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JEAN-FRANCOIS COULOMBEL! OLIVIER GUES! MARK WiLLIAMS?
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Abstract
We study weakly stable semilinear hyperbolic boundary value problems with highly oscil-

latory data. Here weak stability means that exponentially growing modes are absent, but the
so-called uniform Lopatinskii condition fails at some boundary frequency £ in the hyperbolic
region. As a consequence of this degeneracy there is an amplification phenomenon: outgoing
waves of amplitude O(?) and wavelength € give rise to reflected waves of amplitude O(e), so the
overall solution has amplitude O(g). Moreover, the reflecting waves emanate from a radiating
wave that propagates in the boundary along a characteristic of the Lopatinskii determinant.

An approximate solution that displays the qualitative behavior just described is constructed

by solving suitable profile equations that exhibit a loss of derivatives, so we solve the profile
equations by a Nash-Moser iteration. The exact solution is constructed by solving an associated

singular problem involving singular derivatives of the form 0,/ + a%, 2’ being the tangential
variables with respect to the boundary. Tame estimates for the linearization of that problem
are proved using a first-order calculus of singular pseudodifferential operators constructed in
the companion article [CGW12|. These estimates exhibit a loss of one singular derivative and
force us to construct the exact solution by a separate Nash-Moser iteration. The same estimates
are used in the error analysis, which shows that the exact and approximate solutions are close
in L* on a fixed time interval independent of the (small) wavelength e. The approach using
singular systems allows us to avoid constructing high order expansions and making small divisor

assumptions.
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1 Introduction and main results

In this paper we study weakly stable semilinear hyperbolic boundary value problems with oscil-
latory data. The problems are weakly stable in the sense that exponentially growing modes are
absent, but the uniform Lopatinskii condition fails at a boundary frequency £ in the hyperbolic
region H'. As a consequence of this degeneracy in the boundary conditions, there is an amplifica-
tion phenomenon: boundary data of wavelength ¢ and amplitude O(£?) in the problem (1.1) below
gives rise to a response of amplitude O(e). In the meantime, resonance may occur between distinct
oscillations. In the situation studied below, a resonant quadratic interaction between two incoming
waves of amplitude O(e) may produce an outgoing wave of amplitude O(c2). When reflected and
amplified on the boundary, this oscillation gives rise to incoming waves of amplitude O(e). Hence

the O(e) amplitude regime appears as the natural weakly nonlinear regime.

Let us now introduce some notation. On Riﬂ ={z = (2, 2q) = (t,y,2q) = (t,2") : x4 > 0},

consider the N x N semilinear hyperbolic boundary problem for v = v.(z), where £ > 0%
(a) Lo(0)v + fo(v) =0,
B
(1.1) (b) o(v) =G (az’, 6 > on xq =0,
(c)v=0and G=01int <0,

1See Definition 1.3 and Assumption 1.5 below for precise statements.
2We usually suppress the subscript .



where Lo(0) = 0 + 2?21 B; 0;, the matrix By is invertible, and both fy(v) and ¢(v) vanish at
v = 0. The function G(z',6p) is assumed to be periodic in 6y, and the frequency 5 € R?\ {0} is
taken to be a boundary frequency at which the so-called uniform Lopatinskii condition fails. A
consequence of this failure is that the choice of the factor €2 in (1.1)(b) corresponds to the weakly
nonlinear regime for this problem. The leading profile is nonlinearly coupled to the next order
profile in the nonlinear system (1.35),(1.36) derived below. We also refer to Appendix B for a
detailed specific example which illustrates the nonlinear feature of the leading profile equation.

Before proceeding we write the problem in an equivalent form that is better adapted to the
boundary. After multiplying (1.1)(a) by (By)~! we obtain

L(0)v + f(v) =0,
(1.2) p(v) =*G (w', xle' B) on x4 =0,
v=0and G=0int <0,

where we have set

d—1
L(0) =04+ Y A;0d; with Aj:=B'B; for j=0,...,d— 1.
j=0

Setting v = eu and writing f(v) = D(v)v, ¢(v) = ¢ (v)v, we get the problem for u = u.(x)

(1.3) (b) Y(cu)u =G (x', - ﬁ) on xq =0,
(c)u=0int<0.

For the problem (1.3) we pose the two basic questions of rigorous nonlinear geometric optics:

(1) Does an exact solution u. of (1.3) exist for ¢ € (0,1] on a fixed time interval [0,7})]
independent of €7

(2) Suppose the answer to the first question is yes. If we let uc’? denote an approximate
solution on [0, Tp] constructed by the methods of nonlinear geometric optics (that is, solving eikonal
equations for phases and suitable transport equations for profiles), how well does uc"? approximate
ue for € small? For example, is it true that?

(1.4) ;I_I)I(l) [ue — uPP| 0 — 07

The amplification phenomenon was studied in a formal way for several different quasilinear
problems in [AM87, MA88, MR83]. In [MR83] amplification was studied in connection with Mach
stem formation in reacting shock fronts, while [AMS87] explored a connection to the formation
of instabilities in compressible vortex sheets. Both papers derived equations for profiles using
an ansatz that exhibited amplification; however, neither of the two questions posed above were

3Let us observe that by the amplification phenomenon, we expect the solution v to (1.1) to have amplitude O(¢),
so the solution u to (1.3) should have amplitude O(1). Hence the limit (1.4) deals with the difference between two
O(1) quantities.



addressed. The first rigorous amplification results were proved in [CG10] for linear problems. That
article provided positive answers to the above questions (question (1) is trivial for linear problems)
by making use of approximate solutions of high order, and showed in particular that the limit (1.4)
holds.

In this paper we give positive answers to the above questions for the semilinear system (1.3).
As is typical in nonlinear geometric optics problems involving several phases, difficulties with small
divisors rule out the construction of high order approximate solutions*. Instead of constructing the
exact solution u. as a small perturbation of a high-order approximate solution, we construct u. in
the form

ue(CC) = Ue(x’a(])bozﬁ'z’a

where U.(z,6p) is an exact solution of the singular system (1.18). The singular system is solved
using symmetrization and diagonalization arguments from [Wil02], modified and supplemented with
methods from [Cou04] for deriving linear estimates for weakly stable hyperbolic boundary problems.
In deriving the basic estimate (2.4) for the singular linear problem, a loss of derivatives® forces us
to use a new tool, namely, a substantial refinement, given in the companion paper [CGW12], of
the calculus of singular pseudodifferential operators constructed in [Wil02]. In the new version of
the calculus, residual operators have better smoothing properties than previously realized and can
therefore be considered as remainders in our problem. The loss of derivatives in the linear estimate
presents a serious difficulty in the application to our semilinear problem. Picard iteration appears
to be out of the question, so in section 5.2 we use a Nash-Moser iteration scheme adapted to the
scale of spaces (1.19) to construct the solution U (x,6y) to the semilinear singular problem.

If the problem (1.3) satisfied the uniform Lopatinskii condition, then because of the factor e
in the boundary data ¢ G, the equations for the leading profile, V° in (1.15), would be linear; and
in fact V° would vanish. The weakly nonlinear regime would correspond to a source term G (and
not € G) in (1.3), see [Wil96, Wil00]. Under our weak stability assumption, it turns out that V is
nonlinearly coupled to the second-order profile V! in the profile equations (1.35),(1.36). To solve
these equations we first isolate a “key subsystem” (1.42) that decouples from the full system. The
basic L? estimate for the linearization of the key subsystem still exhibits a loss of one derivative,
and we are again forced to use Nash-Moser iteration in order to solve this subsystem. Once the key
subsystem is solved, the solution of the full profile system (1.35),(1.36) follows easily. It appears
in our analysis that the leading order amplitude equation shares the weak well-posedness of the
original nonlinear problem but we have not checked whether the loss of derivative for the amplitude
equation is optimal (we conjecture it is so).

The error analysis used to answer question (2) above is based on the estimate for the singular
system (1.18), see Proposition 2.2 below, and is discussed in more detail in section 1.5.

This paper can be read independently of [CGW12]; for the reader’s convenience, we have gath-
ered all the necessary material on the singular calculus in Appendix A. Before giving a fuller
discussion, we first provide some definitions, notation, and a precise statement of assumptions.

1.1 Assumptions

We make the following hyperbolicity assumption on the system (1.1):

4Such difficulties are sometimes avoided by assuming that small divisors do not occur, see e.g. [JMR93], but we

do not want to make this assumption.
By,

e

®In fact, the basic L? estimate for the singular system (1.18) exhibits loss of a single “singular derivative” 8,/ +
which is optimal according to the analysis in [CG10].



Assumption 1.1. There exist an integer g > 1, some real functions A1, ..., \q that are analytic on
R%\ {0} and homogeneous of degree 1, and there exist some positive integers v, ..., vq such that:

d q
VE= (&, &) ERINO}, det [T+ ¢ By| = H7+Ak

Moreover the eigenvalues Ai(§), ..., N(§) are semi-simple (their algebraic multiplicity equals their
geometric multiplicity) and satisfy M (€) < -+ < A\g(€) for all € € RT\ {0}.

For simplicity, we restrict our analysis to noncharacteristic boundaries and therefore make the
following;:

Assumption 1.2. The matriz By is invertible and the matriz B := 1 (0) has maximal rank, its
rank p being equal to the number of positive eigenvalues of By (counted with their multiplicity).
Moreover, the integer p satisfies 1 <p < N — 1.

In the normal modes analysis for (1.3), one first performs a Laplace transform in the time
variable ¢t and a Fourier transform in the tangential space variables y. We let 7 — i+ € C and
n € R%! denote the dual variables of t and y. We introduce the symbol

d—1
AQQ) == —iB | (r =i T+Y mjBj |, (= (7 —iv,m) €Cx R,
j=1

For future use, we also define the following sets of frequencies:

[1]

= {(r—i7.m) €Cx RN\ (0,0): 7 = 0}, vi={cezirt 42 4 =1},
EO::{(T,n)eRde*\(o,o)}:Em{yzo}, S = SN Ep.

Two key objects in our analysis are the hyperbolic region and the glancing set that are defined
as follows:

Definition 1.3. e The hyperbolic region H is the set of all (1,m) € Zy such that the matriz
A(1,n) is diagonalizable with purely imaginary eigenvalues.

o Let G denote the set of all (1,€) € R x R? such that € # 0 and there exists an integer

ke{l,...,q} satisfying:

O
L) =0.
e (©

If 7(G) denotes the projection of G on the d first coordinates (in other words w(7,§) =
(1,81, ..,€4-1) for all (1,€)), the glancing set G is G := w(G) C Ey.

T+ (&) =

We recall the following result that is due to Kreiss [Kre70] in the strictly hyperbolic case (when all
integers v; in Assumption 1.1 equal 1) and to Métivier [Mét00] in our more general framework:

Proposition 1.4 ([Kre70, Mét00]). Let Assumptions 1.1 and 1.2 be satisfied. Then for all { €
=\ Zo, the matriz A(C) has no purely imaginary eigenvalue and its stable subspace E(() has
dimension p. Furthermore, E® defines an analytic vector bundle over =\ Eq that can be extended
as a continuous vector bundle over =.



For all (1,n) € Zp, we let E*(7,7n) denote the continuous extension of E® to the point (7,7). The
analysis in [Mét00] shows that away from the glancing set G C E¢, E*(¢) depends analytically on
¢, and the hyperbolic region H does not contain any glancing point.

To treat the case when the boundary operator in (1.3)(b) is independent of u, meaning 1(cu) =
¥ (0) =: B, we make the following weak stability assumption on the problem (L(9), B).

Assumption 1.5. e Forall( € E\ Ey, KerBNE?*(() = {0}.

o The set Ty := {( € X : KerBNE*(() # {0}} is nonempty and included in the hyperbolic
region H.

e For all ( € Ty, there exists a neighborhood V of ¢ in ¥, a real valued C* function o defined
onV, a basis E1(C), ..., Ep(C) of E*(C) that is of class C*° with respect to ¢ € V, and a matric
P({) € GL,(C) that is of class C* with respect to ¢ € V, such that

V(eV, B (Ei(¢) ... Ey())=P)dag (y+ic((),1,...,1).
For comparison and later reference we recall the following definition.

Definition 1.6 ([Kre70]). As before let p be the number of positive eigenvalues of By. The problem
(L(9), B) is said to be uniformly stable or to satisfy the uniform Lopatinskii condition if

B : E*(() — C?
is an isomorphism for all { € X.

Remark 1.7. Observe that if (L(0), B) satisfies the uniform Lopatinskii condition, continuity
implies that this condition still holds for (L(9), B—H/J), where 1 is any sufficiently small perturbation
of B. Hence the uniform Lopatinskii condition is a convenient framework for nonlinear perturbation.
The analogous statement may not be true when (L(9), B) is only weakly stable. Remarkably,
weak stability persists under perturbation in the so-called WR class exhibited in [BGRSZ02], and
Assumption 1.5 above is a convenient equivalent definition of the WR class (see [CG10, Appendix
B]). In order to handle general nonlinear boundary conditions as in (1.3) we shall strengthen
Assumption 1.5 in Assumption 1.11 below.

Boundary and interior phases. We consider a planar real phase ¢g defined on the boundary:

(1.5) do(t,y) :=zt+n-y, (z,n)€Z.

As follows from earlier works, see e.g. [MAS8|, oscillations on the boundary associated with the
phase ¢q give rise to oscillations in the interior associated with some planar phases ¢,,. These phases
are characteristic for the hyperbolic operator Ly(0) and their trace on the boundary {z4 = 0} equals
¢o. For now we make the following:

Assumption 1.8. The phase ¢o defined by (1.5) satisfies (r,1) € Yo. In particular (z,m) € H.

Thanks to Assumption 1.8, we know that the matrix A(z, n) is diagonalizable with purely imaginary
eigenvalues. These eigenvalues are denoted iwq,...,iw;s;, where the w,,’s are real and pairwise
distinct. The w,,’s are the roots (and all the roots are real) of the dispersion relation:

d—1
det [11+ Y, Bj+wBa| =0.
j=1



To each root w,, there corresponds a unique integer k,, € {1,...,q} such that £+ Ay, (7, w,,) = 0.
We can then define the following real® phases and their associated group velocities:

(1.6) Vm=1,....,M, ¢n(x):=¢o(t,y) +WpnTd, Vm: =V, (0w,)-

Let us observe that each group velocity v,, is either incoming or outgoing with respect to the space
domain Ri: the last coordinate of v, is nonzero. This property holds because (z,7) does not
belong to the glancing set G. We can therefore adopt the following classification:

Definition 1.9. The phase ¢y, is incoming if the group velocity v, is incoming (that is, when
Oty Mk (1, Wy,) > 0), and it is outgoing if the group velocity vy, is outgoing (Oc, Ak, (1, w,,) < 0).

In all that follows, we let Z denote the set of indices m € {1,..., M} such that ¢,, is an incoming
phase, and O denote the set of indices m € {1,..., M} such that ¢,, is an outgoing phase. If p > 1,
then Z is nonempty, while if p < N — 1, O is nonempty (see Lemma 1.10 below). We will use the
notation:

d d—1
Lo(r,&) :=71+> & By, LB,w,) =w, [+ B,
j=1 k=0

B = (Iaﬂ)’ x = (tay), QSO(x/) =p- .

For each phase ¢,,,, d¢,, denotes the differential of the function ¢,, with respect to its argument
x = (t,y,zq). It follows from Assumption 1.1 that the eigenspace of A(f) associated with the
eigenvalue iw,, coincides with the kernel of Lo(d¢,,) and has dimension vy, . The following well-
known lemma, whose proof is recalled in [CG10], gives a useful decomposition of E® in the hyperbolic
region.

Lemma 1.10. The stable subspace E*(/3) admits the decomposition:

(1'7) ES(/B) = Omez ker LO(d¢m)7

and each vector space in the decomposition (1.7) admits a basis of real vectors.

To formulate our last assumption we observe first that for every point ¢ € H there is a neigh-
borhood V of ¢ in ¥ and a C* conjugator Qo(¢) defined on V such that

iwl(C)Inl 0
(1.8) Qo(O)A(Q)Q ' (¢) = =: —Dy(¢),
0 in(C)InJ

where the w; are real when v = 0 and there is a constant ¢ > 0 such that either
Re (iw;) < —cv or Re (iw;) > ¢ for all ( € V.

In view of Lemma 1.10 we can choose the first p columns of le(g) to be a basis of E*((), and we
write

Qo' (€) = [Qin(¢) Qoue(Q))-

OTf (r, 1) does not belong to the hyperbolic region #, some of the phases ¢, may be complex, see e.g. [Wil96,
Wil00, Les07, Mar10]. Moreover, glancing phases introduce a new scale 1/ as well as boundary layers.




Choose J' so that the first J’ blocks of —ID; lie in the first p columns, and the remaining blocks in
the remaining N — p columns. Thus, Re (iw;) < —cvy for 1 < j < J'.
Observing that the linearization of the boundary condition in (1.3) is

U — P(eu)t + [0y (eu) U] eu,
we define the operator
(1.9) B(v1,v2) w == 9(v1)d + [Outp(v1) U] va,

which appears in Assumption 1.11 below. For later use we also define

(1.10) D(vi,v2) % := D(v1)u + [0, D(v1) 4] v,
as well as
(1.11) B(Ul) = B(vl,vl), D(Ul) = D(vl,vl) .

We now state the weak stability assumption that we make when considering the general case
of nonlinear boundary conditions in (1.3).

Assumption 1.11. o There exists a neighborhood O of (0,0) € R2N such that for all (vi,v2) €
O and all ¢ € E\ Eo, ker B(vi,v2) NE*(¢) = {0}. For each (vy1,v2) € O the set Y (vy,vy) :=
{C € Zo: ker B(vy,v2) NE*(() # {0}} is nonempty and included in the hyperbolic region H.
Moreover, if we set T := Uy, vye0 Y (v1,v2), then YT C H (closure in Xp).

e For every ¢ € T there exists a neighborhood V of ¢ in X and a C* function o(vi,ve,() on
O x V such that for all (v1,v2,() € O x V we have Ker B(v1,v2) NE*(C) # {0} if and only if
¢ € ¥ and o(vy,v9,¢) =0.

Moreover, there exist matrices P;(v1,v2,() € GL,(C), i = 1,2, of class C* on O x V
such that ¥/ (v1,v2,() € O x V

(112) Pl(v17 V2, C)B(Ul, /U2)Qin(<)P2(/Ula V2, C) = dlag (7 + iJ(Ul,’UQ, C)a 1, DRI 1) .

For nonlinear boundary conditions, the phase ¢¢ in (1.5) is assumed to satisfy (7,7) € 1(0,0),
or in other words the intersection ker B NE?®(7,7n) is not reduced to {0} (the set T in Assumption
1.5 is a short notation for Y(0,0)). The phases ¢,, are still defined by (1.6) and thus only depend
on L(9) and B and not on the nonlinear perturbations fp and ¢ (e u) — 1(0) added in (1.3).

Remark 1.12. 1) The properties stated in Assumption 1.11 are just a convenient description of the
requirements for belonging to the WR class of [BGRSZ02]. Like the uniform Lopatinskii condition,
Assumption 1.11 can in practice be verified by hand via a “constant-coefficient” computation. More
precisely, for (v1,vs) near (0,0) € R?Y and ¢ € ¥, one can define (see, e.g., [BGS07, chapter 4]) a
Lopatinskii determinant A(vy,ve,() that is C* in (v, v2), analytic in ( = (7 —ivy,n) on X\ G, and
satisfies

A(vy,v2,¢) = 0 if and only if Ker B(vi,v2) NE*(¢) # {0}.

In particular, A(vy,vg,-) is real-analytic on H.



Following [BGRSZ02], see also [BGS07, chapter 8], we claim that Assumption 1.11 holds pro-
vided

(1.13) 0+ {¢C € :A0,0,¢) =0} CH and A(0,0,¢) = 0= 8-A(0,0,¢) #0,

and it thus only involves a weak stability property for the linearized problem at (vi,vs) = (0,0).
Indeed, the implicit function theorem then implies that for (vq,v2) near zero and (7,7) near ¢, the
set {(1,n) € Bo : A(v1,v2,7,m) = 0} is a real-analytic hypersurface in 7. On the other hand, an
application of the implicit function theorem to A(vy,ve,z,n), for (z,n7) € ¥ shows that the real
dimension of the manifold {(z,7) € ¥ : A(v1,v2, z,17) = 0} must be the same, that is, d—2. The two
zero sets must then coincide; there are no zeros in ¥\ ¥y. The function ¢ and the neighborhoods O
and V arise in a factorization of A given by the Weierstrass Preparation Theorem. The construction
of the conjugating matrices P;, i = 1,2 follows from a construction in [ST88, p. 268-270].

Instead of assuming (1.13), we have stated Assumption 1.11 in a form that is more directly
applicable to the proof of Proposition 2.2 and to the error analysis of Theorem 4.1.

2) To prove the basic estimate for the linearized singular system, Proposition 2.2, and to
construct the exact solution U, to the singular system (1.18) below, it is enough to require that the
analogue of Assumption 1.11 holds when B(vy, v2) is replaced by B(vi) := B(vy,v1). However, for
the error analysis of section 4 in the case of nonlinear boundary conditions, we need Assumption
1.11 as stated.

The next Lemma, proved in [CG10], gives a useful decomposition of CV¥ and introduces projec-
tors needed later for formulating and solving the profile equations.

Lemma 1.13. The space CN admits the decomposition:
(1.14) CN = @M_, ker Lo(dor,)

and each vector space in (1.14) admits a basis of real vectors. If we let Py,..., Py denote the
projectors associated with the decomposition (1.14), then there holds Im B;lLo(d(ﬁm) = ker P, for
allm=1,..., M.

1.2 Main results

For each m € {1,..., M} we let
V“mJg, k:L...,Vk

m

denote a basis of ker Ly(d¢,, ) consisting of real vectors. In section 4 we shall construct a “corrected”
approximate solution u¢ of (1.3) of the form

b snee(2) o () (e 2.2).

where ¢ := (¢1,...,¢n) denotes the collection of all phases,

VO (.%', ?> = Z Zmam,k <x7 (b_m) Tm,k >
(116) < meZ k=1 <

Vkm

V! (w ?> =V'(z) + f: Y Tk <:c ¢—m) P + RV,
3 3

m=1 k=1



and the oy, k(2,0m) and 7y, k(z,0,,) are scalar C! functions periodic in 6, with mean 0 which
describe the propagation of oscillations with phase ¢,, and group velocity v,,. Here R denotes the
operator

RV’ = —R[L(8,)V° + D(0)V]

for R defined as in (1.32). The last corrector €Uy (x, 09, &q) in (1.15) is a trigonometric polynomial
constructed in the error analysis of section 4.

