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An elementary proof of Catalan-Mihailescu theorem and
generalization to Fermat-Catalan conjecture
Jamel Ghanouchi

jamel.ghanouchi@live.com

Abstract
( MSC=11D04) We begin with an equation, for example : Y? = X7+ Z¢ and solve it.

(Keywords : Diophantine equations, Fermat-Catalan equation; Approach)
Resolution of Catalan equation

Let Catalan equation :
YP=X%+1
We have
XIY? —yPPXP = A
And
YPRY? - XX =y - X1 =1
If A =0 then X976 = Y7~ leads, as GCD(X,Y) =1, to p = 4 and ¢ = 6. This case
has been studied by Lebesgue in the XIX century, it has no solution. Thus A # 0.
And if A = %1 then it means that both
X9Y? =44 + X?YP7? and
yr3x3 = :F% + X973Y are rationals

it means, as it is impossible, that ¢ = 3 and p = 2.
We have

A A
And we have simultaneously

x93 2 yP—2 X3 =1 — yP2y2 _ yi-3y3

q—3 p—2
(2 = Xy o (e —YA )Xx?
Or
(AYP™2 - X13)Y? = (AX? 3 —y?P ?)x?
And
X3 y?
2 S p—27 3 L q—3
(Y + =)y (X + )X
Or

(AY? + X*) VP2 = (AX® + Y x93

But X and Y are coprimes. It means that we have four cases with u and v integers
Y =u(AX? —YP?), XD = (=X 4 AYPT?)

YP2 = p(AXP 4+Y?); X% =o(X® 4+ AY?)

o wY2=AXT3_yPT? X3 = X3 4 AyPT?
vYPTE = AXP VP XT3 = X3 4 AY?
Or
Y2=u(AXT3 —yP?), XP =u(—XT? 4 AYP?)
WYPTP= AXP 4+ Y2 XT3 = X3 4 AY?
Or

wWY2=AXT3_yPT X3 = X3 4 AyPT?



VP2 =p(AXP 4+ Y?); X% =o(X® 4+ AY?)
First case
YP = uwo(AX? - YP + A(Y?X9° —yP 2 X))
=uw(A’XT —YP + A(A)) = uww(A*XT + A® — YP) = uw(A’YP — Y7P)

Thus
1
A2 -1
As v is integer, it means that it is impossible thus =0 and A2 =1or A = +—1
it means that ¢ = 3 and p = 2.
Second case

uv =

Yy? . Y?  Y2X9E_yP2x

wEp =X ot a
y? y? A% -1
Thus
w=A%—-1
And

Thus
w=—X 4 Y4; b= X24=6 _ y2p—14
w=A%—1= (=X 4y (Xx2 ¢ _y¥»
But 3 3
- X X
YP=X141=YP"X :XqW e
And 5 5
X1~ X1~
2y4q4—3 _ y4a
Y°X =X T + T
We deduce 5 5
_ _ X1~ X
A=Y X - XY = (X ) (355 — 39)
But 5 5
X9 X
P q -
YP>XT'=A<0= vi—z < vz
And if

X<V =X <vP P A2 1= (XY (XY <0
But
0>V} Xy ) =y?X9 7 yP =y?XIP X 1= XY - X -1 > —1

And it is possible if g =3 =p—2=0.
And if

X >yP PP X2 >y? = A2 1= (X +YH)(X* T —y? <0
But
0< Y X —YP ) = y?X P —yP = yV2XP X 1= X" (Y- X)) -1 <0
And it is possible if g —3=p—-2=0
X S>yP 2o X932 yP = X4 1= Y2 > X2 4 X3¢

And
Y2ox3>x%9>0



Andp—2=¢q—-3=0
Third case :
We have here
Y2=u(AXT3 —yP?), XP =u(—XTP 4 AYPT?)

WYPTP = AXP 4+ Y XT3 = X3 4 AY?

