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Abstract

We shows that the zeros of an overdetermined system of lacunary
equations in n variables can be described in terms of systems with at
most n equations.
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1 Introduction

Let F, G € Z[z] be polynomials of degree < d and logarithmic height < h,
having at most N non zero coefficients. Assuming that al least one of F' and
G does not vanish on roots of unity, Filaseta, Granville and Schinzel (see [3])
proved that there exists an algorithm which compute the great common divisor
of F and G in time Oy n(logd).

This result relies heavily on a work of Bombieri and Zannier on the intersec-
tion of a subvariety of G, (as customary, we denote by G, the multiplicative
group) of codimension > 2 with subgroups of dimension 1, appeared for the first
time as an appendix of [6] by Zannier and later in [1].

Recently, in his P.h.D Thesis [4] the second Author relaxes the condition
above on roots of unity. He shows that there exists an algorithm which com-
pute in time Oy, n(log d) a polynomial P which divides ged(F, G) and such that
P/ ged(F, G) vanishes only at roots of unity. Hence the equation P = 0 has the
same set of solutions as the system of equations F = G = 0. In this respect,
it may not be out of place to recall that D. A. Plaisted [5] has shown that
computing the GCD of two sparse polynomials is a NP-hard problem.

In this article we are interested in multivariate generalizations of these prob-
lems. An arbitrary algebraic variety of codimension [ cannot be written as an
intersection of [ hypersurfaces. Nevertheless it can be described as a union of
complete intersections on non-empty open sets. Such a representation can be



regarded as a generalization of the computation of the previous polynomial P
in the univariate case.

Assume now that V' is defined by polynomials with integers coefficients each
of degree < d, logarithmic height < h and supported by at most N monomials
(this means that there exist N monomials such that each of these polynomials
is a linear combination of such monomials). We look for an algorithm which
computes such a representation in time quasi-linear in logd. It turn out that a
such type of result relies on a generalization of the already quoted theorem of
Bombieri and Zannier. This generalization is still an open conjecture of Zilber
(see section 2.4 for details).

A first result in this direction was proved again in his P.h.D Thesis [4] by the
second Author. Leroux’ algorithm covered the two dimensional case, working
with bivariate polynomials. Here we extend, in a non obvious way, Leroux’
algorithm to arbitrary multivariate polynomials.

We state below our main result in a simplified form. For a more precise
statement, see Theorem 3.4 in section 3.

Theorem 1.1 We assume Zilber’s conjecture. Let V. C G} be a subvariety
defined over a number field K by at most N equations of degree < d, height < h
and supported by at most N monomials.

Then we can find a finite collection I' whose elements are lists

(Pr,...,Pr,Q) with L<n

of Laurent polynomials and such that

v={JZ,  PVZ@). .
r

The polynomials in the lists of I' have degree Oy n(d), height Op (1) and
they are defined over a cyclotomic extension of K of degree Oy, n(1). The collec-
tionT' consists of Op n (1) elements and its computation take at most Oy, n(logd)
time.

Moreover, let X C V be an irreducible component of mazximal dimension.
Then there exists a list (Py,...,Pr,Q) in T such that

X CZ(P,...,PL)\Z(Q)

and in addition Z(Py, ..., PL)\Z(Q) has codimension L.

Aknowledgements. The authors are indebted with G. Rémond and U. Zan-
nier for useful discussions on the subject of Zilber’s conjecture.

2 Auxiliary results

2.1 Notations

We shall use the following notations.



For a point o = (g, ..., a,) € G and an integral vector @ = (aq,...,a,) €
Z", we set a® := aj'---ad". Let ¢: G — GY be a morphism. Thus

for some a,...,ay € Z™. We define the size of ¢ as the maximum of the
absolute values of these vectors.

Following Bombieri, Masser and Zannier we call torsion coset a translate of
a subtorus by a torsion point.

Let X be a subvariety of G},. Since the intersection of torsion cosets is again
a torsion coset, we can talk about the minimal torsion coset containing X. We
define the multiplicative rank of X as the dimension of this minimal torsion
coset and we denote it by rank(X).

