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OPTIMAL INTEGRAL PINCHING RESULTS

In this article, we generalize the classical Bochner-Weitzenböck theorem for manifolds satisfying an integral pinching on the curvature. We obtain the vanishing of Betti numbers under integral pinching assumptions on the curvature, and characterize the equality case. In particular, we reprove and extend to higher degrees and higher dimensions a number of integral pinching results obtained by M. Gursky for four-dimensional closed manifolds.

INTRODUCTION

The Bochner method has led to important relations between the topology and the geometry of Riemannian manifolds (see [START_REF] Bérard | From vanishing theorems to estimating theorems: the Bochner technique revisited[END_REF] for instance). The original theorem of S. Bochner asserts that a closed n-dimensional Riemannian manifold with nonnegative Ricci curvature has a first Betti number smaller than n. The technique used by S. Bochner has been refined, and the result extended to Betti numbers of higher degrees and to various notions of positive curvature. For instance S. Gallot and D. Meyer proved in [START_REF] Gallot | Opérateur de courbure et laplacien des formes différentielles d'une variété Riemannienne[END_REF] that the Betti numbers of a closed n-dimensional manifold with nonnegative curvature operator must be smaller than those of the torus of dimension n. More precisely, they proved that if a closed Riemannian manifold (M n , g) has a nonnegative curvature operator, i.e. if (1.1)

ρ g ≤ 1 n(n -1) R g ,
where -ρ g stands for the lowest eigenvalue of the traceless curvature operator and R g is the scalar curvature of (M n , g), then for all 1 ≤ k ≤ n 2 , • either its k th Betti number b k (M n ) vanishes, • or equality holds in (1.1), 1 ≤ b k ≤ n k and every harmonic k-form is parallel. Recently, using the Ricci flow, C. Böhm and B. Wilking proved that a Riemannian manifold with positive curvature operator (i.e. which satisfies the strict inequality in (1.1)) is not only an homological sphere, but is in fact diffeomorphic to a spherical space form ( [START_REF] Böhm | Manifolds with positive curvature operators are space forms[END_REF]). A little while later, S. Brendle and R. Schoen proved that this is still true for manifolds with 1/4-pinched sectional curvature ( [START_REF] Brendle | Classification of manifolds with weakly 1/4-pinched curvatures[END_REF][START_REF] Brendle | Manifolds with 1/4-pinched curvature are space forms[END_REF]).

In 1998, in his paper [START_REF] Gursky | The Weyl functional, de Rham cohomology, and Kähler-Einstein metrics[END_REF], M. Gursky obtained several Bochner's type theorems in dimension four. The striking fact in his work is that the assumption on the curvature is only required in an integral sense. He later refined part of his results in [START_REF] Gursky | Four-manifolds with δW + = 0 and Einstein constants of the sphere[END_REF].

Our formulation of M. Gursky's results will be given in term of the Yamabe invariant

Y(M, g) := inf ϕ∈C ∞ 0 (M) ϕ =0 M 4(n-1) n-2 |dϕ| 2 + R g ϕ 2 dv g M ϕ 2n n-2 dv g n-2 n
Date: March 1, 2012.

The Yamabe invariant is a conformal invariant: if u is a smooth function, then Y(M, g) = Y M, e 2u g , hence it only depends on the conformal class [g] = e 2u g, u ∈ C ∞ (M ) of the metric g. When M is closed, the Yamabe invariant has the following geometric interpretation:

Y(M, [g]) = inf g∈[g] 1 vol(M, g) 1-2 n M R g dv g .
According to the work of H. Yamabe, N. Trudinger, T. Aubin and R. Schoen, we can always find a metric g ∈ [g] conformally equivalent to g such that

1 vol(M, g) 1-2 n M R gdv g = Y(M, [g]).
The scalar curvature of such a metric g is constant, and is equal to

R g = Y(M n , [g]) vol(M n , g) 2 n 
.

We call such a metric a Yamabe minimizer. Using the Hölder inequality, we see that we always have

Y(M n , [g]) ≤ R g L n 2
, with equality if and only if g is a Yamabe minimizer.

We can state two particular results of M. Gursky's articles [START_REF] Gursky | The Weyl functional, de Rham cohomology, and Kähler-Einstein metrics[END_REF] and [START_REF] Gursky | Four-manifolds with δW + = 0 and Einstein constants of the sphere[END_REF] as follows:

Theorem 1.1. Assume that (M 4 , g) is a closed oriented manifold with positive Yamabe invariant. i) If the traceless part of the Ricci curvature satisfies

(1.2) M Ric g 2 dv g ≤ 1 12
Y(M 4 , [g]) 2 , then • either its first Betti number b 1 (M 4 ) vanishes,

• or equality holds in (1.2), b 1 = 1, g is a Yamabe minimizer and (M 4 , g) is conformally equivalent to a quotient of S 3 × R. ii) If the Weyl curvature satisfies

(1.3) M |W g | 2 dv g ≤ 1 24 Y(M 4 , [g]) 2 ,

then

• either its second Betti number b 2 (M 4 ) vanishes,

• or equality holds in (1.3), b 2 = 1 and (M 4 , g) is conformally equivalent to P 2 (C) endowed with the Fubini-Study metric.

The norms of the curvature tensors are taken by considering them as symmetric operators on differential forms, for instance with the Einstein summation convention we have

|W | 2 = 1 4 W ijkl W ijkl and |Ric| 2 = Ric ij Ric ij .
M. Gursky proved these two results by finding a good metric in the conformal class of g, for which some pointwise pinching holds. Then, by combining a Bochner-Weitzenböck equation with the pointwise pinching, he was able to prove the vanishing of harmonic forms.

The purpose of the article is to prove several generalizations of M. Gursky's result. Instead of trying to obtain a pointwise pinching, we will take advantage of the Sobolev inequality induced by the positivity of the Yamabe invariant. We first prove an integral version of the classical Bochner-Weitzenböck theorem (Theorem 2.2), which allows us to show that a large part of the Bochner theorem of S. Gallot and D. Meyer on the Betti numbers of manifolds with nonnegative curvature operator remains true if we only make the assumption in an integral sense:

Theorem A. If (M n , g), n ≥ 4 is a closed Riemannian manifold such that (1.4) ρ g L n 2 ≤ 1 n(n -1) Y(M n , [g]),
then for all

1 ≤ k ≤ n-3 2 or k = n 2 , • either its k th Betti number b k (M n ) vanishes,
• or equality holds in (1.4) and (up to a conformal change in the case k = n

2 ) the pointwise equality

ρ g = 1 n(n-1) R g holds, 1 ≤ b k ≤ n
k , every harmonic k-form is parallel and g is a Yamabe minimizer. Remark 1.2. In Theorem A, as well as in the other theorems of the article, the two cases are not mutually exclusive, i.e. equality can hold in (1.4) while a number of Betti numbers vanish.

We also obtain an alternative proof of Theorem 1.1 based on our integral Bochner-Weitzenböck theorem, and several generalizations of M. Gursky's result to higher dimensions and higher degrees. In particular, we prove the following extension to higher dimensions of the first part of Theorem 1.1:

Theorem B. If (M n , g), n ≥ 5, is a compact Riemannian manifold with positive Yamabe invariant such that (1.5) Ric g L n 2 ≤ 1 n(n -1) Y(M n , [g]),
then

• either its first Betti number b 1 (M n ) vanishes,
• or equality holds in (1.5), b 1 = 1, and there exists an Einstein manifold (N n-1 , h) with positive scalar curvature such that (M n , g) is isometric to a quotient of the Riemannian product

(N n-1 × R, h + (dt) 2 ).
We prove an analogue of the second part of Theorem 1.1 in dimension 6:

Theorem C. If (M 6 , g) is a compact Riemannian manifold with positive Yamabe invariant such that (1.6) W g L 3 ≤ 1 2 √ 10 Y(M 6 , [g]),

then

• either its third Betti number b 3 (M 6 ) vanishes,

• or equality holds in (1.6), b 3 = 2, and there exist two positive numbers a and b such that (M 6 , g) is conformally equivalent to a quotient of S 3 × S 3 , a g S 3 + b g S 3 .

