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New maximal regularity results for the heat
equation in exterior domains, and applications

R. Danchin and P. B. Mucha

Abstract This paper is dedicated to the proof of new maximal regularity results
involving Besov spaces for the heat equation in the half-space or in bounded or ex-
terior domains of R". We strive for time independent a priori estimates in regularity
spaces of type L;(0,7;X) where X stands for some homogeneous Besov space. In
the case of bounded domains, the results that we get are similar to those of the whole
space or of the half-space. For exterior domains, we need to use mixed Besov norms
in order to get a control on the low frequencies. Those estimates are crucial for
proving global-in-time results for nonlinear heat equations in a critical functional
framework.

Introduction

We are concerned with the proof of maximal regularity estimates for the heat equa-
tion with Dirichlet boundary conditions, namely,

u—vVAu=f in (0,T)x £,
u=0 at (0,7) x 0, (D
U= on Q

in various domains Q2 of R” (n > 2).

We are interested in L;-in-time estimates for the solutions to (1) with a gain of
two full spatial derivatives with respect to the data, that is
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||”taVV2”HL.(o,T;X) < C([luollx + 11l 0.7:x)) (2)
with a constant C independent of T.

Such time independent estimates are of importance not only for the heat semi-
group theory but also in the applications. Typically, they are crucial for proving
global existence and uniqueness statements for nonlinear heat equations with small
data in a critical functional framework. Moreover, the fact that two full derivatives
may be gained with respect to the source term allows to consider not only the —A
operator but also small perturbations of it. In addition, we shall see below that it
is possible to choose X in such a way that the constructed solution u is Li-in-time
with values in the set of Lipschitz functions. Hence, if the considered nonlinear
heat equation determines the velocity field of some fluid then this velocity field
admits a unique Lipschitzian flow for all time. The model may thus be reformulated
equivalently in Lagrangian variables (see e.g. our recent work [4] in the slightly
different context of incompressible flows). This is obviously of interest to investigate
free boundary problems.

Let us recall however that estimates such as (2) are false if X is any reflexive
Banach space, hence in particular if X is a Lebesgue or Sobolev space (see e.g. [6]).
On the other hand, it is well known that (2) holds true in the whole space R” if X
is a homogeneous Besov space with third index 1. Let us be more specific. Let us
fix some homogeneous Littlewood-Paley decomposition (A j)jez (see the definition
in the next section) and denote by (¢%4)q-~¢ the heat semi-group over R”. Then it
is well known (see e.g. [1]) that there exist two constants ¢ and C such that for all
Jj €Zand o € R" one has

. —ea22i )

€% Al me) < Ce™ || Al o). 3)
Hence if u satisfies (1) then one may write

. . [ .

Aju(t) =" Ajug +/O ""VAA fdt.

Therefore, taking advantage of (3), we discover that

. o 2/ o \92) ., s
A ju(e) ) < C(e At oy + [ e f>2’||A,~f|L,)<Rn)dr),
whence

A jull 0,752, Ry + V2 Al 1, (0,72, (R1))
< C(lI4juollL,mm + 1A f L 0752, (m7)) -

Multiplying the inequality by 2/* and summing up over j, we thus eventually get for
some absolute constant C independent of v and T,
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2
H”HLDO(O,T;B;J(R")) + [|ur, vV MHLl(O,T;B;'l(R”))

< C([I 1l (0785, (Rr)) T ||u0HB~;7J(R”))a “)

where the homogeneous Besov semi-norm that is used in the above inequality is
defined by ‘
leell sy = ) 27 Ajull -
ps I
JEZ
From this and the definition of homogeneous Besov space B;‘l (R™) (see Section 1),
we easily deduce the following classical result: '

Theorem 1. Let p € [1,0] and s € R. Let f € Ly (0,T;B5, | (R")) and ug € B}, | (R").
Then (1) with Q = R" has a unique solution u in

%([0,T):B},|(R")) with du,V?u €L(0,T;B} (R"))
and (4) is satisfied.

The present paper is mainly devoted to generalizations of Theorem 1 to the half-
space, bounded or exterior domains (that is the complement of bounded simply con-
nected domains), and applications to the global solvability of nonlinear heat equa-
tions.

Proving maximal regularity estimates for general domains essentially relies on
Theorem 1 and localization techniques. More precisely, after localizing the equation
thanks to a suitable resolution of unity, one has to estimate “interior terms” with
support that do not intersect the boundary of 2 and “boundary terms” the support of
which meets dQ. In order to prove interior estimates that is bounds for the interior
terms, it suffices to resort to the theorem in the whole space, Theorem 1, for those
interior terms satisfy (1) (with suitable data) once extended by zero onto the whole
space. In contrast, the extension of the boundary terms by zero does not satisfy (1)
on R". However, performing a change of variable reduces their study to that of (1)
on the half-space R" . Therefore, proving maximal regularity estimates in general
domains mainly relies on such estimates on R"” and on R’, . As a matter of fact, we
shall see that the latter case stems from the former, by symmetrization, provided s is
close enough to 0. In the case of a general domain, owing to change of variables and
localization however, we shall obtain (4) either up to low order terms or with a time-
dependent constant C. In a bounded domain, it turns out that Poincaré inequality (or
equivalently the fact that the Dirichlet Laplacian operator has eigenvalues bounded
away from 0) allows to prove an exponential decay which is sufficient to cancel out
those lower order terms. In the case of an exterior domain, that decay turns out to
be only algebraic (at most 7~"/2 in dimension ). As a consequence, absorbing the
lower order terms will enforce us to use mixed Besov norms and to assume that
n>3.

The paper unfolds as follows. The basic tools for our analysis (Besov spaces on
domains, product estimates, embedding results) are presented in the next section. In
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Section 2 we prove maximal regularity estimates similar to those of Theorem 1 first
in the half-space and next in exterior or bounded domains. As an application, in the
last section, we establish global existence results for nonlinear heat equations with
small data in a critical functional framework.

1 Tools

In this section, we introduce the main functional spaces and (harmonic analysis)
tools that will be needed in this paper.

1.1 Besov spaces on the whole space

Throughout we fix a smooth nonincreasing radial function y : R" — [0, 1] supported
in B(0,1) and such that y = 1 on B(0,1/2), and set ¢ (&) := x(&/2) — x(&). Note
that this implies that ¢ is valued in [0, 1], supported in {1/2 < r < 2} and that

Y o27%) =1 forall &#0. 5)

keZ

Then we introduce the homogeneous Littlewood-Paley decomposition (A )iez over
R”" by setting
A= @27 Dyu=F"" (9275 Fu).

