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HIGH-FREQUENCY AVERAGING IN THE SEMI-CLASSICAL

SINGULAR HARTREE EQUATION

LOUNES MOUZAOUI

Abstract. We study the asymptotic behavior of the Schrödinger equation
in the presence of a nonlinearity of Hartree type in the semi-classical regime.
Our scaling corresponds to a weakly nonlinear regime where the nonlinearity
affects the leading order amplitude of the solution without altering the rapid
oscillations. We show the validity of the WKB-analysis when the potential
in the nonlinearity is singular around the origin. No new resonant wave is
created in our model, this phenomenon is inhibited due to the nonlinearity.
The nonlocal nature of this latter leads us to build our result on a high-
frequency averaging effects. In the proof we make use of the Wiener algebra
and the space of square-integrable functions.

1. Introduction

In this paper we are interested in studying of the Schrödinger equation in the
presence of a Hartree type nonlinearity

(1.1) iε∂tu
ε +

ε2

2
∆uε = ελ(K ∗ |uε|2)uε,

with ε > 0, uε ∈ S ′(I ×R
d,C), d ∈ {1, 2, 3}, I interval of R, λ ∈ R, and K(x) = 1

|x|γ

with 0 < γ < d. This model is of physical application. It appears in many
physical phenomena like in describing superfluids (see [4]). The presence of ε in
this equation is to show the microscopic/macroscopic scale ratio. For small ε > 0,
the scaling of (1.1) corresponds to the semi-classical regime, i.e. the regime of
high-frequency solutions uε(t, x). This system contains the Schrödinger-Poisson
system (d = 3, γ = 1), a model which is used in studying the quantum transport
in semi-conductor devices (see [2, 22, 25]). Many authors have interested to study
the asymptotic behavior of (1.1) in this case like in [19, 21, 26] where it is made
use of Wigner measure techniques. Several papers like [1, 10] are devoted to study
the strong asymptotic limit of the solutions of (1.1) with Hartree nonlinearity in
the case of a single-phase WKB initial data in the form

uε
0(x) = αε(x)eiϕ(x)/ε,

with ϕ(x) ∈ C ε-independent and αε(x) ∈ R.
Due to the small parameter ε in front of the nonlinearity, we consider a weakly

nonlinear regime. This means that the nonlinearity does not affect the geometry
of the propagation (see Section 3), and technically means that it does not show
up in the eikonal equation, but only in the transport equations determining the
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2 LOUNES MOUZAOUI

amplitudes. The object of this paper is to construct an approximate solution uε
app

for the exact solution uε of (1.1) subject to an initial data of WKB type, given by
a superposition of ε-oscillatory plane waves, i.e.

(1.2) uε
app

∣∣
t=0

(x) = uε
0(x) =

∑

j∈N

αj(x)e
iκj ·x/ε.

We begin the paper by showing the existence of an exact solution to (1.1) in
L2(Rd) ∩W (Rd) where W (Rd) denotes the Wiener algebra

W (Rd) = F(L1(Rd)) = {f ∈ S ′(Rd,C), ‖f‖W := ‖f̂‖L1(Rd) < +∞},

and where

(Ff)(ξ) = f̂(ξ) =
1

(2π)d/2

∫

Rd

f(x)e−ix·ξ dx.

In the next step, we construct an approximate solution in the form

uε
app(t, x) =

∑

j∈N

aj(t, x)e
iφj(t,x)/ε,

in L2(Rd) ∩W (Rd) by determining the amplitudes aj and the phases φj , then we
proceed to study its stability to justify our construction.

Fourier transform of the potential K is found to be

“K(ξ) =
Cd,γ

|ξ|d−γ
,

(see [3, Proposition 1.29]) so under the general assumptions of [15] where the con-

sidered kernel K is such that (1 + |ξ|)“K(ξ) ∈ L∞(Rd) we can not deduce the well
posedness of (1.1). It is a critical case for our model because we do not know how

to construct an exact local solution in W (Rd) due to the singularity of “K around

the origin (“K /∈ L∞).
To define the framework of the amplitudes (aj)j∈N we introduce the following

definitions.

Definition 1.1. For d ∈ {1, 2, 3} and 0 < γ < d we define n ∈ N as follows

n =





2 if d = 1 or 2
2 if d = 3 and γ ∈ [1, 3[
3 if d = 3 and γ ∈]0, 1[.

