 2 dxy dxy dt < C/ |F(t,)|” e~ 2"dz dt.
Q

e~ 2dxy dry dt < C’/ F(t,€, z9) 2 dée " dw, day dt.(2.11)

we have
r(x1,§) < r(z,a) =1 (2.12)
Applying estimate (2.11) , we get

LZTMMwﬁ

T o @
<C {/ / / |F(t, €, 22)[Pe 2182y (1) €)dE davy duvs dt
0 D —L T

/ / / / F(t,&, x0)Pe 2108%2) (1) €)dE day dy dt| . (2.13)

For the first term on the rlght hand side of (2.13), formula (2.12) implies

/ // . |[F(t, € o) [P 2108520 (21, €)dE dary iy di

S / / / |F(t75:‘%2)‘26725”@7&’@)615 d$1 dl’z dt
0 DJ—-LJz

2
e 2 dy dt
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and for the second term on the right hand side of (2.13) we obtain

//// F(t, &, x5) P 21082)p (g1, €)dE day dy dt
//// F(t, &, m9)|Pe 210422 de day doy dt.

We deduce easily Lemma 2.5 from these estimates.

Now let use return to the stability result.

2.3. Stability result

In this subsection we consider u %, v, w and z introduced in the previous subsection.
Our goal is to use the Carleman estimate (2.4). For this purpose, we will exploit the
fact that in the bounded wave guide €2 a derivation with respect to x; does not alter the
Dirichlet condition on »; and that the Neumann condition on >, becomes a Dirichlet
condition. The main result of this subsection is the following stability estimate.

Theorem 2.6 Let Assumptions 2.3 be fulfilled. Let r > 0 be such that
(= max( 19 |22 0,1y xD)> 14 |L2((0,T)><D)) .

Then, for any 0 < & < %, there ewists a constant C. > 0 depending of , b, ug, k= and
r such that

lg = @2 (e r—epxp) < C- [Héwxﬁ = 0,0, ull 2201yt

Halsas) =uC @) o0, mz,m)

Proof
According to [LSU] and the maximum principle, Assumptions 2.3 implies that
U, Uy Opyut, Oyt € CHQ) and fu > ¢; > 0. Thus, w, d,w € CYQ) and one can
write

1
w(t,z) = / 2(t, 2 xe) da’ + w(t, o, z9), (t,x1,72) € Q, (2.14)

Opyw(t,x) = / Oup2(t, ', 0) da' + Opyw(t, o, ), (t,21,79) € Q.(2.15)

Let us consider the source term By0,,w + bw of (2.9). Using representations (2.14) and
(2.15), we get

T 2
/ 2 ByOy,w + bw)? da dt < 4/ e~ 2sn (BQ/ Opp2(t, ', 29) da:/) dx dt
Q Q @

1 2
€2 ( By, w(t, o, 25))° da dt + 4/ e 2 (b/ 2(t, o', xq) dx’) dx dt
Q «

e™2 (bw(t, ov, 25))° dzx dt.
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Then, applying Lemma 2.5, we obtain

et v e ar < ([ (0. +15P) do i)
0 Q

+C (/ e > (Jw(t, o, 32)|* + |On,w(t, o, 22)]?) da dt) : (2.16)
Q

Note that Assumption 2.1 implies

(/ e 25m (\w(t,a,I2)|2 + |(9$2w(t,04,x2)|2) dx dt)
Q

T
SC/ /(|w(t,oz,x2)|2+lamw(t,a,xz)ﬁ) dzs dt.
0 D

Combining this estimate with (2.16), we obtain

/ e 2N ByOp,w + bw)? dx dt < C (/ e 2 (|00, (2) P + |217) da dt
0 Q

-|—/0T/D (Jw(t, o, 22)|* + |Onw(t, o, 22)|?) day dt) : (2.17)

An application of the Carleman estimate (2.4) to z yields

/Qer” [(s9) "1 (A2)* + (s9) 1 (02)* + sg |Vz|* + (s9)°2°] dx dt

<C (/ e~ 2 ByOyp,w + bw)? dx dt +/
Q

(0,T)x I+

e *sg(0,2)* do dt) .
Combining this estimate with (2.17), we obtain

[ [s0) 82+ (50) @02 sl V2P + (09"