Above .7 stands for the Fourier transform on R”. We also define the low frequency
cut-off Sy := % (27%D).

In order to define Besov spaces on R”, we first introduce the following ho-
mogeneous semi-norms and nonhomogeneous Besov norms (for all s € R and

(p,r) € [1,e9):

I sk A
el gy @y = 1|21 Aetll, ) |,z

[[ull

p.r

(Rn) *= ||2SkHAk””Lp(]R”) MN)JF ”SO“HL,,(R")-

The nonhomogeneous Besov space Bj, ,(R") is the set of tempered distributions
u such that ||ul| By, (rn) 1 finite. Following [1], we define the homogeneous Besov

space B, ,(R") as

By, (R") = {u € SR : ullgy (goy <}

where .} (R") stands for the set of tempered distributions u over R” such that for all
smooth compactly supported function 8 over R”, we have lim) _, ., 0(AD)u =0 in
Lo.(R™). Note that any distribution u € .%/(R") satisfies u = Yz Agu in .7 (R").
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We shall make an extensive use of the following result (see the proof in e.g.

[1,5]):

Proposition 1. Let b, , denote B}, ,(R") or B}, ,(R"). Then the following a priori
estimates hold true:

e Foranys >0,
lJuvllsy, < luelle=[vlloy, + [Vl [l -

P, Do’

e Foranys>0andt >0,
leevllg,, S Noellzo vl , A+ 1], s
e Foranyt>0ands>—n/p,

leevilo,, < Hoellz= VAo, =+ Hoel o AV, - 19, lloe -

p p.r Do

e Foranyg>landl—n/qg<s<1,
leevlyg < Hoell, 19115

As obviously a smooth compactly supported function belongs to any space

”/ P(R") with 1 < p < e, and to any Besov space B7 |(R"), we deduce from the
preV10us proposition and embeddlng that (see the proof in [5]):

Corollary 1. Let 8 be in 6" (R"). Then u — 0 u is a continuous mapping of by, ,.(R")
o foranys€Rand 1< p,r<eo, ifb} (R") =B (R");
o foranys e Rand 1 < p,r < oo satisfying
—n/p' <s<n/p (—n/p<s§n/pifr: 1, —n/p'<s<n/p ifr:w) (6)
i1, () = B (R").

The following proposition allows us to compare the spaces B}, ,(R") and B}, ,(R")
for compactly supported functions' (see the proof in [5]):

Proposition 2. Let 1 < p,r < oo and s > —n/p' (or s > —n/p' if r = o). Then for
any compactly supported distribution f we have

feB,,(R") < feB,, (R")
and there exists a constant C = C(s, p,r,n,K) (with K = Supp f) such that

-1
£ 11y, ey < [f 11y, ey < Clf gy, (r)-

I” p.r

! Without any support assumption, it is obvious that if s is positive then we have || - || ) S

[l By, (rn)> and the opposite inequality holds true if s is negative.
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The following lemma will be useful for boundary estimates (see the proof in [5]):

Lemma 1. Let Z be a Lipschitz diffeomorphism on R" with DZ and DZ~" bounded,
(p,r) € [1,0]% and s a real number satisfying (6).

e [fin addition s € (—1,1) and Z is measure preserving then the linear map u —
uoZ is continuous on B}, ,(R").
e In the general case, the map u— uoZ is continuous on B;yr(R”) provided in

addition 1,1 € B')". A\ L. with ]+ := | detDZ"].

1.2 Besov spaces on domains

We aim at extending the definition of homogeneous Besov spaces to general do-
mains. We proceed by restriction as follows:

Definition 1. For s € R and 1 < p,g < o, we define the homogeneous Besov space
B3, (L) over £ as the restriction (in the distributional sense) of B, ,(R") on £, that
is

¢ €B,,(2) < ¢=yjo forsome yeB, (R").
We then set

P4

35 = inf 35 (RN
101155, (@) %Q:¢|“I/HB (RM)

The embedding, duality and interpolation properties of these Besov spaces may
be deduced from those on R”. As regards duality, we shall use repeatedly the fol-
lowing result:

Proposition 3. If -1+ 1/p < s < 1/p (with | < p,r < o) then the space B;,f'r,(.Q)
may be identified with the dual space of B;’,(.Q); in the limit case r = oo then
B;’fl () may be identified with the dual space of the completion of €:°(R") for
Il HB‘,‘M(Q)' Furthermore, without any condition over (s, p,r), we have

‘/ uvdx
Q

Similarly, some product laws for Besov spaces on R” may be extended to the domain
case. We shall use the last inequality of Proposition 1 and also the following result
that is proved in [5]:

Proposition 4. Let b, () denote B, .(2) or B}, (), and Q be any domain of

R". Then for any p € [1,00|, s such that —n/p' <s <n/p (or —n/p’' < s <n/p if
r=1,0r —n/p' <s<n/pif r=oco), the following inequality holds true:

<Cllulls (o) ||V|\B;/§r,(g)-

””"Hbép'vr(!)) < C”u”bz‘/lq(g)||V|‘b%,r(9) with g =min(p,p’).

2 Nonhomogeneous Besov spaces on domains may be defined by the same token.
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A very useful feature of Besov spaces is their interpolation properties. We refer
to the books [2, 14] for the proof of the following statement.

Proposition 5. Let b}, , denote B, , or B}, ,; s € R, p € [1,0) and q € [1,e0]. The

real interpolation of Besov spaces gives the following statement if s| # s»:

(bhlg, (2):5734,(2)) g, = b}y (2)

with s = 82+ (1 — 0)s1, and § = 2 4 18-

Moreover, if s1 # s2, t1 # 1y and if T : by, 4,(R2) + b q,(2) — bzhll (€2) +
b;é,lz(-Q) is a linear map, bounded from by, 4, (2) to bzl‘ll () and from by, 4,(R)
to b;é,lz(-Q) then for any 6 € (0,1), the map T is also bounded from bj,,q(-Q) o
b;{yq(.Q) with

1 6 1-6 1 6 1-9

=0 1—-06 t =0t 1-0)t —=— -2
) 52+ ( )S1s 2+ ( ), » p2+ ok k2+ 3

The following composition estimate will be of constant use in the last section of
this paper.

Proposition 6. Let f : R” — R be a C' function such that f(0) = 0 and, for some
m>1and K >0,
ldf(w)| < Klu|"' forall ueR". (7)

Then for all s € (0,1) and 1 < p,q < o there exists a constant C so that
1F@)lgy 0 < CK I oy Il gy ®)

Proof. The proof relies on the characterization of the norm of B;’q(.Q) by finite
differences, namely?