We define the space

Y (Rd) := {f ∈ L2 ∩W,∂ηf ∈ L2 ∩W, ∀η ∈ N
d, |η| 6 n},

equipped with the norm

‖f‖Y (Rd) =
∑

06|η|6n

‖∂ηf‖L2∩W .

We set
E(Rd) = {a = (aj)j∈N | (aj)j∈N ∈ ℓ1(N, Y )},

which is a Banach space when it is equipped with the norm

‖a‖E(Rd) =
∑

j∈N

‖aj‖Y .

Now, we can state the main theorem of this work.
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Theorem 1.1. For d ∈ {1, 2, 3} and 0 < γ < d, consider the Cauchy problem (1.1),
subject to initial data uε

0 of the form (1.2), with initial amplitudes (αj)j∈N ∈ E(Rd).
We assume that there exists δ > 0 such that

inf{|κk − κm|, k,m ∈ N, k 6= m} > δ > 0.

Then, for all T > 0 there exists C, ε0(T ) > 0, such that for any ε ∈]0, ε0], the
exact solution to (1.1) satisfies uε ∈ L∞([0, T ];L2 ∩W ) and can be approximated
by

‖uε − uε
app‖L∞([0,T ];L2∩W ) 6 Cεβ ,

where β = min{1, d− γ} and where uε
app is defined by

uε
app(t, x) =

∑

j∈N

αj(x− tκj)e
iSj(t,x)eiκj ·x/ε−i|κj |

2/2ε,

with Sj ∈ R defined in (3.9).

In particular, for d = 3 and γ = 1 we obtain an approximation result for
Schrödinger-Poisson equation with β = 1. This confirms in a general way what
was guessed in [8] for the Schrödinger-Poisson system. An important feature of our
justification consists in the absence of phenomena of phase resonances like we can
see later.

2. Existence and uniqueness

We consider the following Cauchy problem

(2.1) i∂tu+
1

2
∆u = λ(K ∗ |u|2)u,

subject to an initial data u0 ∈ L2(Rd) ∩W (Rd), with K(x) = 1
|x|γ , 0 < γ < d. For

0 < γ < d, the Fourier transform of K for ξ ∈ Rd is

“K(ξ) =
Cd,γ

|ξ|d−γ
.

In the following we denote K1 = “K(ξ)1[|ξ|61] and K2 = “K(ξ)1[|ξ|>1], so,
“K = K1 +K2 with K1 ∈ Lp(Rd) for all p ∈ [1, d

d−γ [ and K2 ∈ Lq(Rd) for all

q ∈] d
d−γ ,+∞]. Let g(u) = (K ∗ |u|2)u. For ε > 0 we set

Uε(t) = eiε
t
2
∆,

with U(t) := U1(t). We recall some important properties of W (Rd).

Lemma 2.1. Wiener algebra space W (Rd) enjoys the following properties (see
[9, 13]):

i. W (Rd) is a Banach space, continuously embedded into L∞(Rd).
ii. W (Rd) is an algebra, in the sense that the mapping (f, g) 7→ fg is continuous

from W (Rd)2 to W (Rd), and moreover

∀f, g ∈ W (Rd), ‖fg‖W 6 ‖f‖W‖g‖W .

iii. For all t ∈ R, Uε(t) is unitary on W (Rd).
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iv. For all s > d
2 there exists a positive constant C(s, d) such that for all

f ∈ Hs(Rd)
‖f‖W 6 C(s, d)‖f‖Hs .

The following theorem ensures the existence and uniqueness of the solution to
(2.1):

Theorem 2.1. We consider the above initial value problem (2.1) with
u0 ∈ L2(Rd) ∩W (Rd). Then there exists T > 0 depending on ‖u0‖L2∩W and a
unique solution u ∈ C([0, T ];L2(Rd) ∩W (Rd)) to (2.1).

Proof. The following lemma will be useful to prove the above theorem :

Lemma 2.2. Let h ∈ L1 ∩W, f1, f2 ∈ L2 ∩W and K like defined as above. Then

(2.2) ‖K ∗ h‖W 6 ‖K1‖L1‖h‖L1 + ‖K2‖L∞‖h‖W ,

in particular we have

‖g(f1)− g(f2)‖L2∩W 6 C(‖f1‖
2
L2∩W + ‖f2‖

2
L2∩W )‖f1 − f2‖L2∩W ,

for some positive constant C.