And
vY? = u(A*X9 - YP + A%) = u(A® - 1)Y?
v=u(A®>-1)
v(Y2X97? - XPYPT?) = 0A = wwAXPT0 —YPT) = A(-X° + YY)
Thus

1= U(XQq—G _ Y2p—4)

With u and A? — 1 integers, it means A% = 1 ! Fourth case :

Yy? _ yr—2 X3 x93 _
U—A :qu— A ; u—A = — 1 +YP2
Yp—2 Y2 Xq—S XS
G S R L T

We have here

wY2=AXT3 _yPT y X3 AYPT = —x978

And
YP2 = AXTT? —uY? = (VX - XPYy P X —uy?
Hence - - 1
UF = ’U(Xq — F +1) :U(l — E)Yp
Thus
u=uv(A*-1)
w(Y?X9? - X3YP ) = A = AXPT 0 vy = (X0 + YA
Thus

1=0v(-X°*+Y%
With v and A% — 1 integers, it means A> —1 =0

The only solution, in all cases, in p =2 and q¢ = 3.
And Y? = X3 4 1 whose solution is (X,Y) = (2, 43).

Resolution of Fermat equation

Let Fermat equation :

Y'=X"4+2"
We have

X2y2 _yn2x2 o4
And
Yn—2Y2 _ Xn—QXQ _ Yn _ Xn _ Zn

If A =0 then X" * = Y™ leads, as GCD(X,Y) = 1, to n = 4. This case has been
studied by Fermat, it has no solution. Thus A # 0.
And if A =4Z" then it means that both
X" Y2 =+Z 4 XY™ ? and
Yy 3Xx? = q:Z7n + X" 2Y are rationals

it means, as it is impossible, that n is not greater than 2 or n = 2.

We have ) )
xn—=z" yr—=zn
Z “yr_ - Z

X2 — Zn — Yn—2Y2 _ Xn—2X2
A A



And we have simultaneously

n—2rn n—2rn
(Yn—2 _ X AZ )Y2 _ (Xn—Q _ Y AZ )X2
Or
(AYn—Q _ Xn—QZn)Y2 _ (AXn—2 _ Yp—2Zn)X2
And
2 r7n 2r7n
(Y + XAZ Y= (X7 + YAZ )X 2
Or

(AY? + X2 Z"MYP? = (AX® +Y?Z")Xx"?

We have four cases with u and v integers

Y2 9 Yn—QZn X2 Xn—2Zn 9
= ulX™ Ty (= L yP
Yn—2 9 Y2Zn Xn—2 XQZn 5
= (X ; = Y
A 'U( + A )7 A U( A + )
Or Y vt X xvip
A A A A
Yn—2 9 Y2Zn Xn—2 XQZn 9
= X M = Y
VA a0 vTa A"
Or
2 Yn—2Zn X2 Xn—QZn
—_— = Xn72 = ). [l s~ Yn72
Yn72 2 Y2zn Xn72 X2Zn 9
=X : = Y
"TA TTA ' A"
Or
Y2 o2 Yn72zn X2 Xn72zn "2
wg =X e wp =T Y
Yn72 2 Y2zn Xn73 X2Zn 5
1 = v(X*+ I ) 1 = o( -+ Y?)
First case

Yn — uv(A2Xn _ YnZQn 4 AZn(Y2Xn—2 _ Yn—2X2))
=ww(A2X"—Y"ZP L A(AZ™)) = wo(AP X"+ AP 2T Y 27 = w(APY " - Z7"Y )
Thus

1
A2 _ Z2n
As wuw is integer, it means that it is impossible thus w = 0 and A% = Z2"
it means that p = 2.
Second case

uv =

" YnZ2n YQXn—2 _ Yn—QXQ

wp =X Tt A
n YnZQn " " " YnZQn AQ _ Z2n "
Thus
w = A*— 7%
And

w(Y2X" 72 - XYY" ) = wA = (X YA =o(- X+ YA

Thus

uw=—-X*"+Y*
w = A2 — 72" = (-X
But

2n—4 2n—4
v=X"""-Y"

