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AN ANDREOTTI-GRAUERT THEOREM WITH L" ESTIMATES.

ERIC AMAR

ABSTRACT. By a theorem of Andreotti and Grauert if w is a (p,q) -current, ¢ < n, in a Stein
manifold, 0 closed and with compact support, then there is a solution u to du = w still with
compact support. The aim of this work is to show that if moreover w € L"(dm), where m is a
suitable Lebesgue measure on the Stein manifold, then we have a solution u with compact support
and in L"(dm).

1. INTRODUCTION.

Let w be a 0 closed (p,q) form in C" with compact support K := Suppw and such that
w € L"(C"). Setting K in a ball B := B(0, R) with R big enough, we know, by a theorem of
Ovrelid [9], that we have a (p,q — 1) form u € L"(B) such that Ou = w. On the other hand we also
know, at least when g < n, that there is a current v with compact support such that dv = w, by a
theorem of Andreotti-Grauert [3].

So a natural question is : may we have a solution u of Ju = w with compact support and in
L7 (C™) ?

We already answered this question by the affirmative in a join work with S. Mongodi [2]
explicitly by the "method of coronas”.

The aim of this work is to extend this result to Stein manifolds and for it we use a completely
different approach inspired by the Serre duality [10]. Because Hahn Banach theorem is used, these
results are no longer so explicit and constructive as in [2]. On the other hand the control of the
support is better : the support of the solution u is contained in any 7’ -regular domain containing
the support of the data w. The definition of 7’ -regular domain will be given later on, but strictly
pseudo convex domains are such domains.

[ am indebted to G. Tomassini who started my interest in this subject by e-mails on precisely
this kind of questions and also to S. Mongodi for a lot of discussions by mails on the subject during
the preparation of our join paper [2].

2. DuALITY.

We shall study a duality between currents inspired by the Serre duality [10].

Let Q@ C C” be an open set in C" and ¢ a (p,q) current with compact support in €2, noted ¢ €
D! (Q).

e, (g
Let (als)o ¢ €C_ (@) a(n—pn—gq) formin C*(2). We have that ¢ A ¢ is a (n,n) current
with compact support in €.
As usual we use the following notation for the pairing
{t, ¢) == t(p),
where t(y) is the action, as a current, of ¢ on the smooth form ¢ of complementary bi-degree.
Lemma 2.1. Let Q be an open set in C", t € D, (p7q)(Q) a (p,q) current with compact support in

Qandu e D )(Q). Then we have ot = u iff

C, (p,Q71
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(%) Vo € CFY () (t0) = (=L)"Y (u, D).
Proof.
If Ju = t, let x € C>°(Q) such that y =1 on the support of u, hence on the support of ¢. Then
W € C o (), (10) = {8, x¢) = (9u, xp) = (=1, 8(x))
by definition of the action of derivatives on currents. Hence
(t.o) = (=P (u,0x A p) +( 1)~ u, x0p) = (=177 (u, x0p)
because Ox = 0 on the support of u
(t, ) = (=1)"""(u, x0p) = p+q Hu, dp)

because Y = 1 on the support of u.
Conversely if we have (%) we take xy € C>°(€2) such that y = 1 on union of the support of u and
the support of ¢ then
VSO S C?ri)fp,nfq) (Q)7 <t7 90> = <t7 X@)
because y = 1 on the support of ¢, and by (x) )
(t. xp) = (=17 (u, 0(xp)) = (Ou,xp) = (Qu, )
because y = 1 on the support of u hence on the support of Ju.

So
Yo € Cn e q)(Q), (t,p) = <8u, <p>,
which means that Ou = t as a current. [ |

3. SOLUTION OF THE O EQUATION WITH COMPACT SUPPORT.

3.1. Domain r regular.
We shall use the definition.

Definition 3.1. Let X be a compler manifold and Q2 a domain in X ; we shall say that € is r
-regular, for v € [1, oo] if for p,q € {0,...,n} there is a constant C = C, 4 such that for any (p,q)
form w, O closed in Q2 and in L"(QQ) there is a (p,q — 1) form u € L"(Q) such that Ou = w and
||u||LT(Q) < CHWHLT(Q)-

The L™ norms for forms will be defined later on.