Remark 2.1 Let ¢: G — GY be a morphism and let X C G", be an irre-
ducible subvariety. Then

rank(p(X)) — dim(p(X)) = rank(X) — dim(X) .

A point a has rank 0 if it is a torsion point; it has rank n if its coordinates
aq,...,ap are multiplicatively independent. In the terminology of [1], p.5, let
us denote by H, the union of all algebraic subgroups of G}, with dimension 7.
Then a has rank r if and only if @ € H,\H,_1.

2.2 Zilber’s conjecture

As we have mentioned in the introduction, the result of Filaseta, Granville and
Schinzel ([3]) relies heavily on a theorem of Bombieri and Zannier. Let us recall
this statement, in one ([1], Theorem 4.1) of its equivalent forms:

Theorem 2.2 Let W be a subvariety of GY of codimension > 2. Then there
exists a finite collection Uy of torsion cosets such that W NH1 is contained in
the union of the (W NT)NHy for all T in Uy .

A natural generalisation of this theorem is the following conjecture ([2], p.309)

Conjecture 2.3 Let W be a subvariety of GY of codimension > s. Then there
exists a finite collection Uy of torsion cosets such that W NHs is the union of
the (WNT)NHs—1 for all T in Uy .

It turn out that this last statement is equivalent to a conjecture of Zilber:

Conjecture 2.4 Let W be a subvariety of GY. Then there exists a finite col-
lection Uyy of torsion cosets of G\ of codimension 1 with the following property.
Let Ty C GX be a torsion coset and let Y be an irreducible component of W N Ty
of dimension

dimY > dim W — codim Ty, .

(such a component Y is called atypical in [2]). Then there exists T € Uy such
thatY CWNT.

For details on the equivalence between these two conjectures (and for more
conjectures), see the appendix of [2].



2.3 Locally complete intersection stratification

Let W be a subvariety of GY of codimension [. It is well known that W is (as a
set) a complete intersection on a non-empty open set. More precisely, we can
find polynomials F1, ..., F; and G such that

WA\Z(G) = Z(Fy,..., F)\Z(G)

and such that Z(G) does not contain any component of W of codimension I.
This implies that Z(Fy,...,F;)\Z(G) contains all the irreducible components
of W of codimension [ and that W N Z(G) has codimension [+ 1. Proceeding in
this way we compute inductively a decomposition of W as a union of complete
intersections on non-empty open sets:

Definition 2.5 Let W be a subvariety of GY defined over a field K. A locally
complete intersection stratification of W is a family

{(Fjrse s Bty Gy bg=1,
where Fj;, G € K[a:lﬂ, e ,x]i\,l] are such that:

e Forj=1,...t letl; be the codimension of W N Z(G1,...,Gj-1). Then
codim(W) =1 <--- <l and Gy = 1;

L] WﬁZ(Gl, .7Gj_1)\Z(Gj) = Z(FjJ,...,Fj’lj)\Z(Gj), fOTj = 17t

We remark that for a complete intersection W we obviously have t = 1.

In the rest of the paper, for any subvariety W of G we fix once and for all
a stratification «[FJ-(EV)7 . ’Fj(jl/‘:)’ GgW)}j:Lm,t of this kind.

3 Proof of the main result

3.1 Main algorithm
The following algorithm is the heart of the proof of theorem 3.4.

Lemma 3.1 Let K be a number field and let n, N, k be fixzed non-negative
integers with k < N. There exists an algorithm which takes as input a triple
(W.n, ), where

e 1 € GE is a torsion point;

o W C GN=F is a subvariety defined over K(n) given together with a locally

m

complete intersection stratification (definition 2.5)

w w w
{Fj(’1 ), o ,Fj(’l]_),Ggﬂ )}jzl,.“,t ;

e 0: G" — GN a morphism.
and gives as its output a set (eventually empty) of triples (W1, my, 1), where

e 0, € GFH s a torsion point;



o Wy C GN=F1 is a subvariety defined over K(n;);
o 01: G" — GX is a morphism.