1@l = ( [, (2 (“<|yy”;|{£f,fx>>"’dy)zdx)3’. ©

Now the mean value formula implies that

00~ 7)) = ( [ asa(o)+ (ur) - u)ar ) - () - u(o).

Hence using the growth assumption (7),

1
)~ 7)) <K ([ uto) 1) = w) - ) - o). 10)

Therefore we get

3 Here we just consider the case ¢ < oo to shorten the presentation.
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[f()) = f(u@)] < Klull} ) la(y) —u()].
Inserting this latter inequality in (9), we readily get (8).

In [3, 5], we proved that:

Proposition 7. Let Q be the half-space, or a bounded or exterior domain with C'
boundary. Forall 1 < p,q <oo, and —1+1/p < s <1/p, we have

B, (Q) =G=(Q) 1#ha@) (11

Remark 1. Tn any C' domain  and for 0 < s < n/p the space B;, (L) embeds in
BSW(Q) with 1/m = 1/p — s/n. Therefore, if ¢ < min(2,m), it also embeds in the

Lebesgue space L, (£). So finally if s € (0, %) and ¢ < min(2,m) with m as above
then Proposition 7 allows us to redefine the space B‘;,yq(.Q) by

B, (Q) =F=(2) 1#ha@) (12)

Remark 2. In particular under the above hypotheses, both classes of Besov spaces
admit trivial extension by zero onto the whole space. Combining with Proposition
2, we deduce that

B, (Q)=B), (Q) if —14+1/p<s<1/p and & is bounded.

Note also that, for obvious reasons, the above density result does not hold true if
q = oo, for the strong topology. However, it holds for the weak * topology.

2 A priori estimates for the heat equation

This section is the core of the paper. Here we prove generalizations of Theorem 1 to
more general domains. First we consider the half-space case, then we consider the
exterior and bounded cases. We shall mainly focus on the unbounded case which is
more tricky and just indicate at the end of this section what has to be changed in the
bounded domain case.

2.1 The heat equation in the half-space

The purpose of this paragraph is to extend Theorem 1 to the half-space case R”,
namely
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u—vAu=fin (0,7)xR%,
uly,—0=0 on (0,7)xIR%, (13)
uli—o=uo on R%.

Theorem 2. Let p € [1,0) and s € (—1+1/p,1/p). Assume that f belongs to
Ly (0, T;B;7 (R%)) and that ug is in B; (R%). Then (13) has a unique solution u
satisfying

ue€(0,7);B}1(RL)), w,ViueLi(0,T;B},(R}))

and the following estimate is valid:

2
H”HLN(O,T;B;‘I(RZ'F)) + [Jur, vV ”HL,(O,T;B;J(RZ'F))

< CUflly o.rs , ey + lluollgs @n))s  (14)
where C is an absolute constant with no dependence on v and T.

Proof. We argue by symmetrization. Let 1o and fbe the antisymmetric extensions
over R" to the data up and f. Then, given our assumptions over s and Proposition 7,
one may assert that iip € B, | (R"), f € L1 (0,T;B;, | (R")) and that, in addition

||L70||B;,‘,(Rn) ~ H”OHB;,J(M) and [f], 0,78 (&) & ||f|\L.(o,T;B~;J(R1))-

Let u be the solution given by Theorem 1. As this solution is unique in the cor-
responding functional framework, the symmetry properties of the data ensure that
u is antisymmetric with respect to {x, = 0}. As a consequence, it vanishes over
{xn = 0}. Hence the restriction u of # to the half-space satisfies (13). In addition,

u; coincides with the antisymmetric extension of u;,

Vi,ﬁ coincides with the antisymmetric extension of V)Zc,u,
V2 0y, 1 coincides with the symmetric extension of V /0, u,
92 = (A — Ay)ii hence coincides with & — f — Ayii.

[ ]
[ ]
[ ]
° XnXn

Hence one may conclude that

2
HMHLw(o,T;B;J(m)) + |Jur, vV ”HLI(O,T;B;VI(R’JQ)
~ ~ 2~
< H””Lw(O,T;B;‘I(R")) + [|az, vV Ul (0.T:B5, | (R"))"
This implies (14).

Remark 3. The case of non-homogeneous boundary conditions where u equals some
given h at the boundary, reduces to the homogeneous case : it is only a matter
of assuming that s admits some extension h over (0,7) x R’} so that h; — vAh €
Li(0, 738, (R)).
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2.2 The exterior domain case
Here we extend Theorem 1 to the case where £ is an exterior domain (that is the

complement of a bounded simply connected domain). Here is our main statement:

Theorem 3. Let Q be a C? exterior domain of R" withn > 3. Let 1 < g < p < o
withq <n/2.Let —1+1/p<s<1/pand —1+1/q<s <1/q—2/n. Let

Then there exists a unique solution u to (1) such that
u€e%(0, T];B;,,l QBZ’I(.Q)), u,Vuel, (0, T;B;,yl ﬁB;yl(.Q))
and the following inequality is satisfied:

2
|‘MHL°°(07T;B;‘IF“IB§‘|(Q))+||ut;Vv MHLI(()’T;B;‘IQB;(](Q))

<c(| (15)

|MOHB;>]QB;/>](_Q) + Hf”L] (O,T;B;‘IQB};"I(Q)));

where the constant C is independent of T and v.

Proving this theorem relies on the following statement (that is of independent inter-
est and holds in any dimension n > 2), and on lower order estimates (see Lemma 2
below) which will enable us to remove the time dependency.

Theorem 4. Let Q be a C? exterior domain of R" withn>2. Let 1 <p <eoo, —1+
I/p<s<l1/p felL (O,T;B;,] (2)), and up € B;’l (). Then equation (1) has a
unique solution u such that
ue%(0,T]; ';’I(Q)), 8,u,V2ueL](O,T;Bj,,,(.Q))
and the following estimate is valid:
H”HLN(O,T;B;J(Q))Jr””ta VVZMHLNO,T;B;‘I(Q))

< CeCTV(HMOHB;VI(Q) + Hf”Ll(O,T;B‘;‘l(Q)))a (16)

where the constant C depends only on s, p, and 2.

Additionally if K is a compact subset of Q such that dist(dQ,Q \ K) > 0, there
holds

2
H”HLN(O,T;B;J(Q))Jr””taVv ”HL,(O,T;B;',‘I(Q))

< C(H”OHB;M(Q) + HfHLl(O,T;B‘;‘l(Q)) + VHMHLI(O,T;B;VI(K)))a (17)

where C is as above.
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Proof. We suppose that we have a smooth enough solution and focus on the proof
of the estimates. We shall do it in three steps: first we prove interior estimates, next
boundary estimates and finally global estimates after summation.