And more generally, we obtain the following result (the constants a n,k and b n,k are defined in Section 3):

Theorem D. If (M n , g
) is a compact Riemannian manifold with positive Yamabe invariant such that for some integer 1 ≤ k ≤ n 2 , k = n-1 2 , the following pinching holds:

(1.7) a n,k W 2 n 2 + b n,k Ric 2 n 2 1 2 ≤ k(n -k) n(n -1) Y(M, [g]), then • either its k th Betti number b k (M n ) vanishes,
• or n = 4 and equality holds in Theorem 1.1,

• or k = 1 and equality holds in Theorem B,

• or k = 2, n ≥ 7 and (M n , g) is isometric to a quotient of: a S 2 × 1 n-5 S n-2 . • or k = 3, n = 6 and equality holds in Theorem C.
It should be noticed that for a closed four-dimensional manifold (M 4 , g), the condition

M |W g | 2 dv g + 1 2 M Ric g 2 dv g ≤ 1 24 M R 2 g dv g
is conformally invariant, hence choosing g to be a Yamabe minimizer, one can state the following corollary of Theorem 1.1: A. Chang, M. Gursky and P. Yang proved in [START_REF] Chang | An equation of Monge-Ampère type in conformal geometry, and fourmanifolds of positive Ricci curvature[END_REF][START_REF] Chang | A conformally invariant sphere theorem in four dimensions[END_REF] that when the strict equality holds in (1.8), the manifold is not only an homological sphere, but is in fact diffeomorphic to a quotient of the round sphere S 4 .

Corollary 1.3. If (M 4 , g) is a closed Riemannian manifold with positive Yamabe invariant such that (1.8) M |W g | 2 dv g + 1 2 M Ric g 2 dv g ≤ 1 24 M R 2 g dv g , then i) either the Betti numbers b 1 (M 4
In [START_REF] Bour | Fourth order curvature flows and geometric applications[END_REF], the first author has been able to recover part of this result by using the gradient flow of a quadratic curvature functional. An important step in the proof is to rule out the formation of singularities by a blow-up analysis: if a singularity occurs along the flow, the curvature must blow up, and one can consider a sequence of metrics near the singular time with curvature going to infinity. After a suitable dilatation, this sequence actually converges to a "singularity model", which is a non-compact manifold satisfying an integral pinching condition. The classification of the singularities of those flows is therefore directly related to integral pinching results on non-compact manifolds. In Section 8, we will prove the following extension of Theorem B to non-compact manifolds: Theorem E. Let (M n , g), n ≥ 4, be a complete non-compact Riemannian manifold with positive Yamabe invariant. Assume that the lowest eigenvalue of the Ricci curvature satisfies Ric -∈ L p for some p > n 2 , and assume that

R g ∈ L n 2 . If (1.9) Ric g L n 2 + n -4 4 n(n -1) R g L n 2 ≤ n 4 1 n(n -1) Y(M n , [g]), then • either H 1 c (M, Z) = {0}
and in particular M has only one end, • or equality holds in (1.9), and there exists an Einstein manifold (N n-1 , h) with positive scalar curvature and α > 0 such that (M n , g) or one of its two-fold coverings is isometric to

N n-1 × R, α cosh 2 (t) h + (dt) 2 .
The structure of the paper is the following: in the next section, we recall the Bochner-Weitzenböck formula and state the extension of the Bochner-Weitzenböck theorem to manifolds with an integral pinched curvature. In section 3, we give estimates on the lowest eigenvalue of the traceless Bochner-Weitzenböck curvature and analyze the equality case. In section 4, we define a modified Yamabe invariant and prove a number of results related to the Yamabe invariant. In section 5, we recall the refined Kato inequality for harmonic forms and its equality case for 1-forms. In section 6, we prove the extended Bochner-Weitzenböck theorem. In section 7, we prove the other optimal integral pinching theorems, and in the last section, we deal with non-compact manifolds and prove Theorem E.
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THE BOCHNER-WEITZENBÖCK FORMULA

We recall that an harmonic k-form ξ satisfies the Bochner-Weitzenböck formula

∇ * ∇ξ, ξ = -R k ξ, ξ
where the Bochner-Weitzenböck curvature:

R k (x) : Λ k T * x M → Λ k T *
x M is a symmetric operator that can be expressed by using the curvature operator. The trace of R k is given by

tr (R k ) = dim Λ k T * x M k(n -k) n(n -1) R g .
We let -r k be the lowest eigenvalue of the traceless part of the Bochner-Weitzenböck curvature.

Since the nonnegativity of R k is equivalent to

r k ≤ k(n -k) n(n -1) R g ,
the classical Bochner-Weitzenböck theorem can be stated as follows:

Theorem 2.1. Let (M n , g), n ≥ 2, be a compact Riemannian manifold. If (2.1) r k ≤ k(n -k) n(n -1) R g , then • either its k th Betti number b k (M n ) vanishes,
• or equality holds in (2.1), 1 ≤ b k ≤ n k and every harmonic k-form is parallel. In section 6, we will prove the following integral version of Theorem 2.1: Theorem 2.2. If (M n , g), n ≥ 4, is a compact Riemannian manifold such that for some integer 1 ≤ k ≤ n-3 2 or k = n 2 the following pinching holds:

(2.2) r k L n 2 ≤ k(n -k) n(n -1) Y(M, [g]),
then

• either its k th Betti number b k (M n ) vanishes,
• or equality holds in (2.2) and (up to a conformal change in the case k = n 2 ) the pointwise equality

r k = k(n-k) n(n-1) R g holds, 1 ≤ b k ≤ n k
, every harmonic k-form is parallel and g is a Yamabe minimizer.

According to [START_REF] Gallot | Opérateur de courbure et laplacien des formes différentielles d'une variété Riemannienne[END_REF], for all 1 ≤ k ≤ n -1, we have r k ≤ k(n -k)ρ g , thus Theorem A is a direct consequence of this theorem.

In dimension four, if we let w + g be the largest eigenvalue of the self-dual part W + g of the Weyl curvature and b + 2 be the dimension of the self-dual harmonic 2-forms, we obtain the following result:

Theorem 2.3. If (M 4 , g) is a compact oriented Riemannian manifold such that (2.3) w + g L 2 ≤ 1 6 Y(M 4 , [g]),
then

• either b + 2 (M 4 ) = 0, • or equality holds in (2.3), 1 ≤ b + 2 ≤
3 and for every self-dual harmonic 2-form ω, there is a Yamabe minimizer g in [g] such that ω is Kähler for g.

Conversely, according to [START_REF] Derdziński | Self-dual Kähler manifolds and Einstein manifolds of dimension four[END_REF], for any metric conformally equivalent to one which is Yamabe and Kähler, equality holds in (2.3).

Examples of manifolds for which equality holds in (2.2). Equality holds in (2.2)

for any metric with nonnegative R k which is a positive Yamabe minimizer, as soon as b k ≥ 1. According to [START_REF] Gallot | Opérateur de courbure et laplacien des formes différentielles d'une variété Riemannienne[END_REF], we can construct examples of manifolds with nonnegative R k by taking products of manifolds with nonnegative curvature operators. According to [10, IV.2], if the product is an Einstein manifold, it will be a Yamabe minimizer.

Let (M n , g) be a product of round spheres and projective spaces

(S n1 , g 1 ) × • • • × (S np , g p ) × (P m1 (C), h 1 ) × • • • × (P mq (C), h q ),
with n i ≥ 2. Then (M, g) has a nonnegative curvature operator. For (M, g) to be Einstein, we have to take

R gi = α ni n and R hi = α 2mi n for some α > 0. If for some 0 ≤ p ′ ≤ p and 0 ≤ m ′ j ≤ m j p ′ i=1 n i + 2 q j=1 m ′ j = k, then b k ≥ 1 and equality holds in (2.2).
Hence, for all k ≥ 2, there exist manifolds for which equality holds in (2.2). For k = 1, according to [START_REF] Schoen | Variational theory for the total scalar curvature functional for Riemannian metrics and related topics[END_REF], the quotients of S n-1 × R by a group of transformations generated by isometries of S n-1 and a translation of parameter T > 0 are Yamabe minimizing if and only if T 2 ≤ 4π 2 n-2 . For those manifolds, the equality holds in (2.2) and in (1.5).