In this algorithm, the cardinality of the output set, the torsion points n; and
the subvarieties W1 depend only on W and np and not on p. Moreover, the size
of ¢1 is Ow,n(d) and the computation time is Ow y(logd).

The output of the algorithm satisfies the following properties:

1) Let (W1,mq, 1) be a triple in the output set. Then
et Wi x {m}) S H(W x {n}).

2) Let j with1 < j <t and l;—1 <n. Let W := WﬂZ(G(lw),...,G;‘ivl))

and let X C o= Y (W' x {n}) be an irreducible variety such that
rank(X) — dim(X) < [; = codim(W’) .

Let B the minimal torsion coset containing X. Then there exists a triple
(W1,my,¢1) in the output set such that

e "W x {n})N B C o (Wy x {n,}) .

In particular, X C cpl_l(Wl x{n}).

Proof. The algorithm consists of two loops. The first one is indexed by j €
[1,t] with [;_1 < n. For a such j we set

w w
w=wnz@™,....a"),

The second loop is indexed by T in the collection Uy of codimension one torsion
cosets whose existence is ensured by Zilber’s conjecture 2.4. For a such T' € Uy
of equation, say, x* = ¢ we choose an automorphism 7 of GN=F of size Oy (1)
such that 7(T) = {ay = £}. Thus

F(W'NT)=W" x {¢}.

where W C GY~k~1 is a subvariety defined? over K (n,¢).

Let 7/ be the automorphism of GYY = GY =% x G¥ whose restriction to GY %
is 7 and which is the identity on G¥ . The algorithm gives as its output a set of
triples

(W17771a§01) = (WN’ {g} X {77}77'/ o 90)

builded in such a way, for
1<j<twithl;_1 <n andT €Uy

varying.

lwe agree that g = 1.

2A set of equations of W’ can be easily deduced from the given equations of W’. Assume
that W/ = Z(F1,...,F)). Let p = 77! o where ¢: GN=F=1 5 GIN=* is the inclusion
t(x) = (x,1). Then the variety W' C GN~F=1 is defined by the equations Fyop,i=1,...,1L



It is straightforward to justify the assertions concerning the cardinality of
the output set, the size of its elements and the computation time. .

We now prove that the output of this algorithm satisfies the desired two
properties. We prove 1). Let

(W17771a§01) = (WH’ {g} X {77}77'/ o 90)

be a triple in the output set, builded choosing j <t with l;_; <nand T € Uy,
as described above. Then

(o)W x {&} x {n}) =o' (v W x {&}) x {n})
= "(W'NT) x {n})
e (W x {n})

We now prove 2). By assumption, p(X) = X’ x {n} with X’ C W’. Let Ty
be the projection on the first N — k coordinates of the minimal torsion coset
through ¢(X). Thus dim 7, < rank(p(X)) and X’ € W/ NT,. Let Y be the
irreducible component of W’NTj through X’. By remark 2.1 and by assumption,

rank(¢(X)) — dim(p(X)) = rank(X) — dim(X) < I; = codim(W’) .
Thus

dimY > dim X’ = dim ¢(X) > rank(p(X)) — codim(W') > dim Ty — codim W’
=dim W' — codim Ty .

By Zilber’s conjecture 2.4 there exists a torsion coset T € Uy of equation
x* = ¢ such that X’ C T. Thus X is contained in the torsion coset o' (T'x {n}).
By minimality of B, we have B C ¢~ (T x {n}).

Let 7 be an automorphism of GY=* such that 7(T) = {zny = £}. Let
T(W'NT) =W" x {¢} with W C GY~*~1. Define 7’ to be the automorphism

of G = G =% x Gk whose restriction to GY~* is 7 and which is the identity
on G . Then there exists a choice of 7 such that the triple

(W, {&} x {n}, 7" o )

constructed in such a way is one of the output triples of the algorithm. Since
B C o T x {n}), we have

(' 0 @) (™ (W' x {n}) N B) C /(W' NT) x {n})
= 7(W/NT) x {n} = W" x {¢} x {n} .

Thus
e W x {m})NB C (1o ) HW" x {€} x {n}) .

as required.