The following theorem, our main result, is an immediate corollary of the more precise Theorem
4.1. Here we let Qp := {(z,0p) = (t,y,24,00) € R x T : 24 > 0,¢t < T}, and bQp := {(t,y,6y) €
R? x T! : ¢ < T}. The spaces E* are defined in (1.19) below.

Theorem 1.14. We make Assumptions 1.1, 1.2, 1.5, and 1.8 when the boundary condition in
(1.3) is linear (Y(su) = 1(0)); in the general case we substitute Assumption 1.11 for Assumption
1.5. FizT > 0, set My:=3d+5, and let

a:=[(d+1)/2]+ My+3 and a =2a—[(d+1)/2].

Consider the semilinear boundary problem (1.3), where G(t,y,00) € H*(bQr). There exists eg > 0
such that if (G)pa+2(p0y) is small enough, there exists a unique function U.(x,0) € E*Y(Qr)
satisfying the singular system (1.18) on Qp such that

wle) = U (0, 2)

3

is an ezxact solution of (1.3) on (—oo,T| X Ki for 0 < e < go. In addition there exists a profile
VO(x,0) as in (1.16), whose components o, lie in H*~1(Qr), such that the approzimate solution

defined by
ugh? = Yo <x, ?)

. —d
?_}n%lue —uPP|pee =0 on (—o0,T] x RY.

satisfies

Observe that although the boundary data in the problem (1.3) is of size O(g), the approximate
solution ucf? is of size O(1), exhibiting an amplification due to the weak stability at frequency
B. The main information provided by Theorem 1.14 is that this amplification does not rule out
existence of a smooth solution on a fixed time interval, that is it does not trigger a violent instability,
at least in this weakly nonlinear regime. As far as we know, the derivation of the leading order
amplitude equation (1.42) is also new in the general framework that we consider. We hope that the
analysis developed in this article will be useful in justifying quasilinear amplification phenomena

such as the Mach stems or kink modes formation of [AM87, MASS|.

Remark 1.15. a) In order to avoid some technicalities we have stated our main result for a problem
(1.3) where all data is 0 in ¢ < 0. This result easily implies a similar result in which outgoing waves
defined in ¢ < 0 of amplitude O(g) and wavelength & give rise to reflected waves of amplitude
O(1). In either formulation, analysis of the profile equations (see Remark 1.27) shows that the
waves of amplitude O(1) emanate from a radiating wave that propagates in the boundary along a
characteristic of the Lopatinskii determinant.

10



b) We have decided to fix T > 0 at the start and choose data small enough so that a solution
to the nonlinear problem exists up to time 7". One can also (as discussed in Remark 3.7) fix the
data in the problem (G in (1.3)) at the start, and then choose T' small enough so that a solution
to the nonlinear problem exists up to time 7.

In the remainder of this introduction, we discuss the construction of exact solutions, the con-
struction of the approximate solution V°, and the error analysis. Complete proofs are given in
Sections 2, 3, 4, and 5.

1.3 Exact solutions and singular systems

The theory of weakly stable hyperbolic initial boundary value problems fails to provide a solution
of the system (1.3) that exists on a fixed time interval independent of £”. In order to obtain such an
exact solution to the system (1.3) we adopt the strategy of studying an associated singular problem
first used by [JMR95] for an initial value problem in free space. We look for a solution of the form

(117) us(x) = UE(x’ 90)|90:¢0(1') )

5

where U.(z,0p) is periodic in 6y and satisfies the singular system derived by substituting (1.17)
into the problem (1.3). Recalling that L(9) = 05 + Z?;é A;0; we obtain:

d—1
0
04U + ZAj <3j + @) U. + D(eU.) U, =:
=0
(1.18) 04U + A (ax, N 5(290
Y(eU:) Ue|yym0 = e G(2, 6p),

U.=0int <0.

> U.+ D(U)U- =0

The special difficulties presented by such singular problems when there is a boundary are described
in detail in the introductions to [Wil02] and [CGW11]. In particular we mention: (a) symmetry
assumptions on the matrices B; appearing in the problem (1.1) equivalent to (1.3) are generally of
no help in obtaining an L? estimate for (1.18) (boundary conditions satisfying Assumption 1.5 can
not be maximally dissipative, see [CG10]); (b) one cannot control L> norms just by estimating
tangential derivatives 8&,700)&; because (1.18) is not a hyperbolic problem in the x4 direction®;
moreover, even if one has estimates of tangential derivatives uniform with respect to ¢, because of
the factors 1/e in (1.18) one cannot just use the equation to control d;U. and thereby control L™
norms.

In [Wil02] a class of singular pseudodifferential operators, acting on functions U(2’, 6y) periodic
in #y and having the form

el k 7y
Z/ i€ +’9°kp <€V($’,90),§' + ?ﬁ,’)’> U kydg, v>1,
]Rd

1
/ —
ppU(a',0p) = @y
kez

"This would be true even for problems (L(9), B) that are uniformly stable in the sense of Definition 1.6.
8For initial value problems in free space, one can control L° norms just by estimating enough derivatives tangent
to time slices ¢t = c.
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was introduced to deal with these difficulties. Observe that the differential operator A appear-
ing in (1.18) can be expressed in this form. Kreiss-type symmetrizers r4(D, g,) in the singular
calculus were constructed in [Wil02] for (quasilinear systems similar to) (1.18) under the assump-
tion that (L(0),v(0)) is uniformly stable in the sense of Definition 1.6. With these one can prove
L%(z4, H*(2',00)) estimates uniform in ¢ for (1.18), even when ¢ G is replaced by G in the boundary
condition. To progress further and control L*° norms, the boundary frequency S is restricted to
lie the complement of the glancing set. With this extra assumption the singular calculus was used

in [Wil02] to block-diagonalize the operator A <5UE, Oy + B0,

15
and thereby prove estimates uniform with respect to € in the spaces

) microlocally near the 8 direction

(1.19) E = C(xq, H*(z',00)) N L2 (x4, H* T (2, 0p)).
These spaces are Banach algebras and are contained in L*° for s > %. For large enough s, as
determined by the requirements of the calculus, existence of solutions to (1.18) in E° on a time
interval [0, 7] independent of ¢ € (0, ] follows by Picard iteration in the uniformly stable case.
The singular calculus of [Wil02] was used again in [CGW11] to rigorously justify leading order
geometric optics expansions for the quasilinear analogue of (1.3) in the uniformly stable case (with
B € H and the forcing term G in place of eG in the boundary condition). Under the assumptions
made in the present paper, in particular assuming weak stability as in Assumption 1.5 or Assump-
tion 1.11, we face the additional difficulty that the basic L? estimate for the problem (L(9), B)
exhibits a loss of derivatives. A consequence of this is that the singular calculus of [Wil02] is no
longer adequate for estimating solutions of (1.18). The main reason is that remainders in the
calculus of [Wil02] are just bounded operators on L?, while for energy estimates with a loss of
derivative remainders should be smoothing operators. We therefore need to use an improved ver-
sion of the calculus constructed in [CGW12] in which residual operators are shown to have better
smoothing properties than previously thought. With the improved calculus we are able in section
2.3 to estimate solutions of (1.18) in E* spaces (1.19), but of course there is a loss of one singular
derivative in the estimates. This loss forces us in section 5.2 to use Nash-Moser iteration on the
scale of £ spaces to obtain an exact solution of the singular system (1.18) on a fixed time interval
independent of . Observe that one singular derivative costs a factor 1/e and this is another reason
why the scaling G in (1.18) is crucial.

Remark 1.16. The main idea for proving the estimate for the linearized singular problem, Propo-
sition 2.2, is to adapt the techniques of [Cou04] to the singular pseudodifferential framework. There
is however one major obstacle along the way. While the error term in the composition of two zero
order operators (or in the composition of an operator of order of order —1 (on the left) with an
operator of order 1, a (—1, 1) composition) is smoothing of order one in the sense of (A.3), the same
is unfortunately not true of the error term in (1, —1) compositions (there are counter-examples for
that). The properties of the (1, —1) error terms that arise in our proof are described in (2.32); see
also Proposition A.9. To deal with these errors we use further microlocal cutoffs x€ in the extended
calculus? and partition the solution as in (2.6). In particular we are led to estimate terms like those
involving norms of VJC/ABIUZm in Proposition 2.6 and VJC/ABIU; in Proposition 2.8.

9These are cutoffs in (¢, m)-space which depend on (g, 7); they are described in section A.4.
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1.4 Derivation of the leading profile equations

We now derive the profile equations for the semilinear problem (1.3). We work with profiles
Vi(z,0) periodic in 6 = (61, .., 0r), where 0} is a placeholder for ¢;/c. Looking for an approximate
solution of (1.3) of the form u® = (V* 4+eV! +2V?)|g_y ., where ¢ = (¢1,...,Pnr), we get interior
equations

(a) L(9p)V°
(1.20) (b) L(9p)V' + L(a)vo + D(0)V° =0,
(¢) L(3g)V? + L(O)V" + D(0)V" + (9, D(0)V*)V° =0,

-1

by plugging u® into (1.3)(a) and setting the coefficients of, respectively, €71, €%, and ¢ equal to

zero. The operator £(y) is defined by

M

(1.21) L(Dg) =Y L(d;)dy,

j=1

With B := (0), the boundary equations, obtained by plugging u® into (1.3)(b) and setting the
coefficients of ¥ and ¢ equal to zero, are

BY(2',0,6y,...,60) =0,

(1.22) BV' + (0,4(0)V°)V° = G(a', 60),

where 6y is a placeholder for ¢o/c. We will see that as a consequence of the weak stability at
frequency 3, the problem for the leading profile V¥ is nonlinear and nonlocal. (See Appendix B for
a concrete example.) Thus, the scaling in (1.2) is the weakly nonlinear scaling when the uniform
Lopatinskii condition fails at a hyperbolic frequency 5. To analyze these equations we proceed to
define appropriate function spaces and a pair of auxiliary operators E and R.

Functions V(z, ) € L2(RClel

(1.23) V(x,0) = > Valax)e’.

acZM

x TM) have Fourier series

Since only quadratic interactions appear in (1.20) and we anticipate that V" will have the form in
(1.16), for k = 1,2 we let
ZMik — {a € ZM . at most k components of « are nonzero},

d+1

and we consider the subspace H5¥(R} x TM) c H® (]R x TM) defined by

(1.24) R < TV) = {V(z,0) € H*RYT < TY) : V(2,0) = 3 Va(a)e™?

a€ZMsk
Thus, multiplication defines a continous map

d+1

(1.25) HY R < ) x B ®T < TY) o Bo2® T < TM)

for s > (d+1+2)/2.
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Definition 1.17. Setting ¢ := (¢1,...,¢n), we say o € ZM2 is a characteristic mode and write
a € Cifdet L(d(a - ¢)) = 0. Otherwise we call a a noncharacteristic mode. We decompose

C= uﬁ‘,{:lcm, where Cp, := {a € ZM2 o = ngdm for some ng € 7}.

Observe that for a € C,,, the integer n,, is necessarily equal to 224:1 ay. Since ¢; and ¢; are
linearly independent for i # j, any o € ZM:2\ 0 belongs to at most one of the sets C,, and ng # 0

if a#0.

Elements o € C,, with two nonzero components correspond to resonances. Resonances are

br

generated in products like oy, ;(x, %)O‘T7k/($, =

whenever there exists a relation of the form

N G, = Np@p + Ny, where m € {1,..., M} \ {p,r} and ny,, ny, 0y € Z.

), which arise from the quadratic term in (1.20)(c),

We then refer to (¢, ¢p, ¢r) as a triple of resonant phases. This relation implies, for example,

that ¢, oscillations interact with ¢, oscillations to produce ¢, oscillations.

Definition 1.18. We define the continuous projector'® E : HS;Q(K:lL—H x TM) — HS;I(EiH x TM),

s >0, by
M .
(1.26) E=FEy+ Z E,,, where EgV :=Vy and E,,)V := Z PmVa(x)em“em,
m=1 a€Cm\0

for Py, as in Lemma 1.13.

For £(9y) as in (1.21) we have that for V° € HS?Z(E:EH x TM),
(1.27) EV° =V if and only if V° € H*' (R x TM) and £(95)V° = 0,

and (1.27) in turn is equivalent to the property that V° has an expansion of the form

M Vi,

(1.28) VO =w(@) + D Y Ok (€, 0m) T

m=1 k=1

for some real-valued functions o, ;. Moreover, since for any m,

d—1

(1.29) L(don) = w I+ BjAj =Y (W — wi) P,
=0 k£m

we have for V € Hs?z(@frl x TM):

(1.30) EL(09)V = L(0g)EV = 0.

We also need to introduce a partial inverse R for £(0dp). We begin by defining

1
A=Y —1 n,
k#m Y — Yk

19The continuity of E is shown in [CGW11], Remark 2.5.
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which in view of (1.29) satisfies
(1.31) L(d¢m) By = R L(dém) = I — Py,

The operator R is defined formally at first on functions V(z,0) = Y ey Va(z)e? of HS;Q(@?H X

TM) by

(1.32) RV:= Y R(a)Va(x)e™’
aEZM;2
where
=Ry if v € C \ {0}, o
(1.33) R(a) :={0if a =0, and L(ia) := 1Y L(d¢;)a; = iL(d(ar - ¢)).
L(ia) tifa ¢ C, 7=1

Remark 1.19. The operator R is well-defined on functions V € H S;Q(Kiﬂ x TM) whose spectrum

contains only finitely many noncharacteristic modes, and then RV lies in the same space. Oth-
erwise, there can be a problem with small divisors; the possibility of there being infinitely many
noncharacteristic modes « for which det L(d(« - ¢)) is close to zero can prevent convergence of

(1.32) in H’”Q(Ei+1 x TM) for any t.

It follows readily from (1.31) that for F € Hs?l(ﬁfl:r1 x TM), s > 0,

(1.34) L(0p)RF = RL(Oy)F = (I — E)F.
Such F have no noncharacteristic modes. Along with (1.30) equation (1.34) implies

Proposition 1.20. Suppose F € H“";I(KiJrl x TM), s > 0. Then the equation L(9p)V = F has a

solution V € H‘”l(@i+1 x TM) if and only if EF = 0.

By applying the operators E and R to the equations (1.20) and using (1.27), (1.30), and (1.34),
we obtain:

(a) EVY =)0,
(1.35) (b) E(L(O)V° 4+ D(0)V°) = 0,
. (¢) BV =0o0nzq=0,0=(6g,...,600),
(VW =0int<0
and
(a) (I — E)YV' + R(L(O)V® + D(0)V°) =0,
(1.36) (b) E (L(O)V' + D(0)V* + (8,D(0) VO)1°) =0,
' (¢) BV + (8,0 (0) VNV = G on 24 = 0,60 = (6, . .., 0p),
(d)V!=0int < 0.
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Remark 1.21. (a) Since EV? = VY the function L(9)V° + D(0)}° in (1.36)(a) has no noncharac-
teristic modes so the action of R on this function is well-defined.

(b) It is easy to check that functions V°, V! belonging to Hs?l(ﬁiJrl x ™) s > di23, and sat-
isfying (1.35) and (1.36)(a) also satisfy (1.20)(a),(b) and (1.22). Equation 1.36(b) and Proposition
1.20 suggest that we might obtain a solution of (1.20)(c) by taking

(I-EW?=-R <L(6)V1 + DOV + (&,D(o)vo)vo).

There are two problems with this. First, the quadratic term (9,D(0)V°)V° generally has infinitely

many noncharacteristic modes, so one should expect a problem with small divisors. Second, the

statement (1.34) and Proposition 1.20 are both not true when F € HS?Z(E?LI x TM), even if F

has finitely many noncharacteristic modes'!. These difficulties affect the error analysis and are
discussed further in section 1.5.

To determine the equations satisfied by the individual profiles v(x), oy, k(x,6p) in the ex-
pansion (1.28) of V°, we first refine the decomposition of the projector E in (1.26). For each
me{l,...,M} we let

by K=1,..., 1

m

denote a basis of real vectors for the left eigenspace of the real matrix
(1.37) iA(B) =1 Ao+ n.A;

associated to the eigenvalue —w,,, chosen to satisty

’ 1, ifm=m and k=F,
ko Tml k= :
T 0, otherwise.

For v € CV set
P kv := (U - V)7 1 (D0 complex conjugation here).

We can now write
M Vi,

E=FEo+ Y Y Emnk,

m=1 k=1

where E,, . := Py, p Ep,. When the multiplicity & = 1 we write E,, instead of E,, 1 and do similarly
for £y, 1y Tm 1 and so on.

The following lemma, which is a slight variation on a well-known result [Lax57], is included for
the sake of completeness:

Lemma 1.22. Suppose EV? =1V° and that V° has the expansion (1.28). Then

Em,k(L(a)VO) = (X¢mo-m,k) Tm,k

"This is because of the fact that for any k € Z \ {0}, there can be many a € (Cp \ 0) N ZM:% such that n, = k.
See the proof of Proposition 1.28.
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where Xy, is the characteristic vector field associated to dm ' 2:

d—1

Xy, = 0q+ > —0c,wm(B)0; .

j=0

Proof. For & € H near 3, let —w,,(£') be the eigenvalues i A(¢') (1.37) and P,,(£') the correspond-
ing projectors (these objects depend smoothly on & near § thanks to the analysis of [Mét00]).
Differentiate the equation

d—1
W€+ Aj&j | Pu(€) =0
j=0

with respect to &;, evaluate at 3, apply P, on the left to obtain
PmAij = —ngwm(ﬂ)Pm,
from which the lemma readily follows. U

By Assumption 1.5 we know that the vector space ker B N E®(f3) is one-dimensional; moreover,
it admits a real basis because B has real coefficients and E*(3) has a real basis. This vector space
is therefore spanned by a vector e € R™ \ {0} that we can decompose in a unique way by using
Lemma 1.10:

(1.38) ker B N E*(B) = Span {e}, e= Z ems Pmeém=eén.
me’L

Each vector e, in (1.38) has real components. We also know that the vector space BE®(S) is
(p — 1)-dimensional. We can therefore write it as the kernel of a real linear form:

(1.39) BE(B)={XeCP, b -X=0},

for a suitable vector b € RP \ {0}.

Any function V(z,0) € H“”%Ki“ x TM) can be decomposed

V= E"" Vinc + Vout + Vnonch = 2 + V*7

where the terms correspond respectively to the parts of the Fourier series (1.23) with o = 0, «
incoming, « outgoing, and « noncharacteristic'?.

Proposition 1.23. Suppose V° € H3?2(Ei+1 x TM), s > 1, is a solution of (1.35). Then

V=0, Vp,=0, V,

(o} nonc

L=0, andsoV’=V) = FEV)

me’

Vo(ac', 0,6p,...,00) = a(z’,0p) e for some unknown periodic function a with mean 0.

2The vector field Xy,, is a constant multiple of the vector field 8; 4+ Vim - V4 computed by Lax for the Cauchy
problem, where v, is the group velocity defined in Definition 1.9.
13Here we say « is incoming if a € Cy, \ 0 for an index m such that ¢,, is an incoming phase.
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Proof. Since EV? = VY, we have mech 0. Applying Ey to the problem (1.35), we find that the

mean value V0 satisfies the weakly stable boundary problem
LY+ D)V’ =0
BV’ =0 on zg =20
VW =0int<O0.

By the well-posedness result of [Cou05] we have V° = 0.

Lemma 1.22 implies that outgoing profiles o, 1, m € O, in the expansion (1.28) of VO satisfy
problems of the form

Vkm

X+ > U - D(O)ryy )T pr = 0,
k'=1

Ompk =01Int <0,

where Xy = is an outgoing vector field. Thus, 0, =0 forall k =1,...,v;,,.
Part (b) follows immediately from the boundary condition in (1.35) and (1.38). O
Since V? = V9 | we obtain from (1.36)(a)

(I - E)W' = (I — E)V},. = —R(L(O)V’ + D(0))"),
S0

Vl = 21 + Vzlnc + Vgut € Hs;l’ where EV(} Vout
Next decompose the boundary condition (1.36)(c):

(1.40) BEV)

mc

= G = [0 (VW) = BV = BUI = E)Vipe

= G* — (0 (VW) = BV + BR(L(O)V’ + D(0))°).
Remark 1.24. (a) If V(}ut|$ 4=0,0;=0, were known, one could write down a transport equation for
a(z’,0y) which is determined by the solvability condition for (1.40) implied by (1.39):
(1.41) b- (G = (D (VW) — BV}, + BR(L(O)V’ + D(0)V)) =
However, the presence of the term E ((9,D(0)V°)V°) in (1.36)(b) implies that two incoming modes

in 1 . (which is still unknown) can resonate to produce an outgoing mode that will affect V..

Thus, we do not know V.|, 4=0,0;=6,, and we see that the nonlinear boundary equation (1.41) is
coupled to the nonlinear interior equation (1.36).

(b) If the phases are such that an outgoing mode can never be produced by a product of two
incoming modes, then V! , can be determined from (1.36) to be 0, and one can proceed as in [CG10]
to solve for a without having to use Nash-Moser iteration.

The key subsystem to focus on now is (recalling V° = EVY = V) and writing with obvious

notation £ = Ey + Eipe + Eout): "

(Z) WLC( ( )Vzonc ( )Vlonc) = 0’

b) OUt( ( )Vout ( )Vout (6UD( )Vzonc)vzonc) =

C) ( - [( Uw( )VO)VO)] - Bvout + BR( (6)Vzonc ( )Vzonc)) =0,

(
(
1.42
(1.42) (
(d) 2',0,00,...,00) = a(2’,0)e,

znc(
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where V9 . and V1, both vanish in ¢ < 0.

A formula for Vionc in terms of a(2’,6y) can be determined by solving transport equations using
(1.42)(a), and that formula can be plugged into (1.42)(b) to get V., in terms of a. Thus, the
subsystem (1.42) can be expressed as a very complicated nonlinear, nonlocal equation for the
single unknown a. This is done in Appendix B for a strictly hyperbolic example with only one
resonance. However, that is not the way we solve (1.42); instead we solve the subsystem in its
given form by iteration. Picard iteration does not work; there is a loss of derivatives from one
iterate to the next (because of R), so we use a Nash-Moser scheme. An essential point is to
take advantage of the smoothing property of the interaction integrals that pick out resonances in
Eout (0, D(0)V2 )V )H; that property allows us to get tame estimates in section 3.