Note that performing the following change of unknown and data:

unew(tax) = Vuold(viltzx); MO,new(x) = VMO,ald(x)a fnew (t,x) = fald(viltax)

reduces the study to the case v = 1. So we shall make this assumption in all that
follows.

Throughout we fix some covering (B(x,1))1<¢<, of K by balls of radius A and
take some neighborhood Q° C Q of R"\ K such that d(2°,02) > 0. We assume
in addition that the first M balls do not intersect K while the last L — M balls are
centered at some point of Q.

Let n°: R” — [0, 1] be a smooth function supported in Q° and with value 1 on a
neighborhood of 2\ K. Then we consider a subordinate partition of unity (n Vi<e<L
such that:

- Yo<<n'=1 on @
||V7114||L ®) SCA*forkeNand 1 <(<L;

3. Suppn’ CB( L)

We also introduce another smooth functlon 17 supported in K and with value 1 on
Supan and smooth functions 17!, ---, 7% with compact support in ¢ and such
that 7° = 1 on Suppn’.

Note that for £ € {1,--- L}, the bounds for the derivatives of n’ together with
the fact that | SuppVn' | ~ A" and Proposition 5 implies that for k = 0,1 and any
q € [1,%0], we have

||an||35§n/q(R,l) SATR (18)

The same holds for the functions 77¢. Throughout, we set U* := un*.

First step: the interior estimate

The vector-field U° satisfies the following modification of (1):

U?— AU =nf —2Vn®-Vu—uAn® in (0,T) x R", (19
U°;—o = uon® on R™,

Theorem 1 thus yields the following estimate:

”UOHLW(O,T;B;‘I(R")) + U2, VU, (0785, (R")) SIn°sll, (0785, (R"))
+[|vn®- V”HLI(O,T;B‘;‘I(R")) + ””‘AnO”Ll(O,T;B‘;‘I(R")) + ||770M0HB~;‘1(R")-

Let us emphasize that as Vn° - Vu and uAn® are compactly supported, we may
replace the homogeneous norms by non-homogeneous ones in the first two terms.
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As a consequence, because the function Vi is in € (R") and 1% = 1 on Supp V7",
Corollary 1 ensures that

HUOHLN(O,T;B;J(W)) + ”UtOvVZUOHL,(O,T;B;J(]R”))
S ||770M0||B;'1(Rn)) + ”nof”Ll(O,T;B;VI(R")) + ||ﬁOuHLl(()7T;B;rll(Rn))- (20)

Now, by interpolation,
1 1
=0 =0 112 =0 112
7%l 2) < CIT Ml g 17015, @

As Suppn C K and as homogeneous and nonhomogeneous norms are equivalent
on K, one may thus conclude that

HUOHLw(O,T;B;,‘I(Rn)) + ||Ut07VZUOHLI(O,T;B;J(W)) Sz 078 @)
1/2
+7V ”u”Ll(O,T;BiﬁS(K))ﬂLw(O,T;B;Vl(K))JrHMOHB;‘I(_Q)- (22)

Note that starting from (21) and using Young’s inequality also yields for all € > 0:

HUOHLw(o,T;B;M(Rn)) +U, VQUOHLI(O,T;B;J(R")) < C(H”OHB;J(Q)

+ Hf”Ll(O,T;B‘;‘l(Q))) + 8|\“|\L1(07T;312;s(1<)) + C(S)”””LI(O,T;B;VI(K))- (23)

The terms U with 1 < ¢ < M may be bounded exactly along the same lines because
their support do not meet 9, hence their extension by 0 over R” satisfies

U/ — AU = ' in (0,T) x R",
U£|,:0 = M()T][ on R"

with
fl=—2vn" - Vu—uan'+n's. (24)

Arguing as above and taking advantage of the fact that the functions 1’ are localized
in balls of radius A (that is we use (18)), we now get

112, 0.1:85,(2) S HnéfHLl(O,T;B‘;‘l(Q))

+ 172”ﬁ£”|‘Ll(O,T;B;1(Q)) +A7! ”ﬁZV””LI(O,T;B‘;J(Q))- (25)

Using again (21) (with ¢ instead of 7°), we get

¢ ¢ o2t ¢
10U o, ey + 10 VU Ny o, ey S I Al 0,785, @)

—171/2 -2 l
+(ATITV2 4 T)lully, o 75250 o riss, oy + 140m s (@)s (26)
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¢ ¢ ¢ ¢
1% ”Lw(O,T;B;VI(R’l))"i_”Ut7V2U ”LI(O,T;B‘;‘I(R")) < C(|luom ||B;‘l(g)

V4 ) —1 1/2 1/2
+ ||77 fHL] (O,T;B;‘l(!)))) +)’ |‘M|‘LI(O7T;B]2Jﬁ‘S(K))||u||Ll(03T;B;'l(K))- (27)

Second step: the boundary estimate

We now consider an index £ € {L+1,--- ,M} so that B(x’, 1) is centered at a point
of dQ. The localization leads to the following problem:

Ul —AU = f"in (0,T)xQ,
Ut=0 on (0,7) x 0Q, (28)
Ufli=o =uon® on Q,

with f¢ defined by (24), hence satisfying (25).

Let us now make a change of variables so as to recast (28) in the half-space. As
dQ is C?, if A has been chosen small enough then for fixed ¢ we are able to find a
map Z; so that

i) Z; is a C? diffeomorphism from B(x’,1) to Z,(B(x,1));
ii) Z,(x') =0and D,Z(x") =1d;
iil) Z,(QNB(x!,1)) CRL;
iv) Z/(2QNB(x', 1)) = IR" NZy(B(x',1)).

Setting V,Z, = Id + A, then one may assume in addition that there exist constants
C; depending only on Q and on j € {0, 1} such that

ID7Adll.pxt ) < Cis 29)
a property which implies (by the mean value formula) that

[Aell . a )y < C1, (30)
hence by interpolation between the spaces L,(B(x’,1)) and w! (B(x', 1)),

[|Ag]] = <CA forall 1 <g<e suchthat n/g<r—1. (31)
By (B(x',2))

Let V= Z}UZ =U’ oZ;l. The system satisfied by V/ reads

VI—AV'=F'  in (0,T)xR",
Vi=0=0 on (0,T) x JR”, (32)
V=0 =Z;(U"|,=0) on IR",
with
F'=Zi '+ (Ac— AV

According to Theorem 2, we thus get
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¢ ¢ o2yt
v HL.,Q(O,T;B;,I(R’}J) +[IVi, VIV HLI(O,T;B‘;‘I(RT’F))
¢ ¢ ¢
Sz f ””LI(O,T;B‘;‘I(RQ)+(Ax*AZ)V )HLI(O,T;B;,I(R’}r))+HZZ(U |z:0)|\3;,‘1(m)-

Note that the first and last terms in the right-hand side may be dealt with thanks to
Lemma 1: we have

HZZJMHL.(O,T;B;‘I(R'jr)) S ”fZHL.(O,T;B;‘I(Q))
127 U =0 las, ey SNU =0l ()

Compared to the first step, the only definitely new term is (A, — A,)V*. Explicit
computations (see e.g. [5]) show that (A, — AX)VE is a linear combination of com-
ponents of V%Ag @V and V,A; @ V,V!. Therefore

¢ 200
1(Ax = AV Ol 078, meyy) S NAc@VV L o,mims e
‘
VARV L 078 me))-

Now, according to Proposition 4 and owing to the support properties of the terms
involved in the inequalities,, we have

200 200 : -
1Ae®VEV Iz 0.1, ey S 1Al IV2Villgs () with g =min(p, p").