Remark 3.2

i) In some cases the algorithm of lemma 3.1 can be considerably simplified.
Let (W,n,¢) be an input triple of this algorithm. Let m;: GY — GN=F be
the projections on the first N — k coordinates and assume that there exists a
codimension one torsion coset T' of G ~* which does not depend on ¢ and such
that

Im (m00)CT.

In this case we can perform the second loop of the algorithm of lemma 3.1 only
for this special T instead that for all T' € Uy/. A straightforward inspection of
the proof show that assertion 2) of lemma 3.1 still holds.

ii) Moreover, if in assertion 2) of lemma 3.1 we are only interested in subva-
rieties X of rank n, then we can born ourself to the search of codimension one
torsion cosets T such that Im (71 o ¢) C T. Indeed, let us assume that there
exists a torsion coset T' € Uy such that (71 0 ¢)(X) C T. Since rank(X) = n,
we have Im (m o) CT.

Lemma 3.3 We assume Zilber’s conjecture. Let V. C G} be a subvariety de-
fined over a number field K by at most N > 2 equations of degree < d, height
< h and supported by at most N monomials. Then, fork =0,1,..., N —1 there
exists a finite (possibly empty) set Ay of cardinality Oy, n(1) whose elements are
triples (W, n, @), where

e 1 € GE is a torsion point of order Oy, n(1);

o W C GN=F is a subvariety defined over K(n) and given together with a lo-
cally complete intersection stratification {(Fj(KV), ce F(‘Z/Z), GEW))

i Y=t

of Laurent polynomials of height and degree Op n(1);
o ©: G — GY is a morphism of size O n(d);
such that the following assertions hold.
1) Fork=0,...,N —1 and for (W,n,¢) € Ax we have o~ (W x {n}) C V.

2) Let X CV be an irreducible subvariety. Then there exist an index k and
(W,m, ) € Ay, such that

X o (2D, FIONZGT) % {n})

7,1
for some j € [1,t] such that I; < rank(X) — dim(X).

Moreover, the sets Ag,...,An can be computed in time Oy n(logd).

Proof. We construct Ay inductively. Let Fj(x) = Zjvzl fijx* be the equa-
tions defining V. We set Ag = {(Wo, 1, pg)} where Wy is defined in G2 by the
linear equations Ejvzl fijy; and where @g(x) = (x*, ..., x*V).

Let k € {0,...,N — 2} and assume Aj already constructed. We choose
(W,n,¢) € A,. We apply the algorithm described in lemma 3.1 and we define



Ak41 as the set of the output of this algorithm.

The assertions concerning the cardinality of the sets A, the size of their
elements and the computation time, directly follow from the corresponding as-
sertions of lemma 3.1.

Similarly, statements 1) and 2) easily follow from statements 1) and 2) of
lemma 3.1. Let us check 1). By construction of Ag = {(Wp,1,¢0)} we have
wo(V) C Wy. Let k be an index with 0 < k < N — 1 and let us assume that
1) is satisfied for all (W,m, ) € Ag. Let (W1,my, 1) € Agt1. Assertion 1) of
lemma 3.1 and the inductive hypothesis ensure that

e Wi x{m}) Co ' (Wx{n})CV.

Let now prove that assertion 2) holds. Let S be the set of integers k €
[0, N — 1] such that there exists (W, n, ¢) € Ay satisfying

X Co '(W x{n}).

Observe that this set is not empty, because 0 € S. We define k as the largest
element of S. Let us assume, by contradiction, that assertion 2) does not hold.
Let us define jT = 0 if I; > rank(X) — dim(X) and j© as the largest integer
€ [1,t] such that [; < rank(X) — dim(X) otherwise. By definition 2.5, we have

X g twnz@™, ... . ¢"INz(") x {0}

for j =1,...,4%. Since X C o1 (W x {n}) and since X is irreductible, we see
by induction that

Xcoetwnz@G{",... .65 x {n}) .
This implies that G;‘;V_)l # 1, thus jT + 1 < t. By definition of jT we have
lj+41 > rank(X) — dim(X) .

