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FINITE VOLUME APPROXIMATION FOR AN IMMISCIBLE
TWO-PHASE FLOW IN POROUS MEDIA WITH DISCONTINUOUS
CAPILLARY PRESSURE*

KONSTANTIN BRENNER', CLEMENT CANCES}, AND DANIELLE HILHORSTS

Abstract. We consider an immiscible incompressible two-phase flow in a porous medium com-
posed of two different rocks. The flows of oil and water are governed by the Darcy-Muskat law and
a capillary pressure law, where the capillary pressure field may be discontinuous at the interface
between the rocks. Using the concept of multi-valued phase pressures, we introduce a notion of weak
solution for the flow. We discretize the problem by means of a numerical scheme which reduces to a
standard finite volume scheme in each rock and prove the convergence of an approximate solutions
towards a weak solution. The numerical experiments show that the scheme can reproduce the oil
trapping phenomenon.

Key words. Finite volume schemes, degenerate parabolic convection—reaction—diffusion equa-
tion, two-phase flow in porous media, discontinuous capillarity

AMS subject classifications. 35K65, 35R05, 66M12, 76M12

1. Introduction.

1.1. Multivalued phase pressures. Models of incompressible immiscible two-
phase flows are widely used in oil engineering to predict the motion of oil in the
subsoil. They have been widely studied from a mathematical point of view (see e.g.
[1], [2], [4], [5], [16]) and from a numerical point of view (see e.g. [15], [18], [19], [17],
[26], [28]). In this model, sometimes called dead-oil approximation, it is assumed that
there are only two phases oil and water, and that each phase is only composed of a
single component.

The governing equations are derived by substituting the Darcy-Muskat (or dipha-
sic Darcy) law into the conservation equations for both phases, that is that for each
phase a € {o,w} (o corresponds to the oil phase, while w corresponds to the water
phase):

$0s54 — div (Kka(sa) (Vpa - pag)> =0, (1'1)

[ha

where ¢ = ¢(x) is the porosity of the rock (¢ € (0,1) in the domain ), s, is the
saturation of the phase «, the permeability of the porous medium K is supposed to be
a positive scalar function, the relative permeability k. of the phase « is a increasing
function of the saturation s,, satisfying kq(0) = 0 and ko (1) = 1, fa, Pa and pg
denote respectively the viscosity, the pressure and the density of the phase «, and g
is the gravity vector. Assuming that the porous medium is saturated, one has

So + Suw = 1. (1.2)
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This relation allows to eliminate the water saturation. We note s := s,, so that
Sw=1—s.
Classically, it is assumed that the phase pressures are connected by the equality

Po — Pw = W(So)a (].3)

where 7 is the capillary pressure function, which is supposed to be strictly increasing
on (0,1).

As it has been stressed in [1], the natural topology for the phase pressures in such
a flow is prescribed by the quantity

3 /O/QK]““(S“) (Vpa)? dxdt. (1.4)

acf{ow} Ha

Note that when the phase « vanishes, i.e. s, = 0, then (1.4) provides no control on
the pressure p, —it is indeed difficult to define the pressure of a missing phase—. As
a consequence, if s, = 0 and pg is known (8 # «), then p, is not defined in a unique
way, but it is multivalued, i.e. it can take any value lower than a threshold value, for
which the phase a would appear. This point of view, developed in [14], leads to

Do € [—00,py +m(0)] if s, =0 (1.5)
and
Pw € [—00,po —m(1)] if 5, = 1. (1.6)

We will take advantage of the multivalued formalism in order to deal with the case
where the porous medium is composed of several rock types, and where the functions
describing the porous medium depend in a discontinuous way of space. As it was
stressed in [29], [6], [10], [11] and [3], the discontinuities of the capillary pressure
function (1.3) have a large influence on the behavior of the flow, leading to oil-trapping.
Several numerical methods ([23], [21], [9], [22]) have been proposed to approximate
this problem, but, to our knowledge, no convergence proof has been provided for the
full problem in several space dimensions. Indeed, the convergence result stated in [9]
holds in the one-dimensional case, where the problem (1.1)-(1.3) becomes a single
degenerate parabolic equation. In [21], simplifying assumptions are made so that the
problem also reduces to a single degenerate parabolic equation. The scope of this
paper is to deal with the two balance equations (1.1). In the case where the porous
medium has smooth variations, it is possible to show the continuity of p,, in the sense
that on each Lipschitz continuous hypersurface of €2, p, admits strong traces on both
sides pa,1, Pa,2, and that these traces coincide:

Pa1 = Pa2, for a € {o,w}. (1.7)

If at the level of such a hypersurface I', the characteristic of the medium change in
a discontinuous way, then, unless we have a compatibility condition on the capillary
pressure functions (see [14]), the continuity of the pressure can not be prescribed
by (1.7), but, taking advantage of the multivalued definitions (1.5),(1.6) of the phase
pressures, one should use the graph formalism:

Pai Npa2 #0, for a € {o,w}. (1.8)
2



Note that if the phase pressures are single-valued, then the conditions (1.7) and (1.8)
are equivalent. Moreover, because of the conservation of mass, one has

ka,i(si
> ke gy, pag)m =0, (1.9
ie{1,2} «

where K; and k, ;(s;) denote the traces of K and k,(s) on each side of the interface,
and n; denotes the outward normal to I" with respect to the side ¢ of the interface.

The fact that the phase pressures p, are multivalued when s, = 0 implies that
the capillary pressure functions s — m;(s) must also be multivalued for s = 0 and
s = 1. Thus we introduce the monotonous graphs 7; defined by

[—oo,m(0)] ifs=0,
mi(s) =< mi(s) if s € (0,1),
[m:(1),400] ifs=1,

for © = 1,2. The capillary pressure graphs admit a continuous inverse functions,
denoted by 7, ! which is defined on R by

T p) =4 m(p) i p € (mi(0), (1),
1 if p > (1)

Requiring (1.8) implies that, at an interface where the porous medium is discontinu-
ous, one has

77(1(81)07?2(82) 7507 (110)

where 71(s1) and 72(s2) denote the traces of 7(s) on both sides of the interface. It
has been shown in [13] and [8] that this interface condition is natural, at least in the
one-dimensional case. But this single relation is not sufficient to deal with the case
of two equations such as in (1.1), and further information has to be given along the
discontinuity lines.

1.2. The model problem and assumptions on the data. We assume that
the porous medium £ is a connex open bounded polygonal subset of R%, and is made
of two disjoint homogeneous rocks Q;, ¢ € {1,2}, which are both open polygonal
subsets of R?. We denote by I' the interface between §; and s, i.e.

T =001 NoNy.

For all functions a depending on the physical characteristics of the rock, we use the
notation a; = a(-,x) if x € Q.

Also remark that as it has been stressed in [?], the gravity plays a crucial role in
the so called oil-trapping phenomenon.

We assume that at the initial time ¢ = 0, the composition of the fluid is known

Sy = 0 € L®([0,1]). (1.11)

We also assume that both phase fluxes are equal to 0 through the boundary 92 x [0, T']
where T > 0 is a positive fixed (but arbitrary) final time:

Ha

K; (VPa,i — pag) -n; =0, on (9QNOQ;) x (0,T). (1.12)
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Nevertheless, it should be possible to deal with other types of boundary conditions,
such as Dirichlet conditions on a part of the boundary and Neumann conditions on
the remaining part.

We denote by @7 and Q; r the cylinders

QT =0 x (OaT)v Qi,T = Qz X (OaT)

In order to control the energy of the flow, we have to make the following natural
assumption on the capillary pressure functions.

ASSUMPTION 1. The functions m; belong to C*((0,1)) N L1((0,1)).

REMARK 1.1. As a direct consequence of Assumption 1,

it e LMR.)  and (1-#7Y el (Ry), ie{l,2}.

1.3. Global pressure formulation of the problem. The lack of control on
the phase pressures, described in Section 1.1 and in [14], leads to important mathe-
matical difficulties. A classical mathematical tool consists in introducing the so-called
global pressure P to circumvent some of them. We define, for x € ;

_ i) 0i(7] <>>
P—pw+/0 pre a))+ N da, (1.13)

(
B - mi(s) kw,z( ( )) )
o A wz(ﬁ_l(a)) + Mw ( _1(a))d : (114)

While the phase pressures p, shall be defined as multivalued7 it has been pointed out
in [14] that the global pressure P is always single valued, and is therefore much easier
to work with. It is well known that in the case where the domain €2 is homogeneous
([15]), or if Q varies smoothly ([5], [16]), then the global pressure belongs to the space
L>(0,T; H'(Q)). This regularity result does not remain true, as it will be shown in
the sequel, in the case of a discontinuous capillary pressure.

ko % .
We define the fractional function f;(s) = Fon(s) + éf)kw ) and we introduce
the Kirchhoff transform
o 7 a)kw i(a) /
K; m;(a)da, Vs e (0,1), 1.15
0= [ Kttt ) CRVRRNCRE)

that we extend in a continuous way by constants outside of (0,1). We make moreover
the following assumption on the functions ;.