BI (B(x! 1))
Therefore we have, thanks to (30) and to (31),
2070 21/t
14e@ VEVEllL orisy )y SANVEV llss e
Similarly, we have
¢ ¢
VA @V V|, (0.T:8), (RL)) SV, (07385, (R)"
Therefore
¢ 270 ¢
1(Ax = AV Iy 0,78 )y SANVEV liyomms, ey T 1V Iy omis (e

Putting together the above inequalities and remembering of (25) and Lemma 1, we
finally get, taking A small enough

¢ .,
14 ||LW(O,T;B;‘I(RZ'F)) +[|V;, Vv HL,(O,T;B';)](RZ))
¢ ¢
S\u |t:0||B;‘|(Q) +In°fllz, (0.7:8),(2))

+A 20 ully, 078, (@) T A Hﬁ[VMHLl(O,T;B;J(Q)) +IVVAL, (0,785 (R1)):

By interpolation, we have
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14 2 001/2 g 1/2
19V Iy orstg ey S IV2V o eIV i oriss ey

Therefore using Young’s inequality enables us to reduce the above inequality to
14 l xg2y/0
14 ||Lw(o,r;B;',‘,(R1)) +[|V,, Vv HL,(O,T;B';)](RZ))
0 4 4
Slu |t:0HB';>](Q) +1n f”L](O,T;B;‘I(Q)) +v HL.(O,T;B;‘I(RZF))
254 15
+A77(IM u”Ll(O,T;B‘;‘l(Q)) +A7 0 VMHLI(O,T;B;J(Q))-

In order to handle the last term, there are two ways of proceeding depending on
whether we want a time dependent constant or not. The first possibility is to write
that, by interpolation and Holder’s inequality,

=l X 1/2
I7Vullzy 08 @) < T2l 0,782 00 eo 7385, 1))

This yields

¢ 0 o2yt
Vol ey + IV VIVl o7, )
¢ ¢ ¢
S Intuollgs @) + I Fllz o.rm @) + TIV o @)
+ AT 2 4 A70T)

”u”Ll(O,T;B;ﬁz(K))ﬂLw(O,T;B;,l(K))' (33)

The second possibility is to write that
1
el . 2
Hn VMHL] (O,T;B‘;J(Q)) < ||u||L1(0,T;BS+2 H HL|(0 T: BS ](K )
We eventually get

¢ I ¢
Vo lloorsy ey T IV VIVENlL i )y S Mol (o

_ 1/2
10l 0,728, @y +A 7wl L{w )

1/2

Li(0.T:B,% (K)) ||u||

+ 272 ull, 0.7:8,,(K) T vV, o185, &) (34)

Third step: global a priori estimates
Now, in view of Lemma 1, we may write
‘
HMHLM(O,T;B;J(Q)) < ; 1% ”LDO(O,T;B;J(Q))

¢ ¢
< Y v ”LDO(O,T;B;I(R"))+ Y v ||Lw(o,r;3;,(m))7
0<I<M : M<I<L :
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and similar inequalities for the other terms of the 1.h.s of (33). Of course, Proposition
1 ensures that

L =t
luollgs @) S lluollgs (@) and AN iz 078, @) S Il 018, 2))-
So using also (22) and (26) and assuming that 7" is small enough, we end up with

2
”u”Lw(O,T;B';T](.Q)) +[I(ur, V M)HL,(O,T;B;‘I(Q)) S ””‘OHB;‘I(Q)

—1p1/2 -2
+Hf||L1(0,T;B;',‘.(Q))+()“ T2+ 2 T)H”HLl(o,T;B;',f,Z(K))me(o,T;Bs (K))*

Pl

Hence if in addition A 27 is small enough,

lull o785 ,(2) + ””taVz””Ll(O,T;B;‘I(Q)) < C(H“OHB‘;‘I(R") + ”fHLl(O,T;B';‘l(Q)))'

Repeating the argument over the interval [T, 27] and so on, we get exactly Inequality
(16).

If we want to remove the time-dependency then it is just a matter of starting
from (34) and (27) instead of (33) and (22). After a few computation and thanks to
Young’s inequality, we get for some constant C depending on A,

””taVZMHLI(O,T;B;VI(_Q)) < Cllluollss @) + 1|y o.r:ss, ey + ulley 078, (x))-

For completeness, let us say a few words about the existence, which is rather stan-
dard issue (see e.g. [11]). If the domain is smooth then the easiest approach is via
the L,-framework and Galerkin method. We may consider smooth approximations
of data f and ug, such that to keep them in the space H™ with sufficiently large
m € N. Then the energy method provides us with approximate solutions in Sobolev
spaces H™ with large m. In particular, the above a priori estimates (16) may be
derived for such solutions. It is then easy to pass to the limit.

Remark 4. Let us emphasize that the term [|u||, ¢ 7.5 (k) may be replaced by other
T:Bj,

lower order norms such as ||u|| Li( with 5" # s close to 0. In particular s’

o,T;B;"l (K))
may be put to zero.

In order to complete the proof of Theorem 3, we now have to bound the last
term of (17), namely ||ul[,, o 7.z [(k))» independently of T. This is the goal of the
.T:B),

next lemma (where we keep the assumption that v = 1). We here adapt to the heat
equation an approach that has been proposed for the Stokes system in [13].

