N
N

N

HAL

open science

The smooth-fit property in an exponential Lévy model

Damien Lamberton, Mohammed Mikou

» To cite this version:

Damien Lamberton, Mohammed Mikou. The smooth-fit property in an exponential Lévy model.
Journal of Applied Probability, 2012, 49 (1), pp.137-149. hal-00677327

HAL Id: hal-00677327
https://hal.science/hal-00677327
Submitted on 4 Mar 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00677327
https://hal.archives-ouvertes.fr

Applied Probability Trust (September 13, 2011)

THE SMOOTH-FIT PROPERTY IN AN EXPONENTIAL LEVY

MODEL DAMIEN LAMBERTON,* Université Paris-Est

MOHAMMED MIKOU,** Université Paris-FEst

Abstract

We study the smooth-fit property of the American put price with finite maturity
in an exponential LLévy model when the underlying stock pays dividends at a
continuous rate. As in the perpetual case, a regularity property is sufficient
for smooth-fit to occur. We also derive conditions on the Lévy measure under

which smooth-fit fails.
Keywords: Optimal stopping; Lévy processes; smooth-fit property; American

options.
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1. Introduction

The continuity of the derivative with respect to the underlying stock price of the
American put price is a well known property in the Black-Scholes model, called the
smooth-fit property. In the context of exponential Lévy models, this property may no
longer be true. Figure 1 demonstrates that in the CGMY model, one of the most used
exponential Lévy models in practice (see [5]), the smooth-fit property holds when the
parameter Y = 1 and it fails when Y = 0.2.

In the case of perpetual American options, a necessary and sufficient condition

for smooth-fit was derived by Alili and Kyprianou [1] in an exponential Lévy model
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FIGURE 1: An example where the smooth-fit fails in the CGMY model

without dividends. The picture is still unclear in the case of finite horizon, except for

the jump-diffusion model (see [14]).

This paper deals with the smooth-fit property of the American put price in a general
Lévy model when the underlying stock pays dividends at a continuous rate. We first
show that the condition derived by Alili and Kyprianou is also sufficient for smooth-fit
in the finite horizon case (see Theorem 4.1). This condition is typically not satisfied
when the logarithmic stock price is a Lévy process with finite variation and positive
drift. In this case, we prove that, for large maturities, the smooth-fit property is
not satisfied (see Theorem 4.3). Under a slightly stronger condition, we derive a
lower bound for the jump of the derivative (see Theorem 4.2 and Remark 4.1). In
the perpetual case, we also propose a proof of a slightly weaker version of Alili and

Kyprianou’s result, based on the variational inequality.

The paper is organized as follows : in Section 2, we describe the exponential Lévy
model with dividends and the basic properties of the perpetual and finite horizon
American put price in this model. The third section is devoted to the properties of
the free boundary in the infinite and finite horizon cases. The fourth section studies
the smooth-fit property in the finite horizon case. The fifth section deals with the

smooth-fit property in the perpetual case.
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2. The American put price in an exponential Lévy model

2.1. Lévy processes

A real Lévy process X is a real valued stochastic process, starting from 0, with
stationary and independent increments. Without loss of generality, we may and shall
assume that the sample paths of X are right continuous with left limits. The ran-
dom process X can be interpreted as the independent superposition of a Brownian
motion with drift and an infinite superposition of independent (compensated) Poisson
processes. More precisely, the Lévy-Itd decomposition (see [13]) gives the following

representation of X

X =yt+0B +Y;, (1)

Y, = X, + lim X7, 2)
E—

t t
Xt:/ / xJX(dsxdm),Xf:/ / xJx(ds x d),
0 Jl|z|>1 0 Je<|z|<1

where v and ¢ are real numbers, (B;);>¢ is a Brownian motion, Jx is a Poisson
measure on Ry x (R\ {0}) and Jx is the compensated Poisson measure Jx (dt, dz) =
J(dt,dx) — dtv(dz). The measure v is a positive Radon measure on R\{0}, called the

