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AN ANDREOTTI-GRAUERT THEOREM WITH L" ESTIMATES.

ERIC AMAR

REsUME. Par un théoréme d’Andréotti-Grauert, si w est un (p,q) courant, ¢ < n, dans une variété
de Stein, 0 fermé et & support compact, il existe une solution u & du = w également & support
compact. Le résultat principal de ce travail est de montrer que si, de plus, w € L" (€, dm), olt m est
une mesure de Lebesgue convenable sur €2, alors on a une solution u & du = w & support compact
et dans L"(£2,dm). On le montre grace a des estimées dans des espaces L"(£2) & poids.

Dans une deuxieme partie on montre directement des estimations globales L™!°¢(Q) — L™!¢(Q)
pour des solutions de I'équation 9 dans les variétés de Stein. Cela redonne, encore par dualité, une
autre preuve du résultat principal.

ABSTRACT. By a theorem of Andreotti and Grauert if w is a (p, ¢) current, ¢ < n, in a Stein manifold,
0 closed and with compact support, then there is a solution u to du = w still with compact support.
The main result of this work is to show that if moreover w € L"(dm), where m is a suitable Lebesgue
measure on the Stein manifold, then we have a solution u with compact support and in L"(dm). We
prove it by estimates in L" spaces with weights.

In a second part, we prove directly that there are global L™!¢(dm) — L"¢(dm) solutions for the
0 equation on Stein manifolds. This gives, again by duality, another proof for the main result.

1. INTRODUCTION.

Let w be a 0 closed (p,q) form in C" with compact support K := Suppw and such that
w € L"(C"). Setting K in a ball B := B(0, R) with R big enough, we know, by a theorem of
Ovrelid [10], that we have a (p,q— 1) form u € L"(B) such that du = w. On the other hand we also
know, at least when ¢ < n, that there is a current v with compact support such that dv = w, by a
theorem of Andreotti-Grauert [3].

So a natural question is : may we have a solution u of Ju = w with compact support and in
L (C™) ?

We already answered this question by the affirmative in a join work with S. Mongodi [2]
explicitly and linearly by the "method of coronas”. This method asks for extra L" conditions on
derivatives of coefficients of w, when ¢ < n ; we shall note the set of w verifying these conditions
Wy () as in [2].

The aim of this work is to extend this result to Stein manifolds and get rid of the extra L”
conditions Wy (€). For it we use a completely different approach inspired by the Serre duality [12].
Because Hahn Banach theorem is used, these results are no longer so explicit and constructive as
in [2].

On the other hand the control of the support is better : if the support of the data w is
contained in Q\C where (2 is a weakly 7’ regular domain and C' is a weakly r regular domain, then
the support of the solution u is contained in Q\C’, where C” is any domain relatively compact in
C, provided that ¢ > 2. One may observe that Q\C'is not Stein in general even if € is.
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There is also a result of this kind for ¢ = 1, see section 3.5.
The definition of weakly r regular domain will be given later on, but pseudo convex domains in
Stein manifold or in C" are such domains.

The idea is to solve du = w in a space L"(Q2) with a weight 7 "big” outside of the support of
w ; this way we shall have a ”small” solution u outside of the support of w. Then, using a sequence
of such weights going to infinity outside of the support of w, we shall have a u zero outside of the
support of w.

In a second part of this work we prove that if w € Lafff) (Q,dm), Ow = 0, there is a form

r,loc

u e L(p7q71)(Q, dm) such that Ou = w, provided that € is a weakly r’ regular domain.
Hence we have a global estimated solution. Of course for r = 2 this was already proved by Horman-
der( [7] theorem 5.2.4, p 125).
This last result was suggested to me by a referee for our paper with S. Mongodi, who gave a sketch
of a nice geometrical proof of the result on forms with compact support, using L™ estimates in
germs, after the version two of this paper was already posted on HAL and ArXiv.

In order to get another proof for forms with compact support, we prove, for i a positive measure
on Q and 1 <r < oo, that the dual of L"(£, ) is L”/’lOC(Q, i), with r’ the conjugate exponent of r,
and that the dual of L™°(Q, ) is L °(Q, 11). We prove also a theorem giving global solution to d
equation for forms with coefficients in a dual space A’, provided that there are solutions for forms
with coefficients in A. This is again a avatar of the Serre duality theorem.

Then, because L™(Q) is the dual of L™°¢(Q) we get another proof of the main theorem of

this work.

[ am indebted to G. Tomassini who started my interest in this subject by e-mails on precisely
this kind of questions and also to S. Mongodi for a lot of discussions by mails on the subject during
the preparation of our join paper [2].

Moreover I want to thank C. Laurent who makes me realise that a weaker condition than
the r regularity was sufficient to get these results, with exactly the same proofs.

2. DuALITY.

We shall study a duality between currents inspired by the Serre duality [12].
Let 2 C C" be an open set in C" and t a (p,q) current with compact support in €, noted t €
Dév (p,q)(Q)'
Let also p € Cf7_, () a (n—p,n —q) form in C**(Q2). We have that ¢ A ¢ is a (n,n) current
with compact support in €.

As usual we use the following notation for the pairing

{t, @) == 1t(p),

where t(y) is the action, as a current, of ¢ on the smooth form ¢ of complementary bi-degree.

The point in the next lemma is that the test functions need not to be compactly supported.

