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An elementary proof of Catalan-Mihailescu theorem
Jamel Ghanouchi

jamel.ghanouchi@topnet.tn

Abstract

(MSC=11D04) More than one century after its formulation by the Belgian mathe-
matician Eugene Catalan, Preda Mihailescu has solved the open problem. But, is
it all ? Mihailescu’s solution utilizes computation on machines, we propose here
not really a proof as it is entended classically, but a resolution of an equation like
the resolution of the polynomial equations of third and fourth degrees. This solu-
tion is totally algebraic and does not utilize, of course, computers or any kind of
calculation. Then, we generalize the proof to Pillai conjecture.

(Keywords : Diophantine equations ; Catalan equation; Pillai conjecture ; Al-
gebraic resolution)

Introduction

Catalan theorem has been proved in 2002 by Preda Mihailescu. In 2004, it became
officially Catalan-Mihailescu theorem. This theorem stipulates that there are not
consecutive pure powers. There do not exist integers stricly greater than 1, X > 1
and Y > 1, for which with exponants strictly greater than1,p > 1and ¢ > 1,

YP=X%4+1
but for (X,Y,p,q) = (2,3,2,3). We can verify that
3¥=2"+1

Euler has proved that the equation X3+1 = Y2 has this only solution. We propose
in this study a general solution. The particular cases already solved concernp = 2,
solved by Ko Chao in 1965, and ¢ = 3 which has been solved in 2002. The case
¢ = 2 has been solved by Lebesgue in 1850. We solve here the equation for the
general case. We generalize the proof to Pillai conjecture

YP=X%4+a

And prove that it has always a finite number of solutions for a fixed a.

The approach
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Let

Xr—1 , 7T-XP
C=—"» » €= P
Y Y:
But 6
NWYE=XP - 147-XP=6=Y%=
(C+C) 2 + 2 C+Cl
And
XP—evhy1= 0 4 Terd
c+c c+c
And
Xq—yp_l_w
-  (c+ )2
We have
(c+d)Y2=6>0

Thus ¢+ ¢ > 0. Also
Ys=XP—-1>0

Thus ¢ > 0. But X? > 4, hence

Yi=XP_1>7T—XP=/"Y%

hence ¢ > ¢
/ /
7_Xp:7_7c—i—c _ 6c
c+c c+c
If
d >0

Thus X? < 7 and X? = 4, it means that ¢/ < 0 and
(c+d)YT=6>0

(c+)XP=Tc+ >0
thus c+ ¢ > 0 and

[NIS)

Y >3=c+d <2

c+c —

Lemma If a and b are positive numbers with b > a then

ac+bd <0

Proof of the lemma If ac + b’ > 0 then
acYz +bdYz =a(XP —1)+b(7T— X?) = ((a—b)XP +Tb—a >0

Thus
—a>((b—-a)X?>0

And X7 is determined, thus it is impossible and

ac+bd <0



main results What we must retain is
1)d <0

20<c+d <2

3)0 < Te+

And we will discuss two cases

e <1

INc >1

[SIiS)

case ¢> < 1 ¢ < 1means that (c — 1)V d—1 < 0,wededuce

(d+1)Y2=7-d>0
Thus ¢/ > —1. But
0XT _ X2 — 72 —2(c+)? — (Tc+ ¢)?
(c+c)?
72 —51¢* — 3d? — 18¢cc
B (c+c)?
~51(1—¢?) = 3d(c+ ) — 15¢c + 21 =0
B (c+c)?
Thus
2X7> X% (1)
And
2ya _ x 36c2 — 2(c+ )2 — (Te+ )2
C — =
(c+ )2
~36¢2 — ¢t — A? — 23 — 49¢% — % — 14ed
B (c+c)?
~ —13c(c+ ) — de(14 (4 2¢)c) — ¢t — 2
B (c+)?
_o(=13¢—14d — 2¢d — ed? — ) —
(c+c)?
_o(=13¢—13¢ = de(e+ ) = A(d + ) —d(c+ )
B (c+c)?
- c(=12¢ —12¢) — (c+ ¢)? — c(c+ ¢)? <0
(c+c)?
Thus
X< X%? (2
Also
002 X9 — 99X 2P — 3600c? — 100c?(c + /)2 — 99(7c + ¢)?
N (c+c)?
~(60c — v/99(7c + ) (60c + v99(7c + ¢/) — 100¢% (¢ + ¢/)?
B (c+c)?