T
<C (/ e (|05, (2) > + |2]?) da dt +/ / (Jw(t, o, 22)|* + |On,w(t, o, 22)|?) day dt
Q o Jp

+/ e *sg(0,2)* do dt> :
(0,T)xI+

Then, for s sufficiently large, we get

/ (102 + | Az + |V + |2]?) da dt (2.18)
< C. (/ / 0,2* do dt—i—/ / lw(t, o, 22)|* + |On,w(t, a, 29)| ) dxs dt)
with Q. = (¢,T — ¢) , L) x D. Now, note that

q(t, z2) — q(t,xQ) = 0w — Aw + A - Vw + aw = Pw.
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Thus, applying (2.14), one get
x1

q(t, x2) — q(t, o) = P/ 2(t, 2, x9) da’ + Pw(t, o, x3).

«

Then, this representation and estimate (2.18) imply

/ET_E /D (q(t, 22) = q(t,22))* das dt

<C (/ (102> + |Az* + [V2|* + |2[°) dz dt + |w(-,a,-) |2 )
Q

Hi(0,1,H2, (D))

T
2 . AL
< C; ( ; /F+ 0,27 do dt + |w(-, o) Htl(o,T,H%Q(D))) '

This completes the proof.

3. Stability for an unbounded waveguide

In this section we consider problem (1.2). We will establish a stability result and deduce
a uniqueness for the coefficient ¢q. We give the result for the open waveguide with
Dirichlet boundary conditions. The Carleman estimate for unbounded domain will be
the key ingredient in the proof of such a stability estimate.

From now on, we set

Q=RxD, Q=(0,T)xQ, ¥=(0,T) x 09.

3.1. Global Carleman Estimate

Let f(x1) be a bounded positive function in C?(R) such that f(x;) > ¢pin > 0, f and
all its derivatives up to order two are bounded by a positive constant Co.

Let u = u(t,x) be a function equals to zero on (0,7") x 0§ and solution of the Heat
equation

8tu—Au:F

We prove here a global Carleman-type estimate for v with a single observation acting
on a part I'[ of the boundary I' of D in the right-hand side of the estimate. Let 1), be
the function defined in subsection 2.1 and let ¢ be a C*(R?) function defined by

V(a1 w2) = €' Pa(w2).
Then, the function v satisfies the conditions:
Assumption 3.1 e ¢(z) >0 in Q,
o There ezists Cy > 0 such that [V¢| > Cy >0 in £,
e 0, <0 on (0,T) x RxTI7,
o inf 50,¢(x) >0,
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77/)(1‘1, xQ)

X

e lim inf = +4o00.

1 —=+00 poeD

Now let us introduce the function

o(t,z) = g(t)e™ X\ >0 with g(t) = T i ok
Let H be the operator defined by
Hu:=0wuw—Au in Q=Qx(0,7). (3.1)
We set w = e *Pu, Mw = e *?H(e**w) for s > 0 and we introduce the following
operators
Mw := —Aw — s*|Vp|*w — s0,pw, (3.2)
Myw := Oyw + 25V - Vw + sApw. (3.3)

Then the following result holds.

Theorem 3.2 Let H, My, My be the operators defined respectively by (3.1), (3.2),
(3.3). We assume that Assumptions 3.1 are satisfied. Then there exist \g > 0, s9 > 0
and a positive constant C' = C(Q,T',T) such that, for any X\ > Ao and any s > sq, the
next inequality holds:

53)\4/ e 22 ul? dx dt + s)\/ e P Vul® dr dt + || My (e u)||72 )
Q Q

T
5)\/ / / e 2p|0,ul? O, do dt  (3.4)
0 JRg JTT

+HM2(€75LPU)H%2(Q) < C

+/ e %% |Hul? dw dt} :
Q

for all u satisfying Hu € L*(Q x (0,T)), u € L*(0,T; H}(2)), d,u € L*(0,T; L*(T")).

Note that this theorem has already been proved in [FI], [I] and [T]. In the inequality
(3.4) , we can also have an estimate of dyu and Au (see [FI]).

3.2. Inverse Problem

In this subsection, we establish a stability result and deduce a uniqueness result for the
coefficient q.

The Carleman estimate (3.4) will be the key ingredient in the proof of such a stability
estimate.