An important tool in solving the subsystem (1.42) is the following result from [CG10], which
will allow us to write the boundary equation (1.42)(c) as a transport equation for a(z’, 6p).

Proposition 1.25 ([CG10], Proposition 3.5). Let the vectors b and e, be as in (1.39), (1.38), and
let o(C) be the function appearing in Assumption 1.5. Then there exists a nonzero real number K
such that

RyPy, =0 forallme{1,...,M}

b-B Z Ry Avenm = k0r0(z,n) and 0;0(z,n) =1,
meL

b-B Z Ry Ajen = k0y,o(t,m), j=1,...,d— 1.
meZL

and thus

d—1
b-B Z Ry L(0)em = Kk | 070 (T,1)0 + Z&UU(L )0, | = Xrop-
me’l j=1

Taking note of the factor i in the definition (1.33) of R, we obtain the immediate corollary:

Corollary 1.26. The boundary term b- B R L(0)V?

mc

in (1.42) may be written
b- BRL(OOV,, = XiopA,
where A(z',0p) is the unique function with mean 0 in 6y such that Jg, A = a.

Remark 1.27. Proposition 1.25 shows that propagation in the boundary, which is described by
a(x’,6p), is governed by the (z-projection of the) Hamiltonian vector field associated to the Lopatin-
skii determinant. Since V°(2',0,0y,...,00) = a(2’,6p), this shows that waves of amplitude O(1)
emanate from the radiating boundary wave defined by a.

After (1.42) is solved VO is known, so V!, V), and (I — E)V}  can now be determined by
returning to the full system (1.36). The trace of EV! is not yet determined; one should make

wmec
a choice of EV}, |z,—06,—0, such that (1.40) holds, and then solve for EV} . using (1.36)(b). A

mc

precise description of the regularity of V° and V! is given in Theorem 5.11. The last piece of the
corrected approximate solution, &2 Z/{g in (1.15) is discussed next.

14 . . .. . .
Interaction integrals are similar to convolution integrals.

19



1.5 Error analysis
Given a periodic function f(z,0), where 8 = (61,...,0), let us denote
@, 0o (00,e,) = (7,00 +wi&as - - -, 00 + wpréa);
so we have

e 9

¢
f(x’9)|g_)(¢0 x?d) =f (xa - |-
Taking the profiles V°, V! constructed in Theorem 5.11, if we define

Uz (2,00) == (V(x,0) + eV (2,0)) lo_, (g, 0.

we find that L{é’ satisfies the singular system

B0%,

£
(b) YUY UL = e G(a',60) + O(?) on x4 =0,
(Ul =0int <0,

(a) Le(U?) == 8qu° + A (ax, + > U+ D(eUY UL = O(e),

(1.43)

where the error terms refer to norms in E* and H? spaces whose orders are made precise in section
4. For example, (1.43) follows directly from the profile equations (1.20)(a),(b), together with the
identity

(1.44)
]L'E <f(1‘, 6)’«9%(%,%)) - é (5(89).]0(1'7 6)) ‘9%(«90,%’1) + (L(a)f(x70)) ’«9%(90,1?‘1) + (D(Ef)f)‘ea(%,z?d)'

Since our basic estimate for the linearized singular system exhibits a loss of one singular deriva-
tive (basically, we lose a 1/¢ factor), the accuracy in (1.43)(a) is not good enough to conclude that
|U. — U Lo (2,80) 18 small (the error terms are only O(g)). To improve the accuracy we construct
an additional corrector Z/Ig (,00,&q) and replace U? by

x
(1.45) Ue(z,00) == (V' (2,0) + eV (,0)) los(60,22) + &2 U (x, o, ?d).
In constructing Z/{Og we deal with the first (small divisor) problem described in Remark 1.21(b) by
approximating W and V! by trigonometric polynomials VS and V; to within an accuracy § > 0
in appropriate Sobolev norms, and seek Z/{g in the form of a trigonometric polynomial'®. To deal
with the second (solvability) problem, we use the following Proposition, which allows us to use the
profile equation (1.36)(b) as a solvability condition, in spite of the failure of Proposition 1.20 when

Fe Hs?z(ﬁi+1 x TM). We define

50(890, afd) = L(dgbo)(%o + afd

15 Trigonometric polynomial approximations were already used to deal with small divisor problems in the error
analysis of [JMR95].
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Proposition 1.28. Suppose F(z,0) € H*%@iﬂ x TM) has a Fourier series which is a finite sum

and that EF = 0. Then there exists a solution of the equation

(146) EO (890, 85(1 )U(m, 90a éd) = F(x’ 9)|9%(90,§d)

in the form of a trigonometric polynomial in (0y,&q) of the form

(1.47) Uz, 00, &) = Z Ung e (z)ei000FiRata
(Hovﬁd)exj
where J is a finite subset of Z x R and the coefficients Uy, «, lie in HS(R?I).

The proof is given in section 4. Observe that U is periodic in 6y but almost periodic in (6, &4).
Proposition 1.28 is applied to solve the equation

Lo(3ay, 0, Uy = [~ (I = E) (L)Y, + D(0)V, + (2. D(0)V))Vp)] lo— (6060

With this choice of U we show in section 4 that the new approximate solution U (x, ) in (1.45)
satisfies instead of (1.43) the singular system

(a) Le(Ue) = O (e(Kb + C(d)e)) ,
(1.48) (b) Y(eUo) U — eG(2',0p) = O(£*C(6)) on z4 = 0,
(c)U:=01int <0,

where the errors in (1.48)(a),(b) are measured in appropriate norms. Now one can apply our basic
estimate (2.55) for the linearized singular problem to conclude that the difference between exact
and approximate solutions of the semilinear singular system (1.18) satisfies for some constants C'(9)

and K: g1
|Ue(z,00) —Ue(z,00)|ps < K5+ C(d)e, for some s > %

This estimate clearly implies the conclusion of Theorem 1.14 by choosing first § > 0 small enough
and then letting € tend to zero.

1.6 Remarks on quasilinear problems

In this article, we are able to rigorously justify a weakly nonlinear regime with amplification for
semilinear hyperbolic initial boundary value problems. Our assumptions only deal with the princi-
pal part of the operators, meaning that we only assume a weak stability property for the problem
(L(9), B) obtained by linearizing at the origin and dropping the zero order term in the hyperbolic
system. The weak stability is of WR type in the terminology of [BGRSZ02]. Despite the weak
regime that we consider (O(g?) source term at the boundary and O(e) solution), the leading profile
equation displays some nonlinear features. We emphasize that the regime that we consider here is
exactly one power of € weaker than the weakly nonlinear regime for the semilinear Cauchy prob-
lem or for semilinear uniformly stable boundary value problems. As in [CG10], this power of ¢
corresponds exacty to the loss of one derivative in the energy estimates.

We believe that the techniques developed here can be extended to give a rigorous justification
of weakly nonlinear geometric optics with amplification for quasilinear hyperbolic initial boundary
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value problems of the form

d
o + ZBj(v) djv + fo(v) =0,
j=1

p(v) =@ <£CI, i 5) on xq =0,

€
v=0and G=0int <O.

The corresponding solution v. would be of amplitude O(?). In particular the arguments used in
Section 2 to obtain uniform estimates with a loss of one singular derivative for the singular initial
boundary value problem might be extended to the corresponding singular quasilinear problem.
There are however several new obstacles along the way, one of which is to extend the singular
pseudodifferential calculus of [CGW12] in order to obtain a two-terms expansion of (1,0) and (0, 1)
compositions. The weaker scaling (¢2 in place of ¢) should be sufficient to obtain the appropriate
results. Let us observe that for O(e?) solutions, the principal part of the hyperbolic operator
has coefficients that are uniformly bounded in W?%%, which is precisely the regularity needed
in [Cou04, Cou05] to obtain a priori estimates and well-posedness. The leading profile equation
obtained in this quasilinear framework is very similar to the one we have derived here, and we thus
believe that a weak well-posedness result using Nash-Moser iteration should prove the existence
of the leading profile. For all the above reasons, we thus believe that the €3 source term on the
boundary is the relevant ”weakly nonlinear regime with amplification” in the quasilinear case, and
we postpone the verification of the many technical details to a future work.
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2 Exact oscillatory solutions on a fixed time interval

2.1 The basic estimate for the linearized singular system

The goal of this section is to prove Proposition 2.2 below and its time-localized version, that is,
Proposition 2.9. These propositions provide the a priori estimates for the linearized singular system
that form the basis for the Nash-Moser iteration of section 5.2 and the error analysis of section 4.

We begin by gathering some of the notation for spaces and norms that is needed below.

Notations 2.1. Here we take s € N={0,1,2,... }.

ﬂULdQ:z@TixTRfhu:Qﬂ{—uw<t<TLbQ;:RdeRMhﬂ:bQﬂ{—mw<t<TL

and set wp := @iﬂ N{—oco <t <T}.
(b) Let H® = H*(bQY), the standard Sobolev space with norm (V(x',600))s. For v > 1 we set
HS =" H® and (V)5 = (e V),.

(c) L2H® = L*(Ry, H*(bQ)) with norm |U(x,00)|125s = |Ulos given by

U, = / U, 24, 00) s oy A

The corresponding norm on L*H? is denoted |V o .

(d) CH® = C(Ry, H*(bSY)) denotes the space of continuous bounded functions of x4 with values
in H*(bQ2), with norm |U(x,00)|cns = |Uloo,s = sup,, >0 [U(;2d, )| mspay) (note that CH® C
L*H?®). The corresponding norm on CHS is denoted |V]oo s -

(e) Let My := 3d + 5 and define COMo .= C(R,,CMo (b)) as the space of continuous bounded
functions of xq with values in CMo(bQ)), with norm |U(z,60)|cony := |U|peopyigee . Here LW Mo
denotes the space L™ (R ; WMo:22(pQ)).16

(f)The corresponding spaces on Qr are denoted L?HZ., LQH‘;’T, CH}, CHS p and C%MO with,
norms |Ulo,s,7, |Ulo,sy,1: |Ulso,s,rs [Uloc,s,y,1: and [U] jo.mo respectively. On bQr we use the spaces

T
Hj. and H 1 with norms (U)sr and (U)s 1.

(9) All constants appearing in the estimates below are independent of €, v, and T unless such

dependence s explicitly noted.

The linearization of the singular problem (1.18) at U(x, 6p) has the form
By,
€
(6) B(eU) Uely=0 = 9(a”, 60) ,

(c)U: =0int <0,

(a) OqU. + A <8$/ + ) U. +DEU)U. = f(z,6p) onQ,

(2.1)

where the matrices B(eU), D(eU) are defined in (1.11)'7. Instead of (2.1), consider the equivalent
problem satisfied by U? := e U

OqU" + A <(3t + 7, 0p) + @) U7+ D(U)U” = f(x,6p),

(22) B(eU) U7 a0 = 47(", 60)

UY=0int<0.

16The size of My is determined by the requirements of the singular calculus described in Appendix A.
"Here and below we often suppress the subscript € on U.
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Below we let Ap denote the singular Fourier multiplier (see (A.2)) associated to the symbol

9\ 1/2
kp ) X g k8

+—
9

(2.3) AX,y) = <72 + —
The basic estimate for the linearized singular problem (2.2) is given in the next Proposition. Observe
that the estimate (2.4) exhibits a loss of one “singular derivative” Ap. This is quite a high price to
pay, which counts as a factor 1/e. In view of [CG10, Theorem 4.1], there is strong evidence that
the loss below is optimal.

Proposition 2.2 (Main L? linear estimate). We make the structural assumptions of Theorem 1.1/
and recall My = 3d+5. Fiz K > 0 and suppose |€ OqgU |co,mp-1 +|U|comy < K fore € (0,1]. There
exist positive constants 9(K) > 0, C(K) > 0 and v0(K) > 1 such that sufficiently smooth solutions
U of the linearized singular problem (2.1) satisfy:*®

(24) U700 +

2 A3/
for v > y(K), 0<e<gy(K).

The same estimate holds if B(eU) in (2.1) is replaced by B(eU,eld) and D(eU) is replaced by
D(eU,eUd) as long as |e0q(U,U)|co.m-1 + |U,U| oy < K for e € (0,1].

Corollary 2.3 (Main H},, linear estimate). Under the same assumptions as in Proposition 2.2,

smooth enough solutions U of the linearized singular problem (2.1) satisfy:

(U™
VY
for v > y(K), 0<e <egyK).

(2.5) 107|000 4+ 10701 +

< O(K) <’ADf’Y\o,1 + |V fo1 N (Apg™)1 + <v$,gw>1>

2 ~3/2

Short guide to the proof. The proof of Proposition 2.2 is completed using the next three
propositions, each of which has the same hypotheses as Proposition 2.2. In the first step of the
proof of Proposition 2.2, we choose a partition of unity defined by frequency cutoffs x;(¢), i =
1,..., N1+ No, such that for s = 1,..., Ny the function y; is supported near a point of the “bad”
set T, while for i > N the function Y; is supported away from Y. The estimates of Xi,D U7 for
1 > Np are done in Proposition 2.8. For such indices, Kreiss symmetrizers in the singular calculus
are used to estimate x;, pU? without loss.

To handle the piece x;, pU?Y, i < Ny, where the loss occurs, we also choose an auxiliary cutoff
X¢ in the extended calculus with the properties (A.6) and use the decomposition

(2.6) Xi.oU7 = xpxi.pU” + (1 = xp) xi.pU7 .

The first term on the right in (2.6) is estimated in the Proposition 2.4 while the second term in
Proposition 2.6. Proposition 2.6 is the most difficult part in the analysis because in this frequency
domain, some of the commutators are poorly controlled.

¥Note that the norms |u|o,1 and |Apulo,0 are not equivalent.

24



Proof of Proposition 2.2. 1) Partition of unity. The compactness of T (see Assumption 1.11)
and X allows us to choose a finite open covering of 3, C = {V;}i=1,.. ny+N, such that {Vi}i=1,. N,
covers Y and such that U%iﬂ\bvz’ is disjoint from a neighborhood of Y. Since ¥ C H we can
arrange so that for each i € {1,..., N1} there is a conjugator Qo,;(¢)* and diagonal matrix Dy ;(¢)
satisfying (1.8) in V;. Moreover, we can choose a neighborhood O of (0,0) € R?" such that for each
i < Nj there are functions o;, F; 1, and P; 5 on O x V; with the properties described in Assumption
1.11. For these symbols, we shall use the substitution (v1,v2) — €U(x,8y) to prescribe the space
dependence.

We let x;(¢),i = 1,..., N1 + N2 be a smooth partition of unity subordinate to C, and extend
the x; to all ¢ as functions homogeneous of degree zero. We smoothly extend each Qo ; (as a matrix
with bounded inverse) first to X, and then to all ¢ as a function homogenous of degree zero. We
take similar extensions in ¢ of F; 1, P;2, D1 ; and o, but with homogeneity of degree 1 in the cases
of Dy ; and o;. As with Qg ;, the extensions of P;; and P> are taken to have bounded inverses.20
Of course, for a given i < Nj the property (1.12) is satisfied only for (/|(| € V;.

IT) First estimate near the bad set. The first estimate deals with a piece of U7 that is
microlocalized near the bad set T and in the frequency domain |(¢,7)| < |k 8| /e.

Proposition 2.4. Fiz i such that 1 < i < Ny and let UY =Xx% X’i7DUPY where x; is defined in step
I) above and x5, is a cut-off in the extended calculus satisfying (A.6). Then we have the a priori
estimate

. Uy
(2.7) 07]op + [Utl=0

< 0(K) (\Apfwo,o L Bogo , [07og <Uv>o> |

+
42 43/2 2 432

for v > vo(K).

Proof of Proposition 2.4. The loss of derivatives in the estimate prevents us from treating the zero
order term D(eU) U” as a forcing term, as we would in a uniformly stable problem. Thus, we need
to use an argument that simultaneously diagonalizes A and the lower order term D(eU).

We now set x°x; = x, v := XDUA{ and look for an estimate v. We let A(X,v) = —A(X,~)
denote the singular symbol such that

19)
AD = A ((Bt =+ v, 8xu) =+ ﬁee()) .

Dropping superscripts v, we see from (2.2) that v satisfies

0qv +Apv+D(eU)v=xpf + [D(eU),XD]U =xplf+ 7”71,DU,

(2.8) . .
B(eU) v|zy=0 = xpg + [B(EV), XplU|eq=0 = Xpg + 7—1,0U |z ,=0-

Here and below r_; p denotes a singular operator of order —1 (which can change from one occur-
rence to the next) computed using the singular calculus. Similarly, 7o p will denote an operator of
order 0. In spite of the loss of the factor Ap in the estimate (2.4), we are able to treat T,l,DU as
a forcing term (see, for example, (2.17) below). A term like 7o, pU /7 would be too large to absorb.

"Recall the notation ¢ = (7 — iy,7n). Sometimes we will also write ¢ = (£',7) to match the notation of [CGW12].
20Taking such extensions will reduce the number of cutoff functions we need later.
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1. Simultaneous diagonalization. This diagonalization argument is similar to the one
in [Coul4]. Let Qo(¢) = Qo,i(¢) and D;(¢) := Dy ;(¢) be the matrices as in (1.8) such that
Qo(O)A(Q)Qy (¢) = Dy(¢) in the conical extension of V;. We define

(2.9) w = Qpv,
where Q@ = Qo(X,v) + Q-1(eU, X, ~). Here the matrix Q_1(eU, () is a symbol of order —1 defined

for all ¢, but chosen so that on the conical extension of V;, the matrix

(2.10) Do(eU,¢) := [Q-1Qy ", D1] + Qo D(eU) Qy

is block diagonal, necessarily of order 0, with blocks of the same dimensions nq,...,n; as those of
D;. Since the eigenvalues associated to the blocks of ID; are mutually distinct, a direct computation
shows that Q_1Q ! and thus Q_, can be chosen so that the commutator cancels the off-diagonal
blocks of Qo D(¢U)Qy*. (The diagonal blocks of the commutator are all zero blocks and can
therefore not cancel those of Qo D(eU) Qy*.) Since Qo A = Dy Qo on V;, (2.10) implies the relation

(2.11) QA+ QD =D1Q+[Q-1Q;",D1] Qo + QoD = D1 Q + Dy Qo.

Remark 2.5. [Entries of the symbol QQ—1] Observe that the scalar entries of the matrix Q_; p can
be chosen to have the form

(2.12) (@-1,0)i; = c(eU) a—1,p,
where a_1(() is of order —1 and independent of (x, ), thus giving rise to a Fourier multiplier.

Noting that z-dependence is absent in A and @y and using the commutation property (2.11),
we have

daw = Qp Ogv + (34Q—1)pv = —Qp (A + D(eU))pv + Qp xpf +r—1.0U
= —(QA+QyD())pv + QpXxpf +r-1.pU
= —(D1Q + DoQo)pv + Qp xpf +r-1.0U
= —(D1 + Do)pw + Qp Xpf +r-1,0U .

(2.13)

Here we have used the support property of x¢ to conclude (see Proposition A.9(a) and (b), as well
as Remark A.10)

(a) (04Q-1)pv =7_1pU  and

(2.14) |
(b) (D1 Q-1)pv =D1,p (Q-1)pv+7-1,pU .

The fact that the statements in (2.14) are no longer true when x€ is replaced by (1 — x¢) in the
definition of v is the main reason for the difference between Propositions 2.4 and 2.6 (the latter
being much more technical). Here we are able to treat all commutators as forcing terms since they
are order —1 operators.

2. Outgoing modes. Recall that —ID; and —IDg are block diagonal:

iwl(C)Im 0 Cl 0
_DI(C) = e ) —Do(ﬁU, C) = - s
0 iwy(¢)1n, 0 Cy
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so the system (2.13) satisfied by w = (wy,...,ws) can be written as a collection of J decoupled
transport equations

(2.15) Bdwj = (in)ij + Cj,ij + To,Df + 7”_1,DU

with Re (iw;) < —cvy for 1 < j < J', and Re(iw;) > ¢y for J'+1 < j < J (¢ > 0 denotes a
constant).

Following the strategy of [Cou04], we now give two preliminary estimates of the outgoing modes
wj, j > J' + 1. Taking the real part of the L?(Q) inner product of (2.15) with A%w;, we obtain

Apw;(0))2 )
—w = Re (AD (ij)ij, Aij)LQ(Q) + Re (AD Cj,ij, AD'LU]')LQ(Q)
+ Re (AD Qp XDf, ADU)]‘)L2(Q) + Re (AD 7“_17DU, ADU)]‘)L2(Q) .