Lévy measure of X, and it satisfies

/ 1A 220(dz) < oo, (3)

Notice that the terms in the right hand side of (1) are independent and the convergence
of the last term is almost surely uniform with respect to ¢t on [0,7]. The Lévy-Ito
decomposition entails that the distribution of X is uniquely determined by (o2, 7, v),
called the characteristic triplet of the process X. The characteristic function of Xy, for

t > 0, has the following Lévy-Khinchin representation (see [13])
Py, (z) =E () = expltp(z)], z€C, (4)

with

1 )
o(z) = —5022'2 +iy.z + /(e”r — 1 —izalj,<1)v(de).
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The Lévy process X is a Markov process and its infinitesimal generator is given by

a? 9? 0
@) = Zow e

+/ (f(x+y) — f(z) —ygf;(x)ly<1>y(dy)7 (5)

for every f € CZ(R), where CZ(R) denotes the set of all bounded twice continuously
differentiable functions with bounded derivatives. We complete this subsection by

recalling two classical results about Lévy processes with finite variation (see [13]).

Proposition 2.1. A Lévy process is of finite variation if and only if its characteristic

triplet (o2, 7,v) satisfies

o=0 and / |z|v(dz) < oo. (6)
lz|<1

Remark 1. It follows from Proposition 2.1 that, for a finite variation Lévy process
with characteristic triplet (o, v, ), we have

lirr%) av((—o0, —al]) = 0.

Theorem 2.1. Let X be a finite variation Lévy process with characteristic triplet

(0,7,v). We have

X
lim =t = 'y—/ zv(dz) a.s.
lz|<1

t—0+ ¢

2.2. The exponential Lévy model

Let (St)tefo,m) be the price of a financial asset modeled as a stochastic process on a
filtered probability space (2, F, (F;),Po). We suppose that there exists an equivalent
(risk neutral) probability P under which the discounted underlying process is a martin-
gale. In the exponential Lévy model, the risk neutral dynamics of S; under P is given

by

Sy = Spelr=Ot+Xe, (7)

where the interest rate 7, the dividend rate ¢ are nonnegative constants and (X¢);e[o, 1)
is a real Lévy process with characteristic triplet (02,7, v). We include 7 and ¢ in (7)

for ease of notation.
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Under P, the discounted dividend adjusted stock price (e’(r’é)tSt)te[o)T] is a mar-
tingale, which is equivalent to the following two conditions on the characteristic triplet

(see [6], Proposition 3.17)

/ ev(dx) < oo, (8)
|z|>1
o2
and 5 +v+ / (" =1 =15 <1)v(dx) = 0. 9)
We suppose that the conditions (8) and (9) are satisfied in the sequel. We deduce from
(8) that the infinitesimal generator defined in (5) can be written as

0@ =5 (55 - ) @+ [ (140 - 50 - @ - @) van. 0)

The stock price (S¢)ic(o,r] is also a Markov process, we denote by L its infinitesimal

generator. From (10), we deduce that

2 2 52
Liw) = T2 0L @) vatr o)

o () + B1 @), (1)

where

B1ta) = [ wta) (1(ae") - 1) - ater = P ().

2.3. The American put price

In this model, the value at time t of an American put with maturity 7" and strike

price K is given by

P, =ess sup E(e "Y(S;) | Fe),

TE€T, T
where ¢(x) = (K —x)4 and 7; 1 denotes the set of stopping times satisfying ¢t <7 < T.

Due to the Markov property (see [7] and [10]), we have
P, = P(t,5;),

where

P(t,x) = sup  E(e™""(57)), (12)

T7€T0, 7t

with S¥ = 2e(r=9*+ X The following proposition follows easily from (12).

Proposition 2.2. Fort € [0,T], the function x — P(t,x) is nonincreasing and convex
on [0, 400).