Lemma 2. Assume that n > 3 and that 1 < p < n/2. Then for any s € (—1+
1/p,1/p —2/n) sufficiently smooth solutions to (1) fulfill

HMHLI(O,T;B‘;‘I(K)) < C(”fHLl(O,T;B‘;‘I(Q)) + H”OHB;VI(Q))v

where C is independent of 7.
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Proof. Thanks to the linearity of the system, one may split the solution u into two
parts, the first one u; being the solution of the system with zero initial data and
source term f, and the second one u;, the solution of the system with no source
term and initial data ug. In other words, u = u; 4 1> with u; and u, satisfying

ul,,—Aulzfin (O,T)X.Q, uz’t—ALtz:O in (O,T)X.Q,
u =0 on (0,T) x 02, u, =0 on (0,T)xdL, (35)
u]|,:():() on .Q, u2|,:():u() on Q.

Let us first focus on u;. Recall that up to a constant we have (see Proposition 3):

103 ) = sup [ 101 (0,)10(x) i, (36)

where the supremum is taken over all 19 € B;,"'OO(K ) such that [[1o[| 35 () = 1. Of

course, by virtue of Remark 2, any such function 19 may be extended By 0 over R",
and its extension still has a norm of order 1. So we may assume that the supremum
is taken over all

Mo € B, (R")  with ||no|[3 gsy=1 and Suppmy C K. 37
’ pleo

Consider the solution 7 to the following problem:

n—An =0 in (0,T)x £,
n=0 on (0,T) x 0Q, (38)
Nli=o=1o on Q.

Testing the equation for u; by 1(¢ — -) we discover that

/Qu](t,x)no(x)dx:/Ot/gf(f,x)n(tff,x)dxdr. (39)

The general theory for the heat operator in exterior domains implies the following
estimates:

1

_nel 1
INO)llzu@) < Climollz,@yt 257 for 1<b<a<eo, (40)
as well as
nel 1
AN (1)l Ly@) < CllATO| 1,0yt 2577 for 1<b<a<o.  (41)

In the case 2 = R", those two inequalities may be derived easily from the (ex-
plicit) heat kernel. To prove (40) in the case of an exterior domain, it is enough to
look at solutions to (38) as subsolutions to the problem in the whole space. More
precisely, if we assume that 19 > 0O (this is not restrictive for one may consider the
positive and negative part of the initial data separately), we get a solution to (38) de-
fined over (0,0) x 2 such that 1 > 0. Then we consider an extension En : R” — R
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of 1, such that En = n for x € Q and En = 0 for x ¢ Q. We claim that E7) is a
subsolution to the Cauchy problem

M, — A7) =0in (0,7) x R" with 7],—=0 = ENp. (42)
It is sufficient to show that 1 < 7, since 1] is always nonnegative. It is clear that
(M=) —=AMm-1n)=0in (0,7) x Q. (43)

Consider (n — 1)+ := max{n — 7,0}. It is obvious that (11 — 7)) vanishes at the
boundary, because 1) is zero and 7] is nonnegative there. Hence we conclude

1d

_\2 _ 5 B
EE/g(nfnhd"*/QW(’?*nhl dx=0. (44)

Thus, (n — 1)+ =0, since (N — )4 |r—0 = 0. So 7 is bounded by 7.

To prove (41) we observe that for the smooth solutions the equation implies that
AN|yq =0, so we can consider the problem on A1 instead of 1. Now, as 1 vanishes
at the boundary, we have (see e.g. [8])

IV20|z.@) < 1AN 1. 0) forall 1<c<os. (45)

Hence, interpolating between (40) and (41) yields for 0 < s < 1/b.

In)lls; (2 < ClMollgg, @t 2777 for 1<a<b<ooand 1<r<c. (46)

In order to extend this inequality to negative indices s, we consider the following
dual problem:
G—Af=0in (0,7)x £,
=0 on (0,T) x 092, 47)
C|z:0 = CO on Q,

where §y € B,*, ().
Now, testing (47) by 1(t — -) yields

| /Q 1(1,2)Co(x) dx = /Q Mo(x) (1,x) dx. (48)

Let us observe that

1)1, 00 =500 | 060002 “9)

where the supremum is taken over all {y € B,°, (2) such that || § | B @)= 1. Thus
’ b,
by virtue of (48), we get:
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1m0l 0 fsup/ M) (1,0)dx < sup(1mollag, () 16015 ) 5O)

%
Since —s is positive we can apply (46) and get if 0 < —s < 1/d’,

M@l @) < Clnollg;, )1 supIICoIIBf Q)
% )

Since - — % = % — é, we conclude that
Im(©)llgy, (2 < Climollay @y 247 if s>—1+1/a (51)
In order to get the remaining case s = 0, it suffices to argue by interpolation

between (46) and (51). One can thus conclude that forall | <b <a <o, g € [1,09]
and —141/a < s < 1/b, we have

_nel_1
()5, (@) < Clinollgy (@27, (52)

Now we return to the initial problem of bounding u;. Starting from (39) and
using duality, one may write

‘/Q uy (t,x)No(x) dx

Hence splitting the interval (0,#) into (0,max(0,# — 1)) and (max(0,7 — 1),¢) and
applying (52) yields for any € € (0,1 +3),

1
< [ 1£@)llsy oy It =)lg 1y

4 t
Lntamwan < [ 1@l @l s
max(0,/—1) ,ﬂ(l,g)
[ @ sy @il @yt E Y a.
i
Now, as 1 is supported in K, one has ||| 5.5 ( <C|K|P a” ||170||BY - This

may easily proved by introducing a suitable smooth cut-off function W1th Value 1
over K and taking advantage of Proposition 1. A scaling argument yields the depen-
dency of the norm of the embedding with respect to |K|. Hence we have for some
constant C depending on K:

Mollg— < C”nOHB;fw(Q)

7|l *

So, keeping in mind (39) and the fact that the supremum is taken over all the func-
tions 1 satisfying (37), we deduce that
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J

ot
t oS <C / T 55 dT
IOl <€ ([ 17Ol e

max(0,/—1) _n(d_g
+ (=0 2590 g (ot ).
0 P

Therefore,

T T . T
/ et | (K)dtSC(H/ Tﬂ;wdf)/ I£llg: (@)t (53)
1 p.l 1 0 p.l

For the time interval [0, 1], we merely have

1 1
DS < >33 .
| sy oy <€ [ 151y

Now, provided that one may find some € > 0 such that

g(%fs) > 1, (54)

a condition which is equivalent to p < n/2, the constant in (53) may be made inde-
pendent of 7. Hence we conclude that

T T
| sy oyt <€ [ 111l ey (55)

with C independent of 7.