Since Re (iw;) > ¢, we get after absorbing some terms on the left
2 , _C 2 12
(2.16) 1IApwilio + (Apws)F < = (1o flfo+ 1010) -
Here, for example, we have used Young’s inequality and estimated
. 06 . 2 2
(2.17) [Re (Apr-1pU, Apw;j)r2(0)| < . \Ulg0 + 07 |Apwslgo s

with & > 0 small enough so as to absorb the term ]Aij]aO from right to left. Similarly, taking
the real part of the L? inner product of (2.15) with w; on [z4,00) x bS2 instead of (2, we obtain for
all x4 > O:

C 1 .
(2.18) 7@%wﬂ%%%§;<m%+$wm>-

3. Incoming modes. Estimating w; for j < J’ in a similar way, but now using Re (iw;) < —cvy
and pairing the corresponding transport equation with w;, we obtain

C : C 1.
Yo < € w0 + £ (17Bo+ bo1.0080) < w0+ (170 + 25 108 )

Taking the real part of the L? inner product of (2.15) with w; on [0, z4] x b2 rather than on all 2,
we also obtain

C 1 .
(2.19) 7wl + (wj(za))g < C (w;(0))3 + - (\f\ao 2 \U\(Z),o> :

4. Boundary estimate. We observe that v can be expressed in terms of w as
(2.20) v=(Qy )pw+r_1pU.

Recalling the boundary condition in (2.8) and using the decomposition Qy*(¢) = [Qin(C) Qout (¢)],
we let accordingly w = (wjp, weut) and rewrite the boundary condition in (2.8) as

(221) B(&U) Qin,Dwin|md:O = —B(&U) Qout,Dwout|xd=0 + Xpd + T*l,DU|md:O .
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By (1.12) we have on V;
B(eU) Qin = Pt (P B(eU) Qun P2) Pyt = P! (A (y +i0) 1) P,

so using the rules of singular calculus, we get

Y +i0p

Ap B(eU) Qin.pWinlz,—0 = (P H)p ( Ap I) (Py ) pwinley=0 + 70, 0Win)zy=0-

With (2.21), this implies
(2.22)

(@00 (T ) B pwinlegmalo < € (ptmilagmalo + (Angh + (Ulayalo)

We have Pl,D(Pl_l)D = I+ r_1 p so up to choosing ~ large (and absorbing the r_; p term), the
estimate (2.22) implies

(2.23) <<7 oD Ay I) (Py ") pwinlwy=0)o < C (<ADwout|xd=o>o + (Apg)o + <U|md=0>0> :

Letting (Z}) = (P271)Dwin|xd:0 we find, using the fact that o is real and choosing again v large

enough,

() (B2 & 67 i o) > L un,

Thus, from (2.23) we may conclude

(2.24) Y (Win|z,=0)0 < C ((ADwout|md=0>0 + (Apg)o + <U|md=0>0) -

5. Conclusion. Combining the estimates (2.16), (2.18), (2.19), and (2.24) we obtain

’73 |win|3,0 + 72 |win|go,0 +7 |ADwout|g,0 + <ADwout|xd=0>g + ’72 |wout|c2>o,0
IApflo U5 0
Y

<C + (Apg)g + — + <U|xd=0>%> :

Recalling the relation (2.20) between v and w = Qpv, we obtain the estimate (2.7) for v large
enough. Though we have not emphasized the regularity of the symbols, we claim that the regularity
assumption on U is sufficient to apply the rules of singular symbolic calculus at each step of the
above calculations, see Appendix A. We feel free to skip some of the details. U

ITT) Second estimate near the bad set. Next we estimate the second term on the right in
(2.6). In the statement below Qp = Qo p + Q—1,p is the same operator as that constructed above
in the proof of Proposition 2.4. Since (Q07D)_1Q,1,D has norm less than one as an operator on L?
for « large, we can define (Qp)~! as an operator on L? using a Neumann series.
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Proposition 2.6. Fiz i such that 1 <i < Ny, let U) := (1 — x$,)xi.pU" and write

(225) U2 = U;,zn + U;,(mt’
where?!
(2.26) U;m = (Qp) H(win,0) and U;Out = (Qp) 10, Wour).

Then we have

|U;,in|0070 + ‘(VJ»’"’Y) Ug,OutIO,O 1 ‘(VJ»‘U’Y) U;mut’OO,O

(2.27) |U;7m|0,o +

VY g v/
: (Var A US 11 20=0)0 [(Varsv) 17 (Var,7v) 97)
—177y D “Y2/inl%q 'Y 0,0 z,7)9")0
+ [Var A U3 o0 + A <C ( 42 * 73/2
U700+ [Var A5 U000, (U ]ey=0)0 + (Var A5 U]z —0)0
+ ~ + 32 :

Proof of Proposition 2.6. 1. Simultaneous diagonalization with a new remainder. We now
set (1 —x%)xi=x,v:=xpU? =U], w:=Qpv = (Win, Wout) and repeat the proof of Proposition
2.4 down to line (2.13) with only one change. Suppressing superscripts -, we now have instead of
(2.13)

(2.28) Oqw = —(Dl + ID)Q)DU) + To,Df + T_l,DU + RGDU,

where R}, = R’b — R% with operators R%,R% defined in (2.30) below. Ag can be checked by
looking at each line in (2.13), we also observe that the remainder term r_1,pU reads

(2.29) Qp [D(eU),xp)U — (Qo,p Do,p0 — (Qo Do) p) XxpU — Q—1,.0 P(eU) xpU +Do.p @—1,0 XpU -
The equalities of (2.14) should be replaced by

04Q-1)pv = R} d

(2.30) (a) (0aQ-1)pv pv, an )
(b)(D1 Q-1)pv =Dy p (Q-1)pv + Rpv,

where in view of Remark 2.5 the scalar entries of RY, and R$, have the forms

(2.31) (Ogc(eU))a—1,p and  [og,p,c(eU)]a1p,

respectively. In (2.31), a1(¢) denotes one of the diagonal entries of D;(¢). Here and below a_1 p
denotes a singular operator of order —1 associated to a symbol a_1({) which may change from term
to term. We claim

C _ C
(2.32) [Rpvfoo < ~ wloo and Vo RHvloo < C|VaAplvloo+ ~ v]0,0-

Indeed, the first estimate is clear from the definition (2.31) since dyzc(eU) is a bounded function
and [a1 p,c(eU)] is bounded on L? by the rules of singular calculus. The L? estimate of V, R4v

21Here win € CP and wour € CVN7P are defined by the same diagonalization procedure as in the previous proof.
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is readily obtained by differentiating the product (94c(eU))a—; pv with respect to 2’ so we now
focus on the estimate of Vs RGv. Setting ro p := [ p, ¢(eU)], which is a bounded operator on L?
by the rules of singular calculus, we have

_ (%
[Var Rpvloo < [ro,p Var a—1,0v]0,0 + [[Var, 70,0] a-1,0v]0,0 < C <’vm/AD1v’0,0 + H%) ’

where we have used Proposition A.9(c) to estimate the double commutator term [V, o p].

The estimates (2.32) will be used below to handle the source term R,v appearing on the right
of (2.28). Unlike what happened in the proof of Proposition 2.4, (2.32) seems to be the best we
can hope for the bad (1, —1) product.

2. Incoming modes I. In place of (2.15) we now have

(2.33) adwj = (iwj)ij + Cj,ij + TO,Df + ’I“,l,DU + R%U, 7=1,...,J

and for the incoming part w;, we obtain as in (2.19):

C .
(2.34) ¥ [winlg o + 72 [winl2e.0 < 7 (Winlzg=0)§ + - <”Y floo+ \Ufg,o) :

This L? estimate does not cause any problem because we have the good L? control (2.32) of the
additional term R}v appearing on the right of (2.33).

We can also repeat the same argument as in step 4 of the previous proof for the boundary terms
because these estimates did not rely on the support properties of x¢ (the support properties of x¢
were only used to control some error terms in the interior equation). We thus derive again

Y (Winlza=0)o < C ({ApWoutles=0)o + (Ap Xpg)0 + (Ulag=obo ) -

Using the fact that on the support of 1 — x¢(¢/, kg—ﬁ, v), we have
X, < ClE A,
we obtain the estimate
{(Apwout|z,=0)0 + (AD Xpg)o < C{(Var, ) Wout|eg=0)0 + C {(Var, ) 9)0 -

At this stage, we have thus derived the bound

C . .
(235) 7wl +* honlen < = (W SRo+ 108o) + € (4(Var7) 938 + (Oles=0)d)
+C <(Vx’a 7) wout|xd:(]>% .

3. Outgoing modes. Let j € {J'+1,...,J}. Taking the real part of the L?() inner product
of (2.33) with —92 wj for k=0,...,d — 1, and with v*w;, we obtain in place of (2.18)

C . .
236)  7I(Ts2) il + 1T ot < & (I(72r17) FRo + 1080 + 100 AT
Here in place of (2.17) we have used the estimate

Qi 71,00, O 0j) 12| < 10w AB' Ul + - Ul6.0 + 67 105,w3l5 0,
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along with a similar estimate for (0, Rfv, 0z, wj)r2(q)|- Such estimates follow either from the

precise expression of the remainder 0,, r_1, pU (differentiating each of the four terms in (2.29) with
respect to xy) or from (2.32). As usual, we then choose § small enough so as to absorb terms from
right to left.

Adding (2.35) for the incoming modes and (2.36) for the outgoing modes, we have already
shown how to control the first line in (2.27) by the quantity on the right of the inequality (2.27).
At this stage, it thus only remains to control the term V. ABI U; in-

Remark 2.7. At this point we can see the need to estimate the remaining terms on the left in the
estimate (2.27) as well as the similar terms on the left in the Kreiss estimate (2.43) below. We must
estimate those terms in order to be able to absorb the terms involving V. ABlU 7 on the right side
of (2.27). We recall that these terms come from the "bad” composition term D; p @_1 p and from
04Q—1,p. Observe that there is no need for a separate estimate of V- ABIUY since, for example,

IVar A5 U 00 < CUT o0

because | X,~| > C'|£’, 7] on the support of x°.

4. Incoming modes II. Here we begin to estimate the terms in the second line of (2.27).
The problem satisfied by v = U; has the form (2.8) with the new cut-off function x = (1 — x°) x;.
We now introduce the functions v := Al_)lv and ¥’ := 0,0, where 9, denotes any of the tangential
derivatives Oy, ..., 0z, _,, and see that the function ¢ satisfies

9q? + Apt’ + DU = 0y A xpf + 0 AL [D(EU), x p)U
(2.37) + 0y ((D(eU) — Ap! D(eU) Ap)3) — dD(eU) -0, U 0,
B(eU) ¥ |gym0 = 0w ARt X pg + 0w AR [B(EU), X p)U gm0 + O [B(U), Apv]s—0-

We can thus diagonalize the problem for v’ with the same operator Qp as before. Introducing the
function ' := Qp?’, we find that @’ satisfies

(2.38)
- 5 _ 1 B 1 . B .
(a) adw/ = —(]D)l + ]D)(])D’U)/ + QD 893/ ADl XDf + ; T07DUI + ; T07DU + QD (93[;/ ADl [D(&U),XD]U,
(b) B(eU) Qin, 05y, = —B(eU) Qout, Wyt + O A" Xpg + 0ur ARt [B(eU), xp]U
+ 0w AR [Ap, B(eU)]o +7_1 p¥ .

where we have collected many terms (for instance the R, operator as in (2.28)) into remainders of

the form y~!rq p. For instance, we have used

Qp 0y ((D(eU) — AR D(eU) Ap)d)
= Qp (D(eU) — Ap' D(eU) Ap)v' + Qp (0w D(eU) — Ap' 9 D(eU) Ap)d

1 51 .1 1 .
= —1o,pV + =19 p0 = =19 p0 + —710,pU .
v v v v

Next we fix an index j € {1,...,J'}. Taking the real part of the L?(Q) inner product of
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(2.38)(a) with @}, we obtain the standard L? estimate for incoming modes:

N 5 C B 1 L 1 .
V1o < C @hleamold + (\axf A5 1o+ 25 10w A0 + \Ura,o)

C -~ .
o 0 AR [D(EU), xplU o -

The last term on the right of the inequality is estimated by similar techniques as above, namely we
write

O ABI [D(eV), xp] = [P(eU), xp| O ABI + [0 ABI7D(5U)] Xp — Xp [0 ABI7D(5U)] )
and then decompose the commutator [0,/ ABl,D(aU )] as follows:
[0, AR, D(eU)] = 0y (AL D(eU) Ap — D(eU)) AL + (0w D(eU)) AL}
In the end we obtain the estimate

- - C . .
(2.39) Y@ l5.0 < C (Wi les=0)5 + 3 (|am/f|(2),0 + |0 AL UG o + |U|(2),o> ;

and we thus wish to control the trace of w/,,.
5. Control of the trace of w),. Using (2.38)(b), and arguing as in step 4 of the proof of
Proposition 2.4, we obtain the boundary estimate

(240) 7 (hules=0)0 < C ((Apthulay=0)o + (Drg)o + (O [BEU), XplUley=0)o
+C (0 [Ap, BED)]2ln=0)0 + (7'|4=0)o) -

The two commutators appearing on the right of (2.40) are dealt with as in the previous step and
we get

Y (hali=0)o < C ({ADByutles=0)0 + (Dargbo + (Ulau=0)o + (00 AGUlu=0o) -
Combining with (2.39), we have derived

i i c, c . .
241) i o+ (Balr=008 < 3 (ApTulsy=0)d + 75 (100 F130 + 100 A5 TR0 + 1013

C ) .
+ 27 (10098 + (Uleym0lf + (0 AR Uley0)3) -

We expect Apw),, to be comparable to J,we,: and thus use (2.36); this is checked and made
precise in the next step.
6. Relation between Apw’ and 9,,w, and conclusion. Using the definitions

W =Qp? =Qp 0y Al_)lv and w = Qpv,
and the fact that Ap commutes with Qo p, we compute

Apt' = Qp Oyrv + 10,07 = Dpw + 19,0V + 10,00
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We have thus derived the bound from above

1 5 C : .
-3 ApTouleo=old < =5 ((Owwoutles=old + Oles=old + @ A5 Ules=olt)

which we combine with (2.41) and (2.36) to obtain

o)

(2'42) Y W)én‘ao + <u~)§n‘xd:0>% < ,}/3

(100, 110 + 100 AG'TTR o + 103,
C ) .
+ 23 (10098 + (Uleym0ld + (0 AR Uley0)3) -

It only remains to derive a bound from below to go from @), to OJC/ABl U; - We first observe

that estimating 6$/A51U; . as claimed in (2.27) amounts to estimating Qp (9x/A51 U). . We use

2in"
the relation
QD 0w AR U3 4, = Ot Ap win — [0 AL, QD] U3, = Ot Ap win — [0 AL, Q-1,0] UF,

and we use the special ”decoupled” form of the coefficients of (J_1 to show that the commutator
[0 A5, Q-1.p] reads

_ 1 1 _
[a:v’Apla Q—l,D] = ? r0,D + ? T0,D (81/ AD1) .

Similary, we can write

N _ 1 1
wén = (9x/AD1wm + ? 70,DV + ? ro,p (0 A v,

so we obtain 1 1
Qp aﬁB'Al_)lU;,in = u?én + ? 7“07DU + ? 70,D (({933/ Al_)l)U .

We have therefore proved that (2.42) implies that the second line in (2.27) is controlled by the
terms on the right of (2.27). This completes the proof of Proposition 2.6. U

IV) Estimate away from the bad set. The next proposition provides a Kreiss-type estimate

for the terms x; pU”, where i > Nj.
Proposition 2.8. Fizx i such that N1 +1 <1 < Ns and let Ug = X@DUV. We have

<V:v’ Al_)lU??‘xd:@O
ﬁ
c 10,0 + [Var A5 f 00 n (g0 + (Vo Aptg™)o
Y Nal
+|UV|0,O + |V A U700 n ({U"]2,=0)0 + (Var ADlU,y|$d=0>0> '
72 v

<Uf;y’$d:0>

(2.43) U loo + N O 4 Vo AU 00 +
<
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Proof. 1. L? estimate. The first step is to prove the Kreiss-type estimate

(U |24=0)0 <C |/ 70,0 N (97)o N !U”!o,oJr (U] 2,=0)0 .
Vi oo ¥ v 72 ¥

For this we define the good set G C ¥ to be a neighborhood of the closure of Uﬁ\hoLlVi such that

G is disjoint from T; here the uniform Lopatinskii condition is satisfied. The classical construction
of Kreiss symmetrizers [Kre70, CP82] provides us with an N x N symbol R(¢), homogeneous of
degree 0, such that for some positive constants C, ¢ and (/|| € G we have

(a) R(¢) = R(¢)"

(2.45) () —Re(R(Q)A()) = ey Iy
(€) R(C)+CB0)* B(0) > cly.

(2.44) U3 lo0 +

We take a smooth extension of R to all ¢ as a symbol of order 0 such that (2.45)(a) holds. Observe
that by continuity (2.45)(c) implies

(2.46) R(()+ CB(eU)* B(eU) > cIy for £ small enough.

As observed in [Wil02] we may now use Rp, the singular Fourier multiplier associated to the
symbol R(X,~) as a Kreiss symmetrizer for the singular problem. Let x; = x, v := x DU 7, and
denote by (-,-) the L? inner product on b§). Using the equation (2.8) to expand dy(v, Rpv) and
integrating in x4 over [0,00) we obtain

— (V|3y=0, RpV|z,=0) = —2Re (Rp Apv,v)
—2Re (Rp D(eU)v,v) +2Re (Rp xpf7,v) + O(U" [} 0/7°).
From (2.45)(b), (2.46) and the localized Garding inequality (Proposition A.11),

A7) Re((R+ CBEU) BEU)ptlaymn, lagma) 2 e lola,ma)f - € =0,

we easily derive the estimate (2.44).

2. Estimate of Vx/Al_)lUg . Set ¥ := Al_)lv and for now let ¢’ denote one of the tangential
derivatives 0;0, j =0,...,d — 1. Then ¢’ satisfies the system (2.37), where the truncation function
x has changed but the forcing terms have exactly the same expression. An argument just like the
one that gave the estimate (2.44) yields

|va:’ AZDI U:;Y|0,0 +

(Vo D' C3leaz0do _ o (1V22 AB' oo (Vo Ap'g7)o
val - g el
+ |U7|0,0 + |Vx’A1_)1(]7|070 + <U,y|33d:0>0 + (vm’ Al_)lU,y|1'd:0>0>
7 v '

Here instead of (2.47) we have used

~ ~ ~ aa:’ AilU’y Tg= 2
Re (R + CBEU) BEU)) 0T oyt i lagco) = (7 Jny0)? — € 222D 8 lrazolt
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to recover the estimate of the trace of #/. The L? estimates of the forcing terms in the interior
and on the boundary are exactly the same as in steps 4 and 5 of the previous proof. Since these
estimates are actually simpler or similar to those we dealt with in Proposition 2.6, we feel free to
skip the details that should become more or less familiar to the reader at this stage. O

V) Conclusion. We use the previous propositions to complete the proof of Proposition 2.2.
It remains to estimate |U7|p; and |U7|w,0. Summing the estimates (2.7), (2.27), and (2.43)

over i € {1,..., Na} and absorbing error terms from the right by taking ~ large, we derive
(2.48)
: U |y Ul + Uy Apf? Vo 7 Apg")o + (Vg
|Uv|070+< lzs=0)0  [UY + Uylocn gC(K)<| pf |o,o+2| oo, (Apg >0-3F2( /9 >o> ’
Val Val g 3/

where we have ”forgotten” on the left of the inequality the additional control of V. ABI U (this
term has played its role, meaning that it was used to absorb some bad terms appearing on the
right). This gives exactly (2.4) with the additional control of U] 4 Uy in L (L?). This additional
property will be used in the proof of Corollary 2.3 below. O

Proof of Corollary 2.3. We first estimate the first order tangential derivatives. We can apply the
a priori estimate (2.4) to the problem satisfied by 0, 6,)U”, which is obtained by differentiating
(2.2). This yields

(U7 y=0)1
ﬁ

which is the same as (2.5), except for the absence of [U7|« o on the left. Here we were able to treat
commutators as forcing terms because, for example,

(2.49) 0701 +

< C(K) <|ADfV|0,1 + [V o1 N (Apg")1 + <Vx/gv>1>

2 43/2

[D(&U), a(:v’,@o)] Uﬂ/ = _(dD(gU) ’ 66(:}:’,90)(]) UPY ’
and the factor of € coming out from the commutation allows us to estimate
’AD ['D(e’:‘U), 8(33/790)] Uﬂop S C ’Uﬂo@.

It thus only remains to estimate the norm |U7|oo,0. For 65 > 0 to be chosen, we take 0 < §1 < &9

and consider a symbol of order zero in the extended calculus, x¢(¢’, %, ), such that

0<x*<1,

k k
X (5’,?ﬁ,’y> =1on {!5',7! S51M} ,

3

k
supp x° C {!5’,7! < &9 | ﬁ\} .

€
We then write UY = x$,U7 + (1 — X%)U“’ and begin by estimating |(1 — x$%)U7]0.00 by using the
Sobolev-type estimate

(2.50)
(1= XD)U" 00,0 < C (1 =xD)0alU" 00+ C (1 —x5)U7 00 < C (1 —xD)0aU 0,0+ C|U]0,0-
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Using the equation (2.2) and the fact that

k
| X, (1 -x° (5’, ?67» <ClEAl,

(1= x5) 820700 < [Ap (1 = xH)U 0,0 + (1 = xD) DU o0 + (1 = x5) oo

<C <’U«/‘071 +1fop0) <C (!Uﬂ/\og +

we obtain

’AD]W‘OJ)
72 ’
where the last inequality follows from [f7]go < C|f7]o,1/7. With (2.50) this gives
) ) An(fY
(251 (1= XD < € (j07)0a + 2201,
To estimate | X%Uﬂw@ we observe that since § € T, we have for d2 > 0 chosen small enough
N1
kp kp
e / e /
il - Me (X
X (5, . ﬁ) X (5, ; ,7> ;XZ( )y
for the y; chosen in step I) of the proof of Proposition 2.2. Thus,
|X6DUPY|00,O <Ixp (Uiy + U;)|oo,0 < |UI{ + U;|oo,05

with U;’ and U; defined in Propositions 2.4 and 2.6. We can then apply the a priori estimate (2.48)

and obtain s o o o
\x%U”\MgC(‘ nf ’070‘;‘ o f7oo | (ApgTho + (Varg >0>.
With (2.51) and (2.49), this completes the proof of Corollary 2.3. .

Let us quickly observe that the genuine Garding’s inequality was used only once, in the proof of
Proposition 2.2, namely in (2.47). In all other cases, we only used Plancherel’s Theorem for Fourier
multipliers. This explains the slight difference between (2.43) and (2.7), (2.27) for the powers of .

Next we “localize the estimate” to Qp. Since?2

)

e

IApf7o1 ~ ‘(%333' + %> I

N‘(Vaam/+ﬁaeo>f
19

we can rewrite the a priori estimate (2.5) for solutions to the linearized system (2.1) as

0,1 0,1,y

‘ : (Uy=0)1,7
252 U O0,0, + U 071’ + N7 =YLy
(252) |Uloo0y +1Ulo1y 7
g 8
< C(K) <|(ry,ax/ + 560 )f|0,17’¥ + |vx/f|0,1,’y 4 <('Y, ax/ + 560 )g>1,"/ + <v$/g>17,\/>
- ok ~3/2 .

