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Abstract. We present a fourth-order in space, second-order in time finite volume scheme for transient convection diffusion
problem based on the Polynomial Reconstruction Operator and a Crank-Nicholson method. A detailed description of the scheme
is provided and we perform numerical tests to highlight the performance of the method in comparison with the classical Patankar
method.
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1 Introduction

Efficient numerical schemes to solve convection diffusion equations is a constant challenge due to the wide range
of problems which concern the coupling of the two major physical phenomena. Finite difference and finite element
methods are very popular to produce numerical approximations ([1-3]) and a lot of academic and commercial codes
are based on such techniques. The finite volume method for convection diffusion equations has been introduced in
the sixties ([4, 5]) but did not receive attention during three decades whereas the finite element method has known
a wide expansion. In the early eighties, the finite volume method reappeared with the original book of Patankar
([6]) for structured meshes and widely employed by engineers and physicists. Indeed, the method appears to be
an interesting alternative due to its simplicity (one information per cell), the built-in conservative property, and
the capacity to handle unstructured and non-conformal meshes. Important developments took place in this way
and several classes of methods have been proposed. First, the original Patankar scheme for structured meshes has
been extended to the non-structured case where an orthogonality condition is required to allow admissible diffusion
flux (FV4 scheme [7-10]). The diamond scheme based on a local reconstruction of the gradient on each edge has
been introduced by [11-13] while a finite volume scheme based on primal and dual meshes (DDFV scheme) has
been proposed and developed by [14—16]. In the last six years, new techniques to design efficient finite volume
schemes have been developed and a large proposal of numerical algorithms is now available such as the mixed-
hybrid schemes ([17, 18]), mimetic schemes ([19, 20]), and schemes based on a local polynomial reconstruction
([21-23)).

Despite a constant effort to improve the schemes, a serious drawback of the finite volume method is the large
amount of numerical viscosity and the weak convergence rate (at most second-order convergence). In the finite
volume context, mean values are the fundamental data and the traditional (and implicit) identification "mean values
= point-wise value at centroid" used by most of the authors is responsible of the discrepancy leading to, at most,
a second-order scheme. The fact to reject such an identification is the crucial aspect of the presented method to
provide fourth-order accuracy schemes. The main tool of the method is a local polynomial reconstruction in which
the coefficients are determined from the mean values of the neighboring cells ([24, 25]). Another important issue is
the choice of the reconstruction in function of the differential operator type. For the convective operator, we only
employ internal values, i.e. mean-values on the cells, to determine the reconstructed polynomial function, whereas
we introduce the Dirichlet conditions in the polynomial reconstruction employed in the diffusive operator to enforce
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the boundary conditions.

This paper is devoted to a new class of finite volume schemes for transient convection-diffusion problem able to
reach a fourth-order in space and second-order in time. We present the method for the one-dimensional case to
detail the scheme with simple examples considering the convection-diffusion equation with the formulation

Ot — Oy (adyu) + 0z (vu) = f on 2x]0, T
u(0,8) = wie(t), u(l,t) = up(t), u(z,0)= uo(:r),

where  :=]0, 1[, a (the diffusive coefficient) and v (the convective coefficient) are regular functions on Q x [0,7]
with a(x,t) = « > 0, while f = f(x,t) represents a regular source term.

The rest of the paper is as follows. The second section recalls the classical finite volume scheme for convection-
diffusion problem (namely the Patankar method). Then, we introduce several polynomial reconstructions in section
three, while the fourth section is devoted to the high-order finite volume schemes. The next section concerns the
numerical tests to show the scheme capacity to provide fourth-order in space and second-order in time accuracy
both for the convective and the diffusive part of the operator. In the last section we present the conclusions and
extensions.