Let u be solution of

Ou — Au+q(t,x2) f(x1)u=0 in Q,

u(t, ) = b(t, x) on 3,
u(0,x) = up(x) in
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and © be solution of
Ou — Au+ q(t,x9)f(x1)u=0 in Q,
u(t,z) = b(t,x) on 3,
(0, z) = ug(x) in
Assumption 3.3 Here we assume that:
Q(tu I2>f($1)a q~(t7 $2)f($1) € CHMJF%(@) N LOO(Q)7
b€ CHITE(T) N L2((0,7); H3(0Q)) N Hi((0,T); HY(09)),
Uy € Cg’a(ﬁ) N H3(Q),
atb(07x> - Al‘uo(x) + Q(07172)f(ZE1)UO(IL‘) = 07 €T = (mla :L‘Q) € 69,
0:0(0, ) — Azuo(x) + q(0, z2) f(x1)ug(z) =0, == (x1,29) € 09,
There exists r > 0 such that b > r and ug > r.

If we set v = u — u, then v satisfies

O — Av +q(t, z) f(x1)v = (q(t, 22) — q(t, 22)) f(z1)u in Q,

v(t,z) =0 on 3,
v(0,2) =0 in Q.
Then with the change of function w = fiM w is solution of the following system
U
w — Aw+ A - Vw + aw = q(t, xe) — q(t,x2) in @,
w(t,x) =0 on X,
w(0,z) =0 in Q.
where O(FT1) — A(Fi) + V
u) — u) +
A= fu) and a= 2 —
f V(fu) I

12

We consider the z;-derivative of the previous system and we set z := 0., w, then z is

solution of
Oz —Az+A-Vz+az+ Biz+ B0, w+bw=0 in @,

2(t,x) =0 on X,
2(0,7) = d(x) in Q
with ~ _
By := —-20,, (8 (fu)) , By:=—-20, (8 (fu)> and b= 0,,a.
Ju fu

Assumption 3.4 A, By, By and a, b are bounded.

We can apply the Carleman estimate (3.4) for z and we obtain:

s)\/ / / “250)0,2* 0,0 do dt
Ry,

/628@ (|VZ|2 + ’Z|2) dr dt—l—/ e 2s¥ (’VUJP + |w|2> dx dt:| .
Q Q

)< C

(3.5)
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The second integral of the right hand side of the previous estimate is ”absorbed” by the
left hand side, for s sufficiently large. For the last integral, we need the following lemma
which is an adaptation of a lemma proved in [K] and [KT]:

Lemma 3.5 Let F be a function in L*(Q)NC(Q). Then we have the following estimate:

/ / F(taéa .1’2)
QlJa
Proof

We recall here the proof of this lemma.

2
C
e *%dxy dwy dt < —2/ |F(t, )| e 2%da dt.
s
Q

2
e~ 2?dxy dry dt

1

LS

I:= F(t,&, x2)dg

/ E(t,& x2)

ZS@dﬂfl dIQ dt

+o0 1
/ / / t 5 Ig) QS(pde'l dl‘g dt
= ]1 + ]2.
Note that
6—25@ _ 2sa$1(p —2sp _ 1 axl(_62$%0>
250,, ¢ 250,, ¢
and according to Assumption 3.1 there exists a positive constant x such that
Oy > Kk > 0.
So, we have
1 1
—2s¢ _ o _ —2sp < 9. (= —2s¢p ]

We first give an estimate for I;:

[ LI
LS

Using integration by parts and the Cauchy—Schwarz inequality, we obtain

1 o
L =— [ e**F(t,x) (/ F(t,f,m)d{) e *dxy dzy dt

SK Q
- 2 1/2 1/2
/ F(t, &, x9) e~ 2%dx, dry dt) (/ \F(t, )| e >%dx dt) :
a Q

20
< =
_28K<Q

1/2
I < —]1/2 (/ |F(t,2)|* e 2% da dt) .

F(t,& x0)dé| e ?°day dwy dt

2

F(t,&,29)dE| Oy, (—e %) dw, day dt.

That is
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In the same way, we obtain

1/2
I < —11/2 (/ |F(t,2)|* e *%dx dt)

9 1/2
I< 20 pye (/ |F(t,z)]> e 2% da dt> .
Q

and therefore

SK

This complete the proof.