Examples of 2 -regular domains are the bounded pseudo-convex domains by Hormander [6].

Examples of r -regular domains in C" are the strictly pseudo-convex domains with smooth
boundary by Ovrelid [9]. The polydiscs in C™ by Charpentier [4], finite intersections of strictly
pseudo-convex bounded domains with transverse intersections by Menini [8].

Examples of r regular domains in Stein manifold are the strictly pseudo-convex domains with
smooth boundary by Kerzman [7] for (0,1) forms and Demailly-Laurent [5] for the general case.

3.2. Weighted L" spaces.

Let B := B(0, R), the ball of C" centered at 0 and of radius R. We shall need the following
notations.
We note dm the Lebesgue measure on C" and we shall define L™ (B, w) to be the set of functions f
defined on B such that

L@, wy = Jo 1 (] w(z)dm(z) < oo,

with a weight w(z) > 0. As usual we set L"(B) for L"(B, 1).

Let Z, be the set of multi-indices of length p in (1,...,n). We shall use the following measure
defined on I' := BxZ,xZ, the following way :

dp(z, k1) = dpt pg(2,k,1) = w(z)dm(z) @ Y 61(k) @ 6,(1),

[I|=p, |J|=q
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where d;(k) = 1 if the multi-index k is equal to I and d;(k) = 0 if not.
This means, if f(z,I,J) is a function defined on I', that

/ Fz ke D pg(z, k1) = > / f(z I, Dyw(z)dm(z).
[11=p, [J]=¢ """

If I is a multi-index of length p, let I¢ be the unique multi-index, ordered increasingly, such
that TUI¢= (1, 2,..., n) ; then I¢is of length n — p.

Tot= 312 /=g try(2)dz" ANdz’ a (p,q) form, we associate the function on T :

T(z,1,J) = (_1)S(I’J)t]7j(z),
where

s(I,J)=0if dzf Ndz? Nd2I" ANdZT" =dey Ao Adzy AdZ A -+ - AdZ, as a (n,n) form

and

s(1,J) =1 if not.

If p = Zm:p \Jl=q ¢re ge(2)dz! Adz’ is of complementary bi-degree, associate in the same
manner :

O*(2, I, J) := @re je(z). This is still a function on I
Now we have, for 1 < r < oo, if T'(z, 1, J) is a function in B with L"(B) coefficients and with
ILL = luw7p7Q7

||T||2T(du) = / |T(Za ]7 ‘])|r d:umpﬂ(xa ]7 J) = Z ||T(a ]7 ‘])Hzr(lﬂ%,w)'
[l=p, |J]1=q

/ 1 1
The dual of L"(u) is L™ (1) where 7’ is the conjugate of 7, — + — =1, and the norm is defined
roor

analogously with 7’ replacing r.
We also know that, for p, ¢ fixed,

[ T®du
(3.) Tl = sp T2
PeL™ (n) L ()

For a (p, q) form ¢t = Zm:p K|=q tyxdz? A dz" | and a weight w > 0 we define its norm by :

(3.2) 1t B0y 7= Z 10wy = 1T 1 -

|J|=p, |K|=q

Now we can state
Lemma 3.2. Let w > 0 be a weight. If u is a (p,q) current defined on (n — p,n — q) forms in
L (B,w) and such that
Vo € L?n—p,n—q)OB?w)’ |<u7 O[>| < C”aHL’"'(B,w)7
then ol oy < C.