2.2.

The Bochner-Weitzenböck curvature in more details. The symmetric operator R k can be seen as a double form of degree (k, k) (see [START_REF] Kulkarni | On the Bianchi Identities[END_REF][START_REF] Bourguignon | Les variétés de dimension 4 á signature non nulle dont la courbure est harmonique sont d'Einstein[END_REF][START_REF] Labbi | Double forms, curvature structures and the (p,q) curvatures[END_REF][START_REF] Labbi | On Weitzenböck curvature operators[END_REF]). Using the fact that the curvature can be seen as a double form of degree (2, 2), the fact that the metric can be seen as a (1, 1)-form and the fact that the wedge product induces an algebra structure on the space of double forms (the Kulkarni-Nomizu product), there is a convenient way to write the Bochner-Weitzenböck curvature in degree k ∈ [2, n/2]:

R k = W k + Z k + S k with W k = -2 g k-2 (k -2)! . W g , Z k = n -2k n -2 g k-1 (k -1)! . Ric g , S k = k(n -k) n(n -1) R g Id Λ k T * M
where . is the product on double-forms, g j is the metric to the power j with respect to this product, W g is the Weyl curvature, and Ric g = Ric g -Rg n g is the traceless part of the Ricci curvature. On 1-forms, we have

R 1 = Ric g = Ric g + R g n g.

COMPARISON BETWEEN THE FIRST EIGENVALUE AND THE NORM OF CURVATURE

OPERATORS

In order to obtain estimates on r k , we will use the following lemma:

Lemma 3.1. If A : E → E is a traceless self-adjoint endomorphism on a Euclidean space E of dimension d, then its lowest eigenvalue a satisfies a 2 ≤ d -1 d |A| 2 ,
and equality holds if and only if the spectrum of

A is {-ν, 1 d-1 ν} with ν ≥ 0 and 1 d-1 ν of multiplicity d -1.
Proof. By a simple Lagrange multiplier argument, we see that:

inf λ 1 , d i=1 λ 2 i = 1 and d i=1 λ i = 0 2 = d -1 d For 1 ≤ k ≤ n-1 2 , let define the constants a n,k and b n,k by a n,k = n k -1 k(n -k) n(n -1) 4(k -1)(n -k -1) (n -2)(n -3) , b n,k = n k -1 k(n -k) n(n -1) (n -2k) 2 (n -2) 2 . Lemma 3.2. If 1 ≤ k ≤ n-1 2 , then r 2 k ≤ a n,k |W | 2 + b n,k Ric 2
and equality holds if and only if there exists a k-form u and a real number λ such that

R k = λ Id -u ⊗ u.
Proof. We apply Lemma 3.1 to W k + Z k , and use the fact that for a traceless operator T on k-forms g

j j! .T = 1 j! c j g j j! .T |T = n -2k j |T | 2 ,
where c is the contraction operator defined in [START_REF] Labbi | Double forms, curvature structures and the (p,q) curvatures[END_REF].

When k = n/2 we can refine this inequality by using the fact that the Hodge star operator commutes with R n/2 and the fact that the square of the Hodge star operator on n/2-forms is

(-1) n/2 Id. Let Λ n/2 ± T *
x M be the eigenspaces of the Hodge star operator and R ±,n/2 be the restriction of the Bochner-Weitzenböck curvature to

Λ n/2 ± T * x M . We define a n,n/2 =    n(n-2) 4(n-1)(n-3) n n/2 -2 if n/2 is even n(n-2) 8(n-1)(n-3) n n/2 -2 if n/2 is odd. Lemma 3.3. (3.1) r 2 n/2 ≤ a n,n/2 |W | 2 and

equality holds if and only if

• when n/2 is odd: there exists a n/2-form u and a real number λ such that

R n/2 = λ Id -u ⊗ u - * u ⊗ * u,
• when n/2 is even: there is ε ∈ {-, +} such that W -ε = 0 and there exists a n/2-form u such that * u = εu and a real number λ such that

R ε,n/2 = λ Id -u ⊗ u.
Proof. When n/2 is odd, all the eigenspaces of the Bochner-Weitzenböck curvature are stable by the Hodge star operator hence they come with an even multiplicity. And when n/2 is even we obtain that r n/2 is less than the lowest eigenvalue of R ε,n/2 .

Characterization of the equality case. An important feature of the Bochner-Weitzenböck curvature is that it satisfies the first Bianchi identity. Seeing once again R k as a symmetric operator

R k : Λ k T * x M → Λ k T * x M, the first Bianchi identity asserts that if (θ i ) i is an orthonormal basis of (T * x M, g) then ∀α ∈ Λ k-1 T * x M, i θ i ∧ R k (θ i ∧ α) = 0.
We now assume that there exist a real number λ and a k-form u

∈ Λ k T * x M such that R k = λ Id -u ⊗ u.
We get that for any orthonormal basis (e i ) i , if we let (θ i ) i be its dual basis, then (see [START_REF] Kulkarni | On the Bianchi Identities[END_REF]

) i u ∧ θ i ⊗ e i u = 0.
We introduce the orthogonal decomposition

T x M = V ⊕ V ⊥ where V ⊥ = {v, v u = 0},
and choose an orthonormal basis (e i ) i of T x M diagonalizing the quadratic form v → |v u| 2 , and such that (e i ) 1≤i≤ℓ is a basis of V . Then {e i u} 1≤i≤ℓ is an orthogonal family of

Λ k-1 T * M .
From the identity

i u ∧ θ i ⊗ e i u = 0, we deduce that i ∈ {1, . . . , ℓ} ⇒ u ∧ θ i = 0. Hence ℓ = k and u = |u| θ 1 ∧ • • • ∧ θ k = |u|dv V . We can go one step further. Indeed if k ∈ [2, n-1 2 ]
, the curvature operator is uniquely determined by the Bochner-Weitzenböck curvature: the components of the curvature operator can be expressed by taking contractions of R k (see [START_REF] Labbi | On Weitzenböck curvature operators[END_REF]Theorem 4.4]).

We first see that if

T x M = V ⊕ V ⊥ and u = dv V then c(u ⊗ u) = * V g V , where g V is the metric on V viewed as a double (1, 1)-form on V and * V : Λ (1,1) V * → Λ (k-1,k-1) V *
is the Hodge star acting on double forms of V . The computations of [31, theorem 4.4] imply that the traceless part of c k-1 (R k ) is proportional to the traceless part of the Ricci curvature, hence the Ricci curvature is a linear combination of g V and g V ⊥ ; we also get that c k-2 (R k ) is a linear combination of g.Ric, of g 2 and of the curvature operator. Hence in our case, we easily get that there are numbers α = α(x), β = β(x) and γ = γ(x) such that the curvature operator at x is

α g 2 V 2 + β g 2 V ⊥ 2 + γ g 2 2 .
Hence, using the orthogonal decomposition

Λ k T * M = k j=0 Λ k-j V * ⊗ Λ j V ⊥ * ,
we find that the eigenvalues of the Bochner-Weitzenböck curvature R k are

αj(k -j) + βj(n -k -j) + γk(n -k), with multiplicity k j n-k j
, where j ∈ {0, . . . , k}. But the assumption asserts that R k has only two eigenvalues and that the lowest one has multiplicity 1. The only possible case is k = 2 and α = (n -5)β. Moreover, β ≥ 0, since the lowest eigenvalue of the traceless part of R k is a negative multiple of β. Consequently we have:

Proposition 3.4. If there is a non-zero k-form u such that R k (x) = λId -u ⊗ u then k = 2 and T x M has an orthogonal decomposition T x M = V ⊕ V ⊥ , with V ⊥ = {v, v u = 0} of codimension 2.
Moreover, u is colinear to the volume form of V , and the curvature operator is of the form

(n -5)β g 2 V 2 + β g 2 V ⊥ 2 + γ g 2 2 ,
with β ≥ 0.