ASSUMPTION 2. For i € {1,2}, the functions @; are Lipschitz continuous and
increasing on [0, 1].

It is well known that the system (1.1)—(1.3) can be rewritten in ;7 under the
form

¢iOs + div (fi(s)aqi + vi(s)g — Vgi(s)) =0,
divg,; = 0, (1.16)
qi = —M;(s)VP + (i(s)g,

where

ko’i(S)kw’i(S)

/.kao,i(s) + /lok'w,i(s)
4

7i(s) = Ki(po — pw)

(1.17)



and

Gils) = K; (kogis)po + kwlifs) pw> :
ko,i(s) + kw,i(s)

Mo Haw
permeabilities ko ; are supposed to be strictly monotone, one has kq i(s) > 0if s €

(0,1). As a consequence,

The total mobility is defined by M;(s) = K; < ) Since the relative

there exists aps > 0 such that, for ¢ € {1,2}, and for all s € [0, 1],

one has M;(s) > ap. (1.18)

The boundary conditions on the phase fluxes (1.12) are given by
q;'n; =0, (fi(s)ai +vi(s)g — Vgi(s))'n; =0, on (92N 0%)x(0,T). (1.19)

Concerning the transmission conditions on the interface I', prescribing the rela-
tion (1.10) is not sufficient. It has to be replaced by: there exists 7w such that

7T€7~T1(81)ﬁﬁ'2(32), (120)
Pl — Wl(ﬂ') = P2 — Wg(ﬂ'), (1.21)

where W;(p) = [J fio 7, "(u)du. Note that (1.20) ensures that (1.10) holds. Equa-
tion (1.21) consists in requiring the continuity of the water pressure in some weak
sense implying (1.8) for & = w. On the other hand, adding = on both side of (1.21)
leads to the continuity in the same weak sense of the oil pressure (see [14]).

The conservation of the total mass and of the oil mass give

Z q;-n; =0 onl, (1.22)
i€{1,2}

> (fi(s)ai +7i(s)g — Vepi(s)) -mi =0 onT, (1.23)
i€{1,2}

where n; denotes the outward normal to I with respect to €2;.
Since the global pressure P is defined up to a constant, we have to impose a
condition to select a solution. More precisely we impose that

1
m(€2;)

ma, (P)(t) =0, where mq,(P)(t) := / P(x,t)dx for i € {1,2}.  (1.24)
Q;
We now define a weak solution of Problem (1.16)-(1.24).
DEFINITION 1.1. We say that a function pair (s, P) is a weak solution of Problem
(1.16)-(1.24) if
L s e 1%(Qr[0.1]) ;
2. ¢i(s), P € L*(0,T; HY(Q;)), with mgq, (P)(t) = 0 for almost every t € (0,T);
3. there exists a measurable function ™ on T x (0,T) such that, for a.e. (x,t) €
T x (0,7), (1.20)(1.21) hold;
4. for ally € CXF (ﬁ x [0, T)), the following integral equalities hold:

T

/ > /qi-dexdt:O, (1.25)
0 ieq1,2) /%
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T
/ / $sOhbdxdt + / B0t (- 0)dx
0 Q Q
T
:/0 > /Q (fi(s)ai +7i(s)g + Vepi(s)) - Vypdxdt,  (1.26)

i€{1,2}

where
qi = —M;(s)VP + (i(s)g.

We will use several time the following lemma, which ensures that the global
pressure jump P; — P, at the interface belongs to L (T x (0,T)).

LEMMA 1.1. The function p — Wy (p) — Wa(p) belongs to C*(R;R), is uniformly
bounded on R and admits finite limits as p — Fo0.

Proof. Define

P
/(fiofr;l(p)—l)dp if p >0,
Ti(p) = o
/ﬁoﬁﬂp) dp if p <0,
0

then Wi(p) — Wa(p) = YT1(p) — Y2(p). Hence, we deduce that if T;(p), Ta2(p) have
finite limits for p — +o0, then Wy — Wy also does, since f;(1) = 1. Since Y1, YTy are
nonincreasing functions, it only remains to check that they are bounded. Let p > 0,
then

P
0>Yi(p) >— [ |fio#; "(p)— fi(1)|dp

> Ly [ |77 (p) —1dp > =Ly |77 = Ul piry)-
0

Similarly, for p < 0, one has
0<Yi(p) < Lyl e o)

We conclude the proof of Lemma 1.1 by applying Remark 1.1. O
2. The Finite Volume approximation.

2.1. Discretization of Q.

DEFINITION 2.1. An admissible mesh of Q) is given by a set T of open bounded
convex subsets of Q called control volumes, a family € of subsets of Q contained in
hyperplanes of RY with strictly positive measure, and a family of points (v )xer (the
“centers” of control volumes) satisfying the following properties:

1. there exists i € {1,2} such that K C Q;. We note T, ={K € T,K C Q;} ;
2. Uger K =Qi. Thus, Uper K =Q;
3. for any K € T, there exists a subset Ex of € such that 0K = |J
Furthermore, € = Uy cr €k
4. for any (K, L) € T? with K # L, either the “length”(i.e. the (d—1) Lebesgue
measure) of KN L is0 or KN L =& for some o € £. In the latter case, we
write 0 = K|L, and
e & = {0’ €&, H(K, L) € 7;27 o= K|L}, Eing = E1UE,, gK,int = ExN&int,
® Coxt = {U €& oC 89}, gK,ext = Ex N Eext,
6
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o &r = {J €¢, EI(K’L) €711 x Ty, J:K‘L}: EK,F =Ex N&r;
5. The family of points (xk)xer is such that xx € K (for all K € T ) and, if
o = K|L, it is assumed that the straight line (xx,xr) is orthogonal to o.
For a control volume K € T;, we denote by N = {L € T;,0 = K|L € Ek;} the set
of the neighbors and by m(K) its measure. For all 0 € £, we denote by m(o) the
(d — 1)-Lebesgue measure of 0. If o € Ex, we note dx» = d(zk,0), and we denote

by Ti.o the transmissibility of K through o, defined by T, = m(o) If g = K|L, we

T dk,o

note dx 1, = d(zg,xr) and Tk = ZZEUL). The size of the mesh is defined by:

size(T) = max diam(K),

and a geometrical factor, connected with the regularity of the mesh, is defined by

_ m(o)dk,L
reg(T) = max 2 m(K)
0=K|LEEK int

DEFINITION 2.2. A uniform time discretization of (0,T) is given by an integer
value N and a sequence of real values (t"),cqo,...N+1}- We define 6t = NL_H and,
vn € {0,...,N}, t" = ndt. Thus we have t° =0 and tN 1 =T.

REMARK 2.1. We can easily prove all the results of this paper for a general time
discretization, but for the sake of simplicity, we choose to only consider uniform time
discretizations.

DEFINITION 2.3. A finite volume discretization D of Qr is a family

D= (T7 57 (XK)KETa Na (tn)n€{07...,N})a

where (T,E, (Xk)keT) is an admissible mesh of Q0 in the sense of definition 2.1 and
(N, (t")neqo.....ny) is a discretization of (0,T) in the sense of definition 2.2. For a
given mesh D, one defines:

size(D) = maz(size(T), 0t), and reg(D) = reg(T).