Proof. By definition of the W norm :

‖K ∗ h‖W = C‖(K1 +K2)ĥ‖L1

6 C‖K1‖L1‖ĥ‖L∞ + C‖K2‖L∞‖ĥ‖L1

6 C‖K1‖L1‖h‖L1 + C‖K2‖L∞‖h‖W .

Moreover, for f1, f2 ∈ L2 ∩W

‖g(f1)−g(f2)‖L2∩W =

= ‖(K ∗ (|f1|
2 − |f2|

2))f1 + (K ∗ |f2|
2)(f1 − f2)‖L2∩W

6 ‖(K ∗ (|f1|
2 − |f2|

2))f1‖L2∩W + ‖(K ∗ |f2|
2)(f1 − f2)‖L2∩W .

We control the last two norms. We have

‖(K ∗ |f2|
2)(f1 − f2)‖L2∩W =

= ‖(K ∗ |f2|
2)(f1 − f2)‖L2 + ‖(K ∗ |f2|

2)(f1 − f2)‖W

6 ‖K ∗ |f2|
2‖L∞‖f1 − f2‖L2‖K ∗ |f2|

2‖W ‖f1 − f2‖W

6 C‖K ∗ |f2|
2‖W ‖f1 − f2‖L2∩W

6 C‖K1‖L1‖f2‖
2
L2‖f1 − f2‖L2∩W + C‖K2‖L∞‖f2‖

2
W ‖f1 − f2‖L2∩W ,

where we have used (2.2) and the embedding of W (Rd) into L∞(Rd). Remark that

|f1|
2 − |f2|

2 =
1

2
(f1 − f2)(f1 + f2) +

1

2
(f1 − f2)(f1 + f2).

From (2.2) and Lemma 2.1 iii, we have
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‖(K∗(|f1|
2−|f2|

2))f1‖L2∩W 6

6 ‖K ∗ (|f1|
2 − |f2|

2)‖L∞‖f1‖L2∩W + ‖K ∗ (|f1|
2 − |f2|

2)‖W ‖f1‖L2∩W

6 C‖K ∗ (|f1|
2 − |f2|

2)‖W ‖f1‖L2∩W

6 C‖K ∗ ((f1 − f2)(f1 + f2))‖W ‖f1‖L2∩W

+ C‖K ∗ ((f1 − f2)(f1 + f2))‖W ‖f1‖L2∩W

6 ‖K1‖L1‖(f1 − f2)(f1 + f2)‖L1‖f1‖L2∩W

+ C‖K2‖L∞‖(f1 − f2)(f1 + f2)‖W ‖f1‖L2∩W

+ C‖K1‖L1‖(f1 − f2)(f1 + f2)‖L1‖f1‖L2∩W

+ C‖K2‖L∞‖(f1 − f2)(f1 + f2)‖W ‖f1‖L2∩W

6 C‖f1‖
2
L2∩W ‖f1 − f2‖L2∩W + C‖f1‖L2∩W ‖f2‖L2∩W ‖f1 − f2‖L2∩W

+ C‖f2‖
2
L2∩W ‖f1 − f2‖L2∩W

6 C(‖f1‖
2
L2∩W + ‖f2‖

2
L2∩W )‖f1 − f2‖L2∩W ,

where we have used the Cauchy-Schwartz inequality. The desired control follows
easily. �

Let T > 0 to be specified later. We set

X = {u ∈ C([0, T ];L2 ∩W ), ‖u‖L∞([0,T ];L2∩W ) 6 2‖u0‖L2∩W }.

Duhamel’s formulation of (2.1) reads

u(t) = U(t)u0 − iλ

∫ t

0

U(t− τ)(K ∗ |u|2)u(τ) dτ.

We denote by Φ(u)(t) the right hand side in the above formula and
G(u) = Φ(u)(t)− U(t)u0. For q ≥ 1 and a space S we define
‖u‖Lq

T
S := ‖u‖Lq([0,T ];S) for u ∈ Lq([0, T ];S). Let u ∈ X . We have

‖Φ(u)‖L∞

T
L2∩L∞ 6 ‖Φ(u)(t)‖L∞

T
L2 + ‖Φ(u)(t)‖L∞

T
W ,

and
‖Φ(u)‖L∞

T
L2 6 ‖u0‖L2 + ‖G(u)‖L∞

T
L2

6 ‖u0‖L2 + C‖g‖L1

T
L2

6 ‖u0‖L2 + C‖K ∗ |u|2‖L∞

T
L∞‖u‖L∞

T
L2T.