When n/2 is odd, we use the complex structure given by the Hodge star operator on n/2-forms and obtain: Proposition 3.5. If n/2 is odd and if there is a non-zero n/2-form u such that

R n/2 = λ Id -u ⊗ u - * u ⊗ * u,
then T x M has an orthogonal decomposition

T x M = V ⊕ V ⊥ , with V = {v, v ∧ u = 0} and V ⊥ = {v, v u = 0} of dimension n/2.
Moreover, u is colinear to the volume form of V and * u is colinear to the volume form of V ⊥ . Indeed, with the same orthogonal decomposition T x M = V ⊕ V ⊥ as before, with

V ⊥ = {v, v u = 0},
we get that for any vector w ∈ V ⊥ ,

w ♭ ∧ * u = * (w u) = 0. Hence there is a (ℓ -n/2)-form ψ ∈ Λ ℓ-n/2 V * such that * u = ψ ∧ dv V ⊥ and u = * V ψ.
The Bianchi identity implies that

0 = ℓ i=1 * V ψ ∧ θ i ⊗ e i * V ψ ± ℓ i=1 ψ ∧ dv V ⊥ ∧ θ i ⊗ e i (ψ ∧ dv V ⊥ ).
Because (e i * V ψ) 1≤i≤ℓ ∪ {e i (ψ ∧ dv V ⊥ )) 1≤i≤ℓ is an orthogonal family, we conclude that ℓ = n/2 and ψ = 1. And when n/2 is even, we have: Proposition 3.6. Assume that n/2 is even, that for ε ∈ {-, +} we have W -ε = 0 and that there is a non-zero n/2-form u such that * u = εu and

R ε,n/2 = λ Id -u ⊗ u.
Then n = 4 and u is colinear to g(J., .) where J is an unitary complex structure on T x M .

Indeed, we obtain that the Bianchi operator applied to u ⊗ u is a multiple of the Bianchi operator applied to the Hodge star operator. But the Bianchi operator applied to the Hodge star operator is a multiple of the Hodge star operator. Hence, if (e i ) is a orthonormal basis of T x M then (e i u) i is a basis of Λ n/2-1 T *

x M . This can only occur when n = 4 and when u = |u|g(J., .), where J is an unitary complex structure on T x M .

THE YAMABE INVARIANT

We recall that when M is closed, there always exists a positive smooth function ϕ such that (4.1)

M 4(n -1) n -2 |dϕ| 2 + R g ϕ 2 dv g = Y(M, [g]),
and

M ϕ 2n n-2 dv g = 1.
Moreover, since C ∞ 0 is dense in H 2 1 (M ) (see [START_REF] Aubin | Some nonlinear problems in Riemannian geometry[END_REF]), the infimum defining the Yamabe invariant can also be taken over H 2 1 (M ), and any function ϕ ∈ H 2 1 (M ) with ϕ L 2n n-2 = 1 attaining the infimum is smooth, positive and solution to the Yamabe equation:

(4.2) 4(n -1) n -2 ∆ g ϕ + R g ϕ = Y(M, [g])ϕ n+2 n-2
(see [START_REF] Aubin | Some nonlinear problems in Riemannian geometry[END_REF]). We can also write that equation

L g (ϕ) = Y(M, [g])ϕ n+2 n-2
, where L g denotes the conformal laplacian

L g = 4(n -1) n -2 ∆ g + R g ,
and satisfies the following conformal covariance property: if g = u 4

n-2 g, with u a smooth positive function, then

u n+2 n-2 L g(ϕ) = L g (uϕ).

It follows in particular that

u n+2 n-2 R g = 4(n -1) n -2 ∆ g u + R g u.
Therefore, if u is a positive smooth solution of (4.2), then the metric g = u 4 n-2 g is a Yamabe minimizer.

4.1. The modified Yamabe invariant. For β ≥ 0, we introduce the modified Yamabe invariant:

(4.3) Y g (β) := inf ϕ∈C ∞ 0 (M) ϕ =0 M 4(n-1) n-2 |dϕ| 2 + βR g ϕ 2 dv g M ϕ 2n n-2 dv g n-2 n
.

In particular, for β = 1, this modified Yamabe invariant is the Yamabe invariant:

Y g (1) = Y(M, [g]).
The function β → Y g (β) is an infimum of affine functions of β, hence it is concave and for all β ∈ [0, 1] we obtain

(1 -β) Y g (0) + β Y(M, [g]) ≤ Y g (β).
When (M, g) is closed, Y g (0) = 0 and we have:

Proposition 4.1. If (M n , g) is a closed Riemannian manifold, then (4.4) β Y(M, [g]) ≤ Y g (β).
If β ∈ (0, 1), then equality holds in this inequality if and only if g is a Yamabe minimizer, and the only functions attaining the infimum in (4.3) are constant functions.

Proof. Since β → Y g (β) is concave, it is equal to its chord β Y(M, [g]
) at an interior point β ∈ (0, 1) if and only if it is affine. Then, if for some u and some β ∈ (0, 1), equality is attained in (4.3), the affine function of β corresponding to u is above the function Y g and is equal to Y g (β) at β, hence it must be equal to Y g on [0, 1]. Therefore the function u realizes the infimum in (4.3) for all β ∈ [0, 1]. Taking β = 0 yields M |du| 2 dv g = 0, hence u is constant. Then, taking β = 1 shows that g is a Yamabe minimizer.

4.2.

The Yamabe invariant on complete non-compact manifolds. We still define the Yamabe invariant by

Y(M, g) := inf ϕ∈C ∞ 0 (M) ϕ =0 M 4(n-1) n-2 |dϕ| 2 + R g ϕ 2 dv g M ϕ 2n n-2 dv g n-2 n
and we still have for any smooth function u:

Y(M, g) = Y(M, e 2u g).
The Yamabe functional

F g (ϕ) = M 4(n-1) n-2 |dϕ| 2 + R g ϕ 2 dv g M ϕ 2n n-2 dv g n-2 n is also well-defined when R g is in L n 2 (M, g), ϕ is in L 2n n-2 (M, g) and dϕ is in L 2 (M, g). Moreover, when g is complete, C ∞ 0 (M ) is dense in the space H = {ϕ ∈ L 2n n-2 (M, g), |dϕ| ∈ L 2 (M, g)}.
Therefore, we also have

Y(M, [g]) = inf H F g ,
and any function in H with ϕ L 2n n-2 = 1 attaining the infimum is a weak solution to the Yamabe equation (4.2). If in addition ϕ is in C 0,α , then by classical regularity theorems ϕ is smooth, and by maximum principle it is positive (see [START_REF] Aubin | Some nonlinear problems in Riemannian geometry[END_REF]).

The following Lemma is inspired by [ , for some C > 0 and for all ϕ ∈ C ∞ 0 (M ). Proof. Let fix some ball B(x 0 , r) ⊂ M . Since Y(M, [g]) > 0 and by using the Hölder inequality, for any smooth functions with support outside the ball B(x 0 , r), we have

ϕ 2 L 2n n-2 ≤ 1 Y(M, [g])   4(n -1) n -2 dϕ 2 L 2 + M\B(x0,r) |R g | n/2 dv g 2 n ϕ 2 L 2n n-2   . Since R g is in L n 2 (M, g), we can take r such that M\B(x0,r) |R g | n/2 dv g 2 n ≤ Y(M, [g]) 2 ,
and we obtain the Sobolev inequality on M \ B(x 0 , r).

According to [28, Lemma 3.2], there exists a uniform bound from below on the volume of any ball B(y, 1) ⊂ M \ B(x 0 , r). Since (M, g) is not compact, we can find a sequence of points x k in M \ B(x 0 , r) such that x k is in B(x 0 , k + 1) B(x 0 , k). Then the balls B(x 3k , 1) are two by two disjoint, and thus

vol g (M ) ≥ k≥0 vol g (B(x 3k , 1)) = ∞.
Therefore, according to [16, Proposition 2.5], there exists C ′ such that the Sobolev inequality (4.5) holds on M . Proposition 4.3. If (N n-1 , h) is an Einstein manifold with scalar curvature

R h = (n -2)(n -1), then Y(N × R, [h + ds 2 ]) vol(N, h) 2 n = Y(S n ) vol(S n-1 ) 2 n 
.