2.2. Definition of the scheme and main result. For K € 7;, we denote by
9k (s) = gi(s) for all function g whose definition depends on the subdomain §2;, as for
example ¢;, p;, M;, fi, Wi,.... For a function f : R C R — R and for (a,b) € R? we
denote by R(f;a,b) the Riemann solver

. _ ) minggpqy fle) ifa<hb,
R(f;a,b) = { maxcep,q f(c) ifb<a. (2.1)

The total flux balance equation is discretized by

> m(e)Qyt =0,  VYne{o,...,N},VK €T, (2.2)
c€EEK
with
MK,;}(:%,SE) (P —P!)+R(Zk,o;8%,s7) ito=K|L € &k,
Qo = MxCi) (pp— PR Y+ R (Zk.oi sk, sk,) ifo €&k, (2.3)
0 ifoe 5K,ext;

7



where My 1 (sht, s7H) = Mp ke (s7T, %) is a mean value between M (s%) and

My, (s%). For example, we can consider, as in [28], the harmonic mean

My 1 (571, s7+1) = My (s3 )My (s7 ) dke o
Ko(sk .81 ) = nt+1 iy
dr,o M (k) + dr o MK (s77)

The function Zg , is defined by Zk »(s) = (k(s)g - nk,», where ng , denotes the
outward normal to ¢ with respect to K.
The oil-flux balance equation is discretized as follows:

n+1 N
pr K"K - "Km(K)+ Y m(o)Fptl =0, (2.4)
o€lK

with

ny _ n
Qi S5 0) + R(Grc s s, 57) + 2K = 21c0)
KL

Fna: _ @K(Sn)icpK(sn a)
K Qo f (5% ) + R(Gr.oi 85, 8 o) + K,

0ifo € gK,ex‘m

ifO':KIL € 5[(),‘,

ifo €k,
dK,G‘

(2.5)
where Gk +(s) = 7k (s)g - nk,, and ET}(JFUI is the upwind value defined by

n+1 : 1
it if Qi >0,
sl =1¢ 1T i Q) <0and 0 = K|L € £k, (2.6)
S}L(Jrgl if Q?(Jro,l <0and o€ &xr.

The interface values (S’I?Lgl, s’zt,l, P}?;l, Pfil) for o0 = K|L € &r are defined by the

following nonlinear system. For all o = K|L € &r, for all n € {0,..., N}, there exists
72+l € R such that

antl e ﬁK(s’}(ﬁ) N ﬁL(szzl), (2.7)
Pilt = Wi (mpth) = Pt = Wi (mpth) (2.8)

Ko + QL5 =0, (2.9)
Frii+ Fpit=o. (2.10)

Moreover, we impose the discrete counterpart of the equation (1.24), that is, for all
ne{0,...,N},

> m(K)Ptt =o. (2.11)
KeT,

We will show below in Section 2.3 that the system (2.7)-(2.10) possesses a solution.
We denote by X (D, i) the finite dimensional space of piecewise constant functions up
defined almost everywhere in Q); r having a trace on the interface I', i.e.

X(D,i) = {up; € L®(Qir) and for all (K,o,n) € T x & x {0,..., N},

up ; is constant on K x (t",#" '], up ; is constant on o x (t"; t"“)},

8



and by X(D) the space of the functions up whose restriction (UD)Ia belongs to
i, T
X (D, i). We define the solution (sp, Pp) € X(D)? of the scheme by

sp(x,t) ="t Pp(x,t) = Ppttif (x,t) € K x (", "1,

and, for x € 0 = K|L C T for some K € Ty, L € T, for t € (t",¢"*1), the traces

5D, (x,t) = s?;ro}, D, (x,1) = szt}

In this paper we prove the following convergence result.

THEOREM 1. Assume that Assumptions 1 and 2 hold. Let (Dy,),, be a sequence
of admissible discretizations of Qr in the sense of Definition 2.3, then for all m € N,
there exists a discrete solution (sp,,,Pp, ) € X(Dm)? to the scheme. Moreover, if
lim,, oo si2ze(D,,) = 0, and if there exists ¢ > 0 such that, for all m, reg(D,,) < ¢,
then up to a subsequence, sp,, converges, towards s € L>®(Qr;[0,1]) in the LP(Qr)
topology for all p € [1,00), Pp, converges to P weakly in L?(Q7), where (s, P) is a
weak solution of Problem (1.16)-(1.24) in the sense of Definition 1.1.

2.3. The interface conditions system. Define, for all 0 = K|L € &p, for all
ne{0,...,N},

P = Pt — Wi (mp ) = PR — W (ap ), (2.12)
and

W) = oG (PR = P - Wi (mpt) + RAZi s i A (),

(7'

(2.13)
where ot = % Then, the balance of the fluxes on the interface (2.9)-(2.10)
can be rewritten as

7IL(+01( n+1) + Qn+1( n+1) 0 (214)
QM) fic (SiEH ) + QE (mat ) (515 (rn )
R(Groisict Tx (Mg ™) + R(Gros st 7 (i) (2.15)
pr (%) —pr ofg (Mgt | wr(sp) —prodp (mpt) _
+ + —0,
dK,a dL,o’
where
SnJrl lf QnJrl p 7
sw =9 "t n+1( )= (2.16)
T (p) i Qi (p) <
We deduce from (2.14) that
pret O P Wil ) o (T Wiy
o nK+1 JrOé
n+1 n+1 n ~—1/ _n+1 (217)
JrR(ZK,a?SK g (7 ))+R(ZL,U§3L=7TL (mg"))
n+1 +an+1

9



and thus that

o «
%T;(WZH) - anfl + Ln+1 (Pt = Prt = Wi (np ™) + Wi (mpth)
K L
0f P R(Zse i s i () = 0f T R(Zr i s 7 (m )
n+l n+1 .
+ap

(2.18)
As a direct consequence of Lemma 1.1, Q”+1 belong to C!(R;R) and admits finite
limits as p — +oo.

Denote by

Vot(p) = Q5 () (fk Bk (0) — f1(5L.0()))

R(Gro: 5 75 (0) + R(GLo: s 7L ()

i (si) — ok o (p) N or(sit) — oo (p)

+
dK’o' dL,a

)

then W, is continuous on R.

LEMMA 2.1. Let (si, s711) € [0,1]2, there exists 72! € [min; 7;(0), max; m;(1)]
such that W1 (7n+1) = 0.

Proof. From the definition (2.16) of s”“(p), since imy, i, =, (0) T (p) = 0, and
since Q?("’Ul( ) admits a limit as p — min; 7;(0), one has

lm  QiL) (fx (i) — fGEE @) >0

p—min; m; (0)
and also

lim  R(Guo;sh ' 7y (p) = max Garo(s) >0, with M e {K,L}.

p—min; 7; (0) s€[0,5]

This yields that

n+1 n+1
lim grtl QDK('SK ) + @L('SL ) > 0.
p—min; 7;(0) () 2 di o dro

One obtains similarly that lim U7l (p) < 0. One conclude thanks to the

p—max; m;(1)
continuity of 2+, O
PROPOSITION 2.2. Let 0 = K|L € &, and let (sit, spH PRtt PPtt) e R,
then there exists a solution (ng“ ST}(JFUI, sL+1 P}?;l, P"H) € [min; m;(0), max; m;(1)] X
[0,1]% x R? to the nonlinear system (2.7)—(2.10).
Proof. Let 7w7*! € R be a solution of the equation W"*!(77+1) = 0, whose
existence has been claimed in Lemma 2.1. Firstly, defining s"+1 = (72t and

syl =7 1 (72T), one has directly that

o€ Frc(sily ) NFL(STL).

10



As it was noticed in Lemma 1.1, the function p — Wg(p) — Wr(p) is uniformly
bounded. Hence, the values

Qi PR +ap PP 4 aptt (Wie(npt) — Wy (mth))
n+1 n+1
+ap
K
R (Zicos st 7 (7t D) 4 R (210353, 7 (72 )

+
n+1 4 aerl

Pn+1

and
QR PR 4 ol PP ol (Wi (np ) — Wie(nn )
n+1 + an+1

K L
R (Zi o383 7 (D)) + R (Zp03 87, 7 (w2 F))
n+1 +an+1

n+1
PLa‘

+

n+1 n+l1 _n+l n+1 n+1 . .
are finite. It is now easy to check that <7r 1 SK.o sL PKU 7P ) is a solution

to the system (2.7)—(2.10) thanks to the analysis carried out above. d
3. A priori estimates and existence of a discrete solution.

3.1. L*°(Qr) estimate on the saturation.
PROPOSITION 3.1. Let (sp, Pp) be a solution to the scheme (2.2)-(2.11), then

0<sp<1l ae inQr. (3.1)

Proof. We will prove that for all K € 7, for all n € {0,..., N},
s’fé‘l <1.

The proof for obtaining s%"! > 0 is similar.