Let us now bound u,. We first write that
lux(®) 157 k) < Cllollss () (56)
and,if —14+e<s<1/p,

1 1 T
luz()lls (k) < CIKIP ()l (k) < CIKI7[luollgs ot 2177,
D, E‘I P,

Then decomposing the integral over [0,7] into an integral over [0,min(1,7")] and
[min(1,7),T], we easily get

T T 7ﬂ(l78)

| el wdr=c(1+ [ 5 ar lllg, @ 6D
0 p.l p.l

min(1,7)

The integrant in the r.h.s. of (57) is finite whenever (54) holds. Hence,

T
| 10l e < ol o (58)

Putting this together with (53) and (2.2) completes the proof of the lemma.
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We are now ready to prove Theorem 3. Granted with Theorem 4, it is enough to
show that HMHLl(O,T;B;,l(K)ﬂB;’J(K)) may be bounded by the right-hand side of (15).

As a matter of fact ||ul| L may be directly bounded from Lemma 2, and

0.8 | (K))
the same holds for |ul[,, o 7.z (k) ifp < n/2.
T:B),

If p > n/2, then we use the fact so that

. L 1 1 2
B;jz(.Q) CB. (2) with i
Therefore, if ¢ < n/2 < p < g* then one may combine interpolation and Lemma 2
so as to absorb HMHL|(O,T;B~; (k) by the left-hand side of (15), changing the constant
C if necessary. T
If p > ¢* then one may repeat the argument again and again until the all possible
values of p in (n/2,e0) are exhausted. Theorem 3 is proved.

2.3 The bounded domain case

We end this section with a few remarks concerning the case where 2 is a bounded
domain of R"” with n > 2. Then the proof of Theorem 4 is similar : we still have to
introduce some suitable resolution of unity (n°)o</<z. The only difference is that,
now, 1° has compact support. Hence Theorem 4 holds true with K = Q.

In order to remove the time dependency in the estimates, we use the fact (see e.g.
[7]) that the solution 1 to (38) satisfies for some ¢ > 0,

Mz, @) < Ce™ ol

which also implies that

IV2N(0)lr, @) < Ce ||V 10llL,(0)-

Hence we have forany | < p <eoand —1+1/p<s<1/p,
IMOlss @) < CelImollgs () (59)

Defining u; and u; as in (35), one may thus write

‘/g uy (t,x)no(x) dx

t
Slmols » qa) [ 17l e d.

p.l

thus giving

lurllzy o385, k) S I N2y 0,mim5, (2

Of course, we also have
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lu2llz, 07385, (k) S luolls | (a)-

So one may conclude that Lemma 2 holds true forany 1 < p <eand —1+1/p <

s < 1/p. Consequently, we get:

Theorem 5. If 1 < p <o and —1+1/p < s < 1/p then the statement of Theorem
2 remains true in any C* bounded domain.

3 Applications

In this last section, we give some application of the maximal regularity estimates
that have been proved hitherto. As an example, we prove global stability results
(in a critical functional framework) for trivial/constant solutions to the following
system:

u; — vAu+P-Viu=fy(u)+ fi(u)-Vu in (0,7) x Q,
u=20 at (0,T)xdQ, (60)
ul,—o = up on Q.

Above, Vv is a positive parameter, u stands for a r-dimensional vector and P =
(Py,--- ,P.) where the P;’s are n X n matrices with suitably smooth coefficients. The
nonlinearities fy : R” — R” and f; : R” — ., ,(R) are C' and satisfy

fo(0)=0, dfp(0) =0 and f;(0) =0, (61)

together with some growths conditions that will be detailed below.

As we have in mind applications to Theorem 3, we focus on the case where
£ is a smooth exterior domain of R” with n > 3. Of course, based on our other
maximal regularity results, similar (and somewhat easier) statements may be proved
for bounded domains, R, or R".

Here are two important examples entering in the class of equations (60). The first
one is the nonlinear heat transfer equation (see [16] and the references therein):

u— vAu = f(u). (62)

A classical form of the nonlinearity is f(u) = Ku?(u — u*). However one may con-
sider more complex models describing a flame propagation like in [12].

The second example is the viscous Burgers equation [9, 10]
U+ udy u— vAu=0. (63)
which enters in the class of models like

u, — VAu = B(u,Vu). (64)



Maximal regularity for the heat equation in exterior domains 23

In the case where B(u,Vu) = —u- Vu, this is just the equation for pressureless
viscous gases with constant density.

Below, based on Theorem 3, we shall prove two global-in-time results concerning
the stability of the trivial solution of System (60). In the first statement, to simplify
the presentation, we only consider the case where the data belong to spaces with
regularity index equals to 0. To simplify the notation, we omit the dependency with
respect to the domain £ in all that follows.

Theorem 6. Let 1 < g < n/2 and Q be an exterior domain of R" (n > 3). There
exist two positive constants 1 and cy such that for all P : [0,00) x Q — R" x R x R
satisfying*:
||P|\Lw(o,m;k/z(Bg‘lmBg‘l)) =nv, (65)
for all nonlinearities fy and fi fulfilling (61) and
[dfo(w)| <Clw|, |dfi(w)| <C, (66)

and for all uy € 32,1 N 32,1 such that
HUOHBST]QB;] <cvy, (67)
System (60) admits a unique global solution u in the space
%5(0,00:B) | NBY) | )N L1 (0,00:B; | NB; ). (68)

Proof. Granted with Theorem 3, the result mainly relies on embedding, composi-
tion and and product estimates in Besov spaces. We focus on the proof of a priori
estimates for a global solution u to (60). First, applying Theorem 3 yields

HuHLw(O,oo;Bs‘lmBg‘l)le(O,oo;B,zl‘lmBé‘l) S P ||Lw(o,m;///(32'lmgg‘l))H“”L] (0,00:82 N2 )

n,l

+ 00l i+ 1000 0 mt 0+ 13 )Vl i )+ (69

Bounding the last two terms follows from Propositions 1 and 6. More precisely, for
p = q,n, we have

[1f1() - Vul[go < (A1 @) g2 [[Vall 512
Pl n,1 Pl

< | .12 ||Vl ,1/2.
S ||le(12|| |\Bll7{]2
T'herefore, applying Holder inequality,

. . <
Hfl (ll) VuHLl(O,oo;B?)‘l) ~ Hu||L4(O,<>°;B,ll‘/12)||VuHL4/3(O,oo;B[17‘/12)’

4 Below .« (X) denotes the multiplier space associated to the Banach space X, that is the set
of those functions f such that fg € X whenever g is in X endowed with the norm || f|_y(x) :=
inf, || f¢|lx where the infimum is taken over all ¢ € X with norm 1.
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whence, using elementary interpolation,
. 0 s v < llul?
11 (w)- V], (00038, | NBY ) ~ ”u”Lw(Ov“’;BS,l032,1)%1(07“’233,1033,1)' (70)

Bounding fp(u) is slightly more involved. To handle the norm in L; (0,e; B) | (Q2)),
we use the following critical embedding: '