2 Patankar finite volume schemes

To design the numerical schemes, we denote by 75, a mesh of €2 constituted of cells K; := [z;_; /20 Tig1 /2], i =
1,..., 1, with centroid ¢;, where x1/5 := 0 and ;115 := x;_1/5 + h;, and set h, as the ratio between the length
of two consecutive cells, that is b, := h;/h;iy1,4 = 1,3,...,1 — 1 (¢f. Fig. 1). In the same way, we consider a
K K K;
T = 0o s LiL Tigl Ty 1 Trpl = 1
hi

Figure 1: Mesh, cells and interface notations

subdivision (t"),,—g... v of the time interval [0, T'] with "1 := ¢" + onti/2,
In the finite volume context, u; denotes an approximation of the mean value over cell K, that is

1
up & e L{i u(zx, t,) dz,

and vector U™ = (uf,...,u?)T € R! is the vector of the unknowns at time ¢".
For the sake of consistency, we recall the Patankar scheme. For each interface z;, 15,7 = 0,..., I, we define the
diffusive and the convective fluxes for any vector U € R! by

Q(Ui_;,_l — Uz)

P o
‘Fdiff,iJr%(U) = a(ry 1) (hi + his1) Q)
and
Foomir s (U) = [ )] ui + [v(@y )] wien, )
respectively, where we have set hg := 0, hry1 1= 0, ug = wi, Ur41 = Uy and we used the notation [a]t :=
(a+]al)/2, [a]” := (a—|a|)/2. Note that we have skip the time index for the sake of simplicity. Then we defined

the finite volume operator for cell K; associated to the Patankar fluxes (1)-(2) by

G (U g, f) 1= = | Fis s (U) = Flgu 3 O]+ [ Fo 4y ) = Fo i (@) = hific )

conv,i+% conv,i—f
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where f; is an approximation of the mean value of f over cell K, that is

1
f hiL(ifx

Using expression (3), we define the semi-discrete problem: find U(t) = (u1(t),...,us(¢)) such that

% + GP(U; wig, trg, f) = (0, ...,0)7
U(0) = U°, uo(t) = w(t), ur+1(t) = urg(?),
with
U%:= (... ud)t ul = lj wde,i=1,...,1,
hi Jk,
and

T
gP(Uv Uif, Urg, f) = (gf(U, Uif, Urg, f)a teey g})(U7 Ulf, Urg, f)) € RI

being the finite volume operator for the mesh 7.

The three classical time discretizations are

e the explicit scheme:

Un+1 —yn

,HP(UnJrl;Un,Ulf;urgaf) = (5”+1/2

+ gP(Un; Ulfy Urg, f)a

e the implicit scheme:

fH’P Un-‘rl,Un - Un+1 -u" P Un+1, .
( ) aulf;urgaf) = 6n+1/2 +g ( aulf7urg7f)7
e the Crank-Nicholson scheme:
grntl —pyn 1

) 1
H'P(Un-‘rl; U”7ulf7 Urg, f) = =+ §gP(U"; Ui, Urg, f) + igP(UTH_l;UIf, Usg, f)

on+1/2

In each case, one has to determine the vector U™ ! solution of the affine problem

HP(U; U™ wig, urg, f) = 0,U € RY.

3 The polynomial reconstructions

The main tool to provide very high-order approximations is the construction of a specific polynomial approximation.
In the sequel, we shall consider two kinds of reconstructions. For each cell K;, i = 1,..., I, we denote by v(7) the
stencil associated to it such that i ¢ v(), i.e. a set of neighboring cells, and by wu;(x;v(i),d) € Pq4 the polynomial
reconstruction on cell K; of degree d based on the stencil v(4).

In practice, we build the stencil v(¢) in function of the polynomial degree d we shall reconstruct picking up the
nearest d + 1 cells to K. A difficulty arises when dealing with cells which share a point with the boundary. The
two proposed reconstructions vary in the manner that the boundary conditions are considered.