Proof. We note that equality holds if (N, h) is the round sphere S n-1 . If (N, h) is not the round sphere, then by the Bishop-Gromov inequality vol(N, h) < vol(S n-1 ).

Moreover the conformal class of g = h + ds 2 contains the metric g 0 = 1 cosh 2 (s) (h + ds 2 ), which is isometric to the spherical suspension of (N, h):

(N × (0, 2π), sin 2 (r)h + dr 2 ).
The metric g 0 is Einstein, has constant scalar curvature equal to n(n -1) and its volume is

vol(N, h) vol(S n ) vol(S n-1 )
.

The Yamabe invariant of the cylindrical metric h + ds 2 hence satisfies

Y(N × R, [h + ds 2 ]) ≤ vol(N, h) vol(S n ) vol(S n-1 ) 2/n n(n -1) < Y(S n ).
According to [1, theorem C], there is a bounded smooth function ϕ on N × R such that

M |∇ϕ| 2 + R g ϕ 2 dv g = Y(M, [g]),
and there exist some positive real numbers c, C, α, β such that for all x ∈ N and s ∈ R ce -α|s| ≤ ϕ(x, s) ≤ Ce -β|s| .

We let g = ϕ 4 n-2 (h + ds 2 ) and

ρ(x, s) = ϕ 2 n-2 (x, s) cosh(s) -1
, so that g = ρ -2 g 0 . We can now run the proof of Obata (see [START_REF] Bourguignon | Scalar curvature functions in a conformal class of metrics and conformal transformation[END_REF] or [START_REF] Obata | The conjectures on conformal transformations of Riemannian manifolds[END_REF]) and show that since g 0 is Einstein, g must also be Einstein. Indeed, if we note γ g (X) = L X g -2 n (δ g X)g, we have

γ * g 1 ρ γ g0 (∇ g0 ρ) = 2 n -2 γ * g Ric g = 0,
hence, with ν = ∇s |∇s| g , we get for T > 0

N ×[-T,T ] 1 ρ 3 |γ g0 (∇ g0 ρ)| 2 g dv g ≤ C ∂(N ×[-T,T ]) 1 ρ |γ g0 (∇ g0 ρ)| g |∇ g0 ρ| g i ν (dv g ) ≤ 2C max {-T ;T } N |γ g0 (∇ g0 ρ)| g0 |dρ| g0 ϕ 2 n-1 n-2 dv h
According to [START_REF] Akutagawa | The Yamabe problem on stratified spaces[END_REF], the function ϕ is polyhomogeneous, and the boundary term goes to zero as T goes to infinity. Then, ∇ g0 ρ is a conformal Killing field. But a conformal vector field of the cylindrical metric is a sum of a conformal vector field on (N, h) and a generator of the translation. If (N, h) is not the round sphere, the conformal Killing fields of (N, h) are Killing fields, hence the conformal factor must be radial. Then we have (see [START_REF] Akutagawa | Yamabe metrics on cylindrical manifolds[END_REF]Claim 2.13])

Y(N × R, [h + ds 2 ]) vol(N, h) 2 n = Y(S n ) vol(S n-1 ) 2 n
.

THE REFINED KATO INEQUALITY

The classical Kato inequality asserts that if ξ is a smooth k-form on a Riemannian manifold (M n , g), then

|d|ξ|| 2 ≤ |∇ξ| 2 .
When ξ is moreover assumed to be harmonic, i.e. closed and co-closed

dξ = d * ξ = 0, then for k ∈ [0, n/2],
the Kato inequality can be refined as

(5.1) n + 1 -k n -k |d|ξ|| 2 ≤ |∇ξ| 2 ,
See [START_REF] Bourguignon | The magic of Weitzenböck formulas[END_REF], and [START_REF] Branson | Kato constants in Riemannian geometry[END_REF][START_REF] Calderbank | Refined Kato inequalities and conformal weights in Riemannian geometry[END_REF] for the computation of the refined Kato constant.

The equality case in the refined Kato inequality for 1-forms. Assume that (M n , g) is a complete Riemannian manifold, that ξ ∈ C ∞ (T * M ) is an harmonic 1-form and that equality holds almost everywhere in the refined Kato inequality:

|d|ξ|| 2 = n -1 n |∇ξ| 2 .
We can locally find a primitive Φ of ξ:

dΦ = ξ.
Then Φ is an harmonic function and in this case, the refined Kato inequality is in fact the Yau inequality for harmonic functions ( [38, lemma 2]). Moreover, passing to the normal covering π : M → M associated to the kernel of the homomorphism

γ ∈ π 1 (M ) → γ ξ,
we have π * ξ = dΦ for an harmonic function Φ ∈ C ∞ ( M ) (see for instance [START_REF] Hatcher | Algebraic topology[END_REF]). We will now review the proof of a result of P. Li and J. Wang ( [START_REF] Li | Weighted Poincaré inequality and rigidity of complete manifolds[END_REF]).

Proposition 5.1. Assume that (M n , g) is a complete Riemannian manifold carrying a non-constant harmonic function Φ such that almost everywhere

|d|dΦ|| 2 = n -1 n |∇dΦ| 2 .
Then there exists a complete Riemannian manifold (N n-1 , h) such that (M n , g) is isometric to N n-1 × R endowed with a warped product metric η 2 (t)h + (dt) 2 . Moreover, there are constants c 1 , c 2 such that:

Φ(x, t) = c 1 + c 2 t 0 dr η(r) n-1 .
Proof. We assume that on

U = {x ∈ M n , dΦ(x) = 0} |d|dΦ|| 2 = n -1 n |∇dΦ| 2 .
Moreover, we add a constant to Φ such that the set

N = {x ∈ U, Φ(x) = 0}
is not empty. The equality case in the Yau's inequality implies that there is a function a : U → R such that if we let ν = ∇Φ |∇Φ| , then in the orthogonal decomposition

T x M n = ker(dΦ) ⊕ R ν, we have ∇dΦ = a Id 0 0 -(n -1)a .
Therefore, we see that u ∈ ker(dΦ) ⇒ d u |dΦ| 2 = 0. Hence the length of dΦ is locally constant on the regular level sets of Φ. Moreover, we have

∇ u ( ν) = 1 |dΦ| (∇ u (∇Φ) -∇ u (∇Φ)| ν ν) ,
and since ∇ ν (∇Φ) is in R ν, ∇ ν ( ν) = 0 and the integral curves of the vector field ν are geodesics.

We consider the map E : N × R → M n given by E(x, t) = exp x (t ν(x)).

For x ∈ N , and u ∈ ν ⊥ , ∇ u E(x, t) is a Jacobi field along E(x, t), hence is orthogonal to ν for all t ∈ R. Consequently, Φ(E(x, t)) only depends on t and there exists a function ψ : R → R such that ψ(0) = 0 and for all (x, t) ∈ N × R,

Φ(E(x, t)) = ψ(t).
We fix K ⊂ N a compact subset, and we let (α, ω) be the maximal open set containing 0 such that E : K × (α, ω) → M n is a local diffeomorphism. Then, on K × (α, ω), we have

E * (∇dΦ) = ψ ′′ dt ⊗ dt + ψ ′ ∇dt.
Consequently,

ψ ′′ = -(n -1)(a • E) and ψ ′ ∇dt = (a • E) (E * g) .
Hence a • E only depends on t, and the hypersurfaces K × {t} ⊂ (K × (α, ω), E * g) are totally umbilical. Therefore, we get that on K × (α, ω),

E * g = η 2 (t)h + (dt) 2 , with (5.2) a • E = η ′ η and ψ(t) = c t 0 dr η(r) n-1 .
Now, if ω is finite, then for some x ∈ K, (E * g)(x, w) is not invertible, hence we must have lim t→ω η(t) = 0. According to (5.2), we also have lim t→ω η ′ (t) = 0, thus η(t) = o(w-t) and ψ(w) = c ω 0 dr η(r) n-1 = +∞, which is not possible. Hence ω = +∞ and the same argument shows that α = -∞.