Using the definition (2 5) of F}éﬁ;l, one can rewrite (2.4) under the form

n+l _n n+1 n+1 n+1
HK (5K+ ySK» (SL+ )LENK 7( K+G)U€£Kl" ) (QKT(:,)UGEK) :Ov (32)

. . . . n n+1 n+1 .
where Hg is non increasing with respect to s, (sL )LENK , ( Sk J>U€5 . Making
K,I

use of the notations aTb = max(a, b), we obtain that

n+1 n+1 n+1 n+1
HK< ST (53T s (sK’UTl)UEgKYF , (QK,U)WSJ <0.

We remark that for all K € 7 and for all s € [0,1] one has

> m(0)Gio(s) = 0. (3.3)

c€€K

Combining (3.3) and (2.2) we have

Hg (]_, 1, (1)L€NK 7( )0651( i (QnJrl)UEEK) =0

11



Hence, using once again the monotonicity of Hg, one obtains

n n+1 n+1 n+1
Hg (1,5KT1, (s57T1) (sKJTl)gegK’F i K’U)oesx) <o.
Since aTb is either equal to a or to b, one has

1
s’}{"a Tl)

n+1 n n+1
Hiy <5K+ TLsRTL (s370T1), (

—— (Q?ﬁ)aegk) <0. (34)

Next we remark that for any o = K|L € &p the the equation (2.10) can be written as

HO' n+l _n+1 (n+1) ( n+1> :0
(SK L \PMe Me{K,L}’ Qo Me{K,L} ’

n+1

where H, is non increasing with respect to s%*, s7™! and (s Mo . Thanks

)MG{K,L}
to (2.9) and using ;(1) = 0 for ¢ € {1,2} we obtain

H, (17 1, (I)ME{K,L} ’ (Qn+1)Me{K L})

Using the same arguments as for (3.4) one has that

H, < WL ST (570 T) (i) ) <0.  (35)
’ Me{K,L} 7)) Me{K,L}

Multiplying (3.4) by dt and summing over K € 7 provides, using (3.5) and the
conservativity of the scheme,

> bx(sit = D)Im(K) < Y (s — 1) Tm(K).

KeT KeT

Since s9 € L (Qr;[0,1]), s} € [0,1] for all K € 7. A straightforward induction
allows us to conclude. O

3.2. Energy estimate.
DEFINITION 3.1. We define the discrete L*(0,T; H*(;)) semi-norm of an ele-
ment up € X(D,1) by

|up|2D’i = Zdt Z TKL (u}?‘l — u’£+1)2 + Z(St Z Z TKo (u’}é‘l u;?';)Q

n o=K|L€eE; n KeT,o€€k,r
LEMMA 3.2. The following inequalities hold:
o for all o = K|L € &g,

Q) fx <SKU> (rr (i) = mre (7)) = Q) Wi (mre(s7)) = Wi (mie(s77))) 5
(3.6)
o forallo € Exr,

Qi (530 (rac(sih) = mi™) = Qi) (Wi (ric(s371) = Wie(m™)) . (3.7)
12



Proof. Since fx o 7T;<1 is a non decreasing function, then function Wg : p —
J7 fi o mit(a)da is convex, so that for all (a,b) € R?,

fromt(a)(b—a) < Wi(b) — Wk(a) < fxomg'(b) (b—a).

The inequalities (3.6) and (3.7) follow from the definition (2.6) of E}L("’Ul |
LEMMA 3.3. Let us define

D
Gicalp) = [ G (5 (1) (338)
0
for all K € T and o € . Then, the following estimates hold:
o for all o = K|L € &g,

R(Groisit st (mr (s3) — mre(sTHY) > Groo (i (%)) = Gro (mr (sTH)
(3.9)
o forallo € Ex 1,

R(Groi 85 850) (e (sET) = 1Y) 2 Gro(mr (557)) = Gro (mp ™). (3.10)

Proof. For any a,b € R one has
R(Gorri 5 (@) 75 0) (= 8) | G (751 0) dp
+ /b R(Groi T ()T (D) = Greo (7' (0)) dp. (3.11)

We only have to remark that in view of (2.1) the last term in the right hand side of
(3.11) is positive. O
LEMMA 3.4. For all K € T, for alln € {0,...,N} and for all 0 € Ek r, one has

(prelsic) = ere(sictd)) (mc(sie) = mi)

> (or(si) = (i) (mae(si) — (i) . (3.12)

Proof. Assume that s}‘(t,l € (0,1), then ﬁK(s?{Jr;) = {WK(S?{J;})}, thus the inequal-
ity (3.12) is in fact an equality. Assume now that 5}?(} =0, then 77! < mx(s)1) <
Tr(skt), and @K(s’;{f;) < i (sith). The inequality (3.12) follows. Similarly, if
5?-01 = 1, then 77t > ’/TK(STIL:_;) > mx(s)t), and @K(S”KT;) > pr (s, leading
also to (3.12). O

PROPOSITION 3.5. There exists Cy, depending only on apr, min; K;, to, fhe ,

max; [|7;| 10,1y, and Q, such that

Z (‘PD‘%@ + |<P(5D)‘%,¢) < (. (3.13)
ie{1,2}
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Proof. Multiplying the equation (2.4) by 5t7rK(s7}(+1) and summing over K € 7
and n € {0,..., N} yield, after reorganizing the sum,

A+ B=0, (3.14)

where

A= Z D drmr(si) (55 = s ) m(K),

n=0 KeT

N
B=doot 3 mlo)ie! (i) — i)

n=0 o=K|LEEns

+Z ot Z Z F"+1 K(s}?'l) _ ﬂ.;wrl) 7

n=0 KeT o€ék,r
where we have used (2.10). The definition (2.5) of F}é‘;l gives
B =B, + By + B, (3.15)

where

N
By = Z5t > mo)Qi freE)) (mr (s — mc (1))

n=0 o=K|LEEnt
+ Z oty Y mloQE, (i) (rr(siHh) — mpth)
n=0 KeT UEEK r
B, = zét > mORGreisi s (rr(sic) = ma(sE))
n=0 o=K|LEEnt
+Zét Y D mORGrasi s, (mr (i) —mp )
n=0 KeT O'EEK r
= Zét Y xR = ex(spM) (e (i) — mr(spH)
n=0 o=K|LEEnt
" z 63 D T (e () — er(5) (rc(s3) = mith)
= KeT o€k r

It follows from Lemma 3.2 that

Bizy ot D0 mlo)Qly (Wi(mk(sih) = Wie(me(s7™))

n=0 o=K|LEEn

+Z§t DY me)QK ) (Wi (rk(sith) — Wie( ) .
= KeT o€€k 1
14



Multiplying the equation (2.2) by ¢ (P}é“

— Wi (mk(s%™))) and summing over K €
7 and n € {0,...,

N} yields, after reorganizing the sum and using (2.8) and (2.9)

N
Zét Y. mo)Q, (PRt - P

= o=K|LEEn

Y0 mei e - )

= KeT oe€k,r

=Z§t Yo me)QR) (Wi(mk((sih)

— Wk (mk(sp1h))
n=0 o=K|LEEn

Z 6ty Y m@QR (Wil (i) = Wi (math)).

= KeT oeék r

Therefore, using the definition (2.3) of Q% ,, we deduce that

B, > By + Bs, (3.16)
where
al m(o)M
By = Z oty R (Pt - pptly?
- K,L
o=K|LEEns
Sy MMy
= KeT o€k r
and

N
Bs :Zdt > m(o)R(Zkos s s (PR

= o=K|LEEnt

(3.17)
+Z§fZ > mOVR(Zioi s s (PR

n+1
Sk SK,o PK,U )-

_ P£L+1)

= KeT o€k r

Using (1.18), i.e the fact that for all s € R, M;(s) > ap > 0 we obtain

Bi>ay Y |Polp,. (3.18)
ie{1,2}

The Cauchy-Schwarz inequality applied to the right hand side of (3.17) implies

N 2
|B5| S Eint Zét Z M(P}éﬁ*l _ P£L+1)2

n=0 o=K|LEEint KL

Nl=

Z DD I — P
n=0 KETJEEKF Ko

15




where

Eint) Zét > m0)dk LR(Zk.o; sy sEH)?

n=0 o=K|LEEnt

and

Z(St Z Z dKo’ ZKO'a e STIL{Jr;) :

n=0 KeT o€k r
Therefore we deduce that,
2
Bj < T|g| d Y mQ)|Gl T~ 00y D [Pl (3.19)
1€{1,2} 1€{1,2}

where d stands for the dimension of €. Combining (3.16), (3.18) and (3.19) one has