3.1 Design of polynomial u;(z; v(i),d)
For each cell K;,i = 1,..., I, we consider the polynomial expression (we skip the v(4) reference for the sake of
simplicity)

d
~ ~ 1
Ui(x;d) = u; + Z R [(a: —) — E L{i (x — ci)adx] ,
where the coefficients 7%;, a =1,...,d, are the minimizers of the functional

2
N 1 R )
E<RZ) = jg(:i) lh_ ij ui(a?;d)dx—uj} ia=1,...,1.

J

To provide the numerical flux at the boundary for the convective flux, we use the extension %y := wir and Ur4q := U

and we denote by 73(U; d) = (Go(x;d), ..., 441 (2;d))" the vectorial function on 2 associated to the @ polynomial
reconstruction.
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3.2 Design of polynomial @;(x; v(i),d)
For all the cells K;,7 =1, ..., I, we use the same polynomial function of the previous subsection, that is,

(i d) = i+ Zd] R [(1: C e - ;JK (- ci)adx] .

a=1

Fori = 2,...,1 —1,we set 7"%’; = 7’@; To provide the reconstructed polynomial function for ¢ = 1, we slightly
modify the functional introducing the boundary condition, that is,

E (7531) = (@ (0) —ur)” + )] lhl JK

2
U1 (z;d)de — uj] ,
jev(0) L™

J

where we set v(0) := v(1) — {last cell of v(1)}. In the same way, we compute the last polynomial by minimizing

functional
~ /~ 1

2
/T,[:I(x; d) dr — Uj] + (171(1) - urg)2 )
jev(I+1 J

J
where now we set v(I +1) := v(I) — {first cell of v(I)}. We also introduce the polynomials @ := y, U4 = U

and denote by P(U;d) = (fig(x;d), ..., %r41(2;d))" the vectorial function on € associated to the @& polynomial
reconstruction.

4 PRO finite volume schemes
4.1 Finite volume formulation

The design of the finite volume schemes is based on the Polynomial Reconstruction Operator (PRO-FV-scheme).
We use the P(U; d) reconstruction to approximate the diffusion flux while the polynomial reconstruction P(U; d)
is considered to compute the convective contribution. At last, the diffusive and the convective fluxes write, with
1=0,...,1,

ﬁ;(xwé ;d) + a;+1(xi+% ;d)
2

]:(fRO (U; i, g, f,d) := a(xi+%)

iff,i+ 5
and

f(i‘?]?’l+%(U’ uf, urg7 f7d) = [U(xz+%)]+al(wz+%ad) + [U(‘ri+%)]_ai+l(l‘i+%; )a

respectively.
Based on the polynomial reconstruction and the definition of the fluxes, we now introduce the affine operator U —
GPRO(U; wig, g, f,d), from RY into RY given component by component by:

ngO(U; Ui, Urg, fv d) = _[ ciléfol+% (U7 Uity Urg, f7 d) - f(iléf(327% (U’ uifs Urgs f’ d)]

+ [fPRO (U§ulf7 urgvad) — FFRO 1 (U§U1f, urgv.fvd)] — hifi.

conv,i-&-% conv,i— 5

4.2 The semi-discrete formulation
Once again we consider U as a function of time from [0, 7] into RY, that is, U(t) = (uq(t),...,ur(t))?, and
we naturally extend the two polynomial reconstruction operators P(U(t);d) and P(U(t);d) as a time parameter
reconstruction providing polynomial functions for any time ¢. We then define the finite volume semi-discretization
of order d by
du

HPRO(U; wg, g, f,d) = x GPRO(U s wip, g, f,d).
The semi-discrete problem consists in solving the affine system of I differential equations with the initial condition
U0) = (uf,...,u9)T.
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4.3 Time discretization

As in the Patankar case, we introduce the three classical time discretizations, namely

e the explicit scheme:

PRO n+1 n sn+1/2 Un+1 -u" PRO n
H (U ; U™, 0 7ulf7urg7f?d) = sn+1/2 +3G (U ;ulfvurga.ﬂd);
e the implicit scheme:
PRO 1 1/2 UTL+1 -u" PRO 1
H (Un+ ;Un35n+ / 7ulfaurg7.f7d) = (5"+1/2 +g (UnJr ;ulfaurgafvd);

e the Crank-Nicholson scheme:

Un+1 _yn

HPRO(UnJrl; U”75n+1/2,'ll/]f,urg; f,d) = sn+1/2

1 1
+§gPRO(Un; Ui, Urg, fa d)+§gPRO(Un+1; Ui, Urg, fa d)

In each case, one has to determine the vector U™ ! solution of the affine problem

HRO(U U™, 6"+ Y2 g, g, f,d) = (0,...,0)7, U e RL.