—9.64c — 9.94c .04c + 9.94c" ) — 100c*(c + ¢
9.64¢c — 9.94¢')(129.64¢ + 9.94¢’) — 100> oF
(c+c)?
—1249.73¢% — 98.8¢/2 — 1384.24¢c
(c+ )2
~ —67.26¢ (c 4 1.1¢") — 1249.73¢(c + ¢') — 24.81 (¢ + 2.44c)
- (c+)?
_ d(—=127.91c — 98.8¢) — 9.77¢(127.91¢c + 98.8¢') — 29.11cc
(c+c)?
B —(127.91¢ + 98.8¢)(9.77c 4+ /) — 29.11¢c <0
N (c+)?

because
127.91¢ +98.8 > —29.11¢ >0

9.77c+c >¢>0

We deduce )
%X2p <X < X% (3)

And 99
2 2
X?9< —X*P (4
“A7 < 100 )
But

Xl cox—1 <1

Thus
2p<qg+1

But
99

0>c2—1:X2p—2Xp—c2Xq>X2p—2Xp—mX2p>o
It means that ¢ = 1 and
XP_xp~l—=29
2
xp-1 _ xp—2_ 2
X
This expression is an integer, hence X = 2 and
oP~t =1 4 2p72

In one side an even number, in the other an odd one, it is possible if p = 2, thus
q=2p—1=3



Case c > 1 We must retain here that

)2 > 1
Ae+d <2
3)d <0
We have
02 X1 _ X% 72¢2 — 2% (c + )% — (Te + )?
(c+)?
_72¢2 —49¢% — % — 1ded — 22 ( 4 % 4 2¢)
- (c+c)?
CA23-2(c+ )Y —d(c+ ) —13cd
B (c+c)?
15 2 _ N —1 /
ct —d(c+ ) —13cc >0
(c+c)?
Or
262 X7 > X% > 4XP = 2X7>2XP  (5)
And 2 _ 2 "2 "2
22X X 36c® —c*(c+ ) — (Te+ )
(c+ )2
_36¢2 — 50¢% — 22 — 16 + (1 — 2)(c+ ¢)?
N (c+c)?
—2(Tc+)(c+ )+ (c+ ) (1 —c?)
= <0
(c+ )2
We deduce )
§X2p <AXT< X < 2X?P(6)
X0 > 1
And

2p>q+1

We have seen that 22X 2P~ > 2¢2X9 > X?P, we deduce 2¢? > X, we will prove

now that X > clet
c(T—cP)+(1—cP)

c+c
But from the lemma, as c? — 1 > ¢? — 7 > 0, we deduce

XP — P =

(& =T+ (-1 <0=(T—P)c+(1-P) >0
It means that X? > c¢? or X > ¢ But

2 v q—2 +2-2 X? 1
20° X1 > 1= X1 P> _—— > —
2¢2 7 2
Thus

0>g+1-2p>0
Or g + 1 = 2p, we deduce
X2
<2

X=%7<



We deduce (X, p) = (2, 2) or Catalan solution.
Generalization to Pillai equation

Pillai equation is Y? = X9 4 a. We will define Pillai numbers : we note them : b,
they depend of a and heve the same proprieties than b for a = 1. Thus, we write
1,4+ 7, =8, and 7, — 1, = 6, : our goal is to follow the approach as we have done
for Catalan equation. Of course, we have 1, = a; et 0, = 0. The equation becomes
YP = X%+ 1,. Let us pose for p, ¢, X, Y, a integers stricly greater to 1. Let

CXP—1, , T,—XP

c=——, =
Ys v5
Also
d=XP-Y5 d=XP4+Y5
And 6
(c+d)Y2=XP—1,+7,- X" =6,=Y2=—"
c+c
So
XP—oyh 4l — 6qC :7ac+1ac’
“ e T c+c
And
YO_yP_ 1 — 36414 — la(c+ ¢')?
N o (c+)?
Also
(c+)Y3 =6, >0

Thus c+ ¢ > 0. And

So ¢ > 0. But X?P > 4,, then
YE=XP 1,>7, -~ XP =YY%

Andc> ¢
Tac+ 1 64

To—XP =7, — =
@ @ c+c c+c

If
d>0
Then X? < 7, and we have a finite number of solutions, we have ¢’ < 0, with

(c+d)Y%=6,>0

(c+)XP =Tac+ 1, >0
with ¢+ ¢ > 0. And

VS|

6
T >3, =c+d <2<,

Y >
c+dc



Lemma If a and b are positive numbers with b > a then

ac+bcd <0

Proof of the lemma If ac + b’ > 0 then
acY? + oY% =a(XP —1)+b(7T—XP) = ((a—b)XP +Tb—a >0

Thus
—a>((b—a)X? >0

And X7 is determined, thus it is impossible and

ac—+bd <0

Main results We retain

1)d <0

20<c+d <2,

3)0 < Tac + 1od

And we will discuss two cases

e <1,

INc > 1,

We have to not forget that X — 1, > 0and 7, — X? < 0.

case ¢ <1, Let

2101y — 2.14(c+ )? — (Tac+ 1,)?
(c+)?

2, X9 — X% =

21010 — 14(49, 4 25)¢® — 1a(1a + 24)¢% — 24(7a + o)

- (c+c)?