Then assertion 2) of lemma 3.1 (with j replaced by jt + 1) shows that there
exists (Wy1,mq,¢1) € Agy1 such that

X Cor'(Wyx {m}).

This contradicts the choice of k.

Theorem 3.4 We assume Zilber’s conjecture. Let V. C GJ be a subvariety
defined over a number field K by at most N equations of degree < d, height < h
and supported by at most N monomials. Then we can find a finite collection T’
whose elements are lists

(Pi,...,Pr,Q) with L<n



of Laurent polynomials and such that

v=Jz(r,. .. P\Z(Q). (3.1)
r

The polynomials in the lists of I' have degree Oy, n(d), height Op n(1) and
they are defined over a cyclotomic extension of K of degree Oy, n(1). The collec-
tionT' consists of Op (1) elements and its computation take at most Oy, n(logd)
time.

Moreover, let X be an irreducible component of V.. Then there exists a list
(Pi,...,Pp,Q) in T such that

X CZ(P,... . PLN\Z(Q)
and

1) Among Py,..., Py there at least n — rank(X) binomial equations of the
shape x v = &, (A, € Z", &, root of unity).

2) L < codim(X).

3) If X is of mazimal dimension dim(V'), then Z(Py, ..., PL)\Z(Q) has codi-

mension L.

Proof. Let us first explain how to construct the set I'. We apply lemma 3.3.
We choose an index k and we choose (W,n,¢) € Ay with W of codimension
< n. The variety W is given (cf. note ??) with a locally complete intersection

stratification {Fj(zv), cee Fj(,‘l/‘;)’ Ggw)}jzl ,,,,, ‘-

Let 71 : GY — GY =% and mo: GY — G, be the projections on the first N —k
coordinates and on the last k coordinates respectively. Let B = (m00)~%(n) C
Gy,. Thus B is a torsion coset of codimension, say, s < n. We compute s
equations Hy, ..., H, of B of the desired shape x* = ¢. For any index j € [1,¢]
such that [; <n — s we set L :=1[; + s and we add to I' the list

(Pi,...,Pr,Q) := (Fj(}iv)o7rlo<p,...,Fj(z_/)o7Tlo<p,H1,...,HS,G§-W)owloap).

By construction and by proposition 2.4 1),

Z(P,. . PONZ(Q) = o (Z(E)Y), . FONZ(G) % )
=t wnzG", . MINZE) x (n})

Co'Wx{nphcVv.

This shows that the union of the right hand side of (3.1) is contained in V.

We also remark that the elements of T' have degree, height and field of
definition as predicted by theorem 3.4. Moreover, I' has cardinality O, n(1)
and its computation can be made in time

On,n(M(d)loglogd) .

This directly follow from lemma 3.3.



Let now X be an irreducible component of V. By 2) of lemma 3.3, there
exists an index k and (W, n, ) € Ay such that

_ w w w
X C ! (Z(Fj{1 L ENZ(G) X {77})

for some j € [1,¢] such that I; < rank(X) —dim(X). Let (P,..., P, Q) be the
list in the output corresponding to (W, n, ¢) and to j. By construction,

XCZ(P,... . PON\ZQ)CV.

This shows that V is contained in the union of the right hand side of (3.1).
We finally show the last three assertions of the theorem. We have L =1; + s
with s the codimension of B = (g o0 p)~!(n). Since X C B, by definition of
multiplicative rank we have s < n — rank(X). This shows assertion 1). By
remark 2.1,

L =1; +s <rank(X) — dim(X) + s = rank(X) — dim(X) + s < codim(X)

which shows assertion 2). In particular, if X has dimension dim(V) then
Z(Py,...,Pp)\Z(Q) has codimension L as claimed in assertion 3).

O

4 Appendix

In this appendix we highlight with two examples how the algorithms of lemma 3.1,
lemma 3.3 and theorem 3.4 work.