Lemma 2.1. Let Q be an open set in C", w € D; (01

in Q andu €D, . 1)(). Then we have ou = w iff
(*) Vi € Clr_, (), (w,0) = (=1)P*7(u, 0p).

Proof.
If Ju = w, let y € C°(Q) such that y = 1 on the support of u, hence on the support of w. Then

Vo € Cl_pno(Q), {w,0) = (w, x) = (Ju, xp) = (1) (u, 0(x))

)(Q) a (p,q) current with compact support
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by definition of the action of derivatives on currents. Hence

(w, ) = (—1)””’1(%5wa> + (=P u, x0p) = (=17 u, x9p)
because Ox = 0 on the support of u ;
(w, ) = (1" Nu, X390> 1PH~Hu, dp)

because x = 1 on the support of u.
Conversely if we have (%) we take xy € C>°(€2) such that y = 1 on union of the support of u and
the support of w then
\V/SO € C(Orcifp,nfq) (Q)a <w7 90> = <w7 XS0>
because x = 1 on the support of w, and by (¥) B
(W, xw) = (=17 Hu, d(xp)) = (Ou, xp) = (Qu, )
because y = 1 on the support of v hence on the support of Ju.

So
V(p S Cn —p,n—q) (Q)v <w790> = <au790>7

which means that du = w as a current. |

3. SOLUTION OF THE 0 EQUATION WITH COMPACT SUPPORT.

3.1. Weighted L" spaces.
Let 2 be a domain in C". We shall need the following notations.
We note dm the Lebesgue measure on C" and we shall define L"(£2, 1) to be the set of functions f
defined on €2 such that
1£15ei6, = Sl G n(2)dm(z) < oo,

with a weight n(z) > 0. As usual we set L"(Q2) for L"(2,1).

Let Z, be the set of multi-indices of length p in (1,...,n). We shall use the measure defined
on I' := QOxZ,xZ, the following way :

dp(z, k1) = dpiypg(2, k1) == n(z)dm(z) @ Y 61(k) @,(1),
=p, |J|=q
where 07(k) = 1 if the multi-index k is equal to I and 6;(k) = 0 if not.
This means, if f(z,1,.J) is a function defined on I', that

/f(z, ko Dty pg(2 k1) == ) / f(z 1, J)n(z)dm(z).
Hl=p, |Jl=q
If I is a multi-index of length p, let I¢ be the unique multi-index, ordered increasingly, such
that T U 1= (1, 2,..., n) ; then [¢is of length n — p
Tot = 3 op 1sj=q tr.s(2)dz" AdZ7 a (p, q) form, we associate the function on T':
T(z,1,J) = (_1)S(I7J)t]7j(z),
where
s(I,J)=0if dz! Adz? Nd2" Ndz7" =dzy A+~ ANdzy Adzy A+~ ANdZ, as a (n,n) form
and
s(1,J) =1 if not.
If o = Zm:p, Jl=g oreje(2)dz" A dz’ is of complementary bi-degree, associate in the same
manner :
O*(z, I, J) := @re je(z). This is still a function on I
Now we have, for 1 < r < oo, if T(z, 1, J) is a function in Q with L"(Q2) coefficients and with
= Hnp,qs
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TN 2 ZI/\T(% L (e, 1, Ty = Y ITCL D)
[|=p, |J]=q
/ 1 1
For 1 <r < oo the dual of L"(u) is L™ (1) where 1’ is the conjugate of 7, ~ 4+ — =1, and the
roor

norm is defined analogously with " replacing r.
We also know that, for p, ¢ fixed,

[ Todu
31 Tl = sp HT2
el (1) L ()

For a (p, q) form ¢t = Z‘ﬂ:p K= tyxdz? A dz" | and a weight n > 0 we define its norm by :

(3:2) ||t||;f(ﬂ,n) = Z ||tJ,K||2r(Q,n) = HTHZT(M)'

|J|=p, |K|=q
Now we can state

Lemma 3.1. Let n > 0 be a weight. If u is a (p,q) current defined on (n — p,n — q) forms in
L™ (9, n) and such that

Va e L, (0), [{u, a)] < Cllallq,),
then ||ull g -y < C-

Proof.
Let us take the measure p = i, , 4 as above. Let ®* be the function on I' associated to o and T’
the one associated to u. We have, by definition of the measure p applied to the function

fz,1,J):=T(z, 1, )n~10*(2,1,J),
/Tnqukd,u: /f(z, k, Ddu(z, k1) = Z /Qf(z, I, J)n(z)dm(z) =

[I|=p, |J|=q

= Y [ TCL @ e (i) = a),
[1l=p, 1|=q" "
by definition of T" and &*.
Hence we have, by (3.1)

HTn—l} [(u, o)

. = sup .
L) Vel (1) ||\II||LT'(M)
But |70y = lun™"l 1o, 4 by (3-2), and

TR / || pdm = / 170" dm = ([ 1] q-ey:
so we get
[(u, o)
[ll -y = sUD 7
FET e o 1
which implies the lemma because, still by (3.1), we can take ¥ = @ and [|W||,./(,) = llal|1 (.-
|

It may seem strange that we have such an estimate when the dual of L™ (€2, 1) is L"(Q,n),
but the reason is of course that in the duality forms-currents there is no weights.
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3.2. Domain r regular.