22Here “~” denotes equivalence of norms with constants independent of € and ~.
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Suppose now that the singular problem (2.1) is posed on Qp instead of Q. Given f € LQHT,
one can define a Seeley extension f € L2H! such that

(%6 + 589“) fl + | Varflog <C ('(%&y + 5‘?“) f
0,1

where C' is independent of v, ¢, and T'. It is readily checked that the same extension satisfies

@59 |(vow+ B2 7 4ol <C <‘ (voow+ 220) 1

where again C' is independent of ~, ¢, and 7. We claim that changing f, g, and U in {t > T}
does not affect the solution of (2.1) in {¢ < T'}. (This causality principle is discussed further below
together with the existence of solutions to the linearized system (2.1).) Hence the estimates (2.52)
and (2.53) imply the following estimate for the singular problem on r:

+ !Vm/flo,LT) ,

0,1,

0,1,y

+ Vo flogy )

071777T

(Uleg=0)17.1
VY

0,
< C(K) (7, 0 + 220 flo,1 o + [V Floi,r n (7,00 + 222V )1 0+ (Varg)1ar
> 72 73/2 )

Ulso0,7 + Uo7 +

Let us now consider the linearized singular problem (2.1) on Q7 with data of the form ef, eg
instead of f and g. We note that

‘(% e Bf9°> ef

Let us write the linearized operators on the left sides of (2.1)(a) and (b) as L/(eU)U and B/(eU)U
respectively, and define

Op
< C\floar and <<%0 ; 5—) et < Clg)anr.
0,1,v,T

) 1 ) ) 1 )
LLUU = ng(eU)U, BLU)U = EB/(eU)U.
We have proved:

Proposition 2.9. Fiz K > 0 and suppose |e0qU| jo.mo-1 +|U| 00, < K fore € (0,1]. There ewist
T T
positive constants €o(K), vo(K) such that solutions of the singular problem

LLUYU = f on Qr,

(2.54) BL{U)U =g on bQr,
U=0int<0,
satisfy
: : <U|:v =0>1,7,T |f|0,2,7,T <9>2,7,T
(2.55) Uloo.04.1 + U017 + dT < C(K) 2T 3/

for 0 < e <eg(K), v>v(K), and the constant C(K) only depends on K.
The same estimate holds if B(eU) in (2.1) is replaced by B(eU,eld) given in (1.9), and D(eU)
is replaced by D(eU,eld) given in (1.10), as long as there holds |e04(U,U)| 0,891 + |U, U!Co My < K

for e € (0,1].

ot
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2.2 Well-posedness of the linearized singular equations

In this short section, we explain why the analysis in [Cou05] gives existence and uniqueness of a
solution to the linearized singular problem (2.54) for which the estimate (2.55) holds. First of all,
we can define a dual problem for (2.1) that reads

/3 Og,

OqU + A* (ax, + =

(2.56) ) U+DEU)U = f(x,6p) onQ,

M(EU) Ulpy=0 = g(a',6p),

where A* is obtained from A by first multiplying the system by the constant matrix By, then by
integrating by parts on {2 and eventually by multiplying by (Bg)*l. The zero order term is also
changed accordingly. Following the standard procedure described for instance in [BGS07, Chapter
4.4], the matrix M giving the adjoint boundary conditions is chosen such that for all v sufficiently
close to the origin, there holds

Bp = B(w)¥ B(v) + M(v)T My (v),

where Bi(v) and M (v) are additional matrices depending smoothly on v.
The expression of A* shows that this singular operator coincides with the operator obtained by
applying the substitution 9,7 — 0,» + B0y, /€ to the dual operator

d
0+ Bl 0;=—Le(d)".

j=1

It is known from the analysis in [BGS07, Chapter 8.3] that the latter constant multiplicity hyper-
bolic operator with boundary conditions given by M (v) gives rise to a boundary value problem
in the "backward” WR class (one just has to replace v by —v for this dual problem). When we
apply the singular transformation 0,; — 0,/ + [0y, /¢ to the boundary value problem defined by
(Lo(0)*, M(eU)), we can reproduce the analysis of the former section and show that the same type
of a priori estimate as in Proposition 2.2 holds for (2.56).

For all fixed € > 0 small enough, we have thus proved that both the forward problem (2.1) and
its dual problem (2.56) satisfy an a priori estimate with a loss of one tangential derivative. The
estimates depend very badly on e because singular derivative 0,/ 4 30y, /¢ is estimated by 1/¢ times
the tangential H! norm with respect to (2/,6). Nevertheless, we can at this stage reproduce the
arguments of [Cou05] to show the existence and uniqueness of L? solutions to (2.1) when the source
terms f and g satisfy f, g, f,0x f € L?(Qr), g € H'(bQ7). The analysis is actually much simpler
than in [Cou05] because most of the technical difficulties in [Cou05] arise from commutations with
the hyperbolic operator. Here the hyperbolic operator has constant coefficients so commutation
with any scalar Fourier multiplier is exact. The analysis in [Cou05] also shows that weak solutions
are limit of strong solutions when the hyperbolic operator has constant coefficients?® so we can
show that weak solutions satisfy the energy estimate (2.4) with constants that are uniform with
respect to the small parameter €. Such global in time estimates imply the causality principle that

”future does not affect the past” and can be localized to Q1 by the extension procedure previously
described.

28Weak solutions are only ”semi-strong” solutions when the hyperbolic operator has variable coefficients.
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2.3 Tame estimates

In this section we prove higher derivative estimates for the linearized singular problem (2.1),
first in the “pre-tame” form of Proposition 2.11, and then in the final ”tame” form of Proposition
2.16, which is suitable for Nash-Moser iteration. Propositions 2.12 and 2.15 give pre-tame and tame
estimates for second derivatives.

Notations 2.10. (a) Let LW = LR, W1 (bQ)) with norm |U| ey, = |U[*. We also
write U] oo ) = [Uls, (V)reopa) = (V) (Viwrewa) = (V)" [Ulpe@p) = Ul ete..

(b) For k € N, let % denote the collection of tangential operators 8(035',60) with |a| =k (a is a
multi-index). Sometimes O is used to denote a particular member of this collection. Set 9%¢ = ¢.

(c) For k € {1,2,3,...}, denote by 0 ¢ the set of products of the form (91 ¢;,)--- (0% ¢b;,)
where 1 <r <k, a1 +-a, =k, a; > 1. Set3<0>¢:1.

(d) For r >0, let [r] denote the smallest integer greater than .

Our first goal is to prove the following “pre-tame” estimate for solutions to (2.54).

Proposition 2.11. Fiz K > 0 and suppose |e0qU |com-1 + |Ul oy < K fore € (0,1]. For s >0
in any fized finite interval there exist positive constants e9(K), vo(K) such that the solution to the
linearized singular problem (2.54) satisfies

(Ulgy=0)s 414
Val

U Ul
< C(K) (\f\oiﬂ,%T 4 <g>s-:‘;-/22,'y,T I \ ’0,5—}—2:;2,T’ ’ T I
Y

(257) |U|oo,s;y,T + |U|0,3+17%T +

(Ul2g=0) 52,7 <Urxdo>*vT>
73/2 :

for 0 < e <eg(K) and v > vo(K).

Proof. The problem satisfied by 9°U is
LLU)OU =0°f + Z [D(eU),0°|U ,
BLU)OU = &g + é [B(eU), 9%]U.

In applying the estimate (2.57) to this problem we must, for example, compute 9?([D(eU), 8°|U),

which is a sum of terms of the form?2*

D(eU)dY) (eU) 8*U, where j+k=s+2, j > 1,
and D is some smooth function of its argument. Since j > 1, we can rewrite this as
D(eU) Y~V (el) d(eU) O U.
Using Moser estimates we obtain

1 ~ ) . . .
G 0V () 0(eU) 0T < C(E) Ul [Ulo,s+2.1 + C(K) [Ulo,s41,5,7-
0,v,T

The contribution from the final term on the right can be absorbed by taking + large enough; thus
this explains the third term on the right in (2.57). The final term on the right in (2.57) arises by
the same argument applied to the boundary commutator. U

24More precisely, each component is a sum of such terms.
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Next we prove estimates for the second derivatives

‘CZ-:/(U)(UG’ Ub) = 8UD(€U) (Ua’ Ub) )
Bg(U)(Uav Ub) = aUB(EU) (Ua’ Ub) )

where we use the notation

@
Il
—_

Proposition 2.12. We have
() LX), 0 oo st <
C(Uiz) (10 oousirit 02+ 10 ooysi0:210% i + £lUlooysirir |0 210 )
(b) |2, Ub)‘&s-i—l,’y,T <
C(IU L) (100,541,701 + 100,015,710 i1 + lUN0 51,7, 0 [0
(&) (BUU)(U", 0" <
CUUYz) ({0 oy Oeiz + (0 )i ()0 + (U s (U (U)o )

Proof. For t < s one computes 0! (L (U)(U*,U")), which is a sum of terms of the form
D(eU) %) (eU) 81U ™U®, where k +1+m = t.

Thus, the first estimate follows directly from Moser estimates. The remaining estimates are proved
the same way. O

In the iteration scheme of section 5.2 we will use H7 spaces on the boundary, while in the
interior we use the following spaces.

Definition 2.13. For s € {0,1,2,...} let
E} = CHy N LPHG, with the norm |U(x,00)|gs. = |Ulss,s.0 + [Ulo,s41,1
S =CHS N LZH;JF}I, with the norm |U(m,90)|E§’T = |Ulso,s,y,7 + |Ul0,541,4,7-
Remark 2.14. By Sobolev embedding we have
[(d+1)/2] = Ef Cc CH7 C L™ ()
[(d+1)/2] +1 = Ef c CH; € L®([R,, Wh™(bQr))
s> [(d+1)/2] + My = E3 ¢ CH3 < C%Mo.

s 2
s

Note that EZ. is a Banach algebra for s > [(d 4+ 1)/2].

By Proposition 2.12 and Remark 2.14 we immediately obtain:
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Proposition 2.15 (Tame estimates for second derivatives). Let by = [(d+1)/2] and suppose s > 0
lies in some finite interval. Then

R,
(@) [£40) 0", 0z , <
CUI o) <!UG\E;T\UI’\E;0 + \Ub\E;T\U“!E;o +elUlp; 10 oo !Ub\E;o)
O BU)U,U"))s i <
C({(U)so,1) <(U“>s,v,T<Ub>bo,T U s, (U b, 7 + €<U>smT<Ua>bo,T<Ub>bo,T> :

In order to obtain a tame estimate for the linearized system suitable for Nash-Moser iteration,
we must recast estimate (2.57) without the L> norms of U? and U® on the right. First of all, we fix
the paramater K > 0. For instance, one may take K = 1. This choice is arbitrary because we are
interested in a small data result?®. We then choose constants £o(K), 70(K) as in Proposition 2.11
so that the the estimate (2.57) holds for s € [0, @], where & is defined in (5.60). For the remainder

of Section 2.3 and in Section 5.2, the parameter K is fized, and v is also fized as v = vo(K).
Let

k= |Ulo,uoy, 7 + (Uley=0) po,y,7 Where po :=[(d +1)/2] + 2.
Applying (2.57) with s = pg — 2 we obtain for 0 < e < g:

(2.58) |U|oo,u072,%T + |U|0,u071,%T + <U|xd=0>u071mT
< CE) (Ifloorr + (Guoryr + (U1 + (0)) ).

By Remark 2.14 if  is chosen small enough, we can absorb the last term on the right in (2.58) and
obtain with a new constant C:

(2.59) Ul + (Ulag=0)x < C (Iflosorr + D porvT) -
Substituting (2.59) in (2.57), we have proved

Proposition 2.16 (Tame estimate for the linearized system). Let K and v = v(K) be as fized in
Proposition 2.11 and suppose |€0qU |co,my-1 + |U| oy < K for e € (0,1]. Let po = [di;] +2 and
s € |0,a], where & is defined in (5.60). There exist positive constants ko(y,T), o, and C such that
if

‘U’07M07’Y7T + <U’$d:0>M0777T S KO’

then solutions U of the linearized system (2.54) satisfy for 0 <e < eq:

Ugz . + (Uleg=0)s+1,0,T

< C (Iflos+21 + (D st24,7 + (Flouor,T + (Do) (Ulos+24,7 + (Ulzg=0)s+2.4.1)] -

25Tf we were interested in a small time result for a given source term G, one would need to fix the constant X in
terms of G and the parameters v, T would be chosen accordingly.
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3 Profile equations

3.1 The key subsystem in the 3 x 3 strictly hyperbolic case

To simplify the exposition we first treat the case of a 3 x 3 strictly hyperbolic system and a
boundary frequency g for which there is one single resonance in which two incoming modes interact
to produce an outgoing mode. This case already contains the main difficulties and is exactly the
one we emphasize in the example of Appendix B. We shall explain later on the relatively small
changes needed to treat the general case of systems satisfying the assumptions of Section 1.1.

The leading profile is decomposed as

(3.1) VO(2,01,0,,05) = o1 (x,01) r1 + o3(x,05) s

where ¢ is the outgoing phase and the resonant triple (n1,n2,n3) € Z2\ {0} satisfies
(3.2) n1¢1 = nods + n3¢s3.

We can thus write

(3.3) VO o =o1(z,01) 71 + o3(x,03) 3, V6= 1oz, 02) 7o
Furthermore we have

(3.4) Vinelza=0,01=0,=60 = a(a’,60) ¢ = a(a’,6p) (e1 + e3),

so (recall that e = e; + e3, where e; € span{r;}, spans ker BNE*(53))

(3.5) oi(2',0,00)r; = a(z’,0p) e;, i=1,3,

which determines the trace of o; in terms of a.

Applying the operators E; for i = 1,3 to (1.42)(a) and for i = 2 to (1.42)(b) and using Corollary
1.26 for (1.42)(c), we obtain the following system for the unknowns (o1, 72,03, a), where A(z’, 6p)
denotes the unique function with mean zero such that 9y, A = a:

X¢1O'1+010'1 =0
X¢3O'3+630'3 =0
2 no ns
X¢2TQ+CQTQ+02/ O1,n4 x,— 0+ —03 | o3(x,03)dfs =0
0 ni ni
XLOpA+C4A+C5T2‘xd:0 + ¢ (a2)* =—b-G" on b7,

where the first three equations hold on 27, and the constants ¢; are readily computed real constants.
Here 01 5, (z,61) is the image of the function o; under the preparation map

(3.7) o1(z,01) = ka(x)eikel N Z Frms (x)eikm@l,
kezZ kezZ

a map designed so that the integral in (3.6) picks out resonances in the product of o1 and ¢3.26

Z0Tnteraction integrals like the one in (3.6) are discussed further in [CGW11], Proposition 2.13.
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Differentiating with respect to 6y, we rewrite the last equation of (3.6) as
(3.8) XLopa +cqa+ cs 8.90T2’$d:0 + cg 3@0 (a2) =-b- 8.90G* =: g on b{)p.

We now set V := (o1(x,01),03(x,03),72(x,02),a(z’,0y)) and define the interior and boundary
operators for the leading profile system:

X, 01+ 101
L) = Koy tesos
2m 2
(3-9) X¢2T2 +coT2 + C2 fO O1,n1 <.%', n— 0y + ’I’L_3 93) 0'3(1', 03) dbs
1 1
B(V) = XLopa +cqa+ cy ({9907'2’3[;(1:0 + cg 3@0 (a2).

In this notation the profile subsystem becomes

LV)=01in Qr,
(3.10) B(V)=gin bQr,
V=0int<O0,

where the additional relations (3.5) hold giving the traces of 01,03 in terms of a. The following
existence result for the key subsystem is proved in section 5.1 using the tame estimates derived
below in section 3.2.

Proposition 3.1. Fix T > 0, let ag := [ > ] +1, a := 209 + 4, & := 2a — oy, and suppose
g € HY2(bQ2r). Rewrite V asV = (V' a). f (9)a is small enough, then there exists a solution V
of the profile subsystem (3.10) with V' G H Y Qr), (V'|zy=0,a) € HL(bQ7).

Remark 3.2. 1) Although the original problem is semilinear with a nonlinear zero-order boundary
condition, the profile system (3.9) has a quasilinear first-order boundary operator and an interior
operator that includes a nonlinear, nonlocal, integro-pseudodifferential operator given by the inter-
action integral. The nonlocality arises both from the df3-integration and from the pseudodifferential
operator o1 — 01y, -

2) Attempts to solve the system (3.10) by a standard Picard iteration lead to a (fatal) loss
of a derivative from one iterate to the next. The reason is that o1 and o3 have the regularity
of a (incoming transport equation), and therefore 79 has the same regularity as a. However, the
equation for a involves the derivative 0p,72|,=0 and this term induces the loss. Thus, we shall use
Nash-Moser iteration to prove Proposition 3.1.

3.2 Tame estimates

With V = (01,03, 72,a) and V = (&1, 63, 72, @), we compute the first derivatives of £ and B:

X¢lé'1 +c1 01
X¢3é'3 + c303

’ . . 21 n9 n3 .
(3.11) () LIV = Xp, T2+ coT2+ 2 fO Ol,m (1'7 n—lez + n—193> o3(x,03) dfs
I n n .
TC2 f02 93,n3 (957 —n—§92 + n—:1591> a1(z,61) doy

(b) B,(V)V = XLOpd +cqia+ Cs5 8607.—2|:vd=0 + 2c¢gq (aagod + dagoa).
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Here we have used the property

2 21
(3.12) / 03,n3 (1‘ ——(92 + —01) é’l (1‘, 01) d(gl = / 0"17711 (x, EHQ =+ @03> 0’3(1‘, 03) d@g,
0 0 ni ni

n3

which follows readily by looking at the Fourier series of the factors of the integrand. For the second
derivatives we obtain

0
0

(313) L'V VLV = JEm ot < 20y + —93> 53(x, 03) dbs
—i—f O"ln1< 92+—93> lop (x,03) dbs
B”(V)(Va, Vb) = 2¢4 (da 890db + ab agoa )

Proposition 3.3 (Tame estimates for second derivatives). a) Let by be the smallest integer greater
than % and let s > 0. We have

(3.14) LWV V) < C (1V sy 1Vl + 1V [V )

where C' is independent of V', v, and T.
b) Let co be the smallest integer greater than % + 1 and let s > 0. We have

(3.15) B V)V ory < C (V)1 (V0o + (V1.7 (V)
where C' is independent of V', v, and T.

In both estimates (3.14), (3.15), the constant C can be chosen independent of s in any fized
finite interval.

Proof. a. Moser estimates imply
(3.16) |01 (=, 92 + —93)03(96 03)| 2 (.00 < C (168 1, |7 165 2 + 165 1, [ |65 125 (2)):

since &g is independent of 5. We have

2T
(3.17) | 16580 )63 < C 1681120015109 < €103l
The estimate (3.14) now follows by Sobolev embedding and the fact that

(3.18) [ PR e PO

b. Again Moser estimates imply

(3.19) (00,3} sy < € ((0)siy (00" 220 + (a%) 120 (D0 )

so the estimate (3.15) follows by Sobolev embedding. O
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Next we derive tame energy estimates for the linearized problem
L'(V)V = fin Qp
(3.20) B(V)V =g in bQr
V=0int<0,

where f and g vanish in ¢ < 0. We begin with a simple proposition:
Proposition 3.4. 1. If the phase ¢, is incoming, solutions of
(3.21) Xg,0p+cpop=hinQr, o,=0int <0

satisfy for v large (depending on c,):

(3.22) VAloplsy < C <<Jp>s,’7 + |}\L)%”Y> :

2. If the phase ¢, is outgoing, solutions of (3.21) satisfy for ~ large (depending on cp):
h
(3.23) VAoplsy + {op)sy < CH%'

3. Solutions in wr of
(3.24) XrLop + caa + 2c6(adg,a + adgya) =g, a=01int <0

satisfy for Cr, v > vi (where K = {(a)y1,0):
. Ck :
(3.25) VI a)sy < —= ((g)sy + (@)st1,9(@) 1) -
val
The second term on the right in (3.25) does not appear in the s = 0 estimate.

Proof. 1. To prove (3.23) with s = 0, one considers the problem satisfied by e*'ytap, multiplies the
equation by e~ g, integrates dzdf, on Qr, and performs obvious integrations by parts. One then

applies the L? estimate to the problem satisfied by tangential derivatives 517 ‘af,ﬂpap, 18] < s.
Normal derivatives are estimated using the equation and the tangential estimates. The proof of
(3.23) is similar.

2. The proof of (3.25) is similar, but in the higher derivative estimates one now has forcing
terms that are commutators involving a. The commutators are linear combinations of terms of the
form

(3.26) 7@ ,0) (D57 g, Do) where 8] + 18] = |B]. 51] > 1,

or linear combinations of terms of the form

(3.27) 703 4,0)(957 6, 00,0) where [B1] + 82| = |B], [82] > 1,

Applying Moser estimates to (3.26) after writing 0%1a = 9%19a, we obtain

(3.28) (v V0 5, 0) (922,00, @) )04 < C ((9) 150 (Dpg@im—14 + (@) m—1.(Dpo @) 1.0)

< C (@) e (@) + (@)sr (@10
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The factor Cx / /7 on the forcing term in the L? estimate allows the first term on the right to be
absorbed by taking ~ large.

The estimate of (3.27) is similar, but we do not split the 952 derivative, and after absorbing a
term we are left with C—\/{%<(.Z>Loo (a)st1,y on the right. O

We now use Proposition 3.4 to estimate solutions of the linearized problem (3.20) by treating
the interaction integrals in (3.11)(a) and the term 50,72 in (3.11)(b) as additional forcing terms.
Setting

(329) ‘/inc,n = (Ul,n17 U3,n3)7 Vine = (017 03)7 Vout = T2,

estimating interaction integrals as in (3.16),(3.17), and using (3.18), we obtain immediately
. . C . .

\/’_Y’V;Jut‘s;y + <V;Jut>s,'y < — <‘f‘s,’y + ’%nc,n’L“’%nc’s,v + H/inc‘s,'y“/inc‘Loo>

(3.30) VI

ﬁ’89vout’s,v + <690V0ut>s,'y S ﬁ (’89f’s,’y + ’8«9%nc,n’L°°“/inc’s,'y + ‘aGX/inc’m;y“/inc’Loo)
and

) ) |f|s*y>
‘/inc S, SC ‘/inc s, + —=
VilVaar < € (e + L2
. CK

ﬁ(‘/inc>s,'y S ﬁ <<g>s,fy + <890V0ut>s,’y + <Vvinc>s+1,'y<‘./inc>wl,oo> .

This leads to the following “pre-tame” estimate.