We apply Lemma 2.2 after replacing h by |u|2. We obtain by the embedding of W
into L∞

‖K ∗ |u|2‖L∞ 6 C‖K ∗ |u|2‖W

6 C‖K1‖L1‖|u|2‖W + C‖K2‖L∞‖|u|2‖L1

6 C‖u‖2L2∩W .

So we have
‖Φ(u)‖L∞

T
L2 6 ‖u0‖L2 + C‖u‖2L∞

T
L2∩W ‖u‖L∞

T
L2T

6 ‖u0‖L2 + C‖u‖3L∞

T
L2∩WT.



6 LOUNES MOUZAOUI

Moreover, always by applying Lemma 2.2 with h = |u|2 we obtain

‖Φ(u)(t)‖W 6 ‖u0‖W +

∫ t

0

‖K ∗ |u|2(τ)‖W ‖u(τ)‖W dτ

6 ‖u0‖W + C

∫ t

0

‖u(τ)‖3L2∩W dτ,

and thus
‖Φ(u)‖L∞

T
W 6 ‖u0‖W + C‖u‖3L∞

T
L2∩WT.

Finally we have

‖Φ(u)‖L∞

T
L2∩W 6 ‖u0‖L2∩W + C‖u0‖

3
L2∩WT.

By reducing sufficiently T (depending on ‖u0‖L2∩W ) we get for all u ∈ X ,
‖Φ(u)(t)‖L∞

T
L2 6 2‖u0‖L2∩W . Moreover, for u, v ∈ X we have

‖Φ(u)− Φ(v)‖L∞

T
L2∩W 6 ‖G(u)−G(v)‖L∞

T
L2 + ‖G(u)−G(v)‖L∞

T
W .

For some positive constant C we have

‖G(u)−G(v)‖L∞

T
L2 6 C‖g(u)− g(v)‖L1

T
L2

6 C‖g(u)− g(v)‖L∞

T
L2T

6 C‖g(u)− g(v)‖L∞

T
L2∩WT.

Moreover

‖G(u)−G(v)‖W 6

∫ t

0

‖g(u)(τ)− g(v)(τ)‖W dτ,

and
‖G(u)−G(v)‖L∞

T
W 6 ‖g(u)− g(v)‖L∞

T
WT

6 ‖g(u)− g(v)‖L∞

T
L2∩WT.

By replacing f1, f2 by u, v respectively in Lemma 2.2 we obtain

‖Φ(u)− Φ(v)‖L∞

T
L2∩W 6 C‖g(u)− g(v)‖L∞

T
L2∩WT

6 C‖u0‖
2
L2∩W ‖u− v‖L∞

T
L2∩WT.

Choosing T possibly smaller (still depending on ‖u0‖L2∩W ) we deduce that Φ is a
contraction from X to X . Thus Φ has a unique fixed point u ∈ X and Theorem
2.1 follows. �

3. Derivation of the approximate solution

We consider the rescaled version of (2.1) :

(3.1) iε∂tu
ε +

ε2

2
∆uε = ελ(K ∗ |uε|2)uε.

We seek an approximation of solutions to (3.1) in the form

uε
app(t, x) =

∑

j∈N

aj(t, x)e
iφj(t,x)/ε.

We begin by proceeding formally. We plug the ansatz above into (3.1). This yields

(3.2) iε∂tu
ε
app +

ε2

2
∆uε

app − ε(K ∗ |uε
app|

2)uε
app =

2∑

k=0

εkZε
k + ε(W ε + rε),
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with

Zε
0 = −

∑

j∈N

(∂tφj +
1

2
|∇φj |

2)aje
iφj/ε,

Zε
1 = i

∑

j∈N

(∂taj +∇φj∇aj +
1

2
aj∆φj)e

iφj/ε,

and

(3.3) Zε
2 =

1

2

∑

j∈N

∆aje
iφj/ε.

Other terms appear due to the presence of the nonlinearity which are

(3.4) W ε = −
∑

j∈N

(K ∗
∑

ℓ∈N

|aℓ|
2)aje

iφj/ε,

and

(3.5) rε = −
∑

j∈N

(K ∗
∑

k, ℓ ∈ N

k 6= ℓ

(akaℓe
i(φk−φℓ)/ε))aje

iφj/ε.

We aim to eliminate all equal powers of ε. Hence, by setting Zε
0 = 0 we obtain the

eikonal equation, whose solution is explicitly given by

(3.6) φj(t, x) = κj · x−
t

2
|κj |

2.