-1 S0t -0
Bn/z,1 — Bn,!1 — Bn’l.
Hence Proposition 1 enables us to write that
0l S o)l -
S ol flullgo-
S lullefaliz
n/2,1
< . . .
S ||uHB,‘,>] ||u||3}1‘|nB}l‘,'
The last inequality stems from the embedding B}M — L. and from the fact that
g < n/2 < n, whence '
51 51 51
B, 1NB,1 =B,
Therefore, using Holder inequality and elementary interpolation, we deduce that

2
1o (w) HLl(O,oo;BSﬁ S HuHLw(O,oo;Bs‘lmBg‘l)le(O,oo;B,zl‘lmBé‘l)' 7D

Finally we have to bound fy(u) in L; (0, oo;Bg‘l). For that it suffices to estimate it in
Ly (0, oo;Bgfl) and in L; (0,00;L,-). Indeed we observe that L,- < BY . and thus

q,oo?
.0+ .
L1(0,00:B ) NL1(0,00:L,-) < L1 (0,00, B) ). (72)
Now, on the one hand, according to Proposition 6 and Holder inequality we have
HfO(u) ||L1 (07“’23%) S ||u||L1+(O,oo;Lw) HuHwa (O!m;ggfl)'
By interpolation, we easily get
olly oty S M08 s 0.:82
and because g < n/2,

H“HLH(O,m;Lw) S HuHL|(O,oo;B?e‘l)ﬁLz(O,oo;B?e‘l)7

S H“HL,(O,w;Bﬁ/ZT])ﬂLz(Oﬁ‘x’;B,l;‘l)’

< . . . .
~ H“HLI(O,oo;Bg_]nt DNL1(0,00:82 )N Lo (0,00389 ) *
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Therefore we have,

2
Hfo(u)HLd(O,oo;ng) 5 HuHLl(Oa“;B;lﬂBﬁvl)me(O,m;Bg‘lﬁBo ) (73)

n,1

On the other hand, using the fact that | fo(u)| < C|u|? and Holder inequality, we may
write

||f0(“)||L1(0,m;Lq,) < HuHLw(O,oo;Lq)”uHLl(O,oo;Lw,)-
We obviously have B(q),l — L, and, because 2 —n/q < 0,
B \NB, < L.

Therefore
Ifo@)llzy ©emz, ) S Nl 00 0L, 2 2 - (74)

So putting (73) and (74) together and taking advantage of (72), we end up with
2
HfO(“)HLl(O,w;Bg,]) S HuHLw(O,oo;Bs‘lmBg‘l)le(O,m;Bﬁ‘lmBg‘l)' (75)

It is now time to plug (70), (71) and (75) in (69). We get

HUHLM(O,OO;BSJmBgJ)le(o,w;BngB;])
< C(HP”LW(OOO’///(Bglntl)) Hll”Ll (07“’;33,1033],1)
2 . o
+ ”u|‘Lw(ov“;Bs.lmB(q).l)le(Ovm;Bﬁ.WB;.l) * HUOHBSJ“BgJ )- (70)

Obviously, the above estimate enables us to get a global-in-time control of the
solution in the desired functional space whenever (65) and (67) are satisfied. Starting
from this observation and using the existence part of Theorem 3, it is easy to prove
Theorem 6 by means of Banach fixed point theorem as in [3] for instance. The
details are left to the reader.

Theorem 7. Assume that P = 0 and that f; = 0. Suppose that f satisfies (61) and
\d fo(w)| < C(Iw|"~" + |w|) for some m > 2.

Let1 < q< %5 andq < p < oo. Assume that
1 1 2
sp::———E(O,—) and 0<s;<———-
P q n
Then there exists a constant cy such that if
o nsq < 77
||u0HBpp,]an“Il = Cy ( )

then System (60) admits a unique global-in-time solution u such that
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.5 . 2 2
u € 60,008, N B ) L (0,00:B, " NB, ). (78)
Proof. Once again, we start from Theorem 3 which implies the following inequality:
HuHLoe(O,OO;B‘;meB DN (0,00 Bzﬂmezﬂq ~ HfO( )HLI(O’OQ;B‘;P‘IQB‘;“JI) + Hu0|‘3‘;f1m32‘fl
(79)

Now (a slight generalization of) Proposition 6 ensures that for s = s,,s, and for
r=p.q, 1
o)z, < (lhullee + 7)o, -

Therefore,

Hfo( HLl 0,00 BPQB (HuHL] 0,00;Les)
~1
7 0o BO)
Hence it is only a matter of proving that the norm of u in L;(0,e;L.) and in
Ly—1(0,00; L.;) may be bounded by means of the norm in L; (O,oo;Bé] ﬂB,Zl,]) N

Loo(0,00; B0 1 NBY ). Now, we notice that BS”H/ (m=1)
and that, by 1nterp01at10n

all,

embeds continuously in L.

v < ol .-

o (0,003B)7 )NLy (0,008

1008,

Hence we do have

allz, (O S llu || L (038 0Ly (00 va+2) (81)
Finally, we notice that B2 421 Bzﬂq "4 and that 2 + sq—n/q < 0. At the same
time BS”+ — B(x, 1> therefore
B NBY < L.
Hence we have
|z, 0001200) S ||“|| (00 Bf’”) L1(0.0 Bq+2) (82)
Putting (81) and (82) into (80) and then into (79) we get
Ly L L
([ HZL(?) BB )Ly (00087 0B, ) +1 ||u||2 Lea(000:B 7, NBY )Ly (0,008 P B )

p.l p.l q.1
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The smallness of the initial data in (69) enables to close the estimate for the left-hand
side of the above inequality. The existence issue is just a consequence of Banach
fixed point theorem. This completes the proof of the theorem.

Remark 5. Even though System (60) does not have any scaling invariance in general,
our two statements are somewhat critical from the regularity point of view. Indeed,
in the functional framework used in Theorem 6 and under the growth condition (66),
the nonlinearity fy(u) is lower order compared to fi(u) - Vu. Now, we notice that if
fo =0 and P = 0 then the initial value problem for System (60) (in the R”" case) is
invariant for all A > 0 under the transform:

(u(t,x),u0(x)) — A(u(A%t, Ax),up(Ax)).
At the same time, the norm || - || 50 (R is invariant by the above rescaling for u.

As regards Theorem 7, the nonlinearity fo(w) is at most of order m. Now, if (the
coefficients of) f(w) are homogeneous polynomials of degree m then the system is
invariant by

(u(t,x), 1o (x)) — ATT (u(A%, Ax),ug(Ax)).

Hence the regularity B;”l is critical.
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