Definition 3.2. Let X be a complex manifold and Q a domain in X ; let r € [1, oo], we shall say
that S is v regular if for any p,q € {0,...,n}, q¢ > 1, there is a constant C = C,, 4(Q2) such that for
any (p, q) form w, O closed in Q and in L"(QY) there is a (p,q—1) form u € L™(2) such that Ou = w
and ||u||LT(Q) < CHWHLT(Q)'

We shall say that Q) is weakly v regular if for any compact set K € €2 there are 3 open sets
01, Q9,83 such that K € €23 C Qy C Q) C Qg :=Q and 3 constants Cy, Cy, C3 such that :

Vi=0,1,2, Vp,q €{0,...,n}, ¢>1, Vwe L (), Ow=0, Juec L, (1) du=w
Le. we have a 3 steps chain of resolution.

Of course r regularity implies weak r regularity, just taking €2; = y = Q3 = Q.
Examples of 2 regular domains are the bounded pseudo-convex domains by Hérmander [7].
Examples of r regular domains in C" are the bounded strictly pseudo-convex (s.p.c.) domains
with smooth boundary by Ovrelid [10] ; the polydiscs in C" by Charpentier [4], finite transverse
intersections of strictly pseudo-convex bounded domains in C" by Menini [9].

On a Stein manifold X we define first the ”Lebesgue measure” as in Hérmander’s book [7]
section 5.2, with a hermitian metric locally equivalent to the usual one on any analytic coordinates
system. Associated to this metric there is a volume form dV and we take it for the Lebesgue
measure on X.

We can solve the 0 equation in strictly pseudo-convex domains with smooth boundary in X
with L" estimates for (0, 1) forms by use of N. Kerzman kernels [8] and the metric above.

We can solve the 0 equation in strictly pseudo-convex domains with smooth boundary in X
with L" estimates for all (p,q) forms by J-P. Demailly and C. Laurent ones( [5], Remarque 4, page
596) but here the manifold has to be equiped with a metric with null curvature, in order to avoid
parasitic terms.

So examples of r regular domains in Stein manifold are the relatively compact s.p.c. domains
with smooth boundary.

Lemma 3.3. A pseudo-convex domain 2 C C" is weakly r regular.

Proof.
By theorem 2.6.11 of Hormander [7] there exists a C* strictly plurisubharmonic exhausting function
@ for Q. Call E C € the set of critical points of ¢, then by the Morse-Sard lemma we have that the
Lebesgue measure of p(F) C R is zero. Hence we can find a sequence ¢, € R\¢(E), ¢ — 0o, such
that
Dy :={2€Q:¢(2) <c}

make an exhaustive sequence of open relatively compact sets in 2, dp # 0 on 0Dy, hence D, is
strictly pseudo-convex with C*° smooth boundary, and finally D, 2.

Let w € Ly (), dw = 0 then by Ovrelid [10], we can solve Ju = w in Dy withu € L} (D)
and
HuHLT(Dk) < Ck”w”LT(Dk) < CkHWHLr(Q)-
Hence if K is a compact set in €2, there is a Dj, such that K € D, and we can take ; = Qy =
Qg - Dk
Hence the weak r regularity of 2. B

Lemma 3.4. A Stein manifold 2 is weakly r regular.

Proof.



6 ERIC AMAR

It is exactly the same proof as above with theorem 5.1.6 of Hérmander [7] instead of theorem 2.6.11
to get a sequence { Dy }ren of strictly pseudo-convex sets with C* smooth boundary and exhausting
Q.

Then we use Kerzman estimates for (p, 1) forms [8] and Demailly-Laurent estimates for (p, q)
forms [5] instead of Ovrelid estimates [10], to conclude the same way. W

3.3. The main result.

Let H,(2) be the set of all (p, 0) d closed forms in Q. If p = 0, Ho(2) = H(Q) is the set
of holomorphic functions in Q. If p > 0, we have ¢ € H,(2) = ¢(2) = >, ay(z)dz’, where
dz’ :=dz;, A---Adz;, and the functions a;(z) are holomorphic in 2. Hence in C", a (p,0) 0 closed
form is a vector of global holomorphic functions in €.

Let 2 be a weakly ' regular domain in C" and w be a (p, ¢) form in L™¢(2), r > 1, Suppw E
Q. Let ©; C Q be a sub domain in © with Suppw € 7 C Q) given by the weak 7’ regularity of €.
Set the weight n = 1. :=1g,(2) + dla\o, (2) for a fixed € > 0.

Suppose that w is such that Ow = 0if 1 < ¢ < n and for any open V & €, Suppw € V we have
Vh e Hy(V), (w, h) =01if ¢ =n.

We shall use the lemma :

Lemma 3.5. The form L, defined on (n —p,n —q+ 1) form o € L"(Q,n), 0 closed in Q, as
follows:

L(a) = (=1)PrYw, ), where ¢ € L™ () is such that dp = a in O
1s well defined and linear.

Proof.
Because € > 0 we have a € L (Q,1) = a € L (Q) and such a ¢ exists by the weak 1 regularity of
Q, so there is a Q; : Suppw € Q; C Q such that ¢ € L™ () with dp = a in Q.
Let us see that £ is well defined.