(3.31)

Proposition 3.5. Let jp = [ZH] + 2, fiz K1 > 0, and suppose |Vine|uy < K1.27 For s >0 in any
fized finite interval, there exist constants C(K1), v(K1) such that for v > v(Ky), solutions of the
linearized problem (3.20) satisfy

ﬁ‘vouh 39Vout, v’inc’s,'y + <Vout7 a@g ‘./:Jut>s,'y + ﬁ<‘7inc>s,y <
(3.32) C(K,) . .
7 <|f|s+1,'y + <g>s,'y + |%nc|s+1;y|‘/inc|L°° + <‘/inc>s+1,'y<‘/inc>W1,°°> .
Proof. We add the estimates (3.30), (3.31) and absorb the terms
Cx
N

by taking ~ large, after observing that

(333) <<‘./inc>s,'y + <a90 ‘./:Jut>s,'y + ’%nc,rm a@‘/inc,n‘LC’o ’%nc‘s,’y)

(334) ’%nc,n7a€‘/inc,n‘L°° < C“/inc,n’;m < C’%nc‘uo and K = <%nc>W1’°° < C“/inc‘uo-

O

*"In this Proposition po = [£] + 2 would work, but we make the above choice so as not to have to redefine o later.
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We now set @ := 2a — ap as in Proposition 3.1 and choose constants C(K7), v(K1) as in
Proposition 3.5 corresponding to the interval s € [0,&]?%. In the remainder of section 3.2 and also
in section 5.1, v is fized as v = y(K1).

To obtain a tame estimate we need to remove the terms depending on V. on the right side of
(3.32). Let

(3-35) Ky = ‘Vim‘uo,v + <VinC>uoﬂ-
Applying (3.32) with s = yg — 1 we obtain
(3.36)

. . C(K)
ﬁ“finc‘uo—l,y + ﬁ(%nc>uo—1,y < 7

By Sobolev embedding if Ky = Ko(v,T) is chosen small enough, we can absorb the last term on
the right in (3.36) and obtain with a new C'

‘f‘uon/ + <9>u0—1,7 + (’Vinc,Lo" + <VinC>W1v°°> KZ] .

(3-37) ’Vinc,L“ + <VinC>W1’°° <C (‘f‘uoﬁ + <9>M0—1,7)

For ~ fixed as above, setting |U|s, = |U|s now and substituting (3.37) in (3.32), we obtain the
estimate in the following Proposition.

Proposition 3.6 (Tame estimate for the linearized system). Let po = [42] + 2 and s € [0,4d].
There exists k = k(7y,T) > 0 and a constant C depending on k such that if

(3.38) ’VinC‘uo + <VmC>uo < K,
then solutions of the linearized system (3.20) satisfy

(3-39) ’V’s + <V>s <C Hf‘s—i—l + <9>s + (‘f‘uo + <9>u0—1) (’V‘s—f—l + <V>s+1)] .

Proof. We have proved the a priori estimate (3.39) for sufficiently smooth solutions of the linearized
system. The existence of such solutions now follows by standard arguments, which we summarize
here for completeness.

The unknown in the linearized system (3.20) is (61, 73, 72, a). We can solve the linearized system
by putting the terms that involve 9p,72 or 9p,a on the right and replacing the operator 9p,, when
it acts on those terms, by a finite difference operator (9(?0:

‘X¢1O.-{1 + Clo.'? = f1

X(bsdi]’} + 03[73 = f2

27
Xy, 78 = fa / 2 "0 (2 0)d0—
(3.40) $aTo +CoTy = f3—c2 ; o1, (2, o o + " 3)03 (x, 03)dbs

3
-k -h -h h -h h -k
XLopa" + 40" + 2c6a" Ogya = g — 504 Ty — 2c6a0p, 0"

21
02/ 035 (2, —@92 + @Hl)é?(ﬁﬂ, 61)d6,
0 n ni

28The choice of & is explained in section 5.1.
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For fixed h € (0, 1] we can solve this system by Picard iteration, where n-th iterates appear on the
right and (n + 1)-st iterates appear on the left. All iterates are 0 in ¢ < 0 and the iterates with
index zero are all 0.

We then need an estimate that is uniform in h. This can be done by repeating the existing
proof of tame estimates, using the operator 35; in place of 0Jy,. This gives an estimate like (3.39):

(3.41) Vs + (Vs < Clflsar +(9)s + (1fluo + (D uo-1) (Vist1 + (V)ss1)],
where V" := (67, 6% 78 a") and C is uniform for h € (0,1]. Passing to a subsequence, we obtain
the desired solution of the linearized system. U

Remark 3.7 (Short time, given data). For a given T' > 0 let K and v = (K1) be as in Proposition
3.5. As we saw above to obtain a tame estimate we need to take |Vine|uy + (Vine)yo small. In our
formulation of Theorem 1.14 T is fixed ahead of time and we achieve (3.38) by taking G small in
an appropriate norm on Qp. For a given G as in (1.2) vanishing in ¢ < 0, another way to proceed
is to shrink 7'; that is, to work on Q7 where 0 < T} < T is chosen so that v; := 1/T7 > v(K;) and
so that

(342) |Vvlnc|Hf{‘{) Q1) + <‘/Yinc>H“0 (wry)

71

is small enough to absorb the terms involving Vine on the right in (3.36). One again obtains an
estimate of the form (3.39), where now

(3.43) Uls = Ulms, (@)

The iteration scheme described in section 5.1 applies with no essential change to this situation as
well.

3.3 The key subsystem in the general case

Recall that {1,..., M} = OUZ, where O and Z contain the indices corresponding to outgoing and
incoming phases. We further decompose O = O; U Os, where Oy consists of indices m such that
ém is part of at least one triple of resonant phases with the property that the other two phases in
that triple are incoming. For a given m € O; the phase ¢,, might belong to more than one such
triple.

Now instead of (3.3) we have

Vkm, Vem

(3.44) Ve =33 omp(@,0n)rmp and Vi, = >N " m (@, 0P i,

meZl k=1 me0; k=1

since terms 7,,  in the expansion of V},, vanish if m € Oy as a consequence of (1.36) and V0 = V9 .
Recalling that

Vkm,

(3.45) e= Z Z em.k, where ey, € span{ry,, ;},
meZ k=1
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we see that in place of (3.4) we now have

Vkm Vk:m
(3.46) Vielwa=0; 6,=t0,mer = ala’,00)e = > Y "aemp =Y Y omu(a’,0,00)rmk,
meT k=1 meT k=1
and thus
(3.47) Omk(2',0,00)rm e = a(z’,00)emy for m eI, k=1,...,v,.

Next we derive the formulas for £(V') and B(V) in the general case. The unknown is now
(3.48) V=(memelk=1...,v4,; Tmrp,meO,k=1,...,v4,; a)
Suppose g € Op and that (¢p, ¢q, ¢s) is a resonant triple such that
(3.49) Npdp = Ngdg + Nsps where p,s € T and ged(ny, ng, ns) = 1.

Applying the projectors Ep,,, m € Z, k=1,...,v, to (1.42)(a) and the projectors E,;, g € Oy,
l=1,...,v, to (1.42)(b) we obtain
L(V) =

X4 Omk + CmkOmi; mEL k=1,... v,

v s k:,k‘/ 2 s
XouTat + CaiTai + pty Xty Ayt Jo " (Opedn, (@, 5200 + 1205)0 g (2, 05)dBs+
(similar);qg € O1,0=1,..., 14

(3.50)

q

Here “(similar)” denotes a finite sum of families of integrals similar to the family given explicitly
in (3.50). Here “family” refers to the sum ), ,,. One such family corresponds to each distinct
resonant triple involving the outgoing phase ¢, and two incoming phases.?? The values of the real

/ /
constants ¢, , dl;:lk are not important for our analysis, but for example the dl;:lk are given by?°

’ 1
(3.51) dyt = 5=l 10:D(0) (o 7s) + 0o D(O0) (s, 7pp).

By a computation similar to the one that produced (3.8) we obtain from (1.42)(c)

qu
(3.52) B(V) = Xropa + fra+ > > fa108,7q1 + f208,(a%).
qe01 1=1
for some real constants f1, fa, fq;. For example, we have fo = —b-[¢)/(0)(e,€)]. Thus, the system
(1.42) may be rewritten
L(V)=01in Qr
(3.53) B(V) = —b-0y,G" := g on bp
V=0int<0,

2We do not distinguish between (¢p, dq, ds) and (¢p, ¢s,dq). We do distinguish between (¢p, dq, ¢s) and
(¢P7¢Q7¢t)‘

’
30We have suppressed indices r, s on the d’;’f .
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where the relations (3.47) hold.

It is now a simple matter to write out the expressions for the first and second derivatives of
L and B. For example, just as the interaction integral in (3.9) gave rise to two integrals in the
expression (3.11) for £'(V) in the 3 x 3 case, it is clear that each integral in (3.50) will give rise
to two integrals in the new expression for £'(V). The tame estimates for second derivatives are
proved exactly as before, and Proposition 3.3 holds verbatim in the general case. Proposition 3.4 is
used exactly as before to prove estimates for the linearized system. With the unknown V' as given
in (3.48) and after defining Vine, Vout, Vmc, Vout in the obvious way, we see that the “pre-tame”
estimate of Proposition 3.5 and the tame estimate of Proposition 3.6 hold verbatim in the general
case. The iteration scheme of section 5.1 depends only on the tame estimates. Thus, it applies here
without change and Proposition 3.1 holds verbatim in the general case.

Once the key subsystem is solved, we can easily complete the solution of the full profile system
(1.35), (1.36). The precise result for the full system is proved below in Theorem 5.11.
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4 FError analysis

Here we carry out the error analysis sketched in section 1.5, beginning with the proof of Propo-
sition 1.28.

Proof of Proposition 1.28. 1. Noncharacteristic modes. We write

Fe.0) = Boo)+ S R+ 3 Y Faa)ee,

agC m=1 aeCnm,\{0}

and recall that the sums are finite. Set
M

Ng = Zaj and w = (wy,...,wWys)-
j=1

Since EF = 0, we first note that Fy vanishes. For any «, there holds
(Fal@)e™) losin.e0) = Falw) emetotilonts,

and when a ¢ C we look for U, (z) such that

(4.1) Lo(Dgy, e, )Uq (z)eMetotilewlls — F (g)einabotilew)ia

This holds if and only if
iL(ngB,a-w)U, = F,.

The matrix on the left is invertible so we obtain a solution of (4.1) for « ¢ C.
2. Characteristic modes. When «a € C,, \ {0} we have o - w = ny w,,, s0

(Fuli) )l = ol o0

We can write
Z Fa(m) eina(GoJr&mid _ Z f’ ik (Bo+w gd)
acCm \{0} kezZ\{0}

where

For(z)= > Fala)

{2€CH\0,na=Fk}

Since E,,F' = 0, we have for each k € Z\ {0} that P, F,, x(x) = 0, so now we look for Uy, 1(x)
such that ‘
L0(8ay, O, )Upn 1o () ethlotwnta) — (1 — P,) Fyp pp R0+ ema),

The latter relation holds if and only if
iL(kB, kw,,) Un k(z) = ikL(dom) Up () = (I — Py)Fm (),
which is solvable even though L(d¢,,) is singular. Finally, we take
x 90a£d Z U lna«90+z(a-£)§d + Z Z UmJ{;(x) ezk(€0+gm£d) ,
agC m=1 keZ\{0}

which solves (1.46) as claimed. O
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The existence theorems for profiles and for the exact solution to the singular system, Theorems
5.11 and 5.13 respectively, are stated and proved in section 5; we shall only use the statement of
these theorems here. In order to formulate the main result of this section we must make some
preliminary choices.

Choice of o and &. The conditions on the boundary datum G(2',6y) are slightly different
in Theorems 5.11 and 5.13. We need to choose «, &, and G(2',6y) so that both Theorems apply
simultaneously. We also need « large enough so that we can apply Proposition 2.9 in the step
(4.24) of the error analysis below. These conditions are met if we take

(4.2) a=max (d+9,[(d+1)/2] + My +3) and & =20 — [(d+1)/2]

and choose G € H*(br) such that (G) ga+2(pn, is small enough. As in Theorem 1.14, we now
rename the numbers in (4.2) as a and a. Applying Theorems 5.11 and 5.13, we now have for
0 < e < go an exact solution U.(r,0y) € E*}(Qr) to the singular system (1.18) and profiles
W(z,0) € H*1(Qr), Vi(z,0) € H*2(Q7) satisfying the equations (1.35) and (1.36).

Approximation. Fix § > 0. Using the Fourier series of VY and V!, we choose trigonometric
polynomials V) (x,0) and V;(z, #) such that

(4.3) VO =V a1,y <6, [V = Vil ga—2(qp < 0.

We can smooth the coefficients so that VS and V; lie in H*°(Q27) and so that (4.3) still holds.
Having made these choices, we can now state the main result of this section, which yields the final
convergence result of Theorem 1.14 as an immediate corollary.

Theorem 4.1. We make the same Assumptions as in Theorem 1.1 and let a and a be as just
chosen. Consider the leading order approximate solution to the singular semilinear system (1.18)
given by

(4.4) U (x,60) == V(z, 0)lo— (90,74
and let U.(z,00) € B4 1 (Qr) be the exact solution to (1.18) just obtained. Then

(4.5) lim |Uz(x, 60) — U (2, 00) | pe-3(y) = 0.

The following lemma, which is proved in [CGW11], Lemmas 2.7 and 2.25, by a simple argument
based on Fourier series, is an important tool in the proof.

Lemma 4.2 (Relation between norms). For m € N suppose f(z,0;) € H™(Qr), and set
f2(260) = f(x, 8 + 1w, ). Then

(4.6) | felEm < Clflgm+1Qp)-

Proof of Theorem 4.1. We shall fill in the sketch provided in section 1.5.
1. First we use Proposition 1.28 to construct L{g(x, 0o, &4) satisfying

(4.7) Lo(8ay, 0c, Uy = [—(I — E) (L(9)V, + D(0)V, + 8, D(0)(Vp, V)] lo-s(60.20)-

p>"p

52



The function L{g is a trigonometric polynomial of the form (1.47) with H® coefficients. We then
define the corrected approximate solution

T
(4.8) Us(,00) = (V(,0) + V' (2,9)) |, gy, 2) + £ U (&, o, ?d).

Since V! € H*2(Q7), Lemma 4.2 implies U. € E*3(Q7).
2. Next we explain (1.48) and make precise the norms used on the right there. Using the
identity (1.44) we compute

5

(4.9) L.U) =€ [(50(390, agd)ug)ygd:%d + (L(O)V' + D(0)V* + 0,D(0)V"V°) yeﬁ(eo,xd)] +0(£%).

Here the profile equations (1.20)(a),(b) imply that the terms of order e~! and £° vanish. Using
(4.7) we can rewrite the coefficient of ¢ in (4.9) as

(4.10)  [L@)(V' = V;) + DOV = V) + 8, D0) V'V = VIV))] Iy gy, 20

+ [E (L)Y, + D)V, + 0. DOVIV))] lgs gy, 20y = A+ B.

0,

Using (4.3), Lemma 4.2, and the fact that E*({)r) is a Banach algebra for s > [(d + 1)/2], we see
that

(411) ’A‘Ea*‘l(QT) < Ké.
To estimate B let
(4.12) F = L(O)V' + D(0)V' + 9,D(0)VV° and F, = L(9)V, + D(0)V} + 0,D(0)VyVy.

The profile equation (1.36)(b) implies EF = 0. Using continuity of the multiplication map (1.25),
we see that (4.3) implies®!

(413) ‘F - Fp‘H;73;2 < K5

From the continuity of F : H;iz — H;il and Lemma 4.2 we then obtain

(414)  Blonsan = [(EB)s 50 1o, = | EE = FDlosn, )] o,y < KO
3. The O(g?) terms in (4.9) consist of
2 2 2
(4.15) (5 (L@ @, 00,€0)) Lo 00,28 i, < °CO)

as well as terms coming from the Taylor expansion of D(el.)U;) like (£20,D(0)VOV1)|, (80, %> all
of which satisfy an estimate like (4.15). Setting R.(z,6p) := L.(U:), we have shown

(4.16) |Re| o0y < e(KS + C()e).

3 Here H™ % denotes the space defined in (1.24), but with the obvious restriction on the domain of ¢.
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4. The boundary profile equations (1.22) and the fact that the traces of V° and V! lie in
H Y (bQ7) and H*2(bS27), respectively, imply

(4.17) (re(a, 60)>H“*2(bQT) < C(0) €, where re := (el.) U. — eG (', 0).
Indeed, these O(g?) terms include
(4.18) (e BU(2',0,600,0)) a2, < CO)e”,

and other terms satisfying the same estimate coming from the Taylor expansion of (el )U-.
5. Next we consider the singular problem satisfied by the difference W, := U, — U.:

W= + A (ax/ + ﬁ§9°> W. + Do(eUs, elh-)W. = —R.
(4.19) Yo (eUe, el )We = =1z on 24 =0
W.=0int <0,
where
Dy (eUs, el )W := D(eU.)U.; — D(eU:)U: =
(4.20)

D(UW. + ( / L0, D(ele + se (U —L{E))ds> (W, &),
0

and 1o (eUs, el )W is defined similarly. Since U. € E*~1(Qr) and U. € E*~3(Qr) a short compu-
tation shows

(4.21)
V2(eUs, ele )We = h(eUe )W, + 0ptp(eU ) (We, elhe ) + O(C(5)62) = B(eU,eU)W: + 0(0(5)62)5

where the error term is measured in H2~3(b27) and B is defined in (1.9). Similarly,

(4.22) Dy (eUs, . )W, = D(eU, )W, + O(C(8)€?) in E*3(Qr).

Thus, using (4.16) and (4.17) we find

B0,
£

IgWe. + A <a$/ + > W. + D(eU., el )W, = (K& + C(6)e) in E*~4(Q7)

(2B B, U)Wl = O(C()) in B (421)
W.=0int < 0.
Applying the estimate of Proposition 2.9 we obtain
(4.24) Welpoap) < K6+ C(d)e,
which implies
(4.25) U — U o,y < K&+ C(6)e.
Fixing first § small and then letting € — 0 we have shown
(4.26) lim |U: — U2 po(r) = 0.
The family U. — U2, 0 < e < g, is bounded in E*~2(Qr), so by interpolation (4.26) implies
(4.27) lim |Us — U pa-3(y) = 0
as required. O
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5 Nash-Moser schemes

5.1 Iteration scheme for profiles

A good reference for the Nash-Moser scheme is [AG07]. The method depends on having a
family of smoothing operators with the following properties. For T > 0, s > 0, and v > 1, we let:

(5.1) F3(Qr) = {u € H}(Qr),u =0 for t <0}.
Lemma 5.1 ([Ali89], section 4). There exists a family of operators Sy : Ff? (Qr) — ﬂgzoFf (Qr)
such that:
(a) |Spuls < COP=+ ||y for all o, B >0
(5.2) (b) [Sou — uls < COP~Vulo, 0<B<a

(c) ’C%Seufﬁ < OBy, for all o, B > 0.

The constants are uniform for o, B in a bounded interval.
There is another family of operators Sy acting on functions defined on the boundary and satis-
fying the above properties with respect to the norms (u)s on bQr.32.

Description of the scheme. Our goal is to solve the problem (3.10):

ﬁ(V) =0in QT
(5.3) B(V) =g in bQp
V=0int<O.

The scheme starts with Vo = 0. Assume that Vj, are already given for kK = 1,...,n and satisfy
Vi. = 0 for t < 0. We define

(5.4) Vi1 = Vo + Vi,

where the increment V,, is specified below. Given 6y > 1, we set 6,, := (98 + n)l/ 2 and work with
the smoothing operators Sg,. We decompose

(5.5) LVi1) = L(Vo) = L' (Vi) Vi + €, = L (S, Vo) Vi + €, + €,

where €/, denotes the usual “quadratic error” of Newton’s scheme and e/ the “substitution error”.
Similarly,

(5.6) B((Vat1)leg=0) = B(Va)lag=0) = B'((Va)|zy=0)) (Valz,=0)) + €, =

B'((S6, Vi) l2a=0) (Valzg=0) + &, + &
The increment V,, is computed by solving the linearized problem
L'(S0, V)V = fn
(5.7) B'((S0, Vi) la4=0) (Valz,=0) = g

V,=0int <0,

32For u defined on Qr we do not necessarily have equality of (Sgu)|z,—o and Sg(u|s,—o).
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where f,, and g,, are computed as we now describe.
3 7 " ~ o~ ~17 .
We set e, :== e, + ¢, and &, := ¢/, + €. Given

‘/0:: 0) fO = Oa go ‘= S@oga EO = Oa E~0 = 0)
(5.8) Vi,...\ Vo
fl?"'?fnfly gis---39n—1, €0y-..,€En—1, éOa"'aénfb

we first compute for n > 1 the accumulated errors

n—1 n—1
(5.9) E, = Z ex, En = Z e
k=0 k=0
We then compute f, and g, from the equations
n n
(5.10) > fe+S6,Bn=0, > gi+Ss,En =259
k=0 k=0

solve (5.7) for V,,, and finally compute V;,;; from (5.4).
Next e, €, can be computed from 33

‘C(VnJrl) - ‘C(Vn) = fn + en
B((Vn+1)|xd=0) - B((Vn)|xd=0) = gn + €n.

Thus the order of construction is

(5.11)

(5.12) oo = (en_1,8n1) = (Bny En) = (frsgn) = Ve = Vis1 = (en,€n) — ...
Adding (5.11) from 0 to n and using (5.10) gives

- (Vi) = (I = 50,) B, - -
B((Va+1)lzg=0) — 9 = (So, — I)g + (I — Sp,,) En + én.

Since Sy, — I and ggn — I as n — oo and we expect (e, €,) — 0, we formally obtain a solution
of (5.3) in the limit as n — oc.
Induction assumption. Let A, := 6,1 — 6,, and observe that

1 1

With py = [%] + 2 as in Proposition 3.6, we now set g := g — 1 and fix a choice of integers
o < a < &, whose values are explained below:

(5.15) a=2ap+4 and & = 20 — ap.
Given 6 > 0 our induction assumption is:
(H,—;) Forallk=0,...,n—1and for all s € [0,a| NN

(5.16) ’Vk‘s + <Vk>5 < 5927Q71Ak.

33n the estimates of e, and é,, we instead use the formulas (5.21),(5.25)
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The main step in the proof of Theorem 5.11 is to show that for correctly chosen parameters
d > 0 (small) and 6y > 1 (large) and for small enough ¢, (H,—1) implies (H,). At the end we will
verify that (Hp) holds for for small enough g.