For xz € [0, +00), the function t — P(t,x) is continuous and nonincreasing on [0,T].
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We recall the following proposition about the variational inequality related to the

American put in the exponential Lévy model (see [9] Theorem 3.1).

Theorem 2.2. The distribution (9, + L —r)P is a nonpositive measure on (0,T) x R,
and, on the open set {(t,x) € (0,T) xR | P(t,z) > ¥(x)}, we have (0; + L —r)P = 0.

2.4. The perpetual American put price

The perpetual American put price is an American put price with maturity 7" equal
to infinity. So, as previously, the value at time ¢ of a perpetual American put with
strike price K is given by

Py =ess sup E(e77(S,) | ),
T€T 00
where ¢(z) = (K — z)4+ and 7; o denotes the set of stopping times satisfying ¢ < 7.
Due to the fact that the process X has stationary and independent increments, it can
be proved that
P =P (S),

where
P*(x) = sup E(e7"9(S5)), (13)
T7€70,00
with S¥ = 2e(r=9%* X The following proposition follows easily from (13).

Proposition 2.3. The function x — P*(x) is nonincreasing and convez on [0, +00).

As in the finite horizon case, the perpetual American put in the exponential Lévy

model satisfies the following variational inequality (see [9], Theorem 3.1).

Theorem 2.3. The distribution (L — r)P* is a nonpositive measure on R™, and, on

the open set {x € RY | P*(z) > ()}, we have (L — r)P* = 0.

3. Properties of the free boundary

3.1. The finite horizon case

Throughout this subsection we will assume that at least one of the following condi-

tions is satisfied:

o#0, v((—o00,0))>0 or /(0 . )(x A Dv(dx) = +o0. (14)
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Under this assumption, we have (as observed in [9])
vVt e [0,T), Vzel0,+0), P(tz)>0.
We will also assume that r > 0. The critical price at time ¢ € [0,T) is defined by
b(t) =inf{z > 0| P(t,x) > ¢(z)}.

Note that, since t — P(t, x) is nonincreasing, the function ¢ — b(¢) is nondecreasing. It
follows from (14) that b(t) € [0, K)). We obviously have P(t,z) = ¢(x) for « € [0,b(t))
and also for © = b(t), due to the continuity of P and 1. We also deduce from the

convexity of z — P(t,x) that

vt e [0,T), Vx>b(t), P(tz)>(x).
Then, the continuation region C' can be written as

C={(t,x) € [0,T) x [0,400) | x > b(t)}.

The graph of b is called the exercise boundary or free boundary.

We recall the following properties of ¢t — b(t) (see [9] section 4).
Theorem 3.1. The function t — b(t) is continuous and b(t) >0 on [0,T).

We also recall from [9] the following result, which characterizes the limit of the critical

price b(t) as t approaches T'.

Theorem 3.2. If [(e* — 1)v(dx) <r — 4, we have limy_,7 b(t) = K.
If [(e* —1)jv(dz) > r — 6, we have limy_,7 b(t) = &, where & is the unique real

number in the interval (0, K) such that

p(§) =K,

where @ is the function defined by

o(x) =p(z) + oz, and P(z)= /(mey - K)yv(dy), z¢€(0,K).
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3.2. The perpetual case

Assume that P* > 0. The critical price in this case is defined by
b* =inf{x > 0| P*(z) > ¢(x)}.

Note that, since  — P*(x) is nonincreasing convex function, and P* > 0, we have
b* € (0, K) (one can prove that b* < K by the same argument as in [9] page 574). In

this case, the continuation region C* can be written as

C*={z€0,400) |z >b"} = (b", +00).