Suppose first that ¢ < n.
In order for £ to be well defined we need

Vo, € Ly, (1), O = 0 = (w, ) = (w, ).
This is meaningful because w € L™¢(2), r > 1, Suppw € €.
Then we have 9(p — 1) = 0 hence, because € is weakly ' regular, there is a ) such that Suppw €
Q, C Q and we can solve 0 in L' () :
Eh/ € Lz;pr,nqul) <Q2) - 8/7 = (SO - ’l/})
So (w,p—) = <w, 57> = (—1)p+q*1<5w, 7> = 0 because w is compactly supported in .
Hence L is well defined in that case.
Suppose now that ¢ = n.

Of course dw = 0 and we have that ¢, 1 are (p, 0) forms hence (¢ —) = 0 means that h 1= ¢ —
is a 0 closed (p, 0) form hence h € H,(€)). Taking V = €; in the hypothesis, w L H,(V) gives
(w,hy =0, and L is also well defined in that case.

It remains to see that £ is linear, so let o = oy + g, with o € LT/(Q, n), 5aj =0,57=12;
we have o = 0y, ay = Oy and ay = Oy, with @, @1, @y in L™ (Qy) so, because d(p — @1 —@2) = 0,
we have

© = 1 + Py + O, with ¥ in L' (Qy),

SO
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L(a) = (=17 Hw, ) = (1P w, o1 + 2 + ) = L{an)+L(az)+(=1)PT(w, ),

but (w,d¢) = 0, hence L(a) = L(ay) + L(aw).

The same for a = Aoy and the linearity. W

Remark 3.6. If ) is Stein, we can take the domains 4y to be s.p.c. with C* smooth boundary,
hence also Stein. So because K = Suppw C 3 C Q, then the A(€)y) convex hull of K, Kq, is still
in £y and any holomorphic function in Qy can be uniformly approrimated on Kq, by holomorphic

functions in €.
Then for g = n instead of asking w L H,(2;) we need just w L H,(12).

Theorem 3.7. Let Q be a weakly r' regular domain and w be a (p,q) form in L™¢(S2), r > 1.
Suppose that w is such that 0w =0 if 1 < ¢ <n and
YV C Q, Suppw CV, Vh € Hy(V), (w, h) =0 if g =n.
Then there is a (p,q — 1) form w in L™(Q) such that Ou = w as distributions and
||u||LT(Q) < CHW”Lr(m

Proof.
Because (2 is weakly ' regular there is a €2; C Q, ; D Suppw such that
Vo€ L"(§2),0a =0, Jp € L"() = 0p = «a, ||<P||Lr(ﬂl) < Cl||a||LT(Q)
and there is {25 such that Suppw € 2y C Q; C ) with the same properties as €);.

Let us consider the weight n = 7. :=1q, (2) + €lg\q, (2) for a fixed € > 0 and the form £ defined in
lemma 3.5. By lemma 3.5 we have that £ is a linear form on (n—p,n—q+1) form o € L™ (Q,7), 0
closed in €.
If aisa (n—p,n—q+1) form in L™ (Q,n), then o is in L" () because € > 0.
The weak 1’ regularity of Q gives that there is a ¢ € L™ () :: dp = o which can be used to define
L(a).
We have also that o € L"(€1), da = 0 in €y, hence still with the weakly 7’ regularity of €,
we have
W€ L") = 0¥ = a, [l 1, < Collall )
For ¢ < n, we have (¢ — ) = a — a = 0 on €, and, by the weak 7’ regularity of €, then there is
a 23 C €y, such that Suppw C Qg CQy,and ay € LT/(Qg), Oy = ¢ —1 in Q3. So we get
(w, ¢ — 1) =(w,07) = (=1)"""" (Ow,7) =
this is meaningful because Suppw C Q3.
Hence
L(0) = (w, ¢) = (w, ¥).
If ¢ = n, we still have d(p — 1) = a —a = 0 on €y, hence p — ¥ € H,(€22) ; this time we
choose V' = Qs and the assumption gives (w, ¢ — 1) = 0 hence again L(«a) = ( ) = (w, ).
In any cases, by Holder inequalities
)] < @l @1l @y < I9llr@ 1V @y
But by the weak 7’ regularity of € there is a constant C5 such that
Y11 0y < Collal )
Of course we have
||04||Lr’(91) < ||a||m/(§z, n)
because n = 1 on {2y, hence
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[£(a)] < Collwllr @y llerll L @, -

So we have that the norm of £ is bounded on the subspace of d closed forms in L™ (2, ) by
Cllwl| (o) Which is independent of e.

We apply the Hahn-Banach theorem to extend £ with the same norm to all (n—p,n—q+1)
forms in L7 (€2, n). As in Serre duality theorem ( [12], p. 20) this is one of the main ingredient in
the proof.

This means, by the definition of currents, that there is a (p, ¢ — 1) current u which represents
the extended form £ and such that

SUPoer (Q,n), |lall=1 [(u, )| < CHWHLT(Q)
and by lemma 3.1 with the weight 7, this implies
[ll @y < Cllwll ey
In particular |[ul|;. o) < C|lwll,q) because with € <1 and r > 1, we have =" > 1.