First we state some easy consequences of (H,_1).

Lemma 5.2. If 0y is large enough, then for k =0,...,n and all integers s € [0, &| we have
050(S_a)+

(5.17) Vils + (V)s < { 00 haFs
Célogby, a=s

Proof. This follows by writing Vi, = Vj + Z;?;é Vj and using the triangle inequality and an elemen-
tary comparison between Riemann sums and integrals. U

Lemma 5.3. If 0y is large enough, then for k =0,...,n and all integers s € [0, & + 2] we have

050(S_a)+
(5.18) S, Vils < » ot
Célogly, a=s
Moreover, for k =0,...,n and all integers s € [0, &] we have
C660; %logby, s <«
5.19 I —Sg )WVils < k ’
(5.19) (5 = S0,V _{0592_a7 0

Proof. This follows from Lemma 5.2 and the properties of the Sy. For example, we have

|(1 = 8o, ) Vils < 2|Vi|s < C66°* for s >

(5.20) ! B
|(1 = 8o, ) Vils < CO™ | Vi|o < CO0°*log by, for s < a.

Estimate of the quadratic errors. From (5.5) and (5.6) we have

1
(@)el, = LVier) — L(Vi) — L (Vi) Vi, = / (1 = 7)L" (Vi + Vi) (Vie, Vi) dr

(5.21) 0

1
0% = BViwr) — BOR) ~ BOVi = [ (1= 0B 0+ 113 (Vi Vi)dr
0
where the arguments in (5.21)(b) are evaluated at x4 = 0.
Lemma 5.4. 1) For large enough 0y we have for all k =0,...,n — 1 and all integer s € [0, &
(5.22) lef|s < CO20 TN,

where L1(s) = s+ ap — 2a — 2.
2) For large enough 0y we have for all k =0,...,n—1 and all integer s € [0,& — 1]

(5.23) (@) < C20P2D A,

where La(s) = s+ ap — 2a — 1.
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Proof. Using (5.21)(a), Proposition 3.3, and the fact that ag > by, we have
(5.24) lekls < CIVils[Vilao-

The estimate (5.22) then follows by applying the assumption (5.1
estimate (5.23) is proved the same way; the restriction s € [0,
derivative in (3.15).

6) and using Ay ~ é The
— 1] reflects the loss of one

O

Estimate of the substitution errors. From (5.5) and (5.6) we have

1 .
(a) e/k, = / ﬁ”(S@ka + T(Vk — Sngk)) <Vk, (I — S@k)vk) dr
(5.25) 0

1
(b) &) = / B"(Sp, Vi + (Vi — Sp, Vi) (Vk, (I - S‘gk)vk> dr
0
where in (5.25)(b) we have, for example, written Sp, Vj for (Sg, Vi)|z,=o-
Lemma 5.5. 1) For large enough 0y we have for all k =0,...,n — 1 and all integer s € [0, Q]
(5.26) |, < C8201° 1A,

where L3(s) = s+ ap — 2a + 1.
2) For large enough 0y we have for all k =0,...,n — 1 and all integer s € [0, — 2]

(5.27) (@) < 08200 0T Ay,

where Ly(s) = s+ ap — 2a + 3.

Proof. Using (5.25)(a) and Proposition 3.3 we obtain

(5.28) ekl < C (VAL (T = So.)Velao + (T = Sg)Vils Vilay ) -

The estimate (5.26) now follows from (H,,_;) and Lemma 5.3. The estimate (5.27) is proved the
same way, after using the trace estimate

(5.29) (I = Sp )Vi)s+1 < Cl(I = Sp, ) Vil s2-

The restriction s € [0, & — 2] reflects the subscript s + 2 in (5.29). O
Estimate of (E,, E,) and (f,,g,). Since e, = e, + ¢} and é, = €, + ¢}, we have

Lemma 5.6. There exists 0y sufficiently large so that

(5.30) |Epla < C82053@) and (E,)a_y < C62014(02),

Proof. Viewing E, = zz;é er as a Riemann sum and using L3(&) > 0,3* we obtain the estimate
of E, from (5.22) and (5.26). Since Ls(& — 2) > 0, the estimate of E, is similar. O

34This determines & in (5.15).
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From (5.10) we have

fn=—(0S, — S0, ) En—1— Se,en—1
gn = (Se, — Se,_,)g — (Se,, — Se,_,)En_1 — Se,n—1

Lemma 5.7. There exists 0y sufficiently large so that for s € [0,& + 1] we have

(5.31)

(a) | fuls < C82,271A,

5.32
( ) (b) <gn>s < 052‘954(8)_1An + CHZ_O‘_1<g>aAn,

Proof. Using (5.2)(c), (5.30), and s — &+ L3(&) = Ls(s), we find

On )
(5.33) (S, — So._)En-1]s < C / 05— B, _1|5d0 < C5205 0 71A,,.
enfl

From (5.22),(5.26) and the properties of Sy we readily obtain
(5.34) 1Sp, en_1]s < CO20L3)7IA
and this gives (5.32)(a).
The first term on the right in (5.32)(b) arises similarly. With
- - On
(5.35) (S0, — S6,-1)9)s <C 987&71<9>ad9 < 0927a71<9>aAn

‘9n—1

we obtain (5.32)(b).

O

Induction step. We claim that for § > 0 sufficiently small, the estimate for the linearized

system (3.39) applies to (5.7) and gives for s € [0, a]:

(5.36) ’Vn‘s + <Vn>s < Cllfals+1 +{(gn)s + ([frlag+1 + (9n)ao) (196, Vals+1 + (S, Vi) s+1)]

Indeed, (5.18) and a > cp+2 imply that for § > 0 small enough, the requirement (3.38) holds.?> For
the terms involving f, and gy, except (gn)a,, We substitute directly into (5.36) the corresponding

estimates from Lemma 5.7. For (g,)q, we have

(5.37) (Gn)ae < C <52‘9£4(a0)_1An + 950‘_2<g>a0+a+1ﬁn> )

where the last term arises from (5.35) with s = agp and « replaced by a + ag + 1. We also use

(5.38) (S, Vi)sa1 < |50, Vilsga < CoOLH2m0)++1

n

and a similar estimate for |Sy, V},|s+1, which follow directly from (5.18).
Since Ly(s) > Ls(s + 1) this gives for s € [0, &]:

(5.39)
Vals + (Vi)s <

C |05 A + 03727 gha by + (8205 A + 07°7Hg)ag s a1 An ) SO5FE ]

35We use a trace estimate like (5.38) here as well.
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For s € [0, @] the parameters ag and « (recall (5.15)) satisfy:

Ly(s) <s—«
(5.40) Li(ag)+(s+2—a)s +1<s—a
(s+2—a)s <s.

Thus, we have proved (H,,), which is the content of the following lemma.
Lemma 5.8 (H,). If § > 0 and (9)o/0 are sufficiently small and 0y sufficiently large, we have
(5.41) [Vils + (Vi)s < 005727LA,, for all integer s € [0, d].
Still assuming (H,,—1) we now show:
Lemma 5.9. Suppose n > 1. If § > 0 is sufficiently small and 0y sufficiently large, we have

(5.42) (a) |L(Vi)|s < 8657271 for all integer s € [0, d]

. (b) (B(Vy) — g)s < 3057271 for all integer s € [0, & — 2).
Proof. From (5.13) we have

(a) [L(Va)ls < (I = Sp,_ ) En-1ls + |en—1ls

(0) (B(Vn) = g)s < <(‘§9n—1 —Ig)s +((I - an_1)En—1>s + (En—1)s-

Using (5.2) and the above estimates of F,,_1 and e,_1, we find

(5.43)

(5 44) ‘(I — Sen—l)En—l‘s S Ceflid’En—l‘d S 05205{9—0‘71)+(a0+270{)
| len—1]s < CO%0L71A,,

which imply (5.42)(a) since ap+2 —a < 0 and L3(s) < s — a.
The last two terms on the right in (5.43)(b) are estimated similarly. To finish we use

(5.45) ((Sp, , —I)g)s < COTO2(g)s o for s < a—2
and observe that s —a¢+2 <s—a—1.

We now fix § and 60y as above and check (Hp).
Lemma 5.10. If (g), is small enough, then (Hy) holds.
Proof. Applying the estimate for the linearized system to
(5.46) LoV =0
B'(0)Vo = Spyg

we obtain for integer s € [0, a]:

05 “(9)as s >

(5.47) [Vols + (Vo)s < C(Sg,9)s < C {<g>a, <

Thus, (Ho) holds if (g), is small enough.
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We can now complete the proof of Proposition 3.1.

Proof of Proposition 3.1. We have

n—1 n—1
(5.48) Va=Voa+ Vo =Vo+ > Vi=)> Vi
k=0 k=0
Let p = a — 1. Since ), ~ vk we have by (H,)
(5.49) S Wily + > (Vi) <63 6;.20, < CY k2 < o0,
k=0 k=0 k k

Thus, for some V' as described in Proposition 3.1, V, — V in H*(Qr) and Vi|z,—0 = V|z,=0 in
HH(Q7). This implies

(5.50) L(Vi) — L(V) in H*YQr) and B(Vi|zy=0) = B(V|z,—=0) in H*1(bQ7).
Applying Lemma 5.9 with s = t—1 we conclude that V is a solution of the profile system (3.10). [

Having solved the key subsystem we can now easily complete the solution of the full profile
system (1.35), (1.36) and obtain the following result.

Theorem 5.11. Fiz T > 0, let oy = [%] +1, a = 209 + 4, @ = 2a — g, and suppose
G € HYY(Qr). If (G)ar1 is small enough, there exist solutions

(5.51) Vo=V e H N Qp), VE=V VLV, € HO2(Qr)
of the full profile system (1.35), (1.36) satisfying®®
VO = EV? € H* Y (Qr), Vineloy=0,0,-0, € H* 1 (bQ7)
(552) Vgut = Evolut € Ha_l(QT)’ (Evgut)ud:o,ejzeo € Ha_l(bQT)
Ve H%(Qr), (I — E)V}. € H2(Qr), EV} . € H2(Qrp).

mc mc

These statements remain true if « is increased and if & > 2a — «.

Proof.  After the subsystem (1.42) is solved we know VO =19 = EV) VI, = EV}, and
«, and these functions have the regularity described in Proposition 3.1. Taking the mean of
equations (1.36)(b)(c)(d), using the fact that the mean of the quadratic term in (1.36)(b) lies in
H% Y(Qr), and applying the result of [Cou05] to the resulting weakly stable system, we conclude

V! e Ho72(Q7). From (1.36)(a) we find
(5.53) (I - B)V' = (I - E)WV}

mc

€ HOHQ(QT).

It remains to determine EV} . Since the solvability condition (1.41) holds, we can make a choice
of EV}nc|xd:079j:90 € H2(bQr) satisfying the boundary equation (1.40), whose right side is now
known and lies in H* 2(b27).3"Finally, we determine the components of EV;,. by solving the
transport equations determined by (1.36)(b), the choice of initial data, and the initial condition
(1.36)(d). Observe that the interaction integrals corresponding to the quadratic term in (1.36)(b)

lie in H*~1(Qr). O

36Here when we write V2, € H O‘fl(QT), for example, we mean that the individual components of V3. lie in that
space.

37 All terms on the right in (1.40) lie in H*~'(bQ2r), except the term involving L(d). That term is actually more
regular than HO‘*2(bQT)7 but we do not wish to introduce more refined spaces to capture this.

61



5.2 Iteration scheme for the exact solution

The Nash-Moser scheme for the exact solution will use the scale of spaces E:;T on Qp and
HE poon bQrp. Since T was fixed at the start and v was fixed in section 2.3, we now drop these
subscripts in the notation for norms and function spaces. For s > 0 we let

(5.54) F* := {u(z,6p) € E°,u =0 for t < 0}.

Moreover, we shall now denote E* norms simply by |U|s and H® norms by (U)s.

Lemma 5.12. There exists a family of operators Sy : FO — ﬂgzolﬁ‘ﬁ such that:
(a) |Spuls < COP=+|uly for all a, >0

(5.55) (b) |Sou — uls < COPDula, 0<B<a

d
(c) |@Seu|5 < 0¥V, for all a,f > 0.

The constants are uniform for o, 8 in a bounded interval.
There is a family of operators Sy acting on functions defined on the boundary and satisfying the
above properties with respect to the norms (u)s on bQp, and we have

(5.56) (Sott)|z4=0 = Sp(tt]zy=0)-

Proof. Let Sy be a standard family of smoothing operators, for example as in [Ali89], acting in the
(2',00) variables on the scale of spaces H®. For U € E® simply treat x4 as a parameter and define

(5.57) SeU = SpU (-, g, -).

The properties (5.55) then follow immediately from the corresponding properties of the operators
Sp. O

To avoid excessive repetition we use the notation and arguments of section 5.1 as much as
possible, and just point out where changes are needed. Thus, we now denote the solution to the
semilinear singular problem (1.18) by V instead of U, write g instead of G, and rewrite (1.18) as

L(V)=0on Qr

(5.58) B(V) =g on bQr
V=0inT <0,
where
LV):= E <5dV + A <8xr + ﬁ600> V+ D(EV)V)
(5.59) i €
B(V):= - (W(EV)V).
We now let38
(5.60) = [%} , ] = [%] + My, a = max(2ap + 3,01 + 1), & = 2a — ay.

The main result of this section is the following proposition.

3 The parameter & is determined so that L2(&) > 0 for La(s) as in Lemma 5.18. The definition of « is chosen so
that a1 < o and the conditions (5.80) hold.
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Theorem 5.13. Fiz T > 0, define o, ag, and & as in (5.60), and suppose g € HY, where g is the
same as the function denoted G in (1.18). There exists g > 0 such that if (g)a+2 is small enough,
there exists a solution V of the system (5.58) on Qr for 0 < e <eq with V € E*™1, V|,,_o € H*.
Thus, U. =V is a solution of the singular system (1.18) on Qp for 0 < e < ey. These statements
remain true if « is increased and if & > 2a — ay.

The linearized singular problem (2.54) is now written

L'(V)V = fon Qp
(5.61) B'(V)V = g on bQyp

V=0int<0.

With this notation the description of the scheme in section 5.1 starting at line (5.3) applies here
word for word down to line (5.14).

Remark 5.14. (a) In order to apply the tame estimate of Proposition 2.16 to the linearized system
(5.61), by Sobolev embedding (Remark 2.14) it suffices to have

(5.62) €04V |y -1 + |V, < K’ for € € (0,1], and |V]agi2 < K

for some constant K’ depending on K and « as in Proposition 2.16. In fact we use the slightly
weaker (because we use E® norms on the right) estimate for s € [0, a|:

(5.63) Vs + (V)st1 < Cllflsst + (9stz + (Flag+1 + (9ag+2) ([Ulst1 + (U)ss2)].

(b) By Proposition 2.15 when |V, < K’, the tame estimates for second derivatives now take
the form

soy @IVl =C (V117 + V211V g + €IV 15V g |Vl )
(BB (V)T < C ((VelV )y + (V) ) + V)V g (Ve ) -
With o and & redefined as in (5.60), for a given ¢ > 0 the induction hypothesis (H,_1) is now
(H,—1) Forall k=0,...,n—1and for all s € [0,a]"N
(5.65) Vils + (Vie)st1 < 005> LA,.

Lemmas 5.2 and 5.3 are now replaced, with no real change in the proofs, by the following two
lemmas.

Lemma 5.15. If 0y is large enough, then for k =0,...,n and all integers s € [0,a] we have
Co0 I s

5.66 Viels + (Vi) s < e

( ) Vel + (Vidss {Cdlog@k, a=s

63



Lemma 5.16. If 0y is large enough, then for k =0,...,n and all integers s € [0,& + 2] we have

o0~ o s
5.67 So.Vils + (So, Vie)st1 < oo
(5.67) |So), Viels + (So, Vi) s41 {C&logek, o s
For k=0,...,n and all integers s € [0, &] we have
C660; %logby, s <«
5.68 I —So )Wils + (I —Sp )\Vi)sy1 < k ’
(5.68) I( o) Vils + (( 0,)Vi)s+1 < {Céeg—“, R

We have used (5.57) for the estimate on traces in Lemma 5.16. In place of Lemma 5.4 we now
have:

Lemma 5.17. 1) For large enough 6y and small enough § we have for all k =0,...,n—1 and all
integer s € [0, &]

(5.69) lef s < CO%0 TN,

where Li(s) = max(s + ap — 2a — 2, (s — )4 + 209 — 20 — 1).
2) For large enough 6y and small enough 6 we have for all k = 0,...,n — 1 and all integer
s € [0,a]

(5.70) (& )er1 < CE20 TN,

Proof. Again we use the formulas in (5.21). By Lemma 5.15 and (H,—1) we see that for § small
enough, |Vi + 7Vila, < K’, so we can apply the estimates (5.64). The new definition of L;(s)
reflects the third term on the right in the estimates (5.64).

O

In place of Lemma 5.5, the estimate of substitution errors, we now have:

Lemma 5.18. 1) For large enough 6y and small enough § we have for allk =0,...,n—1 and all
integer s € [0, @]

(5.71) el < €820,
where Ly(s) = max(s + ap —2a+ 1, (s — a)4 + 200 — 20+ 2).
2) For large enough 6y and small enough 6 we have for all k = 0,...,n — 1 and all integer
s € 0,q]
(5.72) (@)1 < CE22TIA,

Proof. Again we use the formulas (5.25). By Lemma 5.3 we have [Sg, Vi, + 7(I — Sp,)Vilay < K’
for ¢ small enough, so we can apply the estimates (5.64). When estimating the right sides of (5.64)
we use, for example,

(5.73) (I = Sp, )Vils < CoOF L,
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In place of Lemma 5.6, the estimate of accumulated errors, we now have:
Lemma 5.19. There exist 0y sufficiently large and 6y sufficiently small so that for 0 < § < §g
(5.74) |Enla < C6%052(%) and (E,) a1 < C62052(3)
Proof. Since & = 2a — g, we have Lo(&) > 0, so the proof is the same as that of Lemma 5.6. O
The new version of Lemma 5.7, the estimate of f, and g, is:

Lemma 5.20. There exist 0y sufficiently large and 6y sufficiently small so that for s € [0,& + 1],
0 < 6 <4y we have

(@) | fals < CéQGrLLQ(S)ilAn
(5.75) 2pL 1 2
(0) (gn)s1 < CO°0,2 )7 Ay + OO 2 (g)asan.
Proof. Since s — & + Lo(&) < Lo(s), the proof of Lemma 5.7 can be repeated here. O

Induction step. For ¢ > 0 sufficiently small, the estimate for the linearized system (5.63)
applies to (5.7) and gives for s € [0, @]:

(5-76) |Vn|s + <Vn>s+1 <C [|fn|s+1 + <9n>s+2 + (|fn|ao+1 + <9n>ao+2) (|SGnVn|s+1 + (SGnVn>s+2)]

Indeed, (5.67) implies that for 6 > 0 small enough, Sy, V;, satisfies the requirement (5.62).3° For
the terms involving f,, and gy, except (gn)ay+2, We substitute directly into (5.76) the corresponding
estimates from Lemma 5.20. For (gy)q,+2 we have

(5-77) <9n>ao+2 <C <5297LLQ(O‘0+1)71An + 9;a72<9>ao+a+3An) )

where the last term arises from an estimate like (5.35) with s = ap+2 and « replaced by a+ag+3.
We also use

(5.78) (S, Vi) spo < COLHIm)++1

and a similar estimate for |Sg, V,|s+1, which follow directly from (5.67).
Making these substitutions in (5.76) gives for s € [0, &

(5.79)
|Vn|s + <Vn>s+1 S

O |05 DT A+ 637 ghasa + (805277 A + 077 (Ghagasaln ) 00
For s € [0, @] the parameters ag and « (recall (5.60)) satisfy:

(a) La(s+1) < s—«
(5.80) (0) La(ap+ 1)+ (s+1—-a); +1<s—a
(¢)(s+1—a); <s.

Thus, we have proved (H,,), which is the content of the following lemma.

39Here we use a1 < a. Also, the term |£94(So, Vi)|a,—1 is estimated using the equation (5.7).
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Lemma 5.21 (H,). If § > 0 and (g)a+2/0 are sufficiently small and 6y sufficiently large, we have
(5.81) Vils + (Vi) sq1 < 00577 LA,, for all integer s € [0, a].

Still assuming (H,,—1) we now show:
Lemma 5.22. Suppose n > 1. If § > 0 s sufficiently small and 0y sufficiently large, we have

(a) [L(V)]s < 8657271 for all integer s € [0,d]

(5.82) | X
(0) (B(Vy) — g)s+1 < 00577 for all integer s € [0, &].
Proof. From (5.13) we have

(a) [L(Va)ls < (1 — Se,,_ ) Enals +len—1ls
(0) (B(Va) = @)s41 < ((So,_, — Dg)ss1 + (I — Sp,_ ) En—1)sr1 + (En1)ss1-

Using (5.55) and the above estimates of E,_1 and e,_1, we find

(5.83)

(I = Sp, 1) Bni]s < OO 0| Bya|a < €820 DH0me)

5.84
( ) |en71|s < 052952(8)_1Ana

which imply (5.82)(a) since ap — @ < 0 and La(s) < s — a.
The last two terms on the right in (5.83)(b) are estimated similarly. To finish we use

(5.85) ((Sg, | —D)g)ss1 < COTIV g5 for s <@ —1,

and observe that s —a¢+1<s—a—1. O
We now fix § and 60y as above and check (Hp).

Lemma 5.23. If (g)a+2 is small enough, then (Hy) holds.

Proof. Applying the estimate for the linearized system to

L0V =0

(5.86) , .
B (O)VO = 5909

we obtain for integer s € [0, a]:

. : 057G g2, >
(5.87) Vls + (Vo)oss < C(Spyg)are < €40 (Garzy s 20
(Gat2, s <a

Thus, (Hp) holds if (¢g)a+2 is small enough. O

We can now complete the proof of Theorem 5.13.
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Proof of Theorem 5.13. We have

n—1 n—1
(5.88) Va=Voa+ Vo =Vo+> Vi=)> Vi
k=0 k=0
Let = o — 1. Since 6 ~ vk we have by (H,,)
(5.89) S Wile + > (Vs <8 6,28, <CY k% < o0
k=0 k=0 k k

Thus, for some V' as described in Proposition 5.13, Vi, = V in E# and Vi|z,—0 = V]g,=0 in Hr+l
(in fact, uniformly for 0 < & < gp). Lemma 5.22 applied with s = g — 1 now implies that V is a
solution of the semilinear system (5.58). O
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A A calculus of singular pseudodifferential operators

Here we summarize the parts of the singular calculus constructed in [CGW12] that are needed in
this article, and we also prove some additional smoothing properties for some of the operators that
appear in the proof of Propositions 2.4 and 2.6.