5 Numerical tests

Numerical simulations have been carried out to check the convergence order of the methods and show its effective-
ness. Two kinds of convergence has to be investigated: one with respect to space discretization and the other with
respect to time discretization.

In the following subsections, the error between the solution and its approximation is provided with L® norm since
we deal with regular functions, namely

Eo i= miax [ul 7],
1=

where

— 1
U:=@@,...,ad), @ :z—f u(z,T) dx,
hi Ki

are the exact mean values of the solution of the continuous problem at time ¢ = 7'. Note that E, does not depend on
the polynomial reconstruction but just on the mean values.

For the sake of simplicity, we consider a uniform dsicretization in space and time controlled by parameters h and
Atsoweseth:=h; =1,i=1,...,1,and 6"*/2 := At,n =0,...,N.

We will present two examples. In both of them, we have as the analytical solution u(z, t) = sin(27z) exp(—t). We
take a(xz) = 1 and v = 0 to provide a pure diffusion problem in the first example, while we consider a convection
diffusion problem with a(z) = 1 and v = 1 in the second one. All the computations are performed using the
Crank-Nicholson scheme in time till we reach the final time 7" = 0.1.

5.1 Example 1

As mentioned above, we first start with the transient diffusion equation. To measure the convergence rate deriving
from the Crank-Nicholson method, we fix the number of cells large enough to guaranty a smaller error for the space
approximation than the error deriving from the scheme in time. As expected, Table 1 shows that we get a second-
order convergence both for the Patankar and the PRO-P; (see the convergence curve in Figure 2). Note that we need
3200 cells to eliminate the error in space for Patankar while we only use 120 cell with the PRO-scheme. Another
point is the better condition number of the linear system when using the PRO-scheme.
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Table 1: Example 1 — convergence in time.

At Patankar, I = 3200 P3, I =120
k(A) Ey k(A) Ey
err ord err ord
1/10  14E+06 16E—-03 NA 1.7E+03 1.6E—-03 NA
1/20  82E+05 29E-04 2.5 1.0E+03 29E-04 2.5
1/40 4.6E+05 7.1E-05 2.0 5.7E+02 7.0E-05 2.1
1/80 24E+4+05 1.7E-05 2.0 3.0E4+02 17E-05 2.1
1/160 1.2E+05 4.1E-06 2.0 1.6E+02 3.7E-06 2.2
10‘25 ]
A
o 10%;
//2
10’5E m/
: —)I&Patankarz
w &R

1160  1/80

At

1/40 120

110

Figure 2: Example 1 — convergence curves of Fj in time for a fixed value of I: I = 3200 for the Patankar scheme
and I = 120 for the PRO-FV-scheme P3 (cf. Table 1).

We now check the convergence rate in space. To this end, we fix the time step small enough to ensure a neglected
error in time. We obtain a predominant mass matrix leading to a small conditioning number but we need large
number of iterations to reach the final time 7". As shown in Table 2, we obtain a second-order scheme with the
Patankar method, whereas an accurate and effective fourth-order is achieved with the PRO-IP3 scheme. For 160 cells
the error is cut by around 1000 with a smaller computational effort (see Figure 3 for the convergence curves).

Table 2: Example 1 — convergence in space
with fixed At = 1/1600.

I k(A) Ey
err ord
20 1.5E400 7.4E—03 NA
40 3.0E+00 1.9E-03 2.0
Patankar 80 9.0E4+00 4.7E-04 2.0
160 3.3E4+01 12E-04 2.0
20 14E+00 1.8E—03 NA
40 2.7E4+00 7.2E-05 4.7
P, 80 8.0E4+00 3.7E—06 4.3
160 29E+4+01 1.7E-07 44
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10
10“‘; e

10°; , / !
! / =¥~ Patankar
[ L -8-P3 |

1160 1580 140 1120
h

Figure 3: Example 1 — convergence curves of Fj in space for a fixed value of At(= 1/1600) (cf. Table 2).