2 2

By >ay Y, |Pp|,— T|g| d Y m(0)Gl 7 0.1 >

€{1,2} i€{1,2} 1€{1,2}

(3.20)
We now will show the estimates on the term By. Using Lemma 3.3 we have

N
Bo 23 dt 30 o) (Gro (m(s5) = O (m(s5H)

n=0 o= K|L6$mr (321)

Zét > > ml0) (Gre (mx(si) = Gro (n57)) -

n=0 KeT o€k r

Recombining terms we obtain

By >Z5tz Z gKo- 7TK( 7;_1))

n=0 K€T &k int

+Z6tz > m(0) (Gro (Tx (i) = G (757))

n=0 KeT o€€k,r

which in view of (3.8) and (3.3) implies

Z&‘Z >, mo)ra (m5).

n=0 KeT €€k

Remark that if ¢ = K|L € &p then the function Gk ,(p) + Gr.»(p) in general is
not equal to zero. However we can write an lower bound for the term Bs. Indeed,
comparing the definition (1.15) of ¢; with the definition (1.17) of v;, and using the
fact that +;(0) = 0 and ~;(1) = 0 one has

/ i o 7 ()dp = / 7 x(@)mie(a)da = (po — pu)or (i)
0 0
16



and thus, in view of Proposition 3.1

By > —|po — pullg rr{l?x}%(l) m(I)T.

Because of the definition (1.15) of the function ¢;, then, for all (a,b) € [0, 1]?,

() = i) rla) = (1) > "Lt (g ) — )2, (3.22)

Then it follows from Lemma 3.4 and for inequality (3.22) that

Xl bn) S o (sp)f (3.23)

miN;e{1,2} K; ie{1.2}

B3

Y

We define II;(s) = [; m;(a )da then TI; is a continuous convex function. As a conse-
[0, 1],

quence, for all (a,b) €
m;(0)(b — a) > T;(b) — I;(a).

Therefore,
N
A>3 ox (Tk(si) — Tk (s})) m(K)
n=0KeT
=) o (M(siH) — T (%)) m(K).
KeT

Using the fact that, for all (a,b) € [0,1]?, one has

b 1
Hi(b)—Hi(a)z/ m(u)duZ—/O s (1),

a

it follows from Proposition 3.1 that

A== " gim()|Imill L o,1)- (3.24)
ie€{1,2}

Taking (3.20), (3.23), (3.23) and (3.24) into account in (3.14) we have.

2

3Tg|?
av D Pplp; — |5 D mO@Glieny | | D 1Pl

i€{1,2} i€{1,2} i€{1,2}

max(fLo, flw) 3 2
- . < (.
+m1nz 1,2y K |%(3D)|D” s
{12} B ey

[N

(3.25)
Applying Young’s inequality to (3.21) we complete the proof of Proposition 3.5. In-
deed,

QN 2 max(um .Uw) 2

- E P 4 O PR E ; < C.
2 [Polp, + min;e 0} K pilen)lp; <

ic{1,2} ' ie{1,2}
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0
PROPOSITION 3.6. There exists C' only depending on §;, Cy and |Wy — Wal|
such that

1Ppll 20, < C.

Proof. In view of the discrete Poincar-Wirtinger inequality [27] and Proposi-
tion 3.5, there exists C' depending only on €2; and C; such that

// or (Pp —mo, (Pp))” dxdt < C.

In order to conclude the proof, it only remains to check that mgq,(Pp) is uniformly
bounded. O

3.3. Existence of a discrete solution. PROPOSITION 3.7. There exists (at
least) a solution to the scheme (2.4)-(2.11).

Proof. The proof is based on a topological degree argument (see for example [20]).
For v € [0,1], we introduce the functions

. ?u((s)) = ng((S)) + (1(—)1/)8, o o TV(s) = ”Wg(s) + (1 —v)m(s),
o (V(s) =vGCi(s), v/ (s)=vvl(s o oV(s) — v(a) (Y (a)da

o M¥(s) = vM;(s) + (1 — v)or, i (5) 0/\1()(2)()d7
o \/(s) =vA(s)+ (1 —v)amus(l —s), WH(s) = s 0 (a2 (o)

We denote by (s}, Pp) the solution to the modified scheme. For v = 0, the
problem becomes homogeneous, corresponding to the equations

{ 9ys® — div (s°VP? — VO(s%)) =0,

—apyAP? = 0. (3.26)

The pressure equation provides a classical linear Finite Volume scheme which is com-
pletely uncoupled from the saturation equation. The transmission conditions (2.9),(2.8)
turn to
Pn+1,0 + I Pn+170

K ofr

Tko + TLo

n+1,0 _ pn+1,0 _ TKo
PK o - PL,U - ’
and thus
n+1,0 _ n+1,0 n+1,0
K,o —KL<PK _PL )

Note that the a priori estimates (3.1) and (3.13) still hold for (s%, P§) instead of
(sp, Pp). We introduce now a new parameter n € [0, 1], and we approximate the
problem

9y s* — pdiv (s91V PO — V0 (s9)) =0,
—aMAPO =0.
The corresponding discrete solution s%” satisfies

0<s%" <1, Wpelo1]. (3.27)
18



We introduce the compact set

K = {(up.vp) € (X(D))* | Ilup |l <2 and |oplp <201},

where C} is the quantity introduced in Proposition 3.5. Since, for v = n = 0, the
problem turns to an invertible linear problem, we can claim that the corresponding
topological degree is equal to +1 (since the determinant of the underlying matrix is

positive). One can let first 7 go to 1, and thanks to (3.13),(3.27), (S%U,PZOD) never

belongs to the boundary 90K of K. Hence, the topological degree is constant for
n € [0,1], and, for n = 1, the discrete counterpart of (3.26) admits at least a solution.
Letting then v tend to 1 provides thanks to similar arguments the existence of a
solution to the scheme (2.4)-(2.7). O

4. Compactness properties of the discrete solution. In order to prove the
convergence of the scheme, we will use the method presented in [24] to derive the
relative compactness of the sequencies (sp,,),,cny @and (Pp,,),,cn, Where (Dp,), oy is
a sequence of admissible discretizations of € x (0,T") in the sense of Definition 2.3, for
which the discretization parameter h,, := size(D,,) tends to 0 as m — oo, while the
regularity parameter reg(D,,) remains bounded.

Firstly, since 0 < sp,, < 1 almost everywhere in @7, we can claim that there
exists s € L>®(Qr;[0,1]), such that, up to a subsequence,

sp,, — s in the L*°(Qr) weak- x sense as m — oo.

This is of course not sufficient to pass to the limit, so that we seek for additional
compactness on the family of approximate solutions (sp,,, Pp,,),,-

4.1. Estimates on differences of space and time translates. We recall here
the lemmas 4.2 and 4.3 of [24].
LEMMA 4.1. Let up be an element of X(D), then for all £ € RY,

T
/O /2 (up(x + €,8) — up(x, 1)) dxdt < Jup[,1¢] (€] + 2size(D))
N3

where Q; ¢ ={x € Q; | [x,x+ ] C Q}.
LEMMA 4.2. Let up be an element of X(D), and let T;(up) the function of
L2 (R4 defined by

| up(x,t)  if (x,t) € Q; x (0,T),
Ti(up)(x,t) = { OD otherwise,

then for all ¢ € RY,

T
/O /R (Ty(up)(x + &, 1) — Ti(up)(x, t))* dxdt
< |up|p ;€] (|€] + 2size(D) + 2m(0) [|upll,.) ,

where Q; ¢ = {x € Q; | [x,x+&] C Q;}.
LEMMA 4.3. There exists Cs, which does not depend on size(T), dt nor on T
such that for all T € (0,T),

T—1
/0 ie%%} /Q (pi(sp)(x,t+7) — pi(sp)(x,t))" dxdt < C37. (4.1)
19



Lemma 4.3 is an extension of Lemma 4.6 of [24] (see also Proposition 5.1 in [26]).

PROPOSITION 4.4. The sequence (p;(sp,,)),, converges strongly in L*(Qi ), up
to a subsequence, towards the function p;(s) € L*(0,T; H'(;)).