So applied to a d closed (n —p,n — ¢ + 1) smooth form o we get
(u,a) = L) = (=171 Hw, p),
with ¢ a smooth form such that dp = «, ie. Vo = dp € L"(Q, n), we have <u, 5cp> =
(—1)P+1{w, ) and this means precisely, by lemma 2.1, that Ju = w.
Now for € > 0 with 7.(2) :=1g, (2) + dlo\q, (2), let u. € L"(Q,nt") be the previous solution,
then

luellry < [ Tuel"n'"dm < CT w7 q).
. . Q
Replacing n by its value we get

[l [ uydan < Ol = [l e dm < Cul
Ql Q\Ql Q\Ql
hence
|t dm < € ol
O\

Because C' and the norm of w are independent of €, we have ||u.|| (e is uniformly bounded and
r > 1= L"() is a dual, hence there is a sub-sequence {u,, }ren of {u.} which converges weakly,
when €, — 0, to a (p,¢ — 1) form w in L"(2), still with |Jul|}. o) < Cllwl|;- ()

To see that this form u is 0 a.e. on Q\2; let us take a component u; ; of it ; it is the weak limit of
the sequence of functions {u., r s} which means, with the notations v := wuy s, vy = ue, 1,y

Ve L"(Q), /Qvfdm: lim /kafdm.

As usual take f := —]lE where E = {|v| > 0} N (2\;) then we get

/dem /\v|dm— lim /kadm— lim v—dm
k—oo ‘U|
Now we have by Holder

VU
' Ik dm'<||vk||U(E>||ﬂE||U .

But
Jonllrcey < [l dm < (@) ol > 0, k= .
Q\Q

Hence
) / |v|dm) < O 1ll gy (e8) iy = O
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which implies m(E) = 0 because on E, |v| > 0.
This being true for all components of u, we get that the form u is 0 a.e. on Q\;.
So we get

Y € Dppn(Q), (1P Hw, @) = (ue, Ip) = (u, dp) = (u, dp) = (1P Hw, )

hence Ju = w as distributions. [ |

Remark 3.8. As in remark 3.6 if Q is Stein for ¢ = n instead of asking w L H,(€s) we need just
w L Hy().

Remark 3.9. The condition of orthogonality to H,(V) in the case ¢ = n is necessary : suppose
there is a (p,n — 1) current u such that Ou = w and u with compact support in an open V C €,
then if h € H,(V), we have

h e H,(V), (w,h) = (du,h)y = (=1)"*P(u,0h) =0,
because, u being compactly supported, there is no boundary term and

(8, By = (~1)"*(u, Oh).

This kind of condition was already seen for extension of CR functions, see [1] and the references
therein.

3.4. Case of Stein manifold.

Theorem 3.10. Let X be a Stein manifold and Q0 a weakly r' regular domain in X with v’ the
congugate exponent for r. Let w be a (p,q) current in L™°(Q), v > 1, such that 0w =0 if 1 <g<n
and for any open set V-C Q, V D Suppw we have Yh € H,(V), (w,h) =0 if ¢ = n.

Then there is a (p,q — 1) current u in L™¢(S2) such that Ou = w.
The proof is identical to the proof of theorem 3.7.

Remark 3.11. Another proof of this theorem, with different assumptions, was given by a referee.
He sketched a completely different geometrical proof, using nice but heavy theorems.

3.5. Finer control of the support.
Here we shall get a better control on the support of a solution.

Theorem 3.12. Let Q be a weakly 1" reqular domain in a Stein manifold X. Then for any (p,q)
form w in L™¢(Q,dm), 0w =0, if ¢ < n, and w L H,(V) for any V :: Suppw C V, if ¢ = n, with
support in Q\C where C' is a weakly v regular domain, there is a u € L"°(Q, dm) such that Ou = w
and with support in Q\U, where U is any open set relatively compact in C, provided that q > 2.

Proof.

Let w be a (p,q) form with compact support in Q\C' then w is solvable in L" by a v €
L;q_l(Q), Ov = w, with compact support in 2, by theorem 3.10 or, if 2 is a polydisc in C", and if
w € W7 () by the theorem in [2] by the coronas method.

Because w has compact support outside C' we have w = 0 in C' ; this means that dv = 0 in C.
Because C' is weakly r regular and ¢ > 2, we have

3C'cC, ¢'oU, dhe L, o(C') st. Oh=vin C".
Let x be a smooth function such that x =1 in U and xy = 0 near 9C" ; then set

u = v — d(xh).
We have that ©w = v — yOh — Ox Ah = v — xv — Ox A h hence u is in L ; moreover u = 0 in U
because ¥ = 1 in U hence dy = 0 there. Finally du = 0v — 0?(xh) = w and we are done. W
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If Q and C are, for instance, pseudo-convex in C" then Q\C' is no longer pseudo-convex in
general, so this theorem improves actually the control of the support.

Remark 3.13. The correcting function h is given by kernels in the case of Stein domains, hence
it is linear ; if the primitive solution v is also linear in w, then the solution u is linear too. This is
the case in C™ with the solution given in [2].

This theorem cannot be true for ¢ = 1 as shown by the following example :
Take a holomorphic function ¢ in the open unit ball B(0,1) in C" such that it extends to no open

z1+1). Take R < 1, then ¢ is

ball of center 0 and radius > 1. For instance ¢(z) := exp (—

C>(B(0,R)) hence by a theorem of Whitney ¢ extends C* to C" ; call pg this extension. Let
X € C*(B(0,2)) such that y = 1 in the ball B(0,3/2) and consider the (0,1) form w = d(x¢g).
Then Suppw C B(0,2)\B(0, R), w is 9 closed and is C** hence in L, (B(0,2)). Moreover B(0, R)
is strictly pseudo-convex hence 7 regular, but there is no function u such that Ou = w and u zero
near the origin because any solution u will be C.R. on dB(0, R) and by Hartog’s phenomenon will
extends holomorphically to B(0, R), hence cannot be identically null near 0.