4.1 Example 1
Let V be the subvarieties of G2, defined by the equations

A=y 2Py 45 fo =232 150425, fs =242y + 25y

3d+1,,3d 3d+2,,3d
, T

supported by the 5 monomials x y y39, 2%y, =, y. It is easy to see
that V' consists of two points points (5¢,1/5) of rank 1 for ¢ a third root of
unity. We now describe how our algorithms give this result.

We first construct the sets Ag, A1, Ao, Az, A4 following the method described
in the proof of lemma 3.3. In order to simplify the exposition, we denote by ¢ =
tx the inclusion Gi% — G2-F given by 1(x) = (x,1). Given an automorphism 7
of G, we also let 7/ be the automorphism of G = GY =% x G, whose restriction
to G ~* is 7 and which is the identity on G¥ .

We set Ag = {(Wo,1,00)} where Wy is the complete intersection of G2,
defined by the equations:

Fi=x14+x3+5, Fo=ux0+bx4+25, F3=ux4+2x3+ 2525

and ¢o: G2, — G2 is given by

po(x,y) = (a3 1y30 230H293d 42y 4 ) .

10



We now build on A;. We select the only element of Ag and we apply the
algorithm of lemma 3.1 with k =0, W = W, and ¢ = pg. Since W is complete
intersection, the locally complete intersection stratification of W is trivial and
we have to choose j = 1 in the first loop of the algorithm. Thus W' = W.
Since Im ¢ C T = {9:112_1:174 = 1} and since this torsion coset is independent
from d, we can choose this T" as the only torsion coset in the second loop of the
algorithm (see remark 3.2, 1)). Let 7: G2, — G35, be the automorphism given
by

7(x) = (xg,xlxgl,xg,%,xwglm) .

Thus 7(T) = {z5 = 1} as required. Then

TW'NnT)=wW" x {1}
where W” C G4, is the complete intersection defined by the equations
Fiop=xao+a3+5, Faop=mx1+5x;" +25, Fyop=ux5" + a3+ 2514

(with p(x) = 771 ou(x) = (xlxg,xl,xg,xgl,m)). We set Ay = {(W1,m1,01)}
with W7 = W", m = {1} and

$3d+2 Sd’ —1

o1(z,y) = (To@)(z,y) = ( y T 2Py, y,1)

The construction of Ag and As is similar. Let (W, {1}, ¢) the only element
of A;. Since W is again complete intersection, the locally complete intersection
stratification of W is trivial and we have to choose j = 1 in the first loop of
algorithm 3.1. Thus W’ = W. Again, we can choose only one torsion coset T =
{23x32; 1 = 1} in the second loop. We chose 7(x) = (21, 75 24, T2, 3737, ') as
one of the automorphisms of G2 such that 7(T) = {z4 = 1}. Then 7(W'NT) =
W' x {1} where W C G3| is the complete intersection defined by the equations

Fiop=xiz3+22+5, Fgop:x1—|—5x§1—|—25, F3Op:.733_1+$2+25$2$§

(with p(x) = 771 0 u(x) = (21,23, T2, ¥223)). We set Ay = {(Wy,n1, 1)} with
Wy =W" m = {1} and

e1(z,y) = (T o)z, y) = (@23 2%y, 271 1,1) .

Let (W, {1}, ) this only element of As. In the two loops of algorithm 3.1 we
choose j = 1 (thus W/ = W) and then T = {z122 = 1}. We chose 7(x) =
(71,23, 717%) as one of the automorphisms of G2, such that 7(T) = {z3 = 1}.
Then 7(W' NT) = W” x {1} where W” C G2, is the complete intersection
defined by the equations

Flop=axy' +a1+5, Foop=uxy2+5z," +25
(with p(x) = (77" 01)(x) = (252, 21,72)). Remark indeed that the equation
Fyop = xy" + 2 4+ 25x123 is in the ideal generated by the others. W” is a

zero-dimensional variety consisting of the two points (5¢,(/5) with ¢ a third
root of unity. We set Ag = {(W1,m, 1)} with Wy =W", n = {1} and

o1(z,y) = (T 0 ) (z,y) = («®y, 27", (xy)*%, 1,1) .