Since the schemes in time and space have not the same order, it is numerically important to adapt the time step
with the space step. For the Patankar scheme with Crank-Nicholson method, we have both a second-order scheme
so we set At = h. Since the PRO-IP3 provides a fourth-order in space, we set At = h? and expect a fourth-order
convergence. Table 3 confirms the good choice of the time step and we get a global second-order scheme with
Patankar and a global fourth-order scheme with the PRO method.

Table 3: Example 1 — convergence in space.

5.2 Example 2

I k(A) FEy
err ord
10 1.4E+01 4.0E-02 NA
20 3.3E+01 7.3E—-03 2.5
Patankar (At = h) 40 7.2E+01 1.8E—03 2.0
80 1.5E+4+02 45E-04 2.0
160 3.1E4+02 1.1E-04 2.0
10 2.6E4+00 39E—02 NA
20 2. 7E4+00 1.8E—03 44
P3 (At = h?) 40 2.7E+00 7.2E-05 4.7
80 2.7E4+00 3.7E—-06 4.3
160 2.7E4+00 2.1E-07 4.1

The second example deals with the transient convection diffusion problem with a(z) = 1 and v = 1, and we choose
the right-hand side term such that u(x) = sin(27x)exp(—t) is the solution. Based on the previous numerical
experiences, we use At = h for the Patankar-Crank-Nicholson scheme and At = h? for the PRO-Crank-Nicholson
scheme. We print out in Table 4 the global convergence rate and obtain a first-order rate of convergence for the
classical method due to the rough discretization of the convective part (just an upwind method). We obtain an
effective fourth-order convergence with the PRO scheme which highlights the effectiveness of the method.
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Table 4: Example 2 (u(z) = sin(27x) exp(—t), a(z) =
1, v = 1) with Crank-Nicholson

I k(A) Ey
err ord

10 14E4+01 2.1E-02 NA
20 33E+4+01 1.5E-02 0.5
Patankar (At =h) 40 7.3E+01 9.9E-03 0.6
80 1.5E+02 55E-03 0.9
160 3.1E4+02 29E-03 0.9

10 27E+00 33E—02 NA
20 28E+00 1.7E—03 42
Py (At =h?) 40 28E+00 7.2E—05 4.6
80 2.8E+00 4.0E—06 4.2
160 2.8E+00 23E—07 4.1

6 Conclusion

We have presented a new finite volume method for one-dimensional convection-diffusion problem which provides
very high-order accuracy. Numerical simulations have been carried out to prove the capacity of the method to effec-
tively reach the fourth-order accuracy. Several extensions are under consideration. The two- and three-dimensional
case is of course of crucial importance, but we will also investigate the schemes for both Dirichlet and Neumann
boundary conditions. Another difficulty concerns the solution stability when dealing with rough data. A strategy
based on the MOOD method ([24, 25]) is currently being developed.

Acknowledgements: This research was financed by FEDER Funds through Programa Operacional Factores de
Competitividade — COMPETE and by Portuguese Funds through FCT — Fundagdo para a Ciéncia e a Tecnologia,
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7 Bibliography
REFERENCES
[1] Z. Chen, Finite element methods and their applications, Springer-Verlag, (2005).

[2] C. Grossmann, H.-G. Roos, and M. Stynes, Numerical treatment of partial differential equations, Springer-
Verlag, (2007).

[3] A. Tveito and R. Winther, Introduction to partial differential equations: a computational approach, Springer-
Verlag, (1998).

[4] A. A. Samarskii, On monotone difference schemes for the elliptic and parabolic equations in the case of a
non-sef-adjoint elliptic operator, Zh. Vychisl. Mat. i Mat. Fiz. 5 (1965), pp. 548-551 (in Russian).

[5] A.N. Tichonov and A. A. Samarskii, Homogeneous difference schemes on nonuniform nets, Zh. Vychisl. Mat.
i Mat. Fiz. 2 (1962), pp. 812-832 (in Russian).

[6] S. V. Patankar, Numerical Heat Transfer and Fluid Flow, Series in Computational Methods in Mechanics and
Thermal Sciences, McGraw Hill, (1980).

[7] Z. Cai, On the finite volume element method, Numer. Math. 58 (1991), pp. 713-735.