Proof. First recall that, by Proposition 3.1, (¢;(sp,,)),, is bounded in L>(Q; r)
for i € {1,2} and that by Proposition 3.5 the sequence (|¢;(sp,,)|D,,.i),, is bounded.
Thanks to the lemmas 4.2 and 4.3 and the Kolmogorov compactness criterion (see
e.g. [7] or [24, Theorem 3.9]), it follows that (T;(v;(sp,,))),, is relatively compact
in L2(R41) for 4+ € {1,2}. Thus we can extract a subsequence, still denoted by
(Ti(¢i(sp,,)))m» such that both T1(¢1(sp,,)) and Ta(p2(sp,,)) converge to their limit
strongly in L?(Q1,r) and L?(Q2 1) respectively. As a direct consequence, (¢;(sp,,)),,
converges in L?(Q; 1) for i € {1,2} towards a function ¢, which satisfies, thanks to
Lemma 4.1,

T
/ / (G(x +£.1) — (x,0)’dxdt < CleP, e € R
0 Qiyg

This implies (see [7]) that ¢ € L?(0,T; H'(£2;)). It remains to identify ¢ as ¢;(s),
i € {1,2}. This can be done using Minty’s lemma (see e.g. [25, Theorem 4.1]). O

COROLLARY 4.5. Up to a subsequence, (sp,,), converges towards s strongly in
LP(Qr) for allp € [1,00).

Proof. Since (¢i(sp,,)),, converges in L?(Qr) towards ¢;(s), it converges (up to
a new subsequence) almost everywhere in Q7. Since ¢; ' is continuous, sp,, tends
to s almost everywhere. The result then follows from the uniform bound on (sp,,),,
stated in Proposition 3.1. O

LEMMA 4.6. There exists B € L*(0,T; H'(€2;)) such that, up to a subsequence,

m

Pp, —mq,(Pp,) — B weakly in L*(Q;r) as m — oo.

Proof. In view of the discrete Poincar-Wirtinger inequality [27], there exists C
depending only on ; and on the quantity C; introduced in Proposition 3.5 such that
||PD —mq, (PDm)HL‘Z(Qi,T) < C, for i € {1,2}.

m

Hence the sequence (Pp, — mgq,(Pp,,)),, converges weakly in L?*(Q;r) towards a

function B. Therefore, for all ¢ € R?,

m

Pp, (-+&-)—Pp, — P(-+&)—PB  weakly in L*(Q¢ x (0,7)) as m — oo.

The lower semi-continuity of the norm for the weak L? topology implies that

T
[ mocs €)= .0 dxa
0 Q¢
T
< liminf / / (Pp,, (x4 £,t) — Pp, (x,1))* dxdt.
m—oo Jq Qi,&
We deduce from Proposition 3.5 and Lemma 4.1 that

T
/ / (B(x + &, 1) — B(x, 1) dxdt < Cl€ ]2,
0 J.

ensuring that 8 belongs to L?(0,T; H*(£;)). O
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4.2. Convergence of the traces. We denote by 5D, (resp. PplF /) the trace
of sp (resp. Pp) on I' from the side of §;, defined by

sy, (1) = s, P (k1) = PRt (k1) € o x (17,17,

i

where 0 € Eg 1, K C €.

It has been proven in Proposition 4.4 that ¢;(sp,, ) converges strongly in L?(Q; r)
towards ¢;(s) € L2(0,T; H'(2;)). Hence, ¢1(s) and p3(s) admits a traces in the sense
of L2(T' x (0,T)). Since ¢; ' is continuous, s also admits a traces on the interface,
denoted by s; and s3. We claim in Corollary 4.10 below that 8D, , converges strongly

in LP(T" x (0,T")) towards s; for all p € [1, 00).
We now introduce another definition of the trace, denoted by .. ,. For a function
u of X(D) we define
G, (%, 1) == upif (x,t) € o x (1", 1", 0 CTNOK, K C Q.

LEMMA 4.7. Let u € X(D), then
T
/ / ., — @y, |dxdt < Julp, (Tm(D)size(D))"/.
0 I

Proof. From the definitions of the traces of u,

ot Z Z m(a)\u’}{f —ut.
0

KeT,0€€k,r

N

T
/ / ‘uh"z - ’a\r i|dth =
o Jr ' ' .

Cauchy-Schwarz inequality yields that

1/2
N /

T
/ / |u‘“ — fL|”|dxdt S
0 T n
1/2

x Z&tz Z m(o)dk »

= KeT; 0€€k,r

1 1)2
0ty D Treluily —ui™h)
0

KeT,0€€k,r

The result follows. O

Since €2; is supposed to be polygonal, I' is made of a finite number of faces
(T'y), <j<J contained in affine hyperplanes of R?. We denote by n; ; the outward
normal to I'; with respect to ©;. For e > 0 and j € {1,...,J}, we define the open
subset w; ;. of §); as the largest cylinder of width € generate by I'; and n; ; included
in Q;, that is

Wije = {x —hn;; €Q;r|rel;,0<h<eand [x,2—¢en,;| C ﬁz} . (4.2)
We also define the subset I'; j . = Ow; j NI'; of I';, that satisfies
m(Fj \Fi7j,5) < Cé‘, (43)

where C' only depends on €.
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LEMMA 4.8. Let u € X(D), then for all j € {1,...,J},

I

Proof. For all o € &1, we denote by

/ (fiy,, (%, 1) — u(x — hny 5, 1)) dhdxdt < [u[3, (¢ + size(D)) .
: 0

i,5,€

[ 1 if (x,y) No is reduced to a single point,
Xo (%,y) = { 0 otherwise.

We also introduce, for almost all x € T'; ; , for almost h € (0,¢) and for all ¢ € (0,T),
the quantity

Tp(x, h,t) := |, (%, 1) — up(x — hn; ;,1)|

Z Xo(X,x — hn, ;)

oc=K|L€EE;

IN

n+1 n+1
U —Up ’

if t € (¢t",¢"+1]. Tt follows from the Cauchy-Schwarz inequality that, for t € (", " 1],

)4(“712+1 —upth)’

Tp(x,h,t < o (X, x — hn, ;
(Tp( ) Z Xo J dgr|ni, -ngr)

oc=K|L€eE;
x| D Xe(xx—hmy )dir|ni; ngLl
o=K|L€EE;

For almost all x € G; ; ., there exists a unique K; € 7; such that x € 0K;. Moreover,
for almost all A € (0,¢), there exists a unique K5 € 7; such that x — hn; belongs to
K5 (possibly K coincides with K7). Hence,

> Xolww—hmyj)dipln ;- ngp| = (v, —2xk,) 1
o=K|LEE;nt

< (zr, — @) g+ ht (2R, — (2= bngj)) ngl. (44)
Since x — hn; ; belongs to K5, we have
(X, = (x = hmy 5)) - 1 5| < size(D),

and since x belongs to I';, (xx, — ) - n; ; < 0. Then we obtain

> Xo(x,x = hnij)dkp|ng; ngp| < e + size(D). (4.5)
oc=K|LEE;nt

For all 0 € &y with o Nw; j . =0 and all h € (0,¢), one has
/ Xo (X,x — hn;)dx = 0.
s
Forallo €&, . :={o €& | oNuw . # 0}, one has

Vh € (0,¢), / Xo(X,x — hn, j)dx < m(o)|n; ; -ngrl. (4.6)
Gi,je
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We obtain from (4.5) and (4.6) that for all t € (t",¢"*1], for all h € (0,¢),
/ (Tp(x, h, t))* dx < (¢ + size(D)) Z TKL (u’}{"l uTLL‘H) ,
Gige o=K|LEE: ;..

which complete the proof. O
PROPOSITION 4.9. The sequence (goi(stlF )) converges towards p;(s;) strongly
i m

in LY(T' x (0,T)) as m — oc.
Proof. For notation convenience, we remove the subscripts m in the proof. Denote

by
T
o[
o Jry

then in view of Lemma 4.7 and Proposition 3.5, there exists C' not depending on D

such that
T
Aijp = / /
o Jr,

By (4.3), one has

[

dxdt, (4.7)

pi(sp. ) — pilsi)

dxdt + Csize(D)/2. (4.8)

ei(5p,. ) — pilsi)

@i(Sp,. ) — pilsi)| dxdt </ / @i(3p. ) — pisi)| dxdt + i(1)Ce.
Iy, ,JHE
(4.9)
Next we apply the triangle inequality to deduce that
/ / @i(Sp,. ) — @i(si)|dxdt < Bip.+ Bape+ Bs, (4.10)
Ir; ,J,€

=t [ [

Bype = */ / lpi(sp) — @i(s)| dxdt,

/ / |<pz 5%, 8) — r(s)(x — hna g, £)] dhdxdt,

Pi SD‘ X t) (Pz(sD)( hni,jat) dhdxdt,

where we have used (4.2). From Cauchy-Schwarz inequality, one has

(Bip.e)* < m(Giye // /sol 5, ), t)—pi(sp) (x—hm, ;1)) 2dhdxdt,

and then, from Proposition 3.5 and Lemma 4.8, one has
|B1.pc| < (Ch(size(D) + £)m(T,)T)"/?. (4.11)

We can now let size(D) tend to 0 in (4.10). Thanks to Proposition 4.4, we can claim
that

lim  Bayp.=0.
size(D)—0
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Then it follows from (4.9) and (4.11) that

lim sup / /
size(D)—0

Since ;(s;) is the trace of ¢;(s) on I', lim._.g Bs . = 0. Therefore, letting € tend to
0 in (4.12) implies that

lim / /
size(D)—0

Then the result follows from (4.7) and (4.2). O
COROLLARY 4.10. The sequence 5D, converges towards s; strongly in

LP(T x (0,T)) for all p € [1,00).
Proof. This corollary is just a consequence from the fact that ¢;(sp

wi( SD‘F — ¢i(s;)|dxdt < C(e + V&) + Bs. (4.12)

@i( SD‘F — pi(s;)| dxdt = 0.