0 — ) — (2410 + 1,1,) (¢ + ¢) — 13,1 ¢
(c+ )2

_ T0alale — 49,1462 + 2,1,4(1 =0

Thus 2,X9 — X? >0
2, X9 > X% (7)

And also
29 2 — 36414c% — 1,c2(c+ )2 — (Tae + 14)?
(c+c)?
 36a1q¢? — 1ac — 1,22 — 2,3 — 49,1467 — 151,02 — 1441 4¢d
- (c+c)?
~ —13a1gc(c+ ) — 1ale(ly + (¢ + 2¢)c) — 1ac* — 1,14
- (c+ )
Co(—13410¢ — 141, — 2,2 — 1% — 1,¢%) — 141,
B (c+c)?



c(—13414c — 13,14 — 1ucc(c+ ) — 142 (c 4+ ¢)) — 141, (c + &)

(c+c)?
_ c(—1241qc — 12,1,¢) — 1a1a(c + ¢)? — 1ac(c + )2 “0
(c+c)?
So
2 v q 2p
X1 < XP(8)
Let us try
002X 90X% — 3600,14¢% — 1004 (c + )% — 99(74c + 1,¢)?
‘ (c+c)?
_(604¢ — V99(7q¢ + 1) (604¢ + V99(7qc + 1) — 10042 (c + )2
- (c+c)?
~(—9.644c — 9.94,)(129.644¢ + 9.94,¢) — 100,¢%(c + ¢)?
N (c+)?
_ —1249.73,1,¢% — 98.8,1,¢% — 1384.24,1,¢c
(c+)?
_ —67.26,c (1ac + 1.1,¢') — 1249.73,14¢(c + ¢') — 24.81, (1,¢ + 2.44,4¢)
- (c+ )2
1oc/ (—127.91,¢ — 98.8,¢) — 9.77,¢(127.914¢ + 98.8,¢') — 29.11,1,¢c
N (c+)?
- —(127.91,¢ + 98.8,)(9.77,c + 14¢/) — 29.11,14¢c <0
N (c+)?
Because

127.914¢ + 98.8,¢ > —29.11,¢ > 0
9.77Tac+ 1,¢ > 1> 0
Thus, we have

2
;—XQP < X< X% (9)

a

And 99
2 2
X< 22 X% (10
¢ 100, (10)
Or
X2l 9 x—1 <1
And evidently
2p—q—1<0
But
99 100, — 99 200,1
0> 1,(c2—1,) = XP—2,XP—?X9 > X2, XP—— X% =""9 " XP(XP__ 29 )5
G et ¢ 7700, 100, (X =150, — 99
So
P = 1,



Because 0 < ¢2 — 1, < 0 and then
XP-2,=X9P>2

xpr-l — xeor-1 = QY‘I is an integer and there is a finite number of solutions. We
always have
X9t « x2r <« xatl

Or
0> (c?—1,)YP = X2, XP—1,X7 = X2, XP -1, X! = XP(XP~H(X~1,)—24) >0

And =1,
XP - xr~l =2,

And there is a finite number of solutions!

Cas c®> > 1, We will retain

e > 1,
Ae+d <2,
3) <0
As precendently :
02 X1 _ X% — 72a1ac® — 2,2 (c+ )2 — (Tae + 1,d)?
(c+c)?
7241067 — 49,147 — 1,1,d? — 14,15¢¢ — 2,2(2 + 2 + 2¢d)
B (c+c)?
L A(23415 — 24(c + ¢)?) — 1,1, (e 4 ¢) — 13,1q¢c
- (c+c)?
15,14¢% — 1,1, (c+ &) — 13,14¢c =0
(c+ )2
And
22X > X (11)
And
22 X9 > X% > 4XP = 2X9>2XP (11)
Also
X9 X% 3641qc? — 1,c2(c+ )2 — (Tac + 14c)?
(c+ )2
- 36414c% — 50,1462 — 2,14 — 16414¢c + (1414 — 14¢?)(c + ¢)?
(c+c)?
_ —214(Tac+ 1) (c+ &) + (c+ ) 141y — 1462) -0
(c+)?
Thus

1
§X2p <AXT< X < AX?P(12)



Or
X0 > 2 >1,>1
We have here
2p>q+1

We have seen that 2¢c?X%~! > 2¢2X? > X?P, we deduce 2¢*> > X, we will prove

now that X > clet
(Tg — )+ (1 — P)

c+c
But from the lemma, as ¢? — 1, > ¢? — 7, > 0, we deduce

XP— P =

(@ =T+ (P —1,)d < 0= (Ta — P)e+ (1o — ) > 0

It means that X? > ¢? or X > ¢ But

2 v q—2 422 X? 1
200 XT7P > 1 = X1 P> — > —
2¢2 7 2
Thus

0>qg+1-2p>0

Or g + 1 = 2p, we deduce
X2
X="—<2,
X4
We deduce a finite number of solutions. In all cases, Pillai equation has a finite
number of solutions, it is the formulation of the conjecture. Thus, we have proved

it.

Conclusion

Catalan equation is solved, an original solution exists! We have generalized the
approach to Pillai equation and proved that it always has a finite number of solu-
tions. It is the proof of Pillai conjecture. It seems that many problems of number
theory can be solved like this.
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