Therefore, E :

N × R → M n is an immersion. Since dΦ is locally constant on the level sets of Φ, N is a connected component of the closed set {x ∈ M, φ(x) = 0}, thus is closed. Then, as E is a local isometry, E(N × R) is complete, hence closed in M n ,
and open, thus E is a surjection.

Moreover, if E(x, s) = E(y, t), then ψ(s) = ψ(t) hence s = t, and following the flow of -ν from E(x, t) or E(y, t) for a time t, we see that x = y. Therefore, E is also injective.

THE INTEGRAL BOCHNER-WEITZENBÖCK THEOREM

In this section, we prove Theorem 2.2 and Theorem 2.3. Suppose that ξ is a non-trivial harmonic k-form on a complete manifold (M, g), not necessarily compact.

For ε > 0 we introduce

f ε = |ξ| 2 + ε 2 . Elementary computations lead to f ε ∆f ε -|df ε | 2 = ∇ * ∇ξ, ξ -|∇ξ| 2 ,
and for p > 0 we get

∆f p ε = pf p-2 ε f ε ∆f ε -(p -1)|df ε | 2 = pf p-2 ε ∇ * ∇ξ, ξ -|∇ξ| 2 + (2 -p)|df ε | 2 ≤ pf p-2 ε ∇ * ∇ξ, ξ - n + 1 -k n -k |d|ξ|| 2 + (2 -p)|df ε | 2 .
Note that we have

|df ε | 2 = |ξ| 2 |d|ξ|| 2 |ξ| 2 + ε 2 ≤ |d|ξ|| 2 .
Hence, choosing p = n-1-k n-k , we have p ∈ (0, 2) and

2 -p = n + 1 -k n -k .
We obtain

∆f p ε ≤ pf p-2 ε ∇ * ∇ξ, ξ . According to the Bochner-Weitzenböck formula ∇ * ∇ξ, ξ = -R k ξ, ξ , we then have ∆f p ε ≤ -pf p-2 ε R k ξ, ξ ≤ -p k(n -k) n(n -1) R g f p-2 ε |ξ| 2 + p r k f p-2 ε |ξ| 2 ,
and we finally get (6.1)

∆f p ε + k(n -1 -k) n(n -1) R g f p-2 ε |ξ| 2 ≤ n -1 -k n -k r k f p-2 ε |ξ| 2 .
6.1. The vanishing result. If the manifold (M, g) is closed, by multiplying this inequality by f p ε and integrating over M , we obtain

M |d (f p ε )| 2 dv g + k(n -1 -k) n(n -1) M R g f 2(p-1) ε |ξ| 2 dv g ≤ n -1 -k n -k M r k f 2(p-1) ε |ξ| 2 dv g . We define v = |ξ| n-1-k n-k . Since f 2(p-1) ε |ξ| 2 ≤ |ξ| 2p , by Fatou's Lemma we see that v is in H 2 1 (M )
, and by letting ε go to zero, we get by Lebesgue's dominated convergence theorem that

M |dv| 2 + k(n -1 -k) n(n -1) R g v 2 dv g ≤ n -1 -k n -k M r k v 2 dv g , When k = n-1 2 , we have β = 4k(n -1 -k) n(n -2) ∈ (0, 1] ,
hence we obtain

n -2 4(n -1) Y g (β) v 2 L 2n n-2 ≤ n -1 -k n -k M r k v 2 dv g ,
and according to the Hölder inequality, (

n -2 4(n -1) Y g (β) v 2 L 2n n-2 ≤ n -1 -k n -k r k L n/2 v 2 L 2n n-2 . Therefore, either v vanishes on M , or n -2 4(n -1) Y g (β) ≤ n -1 -k n -k r k L n/2 . 6.2) 
In that case, according to Proposition 4.1, we obtain

β n -2 4(n -1) Y(M, [g]) ≤ n -1 -k n -k r k L n/2 . hence (6.3) r k L n/2 ≥ k(n -k) n(n -1) Y(M, [g]).
For the middle degree n/2 when n/2 is even, the Hodge star operator * induces a parallel decomposition

Λ n 2 T * M = Λ n 2 + T * M ⊕Λ n 2
-T * M . And since the traceless Bochner-Weitzenböck curvature W n 2 commutes with * , it admits a decomposition

W n 2 = W + n 2 ⊕ W - n 2 .
If ξ is a self-dual form, i.e. if * ξ = ξ, and if -r + n/2 is the lowest eigenvalue of W + n/2 , we get (6.4)

r + n/2 L n/2 ≥ n 4(n -1) Y(M, [g]).
6.2. The equality case. We will now characterize the equality case of (6.3).

When 1 ≤ k ≤ n-3 2 .
If equality holds in (6.3) and v doesn't vanish, then equality must hold everywhere. In particular, we have Y g (β) = β Y(M, [g]), and the function v attains the infimum in (4.4). When k ≤ n-3

2 , since we have

0 < 4k(n -1 -k) n(n -2) < 1,
according to Proposition 4.1, g is a Yamabe minimizer and v is constant, hence |ξ| is constant. Furthermore, the equality for the Hölder inequality in (6.2) implies that r k is constant, hence

r k = k(n -k) n(n -1) R g .
By Theorem 2.1, every harmonic k-form is parallel and b k ≤ n k .

The middle degree. If equality holds in (6.3), as β = 1, g is not necessarily a Yamabe minimizer. However, since v must realize the infimum of the Yamabe functional, the metric g = v 4 n-2 g is a Yamabe minimizer. Then, the form ξ is still harmonic for g but has constant g-length |ξ| g = 1. And since the traceless Bochner-Weitzenböck curvature W n 2 only depends on the Weyl curvature, the pinching is conformally invariant and equality also holds for g. Then equality in (6.2) implies that r n/2 (g) is constant, hence r n/2 (g) = n 4(n-1) R g and by Theorem 2.1, every g-harmonic n/2-form is g-parallel and b n/2 ≤ n n/2 .

The middle degree in dimension 4. If b + 2 = 0, then according to (6.4) we have (6.5)

1 3 Y(M, [g]) ≤ r + 2 L 2 = 2 w + L 2 .
If equality holds in (6.5) and if there exists a non-trivial self-dual harmonic 2-form ξ, then according to the study of the middle degree case, there is a Yamabe minimizer g ∈ [g] such that ξ is g-parallel with |ξ| 2 g = 2. Then ξ is a Kähler form on (M, g).

PINCHING INVOLVING THE NORM OF THE CURVATURE

On a closed manifold, according to (6.3) and the inequalities of Section 3, if b k = 0, we have

(7.1) a n,k W 2 n 2 + b n,k Ric 2 n 2 1 2 ≥ r k L n/2 ≥ k(n -k) n(n -1) Y(M, [g]).
We will now characterize the equality case in (7.1).

7.1. For one-forms in dimension greater than 5. If b 1 = 0 and if

Ric L n 2 = 1 n(n -1) Y(M, [g]),
then according to subsection 6.2, Ric g is nonnegative with b 1 zero eigenvalues which correspond to b 1 parallel vector fields. According to the de Rham splitting theorem, the universal cover of (M, g) splits as a Riemannian product (N n-b1 × R b1 , h + (dt) 2 ). But according to Lemma 3.2, Ric g has only two distinct eigenvalues, hence b 1 = 1 and (N, h) is Einstein with positive scalar curvature.