4. The smooth-fit principle in an exponential Lévy model

4.1. The finite horizon put

Throughout this subsection we will assume that r > 0.
To a fixed level x € R we associate the first strict passage time 7, below x for the

process (log g—(‘)) ie.
7, =inf{t € (0,T7) | (r —0)t + X; < z},

with the convention that inf ) = T. Recall that 0 is regular for (—oo,0) if and only if
P(7, = 0) = 1. Denote

d=r—0— /(ez — Dv(dx).
Note that, if X has finite variation, we have, from Theorem 2.1,

(r—ot+X _

lim
t—0

So that d appears as the drift of the logarithmic stock price. The following proposition
is a summary of what is known from the literature (see [1], Proposition 7, or [§],

Theorem 6.5).

Proposition 4.1. The point 0 is regular for (—o0,0) if and only if one of the following

three conditions holds

1. X has finite variation and d < 0,
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2. X has finite variation, d =0 and

O |z[v(da)
TR o T
-1 fo v(y,+oo)dy

3. X has infinite variation.

The second case was added to the class of processes exhibiting regularity of 0 for the
lower half line in Bertoin [4] and, for the other cases, one refers to the discussion at
the beginning of Bertoin [3], section VI.3.

The following theorem gives a sufficient condition for the smooth-fit property.
Theorem 4.1. If 0 is regular for (—o00,0), then the smooth-fit principle is satisfied.

The proof of this result was given to us by G. Peskir. Note that the idea goes back
to J. Bather [2] in the case of Brownian motion (see [12] Section 9.2). In fact, it was
conjectured in [1] that regularity is a necessary and sufficient condition for smooth fit
in the case of strong Markov processes. This conjecture was disproved for diffusions

in [11].

Proof of Theorem 4.1. Suppose that 0 is regular for (—o0,0) and fix t € [0,T). We
want to show that z — P(t,x) is differentiable at b(¢) and that 9, P(¢,b(t)) = ¢’ (b(t))
(smooth-fit), where b(t) € (0, K) is the critical price. To simplify the proof we consider
t = 0. First note that, for h > 0,

P(0,6(0) +h) = P(0,6(0)) _ #(b(0) + h) — ¥ (b(0))

h )

>

since P > 1 and P(t,b(0)) = ¢(b(0)). So, it follows that

i (P(O,b(()) + h}i - P(O,b(O))> > W) 15)

Next we consider the optimal stopping time related to P(0,b(0) + h)

o = inf{t€[0,T) | SPO < b
= inf{t €[0,T) | (r—8)t+X, <In <b<g)(tih>}
< inf{t eNT)|(r—0t+X:<In <b((l;§0—)HL>}

*

= Th,
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where the inequality follows from the fact that (b(t));cjo,r) is nondecreasing. Recall
that P(1, = 0) = 1. On the set {7, = 0}, given a fixed ¢ € (0,T), there exists s € [0, ]
such that (r — §)s+ X < 0. For h small enough, we have (r —d)s + X < In (b(%()%)rh)v
so that 77 < s. Therefore, limj_,o 7 < t. Since ¢ is arbitrary, we deduce that 7;; — 0

almost surely when h goes to 0. Hence
lim 7 h — O7
h—0
almost surely. Moreover, since

P(0,6(0)) > E (e p(b(0)e(" 0¥ ) )

we have
P(0,b(0) + h) — P(0,b(0))  E (e p(b(0)el" =™+ )) — P(0,b(0))
, ; h
<E (e—r-rh, P((b(0) + h)e(r—é)m-i-Xﬂ;L) — w(b(O)e(T—é)T;L-I-XT’L )> |

Since v is continuously differentiable in a neighborhood of b(0), we have

e(rfzi)rh X ) — 6(7“*5)”% Xy
iy PO RO YOI

Then, using the Lipchitz continuity of 1, by dominated convergence we get,

(P(o, b(0) + h})L - P(0, b(O))> < ' (b(0)). (16)

lim sup
h—0

Combining (15) and (16), we deduce the theorem.