Never the less in the case ¢ = 1, we have :

Theorem 3.14. Let Q be a weakly v’ reqular domain in a Stein manifold X.
Then for any (p,1) form w in L™(Q,dm), 0w = 0, with support in QU \C where Qy is a weak 1’
regular domain in  and C' is a domain such that C' C Q and C\Qy # (0 ; there is a u € L™°(2, dm)

such that Ou = w and with support in Q\C.

Proof.
We have that w is solvable in L" by a u € L ((£2;) with compact support in €;, by theorem 3.10
or, if 2 and €); are polydiscs in C", and if w verifies the extra L" estimates on some derivatives
of its coefficients, by the theorem in [2] with the coronas method. Then du = 0 in C hence u is
locally holomorphic in C. Because C'\Q; # (), there is an open set in C\; C Q\Q; where u is 0
and holomorphic, hence u is identically 0 in C, C' being connected. l

Remark 3.15. If there is a u € L(Sh) which is 0 in C' then we have
Vhe L (C) :: Suppdh C C, 0 = <u,5h> = (w, h),

n—p,n—1
hence the necessary condition :

Vhe LT (C) :: Suppdh C C, {w,h) = 0.

n—p,n—1

Corollary 3.16. Let ) be a polydic in C" . Then for any (p, q) form w in L™(Q)NW; (Q), Ow =0,
if g <n, and w L H,( Q) if ¢ = n, with compact support in Q\{f = 0} where f is holomorphic in
Q, there is a (p,q— 1) form u € L™(Q) such that du = w and u has its support still in Q\{f = 0}.
Moreover the solution u s linear with respect to w.

Proof.
Because w has compact support outside {f = 0} this means that there is a € > 0 such that w = 0
in {|f| < €}. We have that C' := QN {|f| < €} is pseudo-convex hence we can find a sequence of
smoothly strictly pseudo-convex domains Dy C C' such that D, 7 C. Choose k big enough to be
sure that Dy, D {|f| < ¢/2}.

If ¢ > 1, apply theorem 3.12 to C, C’ = Dy, to get a solution u of Ju = w in L’

p’qfl(Q) with
support in Q\{f = 0}.
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If ¢ = 1 we can apply theorem 3.14 because {f = 0} goes necessarily up to the boundary
of €2 and we can always take a D strictly pseudo-convex containing the support of w and relatively
compact in 2. We can always use the linear solution given by the coronas method for the primitive
solution, hence because we can solve 0 in L" linearly in s.p.c. domains, each step is done linearly,
so the complete solution is also linear. W

Remark 3.17. If Q is a pseudo-convex domain in a Stein manifold X, and if f is holomorphic in
Q, then O\{f = 0} is Stein and we have already this result by theorem 3.10 but not linearly with
respect to w.

4. AN APPROACH BY L"!°¢ ESTIMATES FOR 0.

4.1. Global L""¢(Q) estimates for 0..
We shall use again the L” estimates to get a direct proof of global L™ estimates for the 0
equation in Stein domains. We shall copy the proof of theorem 2.8.1 in Henkin-Leiterer ( [6] p 86).
Let  be a Stein manifold. Let {Dy}ren be an increasing sequence of strictly pseudo-convex
C> smoothly bounded sub domains of € such that Dy is O(Q) convex. Let w € Lr¢(Q), 0w = 0
and first suppose that ¢ > 2.
We have : by Ovrelid results in C* and Demailly-Laurent ones in a Stein manifold that
Vk € N, Ju, € L;q_l(Dk)_Ii 8uk =w, HukHLT(Dk) < CkHw”LT(DkV
because w € L;7q(Dk) and we can solve 0 in this class. Set v3 = ug and suppose vy, ..., vy are already
done with vy, € L"(Dy), Ovg = w in Dy and vy = vp—1 in Dy, [[orllpr(p,) € Errillwllrp,,,)- Let
us built vgq.
We have Juy, 1 € L (Dyy1) 2 Oupyr = w 50 O(vg — Ugy1) = 0 in Dy hence
Jp € L"(Dg) :: 0p = v, — ugs1 in Dy, @]l r(p,) such that :
||90||LT(D,€) < Cillv - uk-l—lHLT(Dk) < CkHkaLT(Dk) + CkHuk-HHLT(Dk) <
< (CrBrir + CrCr) lwll 1 py., -
Let xx € C:°(Dg), 0 < xx <1, with xx =1 in Dy_; and set
Vet = Upt1 + O0XkP) = OXe AN @ + Xa(Vk — Ugy1) ; B
and xy(vg —ugs1) € L"(Dgy1) because it can be extended by 0 outside Dy, and the same for Oy A @,
hence vgy1 € L"(Dg41). Moreover we have
V1 = Upp1 +OXE A @+ Xi(Vk — Upy1) = Uk in Di_1 because there y, = 1 = dx = 0,
and
Oy = Ougy1 + P (xpp) = Oupyr = w.
And again we have |]vk+1|]U(Dk+1) < Ek+2HwHU(DH2), with Eyyo = Cr+ || Xk oo (CkEr1 +CrClia)-
So we are done, the sequence { Dy }ren being increasing and exhausting in €.
If ¢ = 1 we suppose that vo = us and vs, ..., v; are already built. Then the form Ay := vy —ugy1
is in ‘H,(Dy) hence
o e Hp(Q) 1 Vz € Dy, Jo(2) — upsr(z) — (2)] < 27F, )
because Dj_; is O(Q2) convex, vy — ug41 is holomorphic in a neighbourhood of Dy_;.
So let
Vk41 = Ug41 + §,
then |vp —vpi1| < 27% in Dy_; hence we have a sequence of forms which converge uniformly on
compact sets in Q to a form u. Now u — vy is holomorphic in Dy hence du = Qvgy1 +0(u —vpy1) =
OUpy1 = w in Dy for all k and u € L} o(Dg) for all k. So we are done and we prove :
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Theorem 4.1. Let Q be a Stein manifold and w € L;:lq“(Q), Ow = 0, then there is a u € L;’fqofl(Q)
such that Ou = w. Moreover we have a Cj, > 0 such that [ull pr(pyy < C’f”wHLr(DkH)'