7.2. For one-forms in dimension 4. Since there must be equality in (6.3), there must also be equality in the Kato inequality. Then according to Proposition 5.1, M has a normal cover M = N 3 × R with a warped product metric

ĝ = η 2 (t)h + (dt) 2 ,
where for some T > 0, η is a T -periodic function and the deck transformation group is generated by γ(x, t) = (φ(x), t + T ),

with φ : N → N a h-isometry.
We can write that ĝ is isometric to g = e -2f (s) (h + ds 2 ). Then,

Ric g = Ric h + 1 2 (1 -f ′′ -(f ′ ) 2 ) h -3ds 2 .
Since equality holds in the inequality between the first eigenvalue and the norm of Ric g , we have

Ric g = r 1 e -2f ds 2 - 1 3 h , then Ric h = r 1 e -2f + 1 2 (1 -f ′′ -(f ′ ) 2 ) 3ds 2 -h
and by taking the trace on T N ⊂ T M, we see that Ric h must vanish. Thus (N 3 , h) is Einstein hence of constant sectional curvature, and (M, g) is conformally equivalent to a quotient of S 3 × R. We recover Theorem 1.1 i).

Remarks 7.1. i) If the translation parameter T is too large the the product metric cannot be a Yamabe minimizer. Indeed the second variation of the Yamabe functional has a negative eigenvalue at the product metric when

T 2 > 4π 2 (n -1) R h .
Conversely, on S n-1 × S 1 , the product metric is a Yamabe minimizer as soon as

(7.2) T 2 ≤ 4π 2 n -2
(cf. [START_REF] Schoen | Variational theory for the total scalar curvature functional for Riemannian metrics and related topics[END_REF]). Therefore, in dimension 4, if b 1 = 0, equality holds in (1.2) if and only if (M, g) is conformally equivalent to a quotient of S 3 ×R with translation parameter satisfying (7.2). ii) If (M, g) satisfies the pinching

M Ric g 2 dv g ≤ 1 12 M R 2 g dv g
which is conformally invariant according to the Gauss-Bonnet formula, we can suppose (up to a conformal change) that g is a Yamabe minimizer and satisfies (1.2).

7.3.

For two-forms in dimension 4. If we have the equality

W g L 2 = 1 2 √ 6 Y(M, [g]),
and b 2 = 0, then by taking a two-fold covering if M is not orientable and choosing the right orientation, we have equality in (6.5), b + 2 (M ) = 0 and W - g = 0. Hence (M, g) is conformally equivalent to a Kähler self-dual manifold with constant scalar curvature. According to [START_REF] Bourguignon | Les variétés de dimension 4 á signature non nulle dont la courbure est harmonique sont d'Einstein[END_REF][START_REF] Derdziński | Self-dual Kähler manifolds and Einstein manifolds of dimension four[END_REF], (M, g) is conformally equivalent to P 2 (C) endowed with the Fubini-Study metric, and we recover Theorem 1.1 ii). When n ≥ 7, we have k ≤ n-3 2 , and according to subsection 6.2, the metric g is a Yamabe minimizer and ξ is parallel. According to Proposition 3.4, we obtain a parallel decomposition T * M = V ⊕ V ⊥ , and the universal cover of (M, g) splits as a Riemannian product π : M = X 1 × X 2 → M where X 1 has dimension 2 and π * ξ is colinear to λdv X1 . Still from Proposition 3.4, we see that γ = 0, that X 2 has constant positive sectional curvature, that we can normalize to be 1, and that X 1 has constant sectional curvature, hence is a 2-sphere of curvature n -5.

7.5. For 2-forms in dimension 6. We consider a closed manifold (M 6 , g) with b 2 = 0 which satisfies

r 2 L 3 = 4 15 Y(M, [g]) and |r 2 | 2 = a 6,2 |W | 2 + b 6,2 Ric 2 .
In this case, there is an harmonic 2-form ξ for which equality holds in the refined Kato inequality, and the curvature operator is

β g 2 V 2 + g 2 V ⊥ 2 + γ g 2 2 ,
where at each point T x M = V ⊕ V ⊥ . Following the computations done in [START_REF] Carron | Rigidity and L 2 cohomology of hyperbolic manifold[END_REF], we introduce a local orthonormal frame (e 1 , e 2 , e 3 , . . . , e 6 ) and its dual frame (θ 1 , . . . , θ 6 ), with V = Vect(e 1 , e 2 ). We can write that d|ξ| = ρ|ξ|θ 1 and ξ = |ξ|θ 1 ∧ θ 2 .

The computation leads to

∇ e1 ξ = ρξ, ∇ e2 ξ = 0 and ∇ ej ξ = - 1 4 ρ|ξ|θ j ∧ θ 2 , for j ≥ 3. Hence, writing Ω = ξ |ξ| , we obtain ∇ e1 Ω = ∇ e2 Ω = 0, R(e 1 , e 2 )Ω = (β + γ)Ω and R(e 1 , e 2 )Ω = -∇ [e1,e2] Ω.

This implies that

[e 1 , e 2 ] ∈ V = Vect(e 1 , e 2 ). Hence ∇ [e1,e2] Ω = 0 and thus β + γ = 0. However, the scalar curvature of g is

R g = 14β + 30γ = -16β.
• or equality holds in (8.1) and there exists an Einstein manifold (N n-1 , h) with positive scalar curvature and α > 0 such that (M n , g) or one of its two-fold covering is isometric to

N n-1 × R, α cosh 2 (t) h + (dt) 2 .
According to Lemma 4.2, there exists C such that the following Sobolev inequality holds:

(8.2) ∀ϕ ∈ C ∞ 0 (M ) ϕ 2 L 2n n-2 ≤ C dϕ 2 L 2 . Then, according to [19, Proposition 5.2], if H 1 c (M, Z) = {0}
, then M or one of its twofold covering has at least two ends.

If M has at least two ends, then according to [15, Theorem 2], we can find a compact set K ⊂ M with M \ K = Ω -∪ Ω + , and with both Ω -and Ω + unbounded, and an harmonic function

Φ : M → (-1, 1) such that dΦ ∈ L 2 , lim x→∞ x∈Ω- Φ(x) = -1 and lim x→∞ x∈Ω+ Φ(x) = 1.
In particular ξ := dΦ is an L 2 harmonic 1-form on (M, g).

If M has only one end and π : M → M is a two-fold covering of M with at least two ends, then ( M , π * g) satisfies the Sobolev inequality (8.2), and we can find a compact set K ⊂ M such that Ω := M \ K is connected and M \ π -1 (K) = Ω-∪ Ω+ with Ωand Ω+ unbounded. Then we can find an harmonic function Φ

: M → (-1, 1) such that d Φ ∈ L 2 , lim x→∞ x∈ Ω- Φ(x) = -1 and lim x→∞ x∈ Ω+ Φ(x) = 1.
Moreover this function is unique by maximum principle, hence the image of Φ by a deck transformation of π : M → M is either Φ or -Φ. In particular, the function |ξ|=|d Φ| is well defined on M and is in L 2 (M, g). Furthermore, since Ric -is in L p for some p > n/ In particular, the function

v = |ξ| n-2 n-1 is in L 2n n-2 (M, g).
If χ is a Lipschitz function with compact support and h is a smooth function, we have the integration by parts formula

M |d (χh)| 2 dv g = M |dχ| 2 h 2 + χ 2 h∆h dv g ,
By multiplying inequality (6.1) by χ 2 f p ε and integrating over M , we obtain:

M |d(χf p ε )| 2 dv g + n -2 n(n -1) M R g f 2p-2 ε |ξ| 2 χ 2 dv g ≤ p M r 1 f 2p-2 ε |ξ| 2 χ 2 dv g + M |dχ| 2 f 2p ε dv g ,
where p = n-2 n-1 . If we let ε go to zero, we get by Fatou's Lemma and Lebesgue's dominated convergence theorem that

M |d(χv)| 2 dv g + n -2 n(n -1) M R g (χv) 2 dv g ≤ n -2 n -1 M r 1 (χv) 2 dv g + M |dχ| 2 v 2 dv g . hence M 4(n -1) n -2 |d(χv)| 2 + R g (χv) 2 dv g ≤ 4 M r 1 + n -4 4n R g (χv) 2 dv g + 4(n -1) n -2 M |dχ| 2 v 2 dv g .
For R > 0, we introduce the functions:

χ R (x) =      1 on B(x 0 , R) 2 -d(x,x0) R on B(x 0 , 2R) \ B(x 0 , R) 0 on M \ B(x 0 , 2R)
where x 0 ∈ M is a fixed point.