Next, we set Zε
1 +W ε = 0 without including rε. This latter will constitute the

first term error, the second will be Zε
2 . We obtain for all j ∈ N

(3.7) ∂taj + κj · ∇aj = −i(K ∗
∑

ℓ∈N

|aℓ|
2)aj , aj(0) = αj ,

where we have used the fact that ∆φj = 0.

Lemma 3.1. The transport equation (3.7) with initial amplitudes
(αj)j∈N ∈ E(Rd) admits a unique global-in-time solutions
a = (aj)j∈N ∈ C([0,∞[;E(Rd)), which can be written in the form

(3.8) aj(t, x) = αj(x − tκj)e
iSj(t,x),

where

(3.9) Sj(t, x) = −

∫ t

0

(K ∗
∑

ℓ∈N

|αℓ(x+ (τ − t)κj − τκℓ)|
2) dτ.

Proof. We multiply (3.7) with aj . We obtain

(3.10) aj∂taj + κj · (aj∇aj) = −i(K ∗
∑

ℓ∈N

|aℓ|
2)|aj |

2 ∈ iR.

But

2Re(aj∂taj + κj · (aj∇aj)) = (∂t + κj · ∇)|aj |
2.

So, we deduce from (3.10) that (∂t + κj · ∇)|aj |2 = 0, which yields

|aj(t, x)|
2 = |αj(x− tκj)|

2.
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and (3.8) follows for some real function Sj . To determine Sj we inject (3.8) into
(3.7). We get

i(∂t + κj · ∇)Sj(t, x)αj(x− tκj) = −i(K ∗
∑

ℓ∈N

|αj(x− tκℓ)|
2)αj(x− tκj).

It suffices to impose

∂t(Sj(t, x+ tκj)) = −K ∗
∑

ℓ∈N

|αj(x− t(κℓ − κj))|
2,

which yields

Sj(t, x+ tκj) = −

∫ t

0

K ∗
∑

ℓ∈N

|αj(x− τ(κℓ − κj))|
2 dτ,

and finally we have

Sj(t, x) = −

∫ t

0

K ∗
∑

ℓ∈N

|αj(x+ (τ − t)κj)− τκℓ|
2 dτ.

Global in time existence of aj’s is not trivial from their explicit formula like we
can see in the following. We rewrite (3.7) in its integral form

(3.11) aj(t, x) = αj(x − tκj) +

∫ t

0

N (a)j (τ, x+ (τ − t)κj)dτ,

where the nonlinearity N is given by

N (a)j = −i

Å
K ∗

∑

ℓ∈N

|aℓ|
2

ã
aj .

For a ∈ E(Rd) we have by definition

‖N (a)‖E =
∑

j∈N

‖N (a)j‖Y =
∑

j∈N

∑

|η|6n

‖∂ηN (a)j‖L2∩W .

Let |η| 6 n. Leibnitz formula yields

‖∂ηN (a)j‖L2∩W =‖∂η

Å
(K ∗

∑

ℓ∈N

|aℓ|
2)aj

ã
‖L2∩W

6
∑

θ6η

Cθ
η‖(K ∗

∑

ℓ∈N

∂θ|aℓ|
2) ∂η−θaj‖L2∩W

6C
∑

|θ|6n

‖(K ∗
∑

ℓ∈N

∂θ|aℓ|
2)‖W ‖aj‖Y

6C‖aj‖Y

Å∑
ℓ∈N

‖K1‖L1

∑

|θ|6n

‖∂θ|aℓ|
2‖L1

+ ‖K2‖L∞

∑

|θ|6n

‖∂θ|aℓ|
2‖W

ã

6C‖aj‖Y
∑

ℓ∈N

(‖K1‖L1 + ‖K2‖L∞)‖aℓ‖
2
Y

6C‖aj‖Y ‖a‖
2
E.
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Finally we have
‖N (a)‖E 6 C‖a‖3E.