It is well known that if X has infinite variation, 0 is regular (see Theorem 4.1), so
that we have smooth-fit. We will now assume that X has finite variation. Denote
dt :==r—0— [(e® — 1)yv(dx). Note that d = d* + [(e¥ — 1)_v(dy). Recall that,
if d < 0, 0 is regular for (—o00,0), so that the smooth-fit property is satisfied. We
will prove below (see Theorem 4.3) that if d > 0, the smooth fit property cannot be
satisfied, at least for large maturities. Under the stronger condition d; > 0, we have a

more precise result.

Theorem 4.2. If X has finite variation and d™ > 0, we have

0 P(t,b(t)) # 0, P(t,b(t)),
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for every t € (0,T).

Proof. Let t € [0,T), x > 0 and suppose that X is a finite variation Lévy process

such that d* > 0. In this case, the infinitesimal generator in (11) can be written as

Li@) = olr=a= [ -vuan)| e+ [vaniee - s an)

for all f € C}(R), where C} (R) denotes the set of all bounded C! functions with bounded
derivative. Recall that from Theorem 2.2, (0;+L—r)P = 0 in the sense of distributions
on the continuation region C. So (L—r)P > 0 since ¢t — P(t, z) is nonincreasing. Also,
x +— P(t,z) is convex, so its right derivative d; P is bounded and right continuous.

Then, from (17) we deduce

B(1) [ ~5- [er- 1>u<dy>] O P00 + [ WP b(0)e) — PO
> rP(t,b(t)). (18)

Note that P(t,b(t)) = ¥(b(t)) = K — b(¢t), P(t,b(t)e?) = ¥(b(t)e?) = K — b(t)eY if
y <0 and P(t,b(t)e?) < P(t,b(t)) if y > 0. So, from (18) we get

) [r=a - [~ owian)| ax (et = - [ vl - e - (5 b0
+ (K —b(t))

= b(t) /<O(ey — Dv(dy) + r(K — b(t))

—b(t) / (¥ — 1)_v(dy) + r(K — b(#))(19)

Note also that d = d* + [(e¥ — 1)_v(dy). If we had d = 0, we would deduce that
v(—00,0) = 0 and (19) would become

r(K — b(t)) < b(t) / (e —1)_w(dy) = 0,

which is in contradiction with the fact that » > 0 and b(¢) € (0, K). Therefore, we
must have d > 0, and (19) now gives

— (e = 1) v(dy) + r(5 — 1)

r—06— [(e¥ = 1)iv(dy) + [(ev — 1)—v(dy)
> -1

O P(t,b(t)) >

(20)

We conclude the theorem since 9, P(t,b(t)) = ¢'(b(t)) = —1.
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Remark 4.1. If dt > 0, we can see from (20) the following explicit lower bound for
the jump of the derivative

d-‘r
aFP(t, b)) +1 > - > 0,

for every ¢ € [0,T].
We will now prove that if d is positive the smooth-fit property fails, at least for large
values of the maturity.

K

Theorem 4.3. If X is a finite variation Lévy process and d > 0, and if T > Z=,

where b* is the critical price of the perpetual put, there exists t € [0,T) such that
OFP(t,b(t)) > —1.
We first show the following lemma.

Lemma 4.1. Asume X is a finite variation Lévy process and d > 0. Fiz t € [0,T)
and assume 01 P(t,b(t)) = 0_P(t,b(t)). Then, we have

i sup P A) = bL0)

> bd,
h—0 h -

where b* is the critical price of the perpetual put.

Proof. To simplify the proof we consider the case ¢t = 0. Let h > 0 and suppose
that the smooth-fit property is satisfied at t = 0. Let 75 be the optimal stopping time
related to P(0,b(0) + h),

o= mf{te[0,T)| YO < b))
inf{t €0,T)| (r—d8)t+X, <Iln (b(g)(tlh)}

with the convention inf() = T. Note that 7;, is nonnegative and nondecreasing with

respect to h. We denote by 7y the limit of 75, when h goes to 0. Note also that by the

zero-one law, we have P(r9 = 0) € {0,1}. We now discuss both cases.