) con-

mip ;
verges, up to a subsequence, almost everywhere on I" x (0,7, from the fact that api_l
is continuous and from the fact that 5D, . 18 essentially uniformly bounded between
0and 1. 0O ’

LEMMA 4.11. The sequence ((Ppm)lm —mgq, (PD)) converges towards B;

weakly in L*(T" x (0,T)).
Proof. Let 1 € D(T'; x (0,T)), then, there exists e, such that, for all ¢ € (0,e,),
supp(¢) C T'; ;- x (0,T). We aim to prove that

lim / / Pp, . —maq,(Pp) - q:xi) Pdxdt = 0. (4.13)

size(D)—0

Thanks to Lemma 4.7 and to Proposition 3.5, it is sufficient to show that

lim /T/F (Pplm — mag, (Pp) — spi) Ydxdt = 0.

size(D)—0 Jo

Let € € (0,&,), then one has

/ . (Poy., = mo.(Po,) ~ i) vt = Bue + Fape + B
where

Eip. / / / PD\F x,t) — Pp(x — hn, j, )) ¥(x, t)dhdxdt,
By = / / / (Po(x — 5, 1) — mo, (Pp) — B(x — hnj, 1) ¥, O)dhdxdt,

By, = / / / Plx — by t) — Bo) b(x, t)dhdxdr.

The Cauchy—Schwarz inequality gives that

2
(E1p.)” / / / PD‘ (x,t) — Pp(x hni,j,t)) dhdxdt
x/ / (1h(x,1))? dxdt.
0 JTy
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Using Proposition 3.5 and Lemma 4.8 yields

|Bpe| < 19|22 (r, x (0.0 (Ci (€ + size(D))) /> .

It has been stated in Lemma 4.6 that Pp — mq,(Pp) tends to P weakly in L?(Q; r)
as size(D) tends to 0, then

lim  Eop.=0.
size(D)—0

Therefore,

lim sup < Cyve+ | Bzl

size(D)—0

/oT /pj (PD‘” - Pi) Pdxdt

Since P; is the trace on I' of P from the side of €2;, one has

;l_r% E’g’E =0.

Thus, letting ¢ — 0, one obtains that for all v € D(I'; x (0,7T)),

T
I (Po,., —ma,(Pp) — i) ddxdt = 0. 4.14
A straightforward generalization of [24, Lemma 3.10] allows us to claim, using Proposi-
tion 3.5 and the discrete Poincar-Wirtinger inequality [27], that (ﬁp‘r .~ mg, (PD)) .
is uniformly bounded in L?(T" x (0,T)). Then, we conclude, using a classical density

argument, that (4.14) holds for all ¢y € L*(I'; x (0,7)). O
PROPOSITION 4.12. There ezists P € L*(0,T; H'((;)) such that Pp, tends

to P weakly in L*(Qr) as m — oo, and such that (PD
L*(T x (0,T)) towards P;.
Proof. Firstly, since we have enforced mg, (Pp,,) = 0, we can set P := P in

Q1,7 Next we search for a uniform bound on || Pp,,||L2(q, ). In view of the discrete
Poincar-Wirtinger inequality

converges weakly in

m
It/ m

2
1Pp,, 172(ar) < (may(Pp,,))” +C, (4.15)

it only remains to check that mq,(Pp,,) is uniformly bounded w.r.t. m. This is a
consequence of the fact that, almost everywhere on I" x (0,7’), one has

ma,(Pp,,) = Pp,, = (Pp, ~—ma,(Pp,)) - (Wilrp,) =~ Walrp,)).

Then, integrating on I" x (0,7 and using Lemma 1.1 provides

Z HPDm‘F . - mﬂi (PDnl)

1€{1,2}

+ |[W1 — Wal|so-

maq, (P, <
Ima, (Pp,,)| < L1(T'x (0,T))

m(I)T

For all ¢ € {1,2} the quantities HPD””\ —mg, (Pp,,)
T

are bounded by the
L1(Tx(0,T))
proof of Lemma 4.11. Hence, in view of (4.15), (Pp,,),, converges towards some func-

m

tion P weakly in LQ(Qi,T). From the analysis performed in the proof of Lemma 4.6, we
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deduce that P € L?(0,T; H'(Q;)), and from the analysis of Lemma 4.11, we deduce
the weak convergence of the traces. O

LEMMA 4.13. Let 1,82 € L>®(T x (0,T')) be the respective limits of (st‘ )
r1/)m

and (SD’"lr 2) , then,
) m

71(s1) N7a(se) #0  a.e. on T x (0,T). (4.16)

Proof. For all m € N, one has

) # 0.

7?1(51) )ﬂfrg(SD

Ir,1 Ir,2

Since the set F' = {(a,b) € [0,1]? | 71(a) N 7=2(b) # 0} is closed in [0, 1], we conclude
that (4.16) holds. O

We now focus on the last technical difficulty for proving Theorem 1, that is the
convergence of the sequence (7p,,),,. This is done by following the same path as
in [14].

In the sequel, we denote by

s ifse[A B],
T[A,B](S) = A ifs<A,
B ifs>B,

and by
U={(x,t) el x (0,T) | {s1,82} ={0,1}}, V=Uu-.

Note that, thanks to Lemma 4.13, the set I/ is empty if min; 7;(1) > max; m;(0).
_ LEMMA 4.14. There exists a measurable function m defined on V with values in
R, such that, up to a subsequence,

Tp,, — T a.e inV.

Proof. We define the functions

oo T e Kol (@) k(7 (@)
wp /m(o) i fwkoi (7 1(a)) + piokw.i (7 (a))

that satisfy the properties

da,

mEmi(s) = Pi(m) = Gi(mi(s)) = pils), (4.17)
and

its restriction (;) admits a continuous inverse function. (4.18)

|ws 035 (1))
Thanks to Proposition 4.9 and to (4.17), we can claim that, up to a subsequence,
@i(mp,,) converges almost everywhere on I' x (0,7") towards @;(m;(s;)). For a.e.
(x,t) € V, the set 71(s1) N 72(s2) is reduced to the singleton {m;,(s;,)} for some
io € {1,2}. Thanks to (4.18), we can identify the limit = of wp, , as m;,(s;,). O
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LEMMA 4.15. Assume that [min; m;(1), max; m;(0)] # 0, then there exists w €
L (U; [min; m;(1), max m;(0)]) such that, for all bounded interval J C R such that

[min; 7;(1), max; m;(0)] C ._07,

Ty(np,) —m in the L°(U) weak-* sense.

Proof. For the sake of simplicity, we assume, without loss of generality, that
m1(1) < m2(0), then thanks to Lemma 4.13, almost everywhere in U, s; = 1 and
S9 = 0.

The sequence (T7(mp,,)),, is bounded in L*°(Uf), thus, up to a subsequence, it
converges towards a function w7 in the L*°(U) weak-x sense. Let us now show that
77 does not depend on the choice of the bounded interval 7. Because of Lemma 4.13,
one has, for a.e. (x,t) €U,

liminf mp, > w1 (1), limsup mp,, < m2(0). (4.19)

m

Let J1 and J2 be two bounded intervals such that [m1(1),72(0)] C Jx (k € {1,2}).
Then, it follows from (4.19) that, for a.e. (x,¢) € U, for m large enough (depending
on (x,1)),

Tz, (mp,, (%,1)) = Tz, (7p,,(x,1)) = 0.