Now in order to go back to forms with compact support, we shall use duality.

4.2. Functionnal analysis.

We shall show that, for (€2, 1) a measured topological space and 1 < r < oo, the dual
of L™o¢(Q, ) is L™ ¢(Q, 1) where ' is the conjugate exponent of r, and L™°(Q, 1) is the space
of LT/(Q,M) functions 0 p a.e. outside of a compact set. And also that the dual of L™(Q, u) is
Lr’,loc(Q’ u)

Let {€;},en be a exhaustive sequence of relatively compact open sets in €. We shall equip
L™¢(Q, ) with the family of semi-norms :

Ve L), (If1l,; = 1l
This is a Frechet space.

r 1/r
For f € Lre(, ) we set |||, = ( fo, |f"dpr)"".

Theorem 4.2. Forr € [1,00[ the dual of L™'°¢(Q, 1) is L™ (0, ), with v’ the conjugate exponent
forr.

Proof.
With its Fréchet topology, a linear form £ on L™°¢(Q, 11) is continuous if and only if :
3j €N, 3C > 0:Vf e L™(Q, ), |L(F)] < ClIfll, ;-
First for g € L™¢(Q, i) we associate the linear form

Vf e LMOC(Qnu)a *Cg(f) = fQ fgdp.
We have |L,(f)| < |lgll, [l f]l,; for any j € N such that Suppg C €; hence L, is continuous so

g € (L°(Q, )"
Conversely let £ be a continuous linear form on L™°%(Q, 1), this means

(4.3) 3JeN, 3C > 0:Vf e L"(Q,p), LN < IS,

Because the norms are increasing, we still have

vn > J, Vf e L(Q, ), [L(NH] < Clfll,n
This implies that for n > J, we have that, on €2,, £ is associated to a unique (class of) function
gn € L™ (), ||gn||r,7n <C(C,ie.

(4.4) Wn > J V€ LMQ, ), Lo, f) = /Q Fandy.

By uniqueness we have that g, = g,—; on {2,_;.

Consider now the function f, :=1g, I with E, :=Q,\Q, ; then
In

lgal™
I8 = [ |2
E, ‘gn‘r—l
Hence f, € L™°¢(Q, i), and we have by (4.4) and by (4.3)

o :/ gl dp S/ gal"du < C”".
En Qn
|Lq, fa)| = \fgn fngndnj = )fEn ﬁdﬂ‘ = )fEn 19| dﬂj < C||full,., =0,
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because f, = 0 on ;. Hence g, = 0 u a.e. on E,. We have g, = g5 i a.e. on §2; hence setting
g :=1q,g9; we get that g = g, p a.e. on ,. Because f —1g, f — 0 in L™¢(Q, ) we have
by the continuity of £, hence L is associated to g which is in L™¢(€2, 1). B

Theorem 4.3. Forr € [1,00[ the dual of L™¢(, 1) is L™1°¢(), ), with v’ the conjugate exponent
forr.

Proof.
The space E := L™°(Q, 1) is endowed with its topology of inductive limit (L"(Q,, 1), Tp)nen with
T, L7 (Q, 1) — L7, ) is such that Vf € L™(Q,, 1), Tof :=1q, f € L™(Q, 1). A linear form £
on L™°(2, ) is then continuous if and only if £ is continuous on each L"(Q,, i), i.e.
Vn e N, 3C, > 0:: [L(T,f)| < CullTofl,,-

First to g € L"°(Q, 1) we associate the linear form

V€L (Qp), Ly(f) = fQ fadp.

1T = | fo, £3dit| < 190 r0 1T ey
hence L, is continuous on L™°(€2, p1), so g € (L™(£2, p))'.
Conversely let £ be a continuous linear form on L™°(), 1), this means that, if we restrict £
to the subspace L"(€),, 1) we have
3C0 > 02V € L' (Qu, ), |L(Taf)] < Cull T f |,
Hence by the usual duality between L"(€2,, x) and L™ (€, 1) we have
g, € L7 (0, 1) ”gn”Lr’(Qn,u) < Cp and L(Tof) = (T0f, gn)-
But Q,_; C Q, hence g, = go_1 ft a.e. on Q,_; so we set g € L"™1¢(Q) such that
9= gn on {2y and Vf € L™(Q), L(f) = ([, 9)q
and we have that (L™°(Q, i), ) C L™*°¢(2). A

We have

Remark 4.4. We can use the fact that L™'°¢(Q) is the projective limit of the projective system
(L7(Q), Tjx) where {;};en is an exhaustive sequence of relatively compact open sets in €2, and
Tje = L"(Q) — L7(Q) is defined by :
Tinf :=1g,ne, [

We also have that L™(S2) is the inductive limit of (L"($2;), Tji) and we have that the dual of L"(§2;)
18 LT/(QJ-) and the dual of an inductive limit is the projective limit with the dual inductive system
( [11], Prop. 15, p 85). But because the converse is also true in this case, we give explicitly the
detailed proofs.