[8] Z. Cai, J. Mandel, and S. Mc Cormick, The finite volume element method for diffusion equations on general
triangulations, STAM J. Numer. Anal. 28 (2) (1991), pp. 392-402.

[9] R. Eymard, T. Gallouét, and R. Herbin, Finite volume approximation of elliptic problems and convergence of
an approximate gradient, Applied Numerical Mathematics 37 (2001), pp. 31-53.



G. J. Machado et al. 9

[10] R. Eymard, T. Gallouét, and R. Herbin, The finite volume method, Handbook for Numerical Analysis, Ph.
Ciarlet J.L. Lions eds., North Holland, (2000), pp. 715-1022.

[11] Y. Coudiere, J.P. Vila, and P. Villedieu, Convergence rate of a finite volume scheme for a two dimensional
convection diffusion problem, Modél. Math. Anal. Numér. 33 (3) (1999), pp. 493-516.

[12] Y. Coudiere and P. Villedieu, Convergence rate of a finite volume scheme for the linear convection-diffusion
equation on locally refined meshes, M2AN Math. Model. Numer. Anal. 34 (6) (1999), pp. 1123-1149.

[13] G. Manzini and A. Russo, A finite volume method for advection-diffusion problems in convection-dominated
regimes, Comput. Methods Appl. Mech. Engrg. 197 (2008), pp. 1242-1261.

[14] F. Hermeline, A finite volume method for the approximation of diffusion operators on distorted meshes, J.
Comput. Phys. 160 (2000), pp. 481-499.

[15] K. Domelevo and P. Omnes, A finite volume method for the Laplace equation on almost arbitrary two-
dimensional grids, M2AN Math. Model. Numer. Anal. 39 (2005), pp. 1203-1249.

[16] Y. Coudiere and G. Manzini, The discrete duality finite volume method for convection-diffusion problems,
SIAM J. Numer. Anal. 47 (6) (2010), pp. 4163-4192.

[17] J. Droniou and R. Eymard, A mixed finite volume scheme for anisotropic diffusion problems on any grid,
Numer. Math. 105 (2006), pp. 35-71.

[18] R. Eymard, T. Galloué&t, and R. Herbin, Benchmark on Anisotropic Problems. SUSHI: a scheme using stabi-
lization and hybrid interfaces for anisotropic heterogeneous diffusion problems, FVCAS5 — Finite Volumes for
Complex Applications V, Wiley, (2008), pp. 801-814.

[19] F. Brezzi, K. Lipnikov, and M. Shashkov, Convergence of Mimetic Finite Difference Methods for Diffusion
Problems on Polyhedral Meshes, SIAM J. Num. Anal. 43 (2005), pp. 1872—-1896.

[20] A. Cangiani and G. Manzini, Flux reconstruction and solution post-processing in mimetic finite difference
methods, Computer Methods in Applied Mechanics and Engineering 197 (9-12) (2008), pp. 933-945.

[21] J.A. Herndndez, High-order finite volume schemes for the advection-diffusion equation, International Journal
for Numerical Methods in Engineering, 53 (2002), pp. 1211-1234.

[22] C. Ollivier-Gooch and M. Van Altena, A high-order-accurate unstructured mesh finite-volume scheme for the
advection-diffusion equation, Journal of Computational Physics Archive 181 (2) (2002), pp. 729-752.

[23] E. F. Toro and A. Hidalgo, ADER finite volume schemes for nonlinear reaction-diffusion equations Applied
Numerical Mathematics archive 59 (1) (2009), pp. 1-31.

[24] S.Clain, S. Diot, and R. Loubere, A high-order polynomial finite volume method for hyperbolic system of con-
servation laws with Multi-dimensional Optimal Order Detection (MOOD), Journal of Computational Physics
230 (2011), pp. 4028-4050.

[25] S. Clain, S. Diot, and R. Loubere, Multi-dimensional Optimal Order Detection (MOOD) — A very high-order
Finite Volume Scheme for conservation laws on unstructured meshes, FVCA6 — Finite Volumes for Complex
Applications VI, Springer Verlag, 1 (2011), pp. 263-271.