As a consequence, the sequence (17, (7p,,) — T.7,(7p,,)),, converges almost every-
where to 0 on U, and is uniformly bounded in L*° (/). The dominated convergence
theorem yields that for all ¢ € L'(U),

//u (T'7,(7p,,) — T7,(7p,.)) vdxdt — 0 = //M (17, — 77,) Pdxdt.

Choosing ¢ = (74, — mg,) provides that 77, = 77, = 7 almost everywhere in Y. O
LEMMA 4.16. Assume that [min; m;(1), max; 7;(0)] # 0, then there exists ™ €
L>(U) such that, for all bounded interval J C R such that [min; m; (1), max; m;(0)] C

J, the sequence (W;(T7(mp,,)))
sense.

Proof. We suppose, without loss of generality, that 71(1) < m2(0). Then on U,
s9 = 0 and s; = 1. One has

m converges towards Wi(m) in the L>(U) weak-*

TrD m

72(0)
WalTs(np,,)) = /0 f2om3 L (p)dp + / o o)

Since for almost every (x,t) € U,

limsup 7p,, (x,t) < m2(0),

m
and since fs o w;l(p) =0 for all p < 71(0), then for almost every (x,t) € U,
TD,, (X,t)
/ f2omy H(p)dp — 0 as m — oo.

2(0)
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Since the function Wy o T'7 is uniformly bounded on R, the dominated convergence
theorem yields that, for all 1 € L1 (U),

lim_ [ (T (rp, )it — / /M W (1r2(0) et / /u W ()bt

m—00

Similarly, we obtain that

[ 0015 7,0) = T,y vt =[] Wi (0) = (1) vt

Since, thanks to Lemma 4.15, Ti7(7p,,) tends to 7 in the L (U) weak-* sense, one
has

Jim //MVVl(Tj(me))qudxdt//u (Wi (m(1)) + 7 — 71 (1) dxdt

o By r—

PROPOSITION 4.17. There exists a measurable function m on T x (0,T), with
m € T1(s1) N72(s2) a.e. on T x (0,T), with value in [min;(m;(0)), max;(m;(1))] such
that,

0

Wi(np,,)—Wa(rp,, ) — Wi(n)—Wa(r) in the L°(I'x(0,T)) weak-xsense as n — oo.

m

Proof. We know, from Lemma 1.1, that Wy (p) — Wa(p) is uniformly bounded on
[min; 7;(0), max; m;(1)]. Hence, the sequence (Wi(wp,,) — Wa(7p,,)),, converges in
the L>°(T x (0,T)) weak-x sense towards a function 3. Let ¢» € LY(I" x (0,7T)), then

~/OT/F(W1(7TD,") - Wa(rp,,)) pdxdt = //u (W (b ) — Walrp, ) telxdt
* //V (Wi(mp,,) — Wa(rp,,)) Pdxdt.

Thanks to Lemma 4.14, mp,, tends almost everywhere to m on V, then for almost
every (x,t) € V, we can identify 3(x,t) as Wi(n(x,t)) — Wa(m(x,t)). Thus

m—00

lim / /V (Wi(rp,. ) — Wa(mp,. ) dxdt — / /V (Wi () — Wa()) .
We denote by
A= [ Wit ) = Watmn, ) = Wim) + Wa(rm) wdna,
= [[ timon) - Tamyvaxar s [ (Catro,) e vaxa

Let R € R such that [min; 7;(0), max; 7;(1)] C [-R, R], then

Am = Bl,m(R) - B2,m(R) + C’m(R)’
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where
Bim(R) = / /u (Yi(mpy) — Yi(Tipm (7, ))) it
and
ColR) = [ | (Wi(Tie(70,) = Wa(Tl sy (7, )) = Wa ) + Wa(m) vl
Let € > 0, then since T; admits finite limits as p — min; 7;(0) and p — max; m;(1),
there exists Ro(g) > 0 such that
R> Ryo(e) = ||Ti = TioTi_ggilleo < €.
Thus, for R > Ry(e) fixed,
|Bim(R)| < Tm(T)e.
Thanks to Lemma 4.16,
lim C,,(R) =0,
m—o0
then, for all € > 0,

limsup |A,,| < 2T'm(T)e.

m—00

As a consequence, since the above estimate holds for all ¢ > 0, A,, tends to 0,
concluding the proof of Proposition 4.17. O

5. End of the proof of Theorem 1. We have proven in the section 4 that,
up to a subsequence, the sequence of approximate solutions (sp,,, Pp,,),, converge
towards (s, P) as m — oo. Moreover, it as been stated in Lemmata 4.14 and 4.15
that (7p,,),, converges in some sense on I' x (0,7) towards a measurable function 7.
In order to conclude the proof of Theorem 1, it remains to check that (s, P) satisfy
the weak formulations (1.25) and (1.26), and that the transmission conditions (1.20)
and (1.21) are fulfilled. Let us begin by this latter point.

It follows from the construction of the function 7 carried out in Lemmata 4.14
and 4.15 that, for almost every (x,t) € I x (0,T),

m(x,t) € m1(s1(x,t)) N72(s2(x,t)). (5.1)
Let v € L3(T" x (0,T)), then thanks to (2.8), one has, for all 1 € L2(T" x (0,7)),

/OT/F (PDm\r,l B PD"Wm) pdxdt = /OT /F (Wi(mp,,) — Wa(rp,,)) dxdt.

Letting m tend to oo provides, thanks to Propositions 4.12 and 4.17, that

/O' A(Pl —PQ) ¢dth:/0 A(Wl(ﬂ) —WQ(’]T))’l/Jdth.
Hence,
Pl—Wl(’]T):.PQ—WQ(’IT) a.e. OI’IFX(O,T). (52)

In order to recover the weak formulations (1.25) and (1.26), we can apply to our
case the analysis carried out in the proof of Theorem 5.1 in [28].
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6. Numerical results. In this Section we consider a model porous medium
Q = (0,1)? composed of two layers €2; and €y, which are separated by an ”S-shaped”
interface T' (see Fig. 6.1), and which have different capillary pressure laws. The oil
and water densities are given by p, = 0.81, p,, = 1 respectively, and g = —9.81e,.
We suppose that the porosity is such that ¢; = 1,7 € {1,2}, and we define the oil and
water mobilities by

No.i(s) =0.55> and 1n,,; = (1-3s)2% ie€{l,2}.
Moreover we suppose that the capillary pressure curves have the form
m(s)=s and ma(s) =0.5+s.

In the first test case we suppose that the layer €2; contains some quantity of oil and
it is situated below 9, which is saturated with water, that is to say Q; = {(x,y) €
Q|y <T(x)}and Qs ={(x,y) € Q| y >TI(x)}. The initial saturation is given by

s (X) o 0.3 ifzey,
7Y 0 otherwise.

The flow is driven by buoyancy, making the oil move along e, until it reaches the
interface I'. As one can see on the figures 6.3 and 6.4, for ¢ < 0.11, o0il can not access
the domain g, since the capillary pressure 7 (s1) is lower than the threshold value
m2(0) = 0.5, which is called the entry pressure (see Fig. 6.2). Hence the saturation
below the interface s, increases, as well as the capillary pressure 71(s1). As soon as
the capillary pressure 7 (s1) reaches the entry pressure 72(0), oil starts to penetrate
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Fic. 6.4. Capillary pressure for t = 0.06, t = 0.11 and t = 0.6

in the domain €. Nevertheless, as pointed out in [6, 9], a finite quantity of oil remains
trapped under the rock discontinuity. This phenomenon is called oil trapping. It is
worth noting that the solution at ¢ = 0 satisfies (1.20), thus in the absence of gravity
the initial distribution of oil-phase would be a steady state solution s(x,t) = so(x).

In the second test case we assume that the oil is initially situated in the rock with
a higher entry pressure pressure i.e.

(X) - 0.3 ifz €y,
S0X)=13 o otherwise.

where this time Q; = {(x,y) € Q |y > I'(x)} and Qs = {(x,y) € Q |y < I'(x)}.
This time the flow is driven not only by a buoyancy, but also by a difference in the
capillary pressure potential (the solution at ¢ = 0 does not fulfill (1.20)). As a result
the oil-phase can immediately penetrate the domain ;. The figure 6.5 shows that
the oil propagates in the domain €2y with a finite speed.
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