4.3. Complex analysis.

Let 2 be an open set in C" or in a complex manifold, and A a topological space of functions
defined on . Let, as usual, D(2) be the space of C* smooth functions with compact support in
2 and D'(2) be the space of distributions in 2. Suppose that D(Q2) C A C D'(2), the inclusions
being continuous.

Associate to A the spaces of (p,q) currents A, , with coefficients in A. Then B = A’, the dual of
A, is still a space of distributions and we ask that the duality bracket be 0 compatible with the
distribution one, i.e.
Vf € Apg1, V9 € Bupmg, (0f,9) = ([, 0g).
This means that there is no boundary terms, i.e. the f or g must be ”asymptotically holomorphic”.
We say that the equation 0f = w is solvable in Ay, with0<p<n, 1<qg<n,if
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Vw € Ay, 0w=0, 3f € A,y 1 0f =w.
Now suppose 0 is solvable in A, .41 and in A,, and let w € B, 4, 0w = 0 still with 0 < p <
n, 1 < g <n, and consider the form
B Vye A, 41, 0y =0, L,(7) = (f, w),
with df =, which exists by hypothesis, where (-,-) is the duality bracket.
Let us see if this form is well defined, as in lemma 3.5 :
if f =g =+, then 9(f —g) =0 hence Jp € A, 1 :0p=f —gso
(f = g,w) = (0p,w) = (=1)"*(¢p,0w) =0,
because we have the compatibility between the two brackets.
Hence L, is well defined and it is linear as in lemma 3.5.
As before set H,(Q2) the set of (p,0) form f such that df = 0 in Q.
For the special case ¢ = 0, we automatically have that dw = 0, because w is a (n—p,n) form,
hence to still get that £,,(7) is well defined if 9y = 0, we need (f,w) = 0 as soon as f € H,(Q).
We say that the equation Of = w is continuously solvable in A, ,,, if it is solvable in 4, , and
in A, 1 and if, moreover, £,(7) is a continuous linear form on the subspace v € A, ;1,97 = 0.

Theorem 4.5. If the equation Of = w is continuously solvable in Ay, 41 then we can solve it in
the dual space By,_pn—q. This means that Vw € By _p g, 0w =01if1 <qg<n—1and (w,f) =0 if
q=0 for f € H,(2), there is a u € By,_p n_q—1 Such that Ou = w.

Proof.
Let w € By png0w=0if1<g<n-—1and (w, f) =0if ¢g=nand f € H,(f), and consider
the form £ = £, defined above on the subspace v € A, 411,07 = 0, which exists by hypothesis in
A, 4+1. This linear form £ is well defined, linear and continuous by assumption, so by Hahn-Banach,
it extends to the whole A, ;1 and is represented by a u € B,,_, ,_,—1 by duality. So we have

) L(y) = (v,u) = (0f u) = Lo(f) = (f,w), )
but (9f,u) = (—1)P"(f,0u) hence (f,w) = (—1)"*(f,0u) provided that Of =~ € A 44:1.
This is true for v = df, where f is a (p, q) -form with coefficients in D(£2), because D(Q2) C A and
if feD(Q), 0f €eD(Q) = 0f € Apyi1;
hence we have

VF € Dy (frw) = (—1)H(f, D),

so we find a u € By,_p g1 such that (—1)PT90u = w. W

This is again a avatar of Serre duality but with explicit global estimates.

Corollary 4.6. Let Q be a domain in a Stein manifold X such that the equation Ou = f has a
solution u in L;i’lq"c(Q) if f € L;”lqojl(Q) with the control :

Vi, lul, < Gl )
then we can solve this equation with uw € L7 1(Q) if f € Ly¢(2) and Of =0 if ¢ <n, and [ L H,
if g =n.
In particular this is true iof ) is Stein in X.

Proof.
We take for ;i the Lebesgue measure on 2 and A := L"¢(2) ; we have clearly that D(Q) C A C
D'(Q) and by theorem 4.1 we can solve the 9 equation for (p, ¢+ 1) forms 9 closed with coefficients
in A.
Let w € L), , ,(€) ; we have to show that the form £ = L, is continuous on the subspace
v € Ay q1,07 =0, but we have with df = 7,

L) = (f,w) = L) = [{f, ) < Nl X el ey -
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The theorem 4.1 gives also that || f[|;.q,) < CilVllzrq,,,) where ©; C Qs a sp.c. domain
containing the support of 7. Hence

L) = [{Fl < Ml XNl @) < Cillvl e ) X9l )

and the continuity of £, €} and w being fixed.
The 0 compatibility is clear because B = A’ is made of forms with compact support by theorem 4.3.

So by theorem 4.5 we can solve the 0 equation for forms with coefficients in the dual space

of L™"°¢(Q, j1) which is, by theorem 4.3, L™¢(Q, dm).

By theorem 4.1 if Q is Stein, then we can solve d in L™°¢(Q) hence in L™¢(f2), and the

corollary. W
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