Now we come back to the inequality (3.6) in order to estimate the last integral of the
right hand side.
A direct application of Lemma 3.5 leads to:

/ e™2% (|[Vw|? + |w]?) dz dt < %/ e 2 (|Vz]* +|2?) du dt.
Q 5 JQ

So (3.6) becomes

T
z) < Cs/\/ / / e 2200,z 0,4 do dt + %/ e 22 (|V2]? + |2]?) dx dt.
0 JRy JTT 57 JQ

The last integral of the right hand side is ”"absorbed” by the left hand side, for s
sufficiently large. We thus obtain a Carleman estimate for z solution of (3.5):

T
z) < C’s)\/ / / e 2%0|0,z|* 0, do dt
0 JRy JIT

3.83. Stability Estimate

In this subsection we consider u %, v, w and z introduced in the previous subsection.
We will exploit the fact that in the wave guide €2 derivations with respect to x; do not
alter the Dirichlet condition. The main result of this subsection is the following stability
estimate.

Theorem 3.6 Let Assumptions 3.3 and 3.4 be fulfilled. Let o € R and r > 0 be such
that r > maz (||q|| 20 %D, |l 2(0.1)x0)) . Then, for any 0 < e < L, there ezists a
constant C. > 0 depending of €, b, ug, k* and r such that

”q - a”%Q((e,T—e)XD) < OE |:Ha'/a$1ﬂ - aValluHiQ ((0,T)xRq, xI'T) (37)

o) =l 0 ) o e, o)
Proof
According to [LSU] and the maximum principle, Assumptions 3.3 implies that
U, Uy Opyut, Oyt € CHQ) and fu > ¢; > 0. Thus, w, d,,w € CYQ) and one can
write

1
w(t, x) :/ 2(t, 2, ) da’ + w(t, a, x2), (t,71,72) € Q,
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Oy w(t, ) = / Opp2(t, @' a) da’ + Dy w(t, o, 22), (¢, x1,22) € Q.

Let us consider the source term By0,,w + bw of (3.5). Combining Lemma 3.5 with some
arguments used in Theorem 2.6, we obtain

/62890(32(91211}4—[)11})2 dr dt < S_CZ (/ 672890 (’8x2(2)‘2 + ’2’2) dx dt (38)
Q Q
[ (utt e+ it ) de ).
Q
Since

sup /e_s‘p(t’xl’”)dxl < +00
(t,x2)€(0,T)xD JR

we deduce that

(/ e ¥ (’U)(t,Ol,l'z)’Q + |012w(t,04,x2)]2) dx dt)

Q
T

<C (/ / (]w(t,oz,xg)]2 + |(9z2w(t,oz,x2)\2) dxs dt) )
0o Jp

Combining this estimate with (3.8), we obtain

/6—23¢(B28x2w+bw)2 dr dt < 8_02 (/ 6—28<p (|6x2(2)|2 + |Z|2) dr dt (39)
Q Q

T
—|—/ / (Jw(t, o, 22)]* + [Opw(t, c, 22)|?) day dt) :
0o Jo

An application of the Carleman estimate (3.4) to z yields

53)\4/ e 20| 2| dw dt—l—s)\/ e 2|V z|? dx dt+HM1(efs‘Pz)H%g(Q)—i-HMz(e*SS"z)H%Q(Q)
Q Q

<C

T
s)\/ / / e 2%p|0,z|* 0,4 do dt +/ e~ %% | ByOp,w + bw|* dx dt | .
0 JRg JIT Q

Combining this estimate with (3.9), we find

53)\4/ e 23| 2|? dw dt+s)\/ e 2| Vz|* dx dt+3_1/ e 207 (|02 + |Az]?) dxdt
Q Q Q

T
< Cs)\/ / / 010, 2% O, do di + (/ 2% (10, () + |2P) do dt)
0 JRy JTF S Q

T
+C (/ / (Jw(t, o, 22)|* + [Op,w(t, , 22)|?) day dt) _
o Jo

Then, using Assumption 3.1, for s and A sufficiently large we get

Qe

T
/ (1922 + | AP + V2 + |2P) dzdi < C (/ / 510,22 O do dt)
o Jrf
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+C. (/OT/D(|w(t,a,:E2)|2+|8m2w(t,oz,x2)|2) d, dt). (3.10)

with Q. = (6,7 — ¢) x (—R, R) x D. Combining this estimate with some arguments
used in Theorem 2.6 , we deduce easily (3.7) and the proof of Theorem 3.6 is complete.
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