A.1 Symbols

Our singular symbols are built from the following sets of classical symbols.

Definition A.1. Let O C RY be an open subset that contains the origin. For m € R we let S™(O)
denote the class of all functions o : O x R? x [1,00) — CM | M > 1, such that o is C*= on O x RY
and for all compact sets K C O:

sup sup sup (y* + [¢'|*) " 2 10000 (v,€,7)| < Capic
veK ¢'eRd v>1

Let CE(R? x T), k € N, denote the space of continuous and bounded functions on R? x R that
are 2m-periodic in their last argument, and whose derivatives up to order k£ are continuous and

bounded.

Definition A.2 (Singular symbols). Let m € R, n € N, and fir 3 € R\ 0. We let S™ denote the
family of functions (asﬁ)ae(o,lle that are constructed as follows:

(A1) V(2 00,8 k) € RY x T x R? x Z, ae,fy(x',ﬂo,&', k)=o0o <€V(£U/, 0o), & + @,7> ,
€

where o € S™(0) and V € C}(R? x T). Below and in the main text we often set

X:z&'—k%.

A.2 Singular pseudodifferential operators

To each symbol a., as in (A.1), we associate a singular pseudodifferential operator Op®”(a)
whose action on Schwartz class functions v € S(R? x T : CM) is defined by

1 4 !/ N kj
(A2) Op*(@ula’, o) i= (ses D / o TR (evu’,eo),g’ + —ﬁ,v) a(e k) de’,
keZ R? <

where (¢, k) denotes the Fourier transform at & of the k-th Fourier coefficient of u with respect
to 6p. When a. , is defined as in (A.1), below and in the main text of the article, we will often
write o(eV (z,60p), X, ) in place of a. 5(2',6p,&', k), and op in place of Op®7(a). In particular, we
let Ap denote the singular Fourier multiplier associated to the function

AX,7) = (2 + | X)P)V2

When V(2/,z4,00) depends also on a normal variable x4 > 0, we define the associated family
of operators depending on the parameter x4 in the obvious way. The pseudodifferential calculus
takes place only in the tangential directions (2’,6p). To discuss mapping properties we first define
“singular” Sobolev spaces as follows.
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Definition A.3. We let

H%*(RY x T) := {u e S'(RYx T): Z/Rd(l + | X2)* (e k) PdE < oo} .

keZ

This space is equipped with the family of norms*®

1 L
e = g 2 [ (0 +IXE) a(e R P
kEZ

Observe that for s fixed the space H*° depends on ¢ with no obvious inclusion if g1 < es.
However, for fixed € > 0 the norms |- |gse 4, and | - |gse 4, are equivalent.

The next Proposition describes some of the mapping properties of these operators. Detailed
proofs can be found in [CGW12]|. The constant C' is always independent of € € (0,1] and v > 1,
and we denote the L2(R? x T) norm by | - | (which corresponds to s = 0 in Definition A.3).

Proposition A.4 (Mapping properties). (a) Suppose o(eV (x,00), X,vy) € S, where n > d + 1
and m <0. Then op : L>(R% x T) — L?(R% x T) and

C
‘O'Du‘o S — \u]o
,-Y\m\

(b) Suppose o(eV (x,00), X,7) € S™, where n > d+1 and m > 0. Then op : H™*(R? x T) —
L*(R% x T) and

‘O’Du’0 S C ‘u’Hm,57,y.
(c) [Smoothing property] Suppose o(eV (z,6p),X,v) € S, ', where n > d + 2. Then op :
L*(R? x T) — HY(RY x T) and
|0Du|H1,g,,y < C |ulp.

(d) Suppose o(eV (z,00), X,7) € SO, wheren > d+2. Then op : HY¥(R? x T) — HY¢(R? x T)

n’
and

’UDU‘HLE,W S C ’u‘Hl,gﬁ.

Residual operators. We sometimes denote by 79 p an operator that maps L*(R% x T) —
L*(R? x T) and satisfies a uniform operator bound

Ir0, pulo < C'lulo,

even when rg p is not necessarily defined by a symbol in some class SY. Similarly, we sometimes
let 7_; p denote an operator not necessarily associated to a symbol in S,; ! such that

(A.3) ’7°_17Du’Hl,e77 S C \u!o

For example, the composition 0_1,p 79,p = r—1,p of an operator of order —1 (case (c¢)in Proposition
A.4) with an operator of order 0 (case (a) when m = 0) is of this latter type.

0Tn this appendix we use | - | instead of (-) in the notation for norms on R¢ x T, but otherwise we retain notation
from the main text.

69



Remark A.5. Observe that a composition of the form ro pr_; p is not necessarily an operator of
type r_1,p, a fact that is a source of difficulty in the proof of the main linear estimate, Proposition
2.2. This is the case, for example, if ro p is the operator of multiplication by V (2/,6y) € C} (R x T).
On the other hand we have

eV(z',00)r_1p=r_1D,

and more generally, Proposition A.4(d) implies that if o € S°, n > d + 2, we have
(A4) Op7T-1,D = T-1,D-

A.3 Adjoints and products

In spite of the fact that singular symbols and their derivatives fail to decay in the classical way
in (¢, k,~), it is possible to construct a crude calculus of singular pseudodifferential operators with
useful formulas for adjoints and products which, in particular, permit Garding inequalities to be
proved. This calculus was used repeatedly in the proof of the main linear estimate, Proposition
2.2.

In the next proposition ¢* denotes the conjugate transpose of the M x M matrix valued symbol
o, while (op)* denotes the adjoint operator for the L? scalar product.

Proposition A.6 (Adjoints). (a) Let o € SO, where n > 2d + 3. Then (op)* — (0*)p =r_1.p.
(b) Let o € S}

s where n > 3d+4. Then (op)* — (6*)p =10,D.

Proposition A.7 (Products). (a) Suppose o and T lie in SO, where n > 2d + 3. Then

n’
O'DTD—(O'T)DZV“_LD.

(b) Suppose o € St, 7€ 8% oroeSY, e8!

n’ n’

where n > 3d + 4. Then
opTp — (0 T)p =70,D-
(c) Suppose o € S;t, 7€ SL, where n > 3d + 4. Then
(A.5) opt™p — (0 T)p =7_1D.

Remark A.8. Observe that when 7 = 7(X,~) is independent of ¢V (z,6y) and thus gives rise to
a Fourier multiplier, the composition op7p = (0 7)p is exact, a fact that has been used several
times in the proof of Proposition 2.2.

The equality (A.5) does not hold in general when o € S} and 7 € S, !, and this is one of the
main difficulties in the proof of Proposition (2.6). There is however one frequency regime in which
it becomes possible to prove the analogue of equality (A.5) for (1, —1) compositions, see Proposition

A.9 below.

A.4 Extended calculus

In the proof of Proposition 2.2 and of intermediate results, see in particular the decomposition
(2.6), we use a slight extension of the singular calculus. For given parameters 0 < §; < d2 < 1, we
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choose a cutoff x¢(¢, %,7) such that

0<x“<1,
K k
(AG) Xe <£,’?/8,’7> =1 on {(72_{_ |£/|2)1/2 < 51 ‘?,8'} ,
suppx® C {(72 +1€1P)Y? < 8 ‘?‘} ,

and define a corresponding Fourier multiplier xp in the extended calculus by the formula (A.2)
with x¢(&/, %, ) in place of o(£V, X,~). Composition laws involving such operators are proved in
[CGW12], but here we need only the fact that part (a) of Proposition A.7 holds when either ¢ or
T is replaced by an extended cutoff x°.

The following Proposition is essential for treating some of the remainder terms that arise in the
proof of Proposition 2.4. Part (b) of Proposition A.9 is used to handle the remainder in the (1,—1)
composition in (2.14)(a), and part (c) is used for that in (2.30)(a).

Proposition A.9. (a) Suppose V € Cé(Rd x T). Let f(V) be any smooth function, suppose
a_1(X,7) is of order —1, and let x¢ be a cutoff in the extended calculus satisfying (A.6). Then we
have

f(V)a_1,pxp =7r-1,D.

(b) Suppose V € C*(RY x T) where n > 2d + 3. Let c(V') be any smooth function and suppose
a1(X,vy) € St and a_1(X,y) € S;1. Let also xX° be a cutoff in the extended calculus satisfying
(A.6). Suppose also that v is smooth and homogeneous degree one in (X,~). Then we have

la1,p,c(eV)]a—1,p XD = T-1,D-

(¢) Suppose V € CP(R? x T) where n > 3d + 5. Let c(eV) be any smooth function and suppose
a1(X,v) € SL. Then we have
[Vx/, [Oll,D, C(&V)H = TO,D-

Proof. (a) There is first an obvious L? bound:
YIf(V)a—1,0 xpulo < v f(V)]Le la—1,0 Xpulo < C'lulo -

Then we need to estimate the singular derivatives (0;; + 3; Jp, /€), j=0,...,d—1, of the product
f(V)a—_1,p x5u. When the singular derivatives is applied to the term a_; p x%u, we use the bound
|X||a—1(X,7)| < C to obtain a uniform L? bound, and it thus only remains to look at the term

|:<8$J + %({9@()) f(V)] a—1.D X%u.

Since V' € C}, the only difficult term is 9y, f(V)/e. For this term, we use the fact that on the
support of x¢(¢’, %, ) we have

X7 < Ce,
and therefore |a_1,p xHulo < Celulo.
(b) It follows easily from part (a) that
0, :
(A.7) Oz; + Bj %,c(sU) a1pxXp=r-1p, j=0,...,d—1.
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We now reduce to this case by writing

d—1 d—1
(Ox,00 X + (Dy01) v = > boi (X,7) (1X;) + boy (X, 7)
=0 =0

With by = b, for example, we have

0
800 e 890 e
= [bo.0, (V)] | 0z, + 55— | a-1,0XD +bo.p |0y + B = ¢(eU) | a-1,0 Xp-

The first term on the right is clearly of type r_; p as a product of an r_; p operator on the left by
an 7o p operator on the right. By (A.7) and (A.4) the same is true of the second term. We leave
to the reader the verification that the commutator with the last term bg (X, )y gives also rise to
an r_j p remainder (this is even easier).

(¢) The claim follows from the relation

[vll?/? [al,Da C(EU)]] = [al,D7 (vm/C(é’U))] ’
and from Proposition A.7 (b). O

Remark A.10. Since |¢94U|c0m-1 < K by the assumption in Proposition 2.4, the result of
Proposition A.9 part (a) yields 04QQ—1,p = r—1,p in (2.14)(a). Similarly, Proposition A.9 part (b)
enables us to obtain (2.14)(b).

In the proof of Proposition 2.2 we use the following localized Garding inequality for zero order
operators. As before we write ¢ = (£/,7).

Proposition A.11 (Garding’s inequality). Let o(v,¢) € 8°(0) and x(v,¢) € S°(O) be such that
Reo(v,{) > ¢>0

on a conic neighborhood of suppy. Provided the corresponding singular symbols lie in SO, n > 2d+2,
we have

c C
Re (op xpu, xpu) > 2 Ixpulg — 5 |ulg.
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B An example derived from the Euler equations

In this appendix we explain in a particular example how one can derive a single nonlocal nonlinear
equation that governs the evolution of the amplitude function a, which itself determines the leading
profile V0, see Proposition 1.23. In the process we provide explicit constructions of a number of
the objects that appeared in our earlier discussion of approximate solutions.

As in [CG10], we consider the linearized Euler equations in two space dimensions to which we
add a nonlinear zero order term (we slightly change notation compared with the introduction).
More precisely, we consider the following system

o Ve + Ay 6111/5 + Ao 8;,;2‘/8 + D(Va, VE) =0, (t,$1,$2) E] — OO,T] X R%— ,
(Bl) BVE|$2=O+\I](V85VE)|$2=O 262 G(t,xl’gb()(t,xl)/e)? (t,xl) 6] _OO?T] XRa
Veli<o =0,

where the 3 X 3 matrices A1, Ay are given by

0 —v 0 U 0 —wv
Ap=[-c/v 0 0], Ay:= 0 v 0 |,
0 0 0 /v 0 u

and the parameters v, u, ¢ are chosen so that
v>0, O<u<ec.

The latter assumption corresponds to the linearization of the Euler equations at a given specific
volume v with corresponding sound speed ¢, and a subsonic incoming velocity (0,u) (observe the
difference with [CG10]). We also assume that D in (B.1) is a symmetric bilinear operator from
R? x R3 into R?, and that ¥ is a bilinear operator from R? x R? into R? (why we choose R? is
explained below).

For such parameters, the operator 0y + Ay 0y, + A2 0;, in (B.1) is strictly hyperbolic with three
characteristic speeds

AM(&L,6) =ul — /& + 65, M6, &) =us, M(&,&) =ub+c\/E+E.

There are two incoming characteristics and one outgoing characteristic, so B should be a 2 x 3
matrix of maximal rank. The choice of B is made precise below. Of course, the source term G in
(B.1) is valued in R?. We assume moreover that G is 1-periodic and has mean zero with respect to
its third variable 6. We choose a planar phase ¢ for the oscillations of the boundary source term
in (B.1):

¢o(t,x1) =1t +nx1, (z,n)#(0,0).

The hyperbolic region H can be explicitly computed and is given by
H = {(7’,77) ERXR/|7] > V2 —u2|77|} .

For concreteness, we fix from now on the parameters (7,7) such that n > 0 and 7 = cn. In this
way, we have (z,7n) € H.
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We determine the planar characteristic phases whose trace on {zs = 0} equals ¢y. This amounts
to finding the roots w of the dispersion relation

det [II+QA1 —|—WA2] =0.

We obtain three real roots that are given by

2M 1

Wy = mﬁ7 wy =0, wg:= _Mﬁ’

M =2 e)o,1].
c
The associated (real) phases are ¢;(t,x) := ¢o(t,z1) + w; x2, i = 1,2,3. The relations
T+ M wy) =T+ M(n,wy) =7+ Aa(n,w3) =0,

yield the group velocity v; associated with each phase ¢;:

'_1—M2 —c _(—c (0
Vi _1+M2 —u) V9 = u , V3 = w)

Hence the phase ¢ is outgoing while ¢, @3 are incoming. With the notation of the introduction,
we can also compute

1+ M?
T = C s To = C s rs = C s
2Mc 0 U
1— M2
1 M2 1/v 1/v 1 —1/v
b=garam |2V =g | Ve | bi=gmgE | Ve )
T+ \ ), ~1/u T\ e

from which one can obtain the expression of the projectors Py, P», P3 as well as the expression of the
partial inverses Ri, Ry, R3. The stable subspace at the frequency (z,7) is spanned by the vectors
r2,73. The matrix B in (B.1) is chosen as

0 v O
B'_<u 0 v>’

so that we can choose e := ry — r3 as the vector that spans ker B N E*(z,n). The reader can
check that all our weak stability assumptions are satisfied with this particular choice of boundary

conditions. (We skip the details that are just slightly more complicated than those in [CG10].) The

one-dimensional space BE*(z,n) can be written as the orthogonal of the vector b := (u, —c)’.

The leading profile V¥ and the corrector V! satisfy
WO = Vzonc = O'Q(t, x, (92) ro + Ug(t, x, (93) r3, Volut = Tl(t, x, 91) r1.
Moreover, there holds

Vo(t, I, 0, 90, 90, 90) = a(t, I, 90) e = a(t, I, 90) (7“2 — 7“3) s
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where the scalar function a is 1-periodic with respect to 6y and has mean 0. The Fourier coefficients
of a are denoted ag, k € Z, where ag equals 0 for all time ¢. Since the functions o9, o3 satisfy the
transport equations‘l1

0t02 + Vo - Voo = 0po3 +v3 - Vo3 =0,

and vanish for ¢ < 0, we obtain the expressions

T x z
(B2) 02(75,3:,92) :a(t—f,xl—FMQ,Hg) , Ug(t,$,93):—a (t—;2 xl,ﬂg) .
To compute V(}ut, we must solve
(B3) Eout ( (a) Vout + A D(Vzonc? Vzonc)) =0, (here Eout = El) )

and we thus need to determine the resonances between the phases. A simple calculation shows that
there is a nontrivial n € Z3 satisfying nq ¢1 = no ¢9 + n3 ¢3 if and only if M? is a rational number.
We thus assume this to be the case from now on. The resonance between the phases reads

+ in 2M° 1
ny = nog (= Nna 1—= — w1 — =
1 q, 2 b q, 3 D, 1 — M2 q

and it is understood that p, g are both positive and have no common divisor (for instance p = ¢ =1
when M equals 1/4/3). Expanding the quadratic term D(V? V9 ) in Fourier series, and using

wmce? mec
the relation

1 0
Cl =7Z |0JUZ | no ,
0 ns3
we obtain (use the expressions (B.2))
Z2 imkqf
(A D(Vzonc’ znc = -2 Zak(p—l—q < —,T1 + M) a_kp (t — ;,xl) eQZ 1

kEZ
P A2_1 D(?“Q, 7“3) .

In terms of the interaction integral, we obtain the expression

Ey (A;' DOV, Vi

inco mc))

1
z3 L2 N1 €2 _
= -2 A (a)n2 (t— ;,561 + — M 91 — n—93> a (t— ;,xl,ﬂg) d93P1A21D(T’2,’I“3),

where (a),, still denotes the action of a under the preparation map that retains only Fourier
coefficients that are multiples of ns. Consequently (B.3) reads

1—M? 11— M?
(B4) <3t — m c@xl — W u8$2> T1

1
_ LEm o my g e
_d/o (a)m <t " , 1+ — iVa (91 93) a(t " ,xl,eg) dés,

“1Observe that there is no zero order term in the transport equations because the zero order term in (B.1) has only
a quadratic part. This choice has been made for the sake of simplicity.

75



with
1 — M?

w—

1+ M?
The transport equation (B.4) is solved by integrating along the characteristics and we obtain the
expression

d:=-2 61 . A2_1 D(?“Q,?“g) .

trl 25— (1— M?)t 1— M? ni n3
. = +2c— (t — — 0, — =
(B.5) 7(t,21,0,67) d/o/o (@), < Y , X1 TR (t—s),— 6 63)

no no
25— (1 — M?)t N 1— M?
1+ a2 T T e

(t — S), 93> d93 ds.

The Fourier series expansion of 71 reads

t 25— (1—M?)t 1— M?
Tl(t7x170791) =d Z/O Ak (p+q) ( 1+ M2 » L1 +QCW(t_8)>
keZ

<23—(1—M2)t 1—M?
a—kp

2imkql
1—|—M2 ,iEl"‘Cm(t—S)) ds e

The equation governing the amplitude a reads
b ((a®)" (e, e) + Tiluy=0 Br1 — B R(L() Vine)lea=o) = b- G,

where functions are evaluated at zo = 0 and 6; = 0, = 03 = 6. Since we already have the
expression of 71 in terms of a, the only task left is to compute the trace of the term B R (L(9) V2 ).
Recalling that Ry 1o = R3rg = 0, we have

BR(L(O) V2, )ag=0 = (B Ry Ay  ro + BR3 A5 r3) ya+ (B Ry Ay Ay rg + B R3 Ay Ay r3) 0,y 0,
with a the unique primitive function of a with zero mean. Using the expressions of Ry, R3 in terms
of the projectors P, Py, P3, which themselves can be obtained from the vectors r;, ¢;, we get

B B uv (1+ M?)
b-(BR2A21T2+BR3A21T3):—TQQ’
1+ M?
b-(BRyAy" Aira+ BRy Ay Ayrg) = %

The fact that both quantities are proportional one to the other with a factor —c comes from a
general fact, see [CG10, Lemma 5.1].
The function a should therefore satisfy the amplitude equation

1+ M?
% (Bha — cOpya) +b-U(e,e) (a2)* +b- BriTilseo =b-G,
or equivalently
1+ M?
(B'G) % ((%a — c@wla) +b- \If(e, 6) 8.90 (a2) +b-B 1 8.90T1’$d:0 =b- 3@OG .
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Let us define the two constants

MQQ 4ucM2ﬁ 1
mb-\ﬁ(e,e), C¥2227€1'A2 D(’I"Q,T’g).

o= 1+ M2

Then equation (B.6) reads

M277

-
Ora — ¢ Opya + a1 Oy (a®) + g 89051’962:0 - m

b- 0y, G,
where the derivative 9p,71/d|z,—0 is computed from the relation (B.5):
t pl 2 2
el ny 2s — (1 — M)t 1-M ny n3
3605|x2=0:n—2/0/0 (aeoa)nz< 1+ M2 ,$1+20W(t—5),—90——@

25— (1—M?)t 1— M?
a _—
1+ M? ’

In terms of the Fourier coefficients ay, the latter equation is seen to be equivalent to the infinite
system of transport equations

2
Ora, — cOp,ap +2imk oy Zak/ak_kIZQiﬂ'kLb-Gk k&qZ
! uv (1 + M?) ’ '
k'eZ
and
Btakq — c@xlakq +2imkqay Z ag’ Qg k!
k'eZ
t 2 2
. 2s— (11— M)t 1-M
+217qua2/0ak(p+q)< T2 ,m1—|—201+M2 (t—s))
25— (1 —M?)t 1—M? M?n
_ t— ds=2imkq———==-b -G, -
akp< 1+ M2 ,x1+c1+M2( 5) ) ds o quv(1+M2) ~a
We recall that the coefficient a¢ vanishes.
In the special case M = 1/4/3, the above system reduces to
Oray, — Caxlak +2imkay Z agr Qp—f’
k'€Z
t
3s—t 3s—t
—|—21’7r/<:a2/ ask <ST,x1+c(t—s)> a—j <ST,m1+§(t—s)> ds
0

—2irk—L .G, ke,
4uv

with parameters aq, @ computed from the nonlinearities D, ¥ in (B.1):

o
" 4uw

aq b-Ule,e), a3 ::ucﬂf1'A51D(T2,T3)-
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