11



We finally build on A4. Let (W, {1}, ) the only element of As. Since W is
again complete intersection, the locally complete intersection stratification of W
is trivial and we have to choose 7 = 1 and W’ = W. We compute the collection
Uy of codimension one torsion cosets whose existence is ensured by Zilber
conjecture 2.4. Since dim W’ = 0, we can choose for Uy, the set consisting of
the two torsion cosets

Te = {mmo = %},
torsion cosets through (5¢,(/5) with ¢ a third root of unity. We fix one if this
roots of unity. Let 7: G2, — G2, be the automorphism given by

(21, 22) = (71, 7172)
which satisfies 7(T¢) = {x2 = (} as required. Then
TW'NnT)=wW"x {1}

where W' = {5C} = Z(z1 — 5(¢) C Gy,. We finally define A4 as the set of two
elements:

Ay ={(W AL L) o)}
where (7' 0 ¢)(,y) = (2%, 2y, (xy)**,1,1).
We now construct the set I' following the method described in the proof
of theorem 3.4. We have to choose an index k and (W, n,¢) € Ay, with W of

codimension < 2. By the construction above, we have only two possible choices,
both corresponding to k = 4:

(WCa {(C2a 1; 1a 1)}7 %0)
with ¢ a third root of unity, where W, = {5¢} C G,, has equation
F = o 5C =0

and where ¢: G2, — G2, is defined by ¢(z,y) = (2%y,zy, (zy)3?,1,1). Let
m1: GY — Gl and m: GY — G2 be the projections on the first coordinate
and on the last 4 coordinates respectively. Let

B= (7T2 o 30)71({<27 1,1, 1}) = {(t’Cthl)’ te Gm} .

Thus B is a torsion coset of codimension 1 of equation H; = xzy — ¢2. We also
compute F oy o = 22y — 5¢. The set I' consists of two elements:

I'= {(CEQy - 5C7$y - CQa 1}

with ¢ a third root of unity.

4.2 Example 2
Let V be the subvarieties of G2, defined by the equations
fr = 2%y? — 52ty — 2y + 10,
fo = 2%ty — 220y — 22 + 4,
fz =ty + 2%y? — Taly — 20 — 2y + 14 .
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These equations are supported by the 5 monomials z%t'y 2%?, 2%, y, z. It
is easy to see that V' consists of the codimensional one component of equation
2%y — 2 and of the isolated point (2,5). We describe how our algorithms give
this result.

We first construct the sets Ay, following the proof of lemma 3.3. We use the
same conventions concerning ¢ and 7’ adopted in the previous example. We set
Ao = {(Wo,1,00)} where Wy is the complete intersection of G5, defined by the
equations:

Fy = xo—bx3—2x,4+10, Fy = x1—2x3—2x5+4, F3 = x1+x9—Tr3—2x4—225+14

and ¢o: G2, — G2, is given by

$d+1

vo(z,y) = (a2 y, 2%, 2%y, y, 7).

We now build on A;. We select the only element of Ay and we apply the
algorithm of lemma 3.1 with £ =0, W = W and ¢ = ¢g. Since W is complete
intersection, the locally complete intersection stratification of W' is trivial and
we have to choose j = 1 in the first loop of algorithm 3.1. Thus W’ = W. By
remark 3.2, 1)), we can choose only one torsion coset T = {xozz 2, = 1}
in the second loop. We chose 7(x) = (x17m3,$4,x5,x2x§1m11) as one of the
automorphisms of G2, such that 7(T) = {z5 = 1}. Thus

TW'NnT)=wW"x {1}
where W” C G2 is the complete intersection defined by the equations

Fiop=xow3 — dro — 223 + 10,
Foop=a1 — 229 — 224+ 4

(with p(x) = (771 0 1)(x) = (21,723, 72, 73,74)). Remark indeed that the
equation F3op = xy + xows — Txy — 223 — 224 + 14 is in the ideal generated by
the others. We set A; = {(W1,n1,¢1)} with W, = W", n; = {1} and

<P1(xay) = (T o (P)(xay) = (xdﬂy,:cdy,y,x, 1) .