Proof.
Let us take the measure p1 = p,,p 4 as above. Let ®* be the function on I' associated to o and T'
the one associated to u. We have, by definition of the measure p applied to the function

fz,1,J) :=T(z, I, Hwtd*(z,1,J),
/Tw1q>*d,u: /f(z, k, Ddu(z, k1) := Z /]Bf(z, I, J)w(z)dm(z) =

[I|=p, |J|=q
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- ¥ / T, 1, Ty ()0 (2, I, Jyw(=)dm(2) = (u, a),
[1l=p. |J]=q" ®
by definition of T" and ®*.
Hence we have, by (3.1)
Vel (u) ||\Ij||LT/(u)
But ([ Tw=| .y = luw™ ||, o) by (3:2), and

Lr(p) —

70 gy = [ 10T wm = [ 11T =t = Ul
so we get
[(u, o)
||u||LT(]B,w1*T) = Sup g
Vel (u) I ||LT'(M)
which implies the lemma because, still by (3.1), we can take ¥ = ®* and W], () = llall v g .-

]

Let us denote H,(£2) the set of all (p, 0) 9 closed forms in Q. If p = 0, Ho(Q) = H(Q) is the
set of holomorphic functions in . If p > 0, we have ¢ € H,(Q) = ¢(z) = >, ay(z)dz7, where
dz? :=dzj, A+ Adz;, and the functions a;(z) are holomorphic in 2. Hence in C", a (p,0) 0 closed
form is a vector of global holomorphic functions in €.

Theorem 3.3. Lett be a (p,q) form in LL(C"), r > 1, K := Suppt. Let B be a ball containing K
and let Q C B be a v -reqular domain containing K. Suppose that t is such that Ot = 0if 1 < g <n
and Yh € H,(2), (t, h) =0 if ¢ =n.

Then there is a (p,q — 1) form w in L%(B), 0 a.e. on B\Q and such that Ou =t as distributions.

Proof.
Let us consider the weight 1 = 1. :=1q(2) + elpa(2) for a fixed € > 0.

We shall consider the linear form £ defined on (n —p,n —q + 1) form a € L' (B, ), 0 closed
in Q as follows :

L(a) := (=1)P*7 1t ), where p € L (B) is such that dyp = a.
Because ¢ > 0 we have a € L" (B,n) = a € L" (B) and such a ¢ exists because B being 7’ -regular
there is ¢ € L' (B) with dp = .

Let us see that £ is well defined :
suppose first that ¢ < n. In order for £ to be well defined we need

Vo, € L?;pr,nfq)(B)v Op =0 = (t,0) = (L, ).
This is meaningful because t € L.(C"), r > 1, Suppt C B.

Then we have 0(p — 1) = 0 hence, because B is 7’ -regular, we can solve d in L™ (B) :

I eL pugnB)0y=(p—1).
So (t,o —v) = (t,0v) = (—1)P*471(dt,v) = 0. Hence L is well defined in that case.

Suppose now that ¢ = n, then of course 9t = 0 and we have that o, 9 are (p, 0) forms hence
d(p — 1) = 0 means that h := ¢ — ) is a d closed (p, 0) form hence h € H,(B) C H,(2). But by
assumption we have (¢, h) =0 hence L is also well defined in that case.

Ifaisa (n—p,n—q+1)formin L7 (B,7), 0 closed in B, then, a € L' () and is still d closed
in Q, hence there is a ¢ € L' (Q) :: 9¢ = a because 2 is 7’ -regular.
For ¢ < n, we have (¢ — ) = a —a = 0 on  and, because Suppt C Q@ C B, 9t = 0 we get
(t, ¢ — 1) =0 hence

La) = {t, ¢) = {t, ).
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If ¢ = n, we still have 9(p—1)) = a—a = 0 on Q, and ¢ —1) € H,(£) hence again by the hypothesis
we still get

La) = (t, @) = (t, ¥).

In any cases, by Holder inequalities
L) < Nl o 191 L -
But by the ' -regularity of 2 there is a constant C' such that
1Yl o) < Cllall o
Of course we have
el v ) < Nlatll g g, 1y
because n = 1 on (2, hence
[L()| < Clltll ooy lall @, 1)-

So we have that the norm of £ is bounded on the subspace of 0 closed forms in L™ (B, n) by
Cl[t[l - (qy Which is independent of e.

We apply the Hahn-Banach theorem to extend £ with the same norm to all (n —p,n —q+ 1)
forms in L' (B, 7). As in Serre duality theorem ( [10], p. 20) this is one of the main ingredient in
the proof.