According to the Hölder inequality,

M 4(n -1) n -2 |d(χ R v)| 2 + R g (χ R v) 2 dv g ≤ 4 r 1 + n -4 4n R g L n 2 χ R v 2 L 2n n-2 + ǫ(R) dχ R 2 L 2(n-1)
, where

ǫ(R) = 4(n -1) n -2 B(x0,2R)\B(x0,R) |ξ| 2 dv g n-2 n-1 . Therefore Y(M, [g]) χ R v 2 L 2n n-2 ≤ M 4(n -1) n -2 |d(χ R v)| 2 + R g (χ R v) 2 dv g ≤ 4 r 1 + n -4 4n R g L n 2 χ R v 2 L 2n n-2 + ǫ(R) dχ R 2 L 2(n-1) .
We have

dχ R 2 L 2(n-1) ≤ 1 R 2 vol(B(x 0 , 2R)) 1 n-1 ,
and according to [23, Theorem 1] (see also [START_REF] Li | Curvature and holomorphic mappings of complete Kähler manifolds[END_REF], [START_REF] Aubry | Finiteness of π 1 and geometric inequalities in almost positive Ricci curvature[END_REF]), when the lowest eigenvalue Ric -of the Ricci curvature is in L q for some n 2 < q ≤ n -1, then (8.4) vol B(x 0 , R) = O R 2(n-1) .

Since Ric -= -r 1 + Rg n , Ric -is in L n/2 ∩ L p for some p > n/2, and we have (8.4), hence If furthermore equality holds, then v is a minimizer for the Yamabe functional, thus satisfies the Yamabe equation

4(n -1) n -2 ∆ g v + R g v = Y(M, [g])v n+2 n-2 ,
and we can suppose that v

L 2n n-2 = 1. As v ∈ C 0, n-2
n-1 , it is smooth and positive, and the metric g = v Moreover, since equality must hold in the refined Kato inequality, then according to Proposition 5.1, M or one of its two-fold covering is isometric to N × R endowed with a metric ĝ = η 2 (t)h + dt 2 .

If we take the new coordinate s = t 0 η -1 (τ )dτ , we can write that ĝ = e -2f (s) (h + ds 2 ), where s is in (s -, s + ), with In particular, we see that R h only depends on s, hence is constant.

We can now prove that s + = +∞. Recall that |ξ| = η 1-n = e (n-1)f = w 2 n-1 n-2 . If s + is finite, then because of (8.3), we get lim s→s+ w = 0.

The differential equation (8.6) implies that w ′ must have a non-zero limit when s → s + . Therefore, there exists c > 0 such that w ∼ s→s+ c(s + -s).

And since the metric ĝ = w -4 n-2 (h + ds 2 ) is complete, we must have s + 0 w(s) -2 n-2 ds = +∞, hence n = 4. But according to (4), when n = 4, the scalar curvature of ĝ satisfies

1 w 3 R ĝ = -6 1 w ′′ + 1 w R h ,
thus R ĝ goes to -12c 2 when s → s + , and therefore is not in L n/2 (M, ĝ). Consequently, s + = +∞, and the same argument shows that s -= -∞. From (8.6), we deduce that there is a constant c such that

-4 n -1 n -2 (w ′ ) 2 + R h w 2 = n -2 n Y(M, [g])w 2n n-2 + c.
Since lim s→±∞ w = 0, we must have c = 0. Moreover, since Y(M, [g] is positive, and w is a positive function we must also have R h > 0. Up to a change of time variable and a scaling on ĝ, we can suppose that R h = (n -2)(n -1).

Let ϕ = e -f = w -2 n-2 . We obtain

-(ϕ ′ ) 2 + ϕ 2 = Y(M, [g]) 4n(n -1) .
Therefore, for some s 0 , we have We see that the lowest eigenvalue of Ric g satisfies r 1 (g) = 1 α cosh 4 (t) r 1 (h) + 2(n -2)(n -1) n , and thus we obtain .

r 1 L n 2 + n -4 4n R g L
According to [1, Proposition 2.12], we always have vol((N, h)) vol(S n-1 )

2 n Y(S n ) Y(N × R, [h + dt 2 ]) ≥ 1.
Hence, for C to be equal to 1, r 1 (h) must vanish, i.e. h must be Einstein. Then, according to Proposition 4.3, we have vol((N, h)) vol(S n-1 )

2 n Y(S n ) Y(N × R, [h + dt 2 ]) = 1,
and it follows that equality holds in (8.1).

) and b 2 (

 2 M 4 ) vanish, ii) or equality holds in (1.8), the first Betti number vanishes, b 2 = 1 and (M 4 , g) is conformally equivalent to P 2 (C) endowed with the Fubini-Study metric (up to orientation), iii) or equality holds in (1.8), the second Betti number vanishes, b 1 = 1, and (M 4 , g) is conformally equivalent to a quotient of S 3 × R.

7. 4 .

 4 In degree k ∈ [2, n-2 2 ] when n ≥ 7. If equality holds in (7.1) and if there exists a non-trivial harmonic k-form, then according to Proposition 3.4 we must have k = 2.

  Since v is in L 2n n-2 and R g is in L n 2 , we get by Lebesgue's dominated convergence theorem that the function v satisfies Y(M, [g]) v

4 n- 2 g

 42 has constant scalar curvature equal to Y(M, [g]).

2 2

 2 Since v = e (n-2)f is a solution of the Yamabe equation for the metric ĝ, the function w = e nf is a solution of the Yamabe equation for the metric h + (ds) 2 , hence satisfies(8.6) -4 n -1 n -2 w ′′ (s) + R h w(s) = Y(M, [g])w(s) n+2 n-2 .

ϕ

  (s) = Y(M, [g]) 4n(n -1)cosh(s -s 0 ) .Conversely, if (N n-1 , h) is a closed manifold with positive scalar curvatureR h = (n -2)(n -1),and if(M, g) = N n-1 × R, α cosh 2 (t) h + (dt) 2 , then R g = (n -1)(n -4) 1 α cosh 4 (t) Ric g = Ric h + 2 n -2 n h -(n -1)ds 2

  n ) Y(N × R, [h + dt 2 ])

This is not possible, since β ≥ 0 and since we have assumed that the Yamabe invariant of (M, g) is positive. 7.6. The middle degree. We consider a closed manifold (M n , g) with b n 2 = 0 and such that the following equality holds

If n/2 is even, by Proposition 3.6 we must have n = 4 and (M, g) conformally equivalent to P 2 (C) endowed with the Fubini-Study metric.

If n/2 is odd, then according to the middle degree case in Section 6, up to a conformal change g = |ξ| 4 n g on the metric, we can suppose that g is a Yamabe minimizer and that ξ is parallel.

According to Proposition 3.5, the universal cover of (M, g) splits as a Riemannian product X 1 × X 2 where X 1 and X 2 have dimension n/2. Moreover, in the orthogonal decomposition

the Bochner-Weitzenböck curvature has the decomposition

Hence for j ∈ {0, . . . , n 2 } , R X1 2 are multiple of the identity, and by [START_REF] Tachibana | The mean curvature for p-plane[END_REF] or [START_REF] Labbi | On Weitzenböck curvature operators[END_REF], this implies that X 1 and X 2 have constant sectional curvature.

Moreover, the eigenvalues of R n 2 are

, with multiplicity n/2 j 2 , where j ∈ {0, . . . , n 2 }. The only possibility to have only two distinct eigenvalues is when n = 6. Then X 1 and X 2 are two round spheres. Remark 7.2. If X 1 and X 2 are two round spheres of same radius, then the product is Einstein. According to [START_REF] Bourguignon | Scalar curvature functions in a conformal class of metrics and conformal transformation[END_REF] it is a Yamabe minimizer, and thus equality really holds in (1.6).

THE NON-COMPACT CASE

We will prove the following result, which implies Theorem E: Theorem 8.1. Let (M n , g), n ≥ 4, be a complete non-compact Riemannian manifold with positive Yamabe invariant. Assume that the lowest eigenvalue of the Ricci curvature satisfies Ric -∈ L p for some p > n 2 , and assume that R g ∈ L