The construction of As is similar. In the two loops of algorithm 3.1 we
choose j = 1 (thus W’ = W) and then T = {xy2;'z;' = 1}. We chose
7(x) = ($2,$3,I4,$11’2_1x21) as one of the automorphisms of G# such that
7(T) = {x4 = 1}. Then 7(W' NT) = W" x {1} where W" C G, is defined by
the equations

Fyop=2x129 — bx1 — 225 + 10,

Fyop=z123 — 221 — 223+ 4
(with p(x) = (171 0 1)(x) = (2123, 21, 72,73)). The subvariety W" consists of
two components, of codimension 1 and 2. Indeed, the two polynomials defining

it have 1 — 2 have a non trivial gcd, and it is easy to check that

W//:Z(.Il —2)UZ($2—5,$3—2).
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Thus its locally complete intersection stratification has length two. We can
choose , .,

FY ) = —2, ") =u3 -2
and

Géwu)

FV = g1w0—521—209410 = (21-2)(2—5), Fiy ) = w5—2, —1.

We set Ay = {(W1i,m1,01)} with Wy = W pp = {1} and with ¢1(x,y) =
(7" 0 p)(z,y) = (z%y,y,2,1,1).

Let (W,{(1,1)},¢) the only element of Ay. The first loop of algorithm 3.1
consists of two steps: j = 1 and j = 2, which we describe now. For j = 1
we set W’/ = W and it is easy to see that this variety does not have atypical
subvarieties. Thus we can choose Uy» = () and j = 1 gives no contribution to
the output. Let now consider the contribution of j = 2 to the output of the
algorithm 3.1. We have

W =wnzG")=Z(x1 —2)(z2 — 5), 25 — 2) .

Let T be the codimension one torsion coset of equation 125! = 1. Then W'
has only one maximal atypical subvariety, W/ NT = {(2,¢,2) |t € Gy, } and we
can choose Uy = {T'}. Let 7: G2, — G2 be the automorphism given by 7(x) =
(z1, 22,27 ' 24). Thus 7(T) = {3 = 1} as required and 7(W' NT) = W" x {1}
where W' C G2, is the hypersurface Z(z; — 2). We set Ag = {(W1,n1,01)}
with Wy =W n = {(1,1,1)} and

©1 (.T,y) = (T/ © SD)(xdy7ya 17 17 1) .

Since we can verify that the hypersurface Z(z1 — 2) does not have atypical sub-
varieties, A4 = () and the construction of lemma 3.3 end here.

We now construct the set I' following the method described in the proof
of theorem 3.4. We have to choose an index k and (W, n,¢) € A, with W of
codimension < 2. Thus k=1, 2 or 3.

We first choose k = 1. Following the discussion above and the notations of
the proof of theorem 3.4, we have B := (m 0 »)~!(1) = G2 of codimension
s =0 and A contribute with one element to I':

P = z%? — 5aty — 2y + 10 = (z%y — 2)(y — 5) ,
Py =28ty — 200y — 20 + 4 = (2% — 2)(z — 2) ,
Q=1.

We now choose k¥ = 2. We have again B := (my 0 ) 1(1,1) = G2, of
codimension s = 0 and As contribute with two elements to I':

Pi=xly—2, P,=0, Q=2-2

and
P=(zly-2)(y—5), Po=x-2 Q=1.
We finally choose k = 3. We have B := (mp 0 )7 1(1,1,1) = Z(z% 1y — 1)
of codimension s = 1 and A3 contribute with one element to I':

P=zly—2 P=ztly—1, Q=1.
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Thus theorem 3.4 represent V = Z(x% — 2) U {(2,5)} as a union of four

pieces Vi, Va1, Voo, Vit

Vi = Z((a%y - 2)(y - 5), 2%y — 2)(x — 2)) = Z(ay —2) U{(2,5)}
Vou = Z(a%y —2)\Z(x - 2),

Voo = Z((xdy —2)(y - 5)7*7" —2)= {(27 5)} U {(27 2_d+1)} )

Vs = Z(zty — 2,2y — 1) = {(2,27)}.
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