Case 1 : P(1p =0) = 0.

Note that 7y < 73, and
P0,b(0)+h) = E (e ™((b0)+ h)e<“6>fh+X7h))

(
E (e*”w((b(()) + h)e“*ﬁ)m“%)) .

v
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So, by letting h go to 0, we have
P(0,b(0)) = E (e*”w(b(())e(“é)wxm)) . (21)

Then, using the convexity of ¥, we get
P(0,6(0) + h) = P(0,(0))
h >
B [ o—rro PUO(0) + h)e(r =970t X0 ) — 4 (b(0)elr )0+ X )
h
E (efr-ro1/}:1(b(0)6(r76)70+XT0 )6(7‘76)7'0+X.,.0)

Y

. —0T0+ X+
= —-E (6 0 01{(7"—5)7'0+X7'0<1n(%)}) '

Now, suppose § > 0. Since 79 > 0 a.s. and e¥X is a martingale, we obviously have

T P(0,b(0) + h) — P(0,b(0))

_ —0710+X
h—0 h E (e ’ O)

= -E (6_6T0)

\Y)

> -1 (23)

On the other hand, if § = 0, (21) becomes

P(0,b(0)) = E(e_TTOw(b(O)eTTO"'XTO))

— 71T XT
KE (6 ’ Ol{rrg-i-XmSln(%)}) — b(0)E (e 01{TTO+Xmg1n(%)}) :

Since P(0,b(0)) = K — b(0), we derive

— 7T _ X
K [1 —E (@ 01{7-TU+X7051D(%)})} = b(0) [1 —E (e 01{7-70+X70g1n(ﬁfg))})} :
Note that the left hand side is positive because 79 > 0 a.s. and r > 0. Therefore
E (eXro 1{rTo+Xm§1n(ﬁ))}> < 1 and (22) gives

. . . P(0,6(0) + h) — P(0,b(0))
lim inf
h—0 h

X,
> —E(e 01{m,+xm<1n(%)}>

> -1 (24)

We deduce from (23) and (24) that the smooth-fit fails for every § > 0.

Case 2 : P(1p =0) = 1.
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We then have limy_.q 7, = 0 a. s.. In particular 7, < T for h close to 0 and from

the definition of 75, we have

(r—=0)m+X;, < In(b(m))—In(b(0)+ h)
< In(b(m)) — In(b(0)).

Therefore, using Theorem 2.1 and (9), we have

X
r—6+lim( Th’) = T—5+'y—/ yv(dy
PON Th {lvl<1} )
= d
i ) ~ ()
h—0 Th
< limsup 20) — ()
t—0 t
1 . b(t) — b(0)
< —1 AN
() R
< L imsup 20O
b* o t

Hence

lim sup M > b*d.
h—0 h

Proof of Theorem 4.3. Suppose that the smooth-fit is satisfied for every t € [0, 7).
Recall that ¢ — b(t) is a continuous nondecreasing function on [0,7). So b is almost

everywhere differentiable on [0,7) and from Lemma 4.1 we have
V(t)>b"d>0 ae. on [0,7).

Therefore, by integrating the last inequality, we get K > b(t) — b(0) > db*t. Finally,
we get a contradiction for T > %.
4.2. The perpetual put

The following Theorem can be proved by the same argument as in the finite horizon

case.
Theorem 4.4. If 0 is regular for (—00,0), then the smooth-fit principle is satisfied.

We also have the following result. This result was already proved by Alili and Kypri-

anou [1]. Our contribution is only to give a proof based on the variational inequality.
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Theorem 4.5. If X has finite variation and d > 0, the smooth-fit principle is not
satisfied.