4 + Y4)(X2n—4 _ Y2n—4)



X? X?
Y'i=X"+Z" =Y "X = X" 4 2"

Y2 Y?
And ) )
2 yvn—2 an7 an7
Y°X =X vz +Z v
We deduce ) )
n— n— n . X
A=YIX"2 XY = (X 2 (s — 3E)
But ) 5
" " X"~ X
Y'">X"=>A<0=> yn2 < W
And if

X2 cy2 s X" 2 oy 2 A2 — (—X4 +Y4)(X2n—4 _yi
But
Xn—2 < Yn—2 - Xn—2Y2 < Yn _ Xn + Zn - Y2 < X2 + ZnX2—n
And
0<Y?’-X?< "X
and if X™ > 2" it means n = 2. And if

Xn—2 > Yn—2 = XS > Y2 = A2 _ 1= (_X4 +Y4)(X2n—4 _Y2n—4 >0

But
DU G 2 U S GED G AR S GE AP G
And
0>Y?—-X?>Z72"X*" >0
Andn—-2=0
Third case :

We have here
Y2 _ u(AXn—2 _ Yn—2Zn); X2 — u(_Xn—QZn + AYn—Q)

VY TP = AXP Y2 oX"TP = X220 + AY?

And
VYT = w(APX"T - Y 2P 4 APZ7) = u(A® - ZP)Y"
v=u(A> - Z°")
o(Y2X" 2 - XPYPT?) = 0A = AKX - YPT) = A(-XT YY)
Thus

u(XQn—4 _ Y2n—4) -1

With v and A? — Z?" integers, it means A? = Z>" | Fourth case :

Y2 e Yn—2Zn X2 Xn—QZn .
wg =X e = T Y
Yn72 Y2Zn Xn72 X2Zn
T = ) S =t YY)
Hence )
Y . Y"Zon o zm
UF:U(X *T+Z):U(1*F)Y
Thus

u=uv(A> - Z°")
u(V2X" 2 - XYV ) = ud = AXTT YT = w(- X+ YA
o(-X*+YH =1
With v and A% — Z>" integers, it means A% — Z?" =0 !
The only solution, in all cases, in n = 2.

Resolution of Fermat- Catalan equation



Let Fermat-Catalan equation :
YP = X?+az°

a==1
We have
XTvy? _yPEXY = gA

And

YP2Y?2 - XX = YP — X9 = qZ°
If A =0 then X7 2 = Y?~* leads, as GCD(X,Y) =1, to p = 4 and ¢ = 2w. Thus
A#£0.
And if A= +Z¢ then it means that both
Xa7vTly? = £aZ° 4 xwolyP=2 and
YyP3XW — :F“YLC 4+ X97"Y are rationals

it means, as i is imossble, that ¢ = w and p = 2.
We have )
Xa—w e p— c
V2 _ YP=°Z
A A
And we have simultaneously

XY =qZ°=YP2y? _ xivxv

Xa—wye Yp—QZC
p—2 2 — q-—w __ w
Y —a )Y (X —a )X
Or
(AYP™2 — X9 Z9)Y? = (AX9™"Y —YP 2 Z) XY
And
w rzc 2 r7c

(Y2 + X'z WP = (XY 4 YAZ )X

Or

(AY? + XY Z)YP 2 = (AXY +Y?Z9) X9

We have four cases with u and v integers

Y2 Yp—2Zc Xw Xq—ch
. = Xq—w _ -~ = N & YP_Q
1 - A e e A
yr—2 w Y?z¢ o Xew Xwze 5
Or
uY? _ YP=2Z°¢  uXV Xiwge s
— Xq wo_ - _ YP
i) A 1) a "
vYP2 Y?2Z°¢ oXiTw  XwZze 5
1) Tt A a "
Or
Y2 yr-2z¢ XV Xa—wze
= X‘Z*w _ -~ = N & YP,Q
1 - u A e e A
yr—2 Y?2z¢ @ xTv  Xwze 5
=XV = Y
R tTa UVTa a "
Or
y? w YPTEZO XM XTvZe
v =X T vy s Y
yr—2 w  Y2z°¢ o xaw xXwze 2
1 = v( X" + I ) T = u( 1 +Y9)
First case