This means, by the definition of current, that there is a (p,q¢ — 1) current u which represents
the extended form £ and such that

SUPqerr (B,n), |lal=1 [(u, )| < CHt”LT(Q)
and by lemma 3.2 with the weight 7, this implies

[l e @y < CllEl L -
In particular |Jul| g < C|lt]l ) because with € < 1, 7> 1, we have n'~" > 1.
So applied to a d closed (n — p,n — g + 1) smooth form o we get
(u,a) = (—=1)Pr9=1(t, o), with ¢ a smooth form such that dp = «, i.e. Vo : dp € L" (B, n),
we have (u,dp) = (—=1)PT7"1(t,p) and this means precisely, by lemma 2.1, that du = t.
Now for € > 0 with 7.(2) :=1q(2) + dpa(2), let u. € L"(B,n!") be the previous solution, then

el ey < /]B|u5|rn1_rdm < "t} -
Replacing n by its value we get

|ue|” dm + Jue" €' " dm < C|t][}r () = / [ue]" €' dm < C|t][} g
Q B\Q B\Q

hence

/ el dm < CE [t
B\Q

Because C' and the norm of ¢ are independent of €, we have ||uc||,, is uniformly bounded and
r > 1= L"(B) is a dual, hence there is a sub-sequence {u,, }ren of {u.} which converges weakly,
when ¢, — 0, to a (p,q — 1) form w in L"(B).
To see that this form u is 0 a.e. on B\ let us take a component u; ; of it ; it is the weak limit of
the sequence of functions {u., r s} which means, with the notations v := wuy s, vy = ue, 1,y
VfeL"(B), /vfdm: lim /kadm.
B k—oo Jp
v

As usual take f := ﬂ]lE where E = {|v| > 0} N (B\Q) then we get
v
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/vfdm /|v\dm— lim /kadm_ lim Md

k—o0 |U|
Now we have by Holder

UkU
' / dm‘ < vkl (my MEN £ () -

HUkHLT(E) < /}B\Q |Ue,|" dm < (Ek)PlHtHLr(Q) — 0, k — oo.
Hence
[ dm\ < Ol (66) iy — 0

which implies m(E) = 0 because on E, |v| > 0.
This being true for all components of u, we get that the form u is 0 a.e. on B\Q.

So we get
Vo € DypnqB), (1P, ) = (ue, p) — (u, dp) = (u, dp) = (=1)PTHt, )
hence Ou = t as distributions. [ |

Remark 3.4. The condition of orthogonality to the holomorphic functions in case ¢ = n was already
seen for extension of CR functions see [1] and the references therein.

4. CASE OF STEIN MANIFOLD.

Let us denote H,(2) the set of all (p, 0) d closed forms in §2. Still we have that H,(Q2) = H(2),
the set of holomorphic functions in €2, but if p > 1, ¢ € H,(f2) is a priori no longer a vector of
global holomorphic functions in €.
Theorem 4.1. Let X be a Stein manifold and 2 a bounded strictly pseudo-conver domain with
smooth boundary of X. Let t be a (p,q) current in L'(Q), r > 1, such that 9t =0 if 1 < q <n and
Vh e H,(Q), (t,h) =0 if ¢ =n.
Let B be another bounded strictly pseudo-convex domain with smooth boundary in X such that
QCB.

Then there is a (p,q — 1) current u in L"(B) such that Ou =t and which is 0 a.e. in B\S).

Proof.
First we define the ”Lebesgue measure” on a complex manifold X as in Hérmander’s book [6] section
5.2, with a hermitian metric locally equivalent to the usual one on any analytic coordinates system.
Associate to this metric there is a volume form dV and we take it for the Lebesgue measure on X.

We can solve the 0 equation in B and  with L” estimates for (0, 1) forms by use of N. Kerzman
kernels [7] and the metric above.

We can solve the d equation in B and  with L" estimates for all (p, ¢) forms by J-P. Demailly
and C. Laurent ones( [5], Remarque 4, page 596) but here we have to equip the manifold with a
metric with null curvature, in order to avoid parasitic terms.

The remainder of the proof is identical to the proof of theorem 3.3. |
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