Proof. Suppose that the smooth-fit principle is satisfied and d > 0. From Theo-

rem 2.3 and (17) we have, for x > b*,
x (T —6— /(ey - 1)u(dy)> 0. P* (x)
+ / (P*(ze¥) — P*(x)) v(dy) — rP*(x) = 0. (25)
In particular, for z = b*, we deduce from 9, P*(b*) = —1 and P*(b*) = K — b*
b* + / (P*(b*eY) — (K —b"eY)) v(dy) = rK. (26)
Note that (25) can be written as

26 + xd(9, P*(x) + 1) / (P*(ze¥) — P*(x) + a(e? — 1)) v(dy) =
r(P*(z) + ). (27)
subtracting (26) from (27), we get
(x — b")8 + d(9, P*(x) + 1)
+/ (P*(ze¥) — P*(z) + x(e? — 1) — (P*(b*e) — (K — b*e¥))) v(dy)
=r(P*(z) — (K — ). (28)

For y € R, let f, the function defined by f,(z) = P*(ze¥) — P*(x) + x(e? — 1). Then
(28) becomes

(z = b")6 + 2d(9, P*(x) +1) + / (fy(@) = [y (b)) v(dy) = r(P*(z) — (K —z)). (29)
We see from (25) that 9, P* is continuous on (b*, 00), so f, € C*(b*,00) and
fo(@) = e¥(8, P (xe?) + 1) — (9, P*(z) +1) > 0

if y > 0, because x — P*(z) is convex. So, for z > b* and y > 0,

fy(@) = fy (") 2 0.

Also, for y < ln(%), by the mean value theorem we have

fy(@) = fy () = f(0)(x = b%), (30)
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for some 0 € (b*, z), where

fy(0) = €¥(9,P*(0e”) + 1) — (0.P*(0) + 1) (31)

%

—(0.P7(0) +1)

(9, P*(z) + 1).

Y

From (30) and (31) we get

[ @ heyed = @uﬁm>+nmbqumAm“»>
{y<In(%-)} x

= (0,P"(x) +1)AY BY, (32)

where Ag’; = %% and Bg* = In()v ((—oo,ln(%))). Note that limg,_p« Ag,* =
% and lim, .+ B = 0 (see Remark 1). Therefore, from (32) we can choose some

x1 > b* such that for x € (b*,x1)
* zd *
L y(@) = fy(0)) vldy) 2 === (8. P (2) + 1). (33)
{y<In(Z-)}
Now, let y € (In(%),0). Then, we have f,(b*) = 0 and

fylx) = P*(ze¥) — P(z) +x(e¥ — 1) (34)
= P*(ze¥) — P(z) —x(e¥ = 1)0, P*(z) + z(e¥ — 1)(0,P*(x) + 1)
> x(e? = 1)(0:P*(x) + 1),

since x — P(t,x) is convex. We see from (6) that y — e¥ — 1 is v-integrable, so there

exists some xo > b* such that for z € (b*, x3)
d
/ (e¥ — Dw(dy) > -2 (35)
{2)<y<0) 4
Therefore, from (34) and (35) we check that for z € (b*, z5)
* xd *
) (fy(@) = fy(0")w(dy) = == (0. P"(z) + 1). (36)
{In(¥")<y<0}

On the other hand, the function f defined by f(z) = P*(z) — (K — ) is continuously
differentiable and satisfies f(b*) = 0 and f'(z) = 0,P*(x) +1 > 0. By the mean value

theorem we have

f(@) = f(07) = (0. P*(0) + 1) (= — b7),
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for some 0 € (b*, z). Therefore
* * b*
Fla) — 16) < 2(0,P" () + D1 - ),
since & — P(t,x) is convex. So, there exists some x3 > b* such that, for z € (b*, x3),
Pix)— (K —x) < Z(&,;P () +1). (37)

Denote z¢ = x1 Axe Azs. Recombining (29), (33), (36) and (37), we get for z € (b*, z)

(@ =03+ L OP @+ 0+ [ ()= ) o) 2 0
{y>0}

This contradicts (30).
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