YP = w(A®XT —YPZ* + AZC(YPXIY —YP2XY))
= ww(A2XT—YPZ% 4 aA(A)Z°) = w(A* X+ A’ Z° —YPZ*°) = uv(A*YP — YP Z°°)

Thus
1

A2 — Z2c

uv =



As uv is integer, it means that it is impossible thus v = 0 and A2 = Z*¢ or A = +—Z°
it means that ¢ = w and p = 2.
Second case

y? yPrz2%e JY2xamw _yp-2xw
wp =Xt A
szQc . . szQc AQ _ Z2c
:Xq——A2 +aZ°=X"4aZ° - VE =( YE )Y?

Thus
w = A? — 7%

And (with a > 0, the proof is similar for a < 0)

wo(Y2XTY — XUYP™?) = uwad = u(X?T2 — VP THA = o(-X* +YHA

Thus
ua = —X* + Y% va= X0 _yrt
vy = A2 o ZQC _ (7X2w + Y4)(X2q72w o Y2p74)
xv xv
b a c b—2 yw a n
YIS X425 YT = XN+ 2
And
xa—w xa—w
2 _
y2xe-w — xo = +2z° i
We deduce e »
2 — b—2 X X
A= YVAX X (x4 7 (o - 2
But —w w
. xoow x
Y >Xa=>A<0=>m<W
And if

X < Y2 = xo-w < Yb—2 = AQ 1= (7X2w + Y4)(X2a—2w o Y2b—4 <0
But
X <Y P s XY <Y = X+ 2 s Y < XY 42X

And
0<Y?_ X% <zoXx¥e

and if X > Z¢ it means b = 2. And if

Xafw > Yb72 = Xw > Y2 = A2 1= (7X2’LU + Y4)(X2a72w o Y2b74 >0

But
XU Syl o XUy vy = X0 2= Y2 s XV L ZexvTe
And
0>Y2—XY>Z°X""*>0
Andb—2=0
Third case :

We have here
Y2 =u(AXTY —YPT2Z%); XY =u(—XTVZ° 4+ AYP?)

VYPTE = AXY 4 Y2Z° 0X9TTV = XYZ° 4+ AY?
And
VYP = u(A2XT —YPZ% 4 aA’Z°) = u(A® — Z*°)Y?
v =u(A® - Z%)
v(Y2X9Y — XUYPT?) = wad = wwA(X?TH VP = A(-XPY 4+ YY)



Thus au(X??72* —Y?~*) =1 : it is possible only if p = 2 and ¢ = w. Fourth case :

2 p—2 r7c w q—w rzc
u%:Xq—w_¥; UXTZ—¥+YP_2
yP—2 Y?2Zz° Xa—w Xvze 5

= w M = Y

We have here

WY = AXTTY yPT2ZC y XY — AYPT? = X1V g

And
VP2 = AXTTY —uY?Z° = (YEXTY - XVYPTHXTTY Y ?Ze
Hence , - )
Y yPrZz2% . z%
UF:U(XQ—T+GZ):U(1—A2)YP
Thus

u=v(A* - Z%)
w(Y2X9Y = XUYP7?) =uad = A(X?72Y — YY) = uu(— X + YA
Thus —av(X?¥ —Y*) =1 : it is possible only if u =0and p—2=¢g—w =0
The only solution, in all cases, is p = 2.
AndY? = X9+aZ".
Conclusion
Fermat-Catalan equation Y? = X7 4+ Z¢ has solutions only for p = 2. We have shown
a way to solve it.
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