This shows that N (a) defines a continuous mapping from E3 to E and by the
standard Cauchy-Lipschitz theorem for the ordinary differential equations, a
local-in-time existence results immediately follows. Now, we have to show that
the solution a(t) = (aj(t))j∈N is global in time. Let [0, Tmax[ be the maximal time
interval where (aj)j∈N is defined. From (3.11) we have for |η| 6 n and t ∈ [0, Tmax[

∂ηaj(t) = ∂ηαj(· − tκj) +

∫ t

0

∂ηN (a)j(τ, ·+ (τ − t)κj) dτ

= ∂ηαj(· − tκj)

+

∫ t

0

∑

θ6η

Cθ
η(K ∗

∑

ℓ∈N

∂θ|αℓ(· − tκj)|
2) ∂η−θaj(τ, ·+ (τ − t)κj) dτ.

Taking L2 ∩W norm yields

‖∂ηaj(t)‖L2∩W 6

6 ‖∂ηαj‖L2∩W + C
∑

θ6η

∫ t

0

‖K ∗
∑

ℓ∈N

∂θ|αℓ(· − tκj)|
2‖W ‖∂η−θaj(τ)‖L2∩W dτ

6 ‖∂ηαj‖L2∩W + C
∑

θ6η

∫ t

0

‖K ∗
∑

ℓ∈N

∂θ|αℓ|
2‖W ‖∂η−θaj(τ)‖L2∩W dτ

6 ‖∂ηαj‖L2∩W + C(‖K1‖L1 + ‖K2‖L∞)
∑

ℓ∈N

‖αℓ‖
2
Y

∫ t

0

‖aj(τ)‖Y dτ

6 ‖∂ηαj‖L2∩W + C

∫ t

0

‖aj(τ)‖Y dτ,

and so

‖aj(t)‖Y =
∑

|η|6n

‖∂ηaj(t)‖L2∩W 6 ‖αj‖Y + C

∫ t

0

‖aj(τ)‖Y dτ.

By Gronwall lemma
‖aj(t)‖Y 6 ‖αj‖Y e

Ct.

for some positive constant C independent of j and t. After summing with respect
to j we obtain

‖a(t)‖E 6 ‖α‖Ee
Ct.

The growth of ‖a(t)‖E is at most exponential, and thus can not explode at finite
time. We deduce that Tmax = ∞ and a = (aj)j∈N ∈ C([0,∞[;E(Rd)).

�
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4. Estimations on the remainder

We will estimate in L2 ∩W the term rε and Zε
2 . To this end, we assume

(αj)j∈N ∈ ℓ1(N, Y (Rd)).

Proposition 4.1. Let rε be defined by (3.5) with the plane-wave phases φj given
by (3.6). We have the following bound:

(4.1) ‖rε‖L2∩W 6 Cδγ−d‖a‖3Eε
d−γ ,

(4.2) ‖Zε
2‖L2∩W 6 ‖a‖E,

where δ is like defined in Theorem 1.1.

Proof. Inequality (4.2) is obvious. We recall the definition of rε:

rε = −
∑

j∈N

(K ∗
∑

k, ℓ ∈ N

k 6= ℓ

akaℓe
i(φk−φℓ)/ε)aje

iφj/ε.

We estimate W norm of rε, we obtain

‖rε‖W = ‖
∑

j∈N

(K ∗
∑

k, ℓ ∈ N

k 6= ℓ

akaℓe
i(φk−φℓ)/ε)aje

iφj/ε‖W

6
∑

j∈N

‖K ∗
∑

k, ℓ ∈ N

k 6= ℓ

akaℓe
i(φk−φℓ)/ε‖W ‖aj‖W

6
∑

k, ℓ ∈ N

k 6= ℓ

‖K ∗ akaℓe
i(φk−φℓ)/ε‖W

∑

j∈N

‖aj‖W .

Let us look more closely to the W norm of the convolution above. For b
sufficiently regular and ω ∈ Rd, we denote Iε(x) = K ∗ (beiω·x/ε). Remark that

“Iε = (2π)d/2“K ◊�beiω·x/ε

= (2π)d/2“K b̂(· −
ω

ε
).

So, if we take the W norm of Iε we obtain

‖Iε‖W = ‖“Iε‖L1

= C‖“K
〈
ξ −

ω

ε

〉m 〈
ξ −

ω

ε

〉−m

b̂(· −
ω

ε
)‖L1

6 C‖K1

〈
ξ −

ω

ε

〉m 〈
ξ −

ω

ε

〉−m

b̂(· −
ω

ε
)‖L1

+ C‖K2

〈
ξ −

ω

ε

〉m 〈
ξ −

ω

ε

〉−m

b̂(· −
ω

ε
)‖L1

6 C‖K1‖L1‖
〈
ξ −

ω

ε

〉m

b̂(· −
ω

ε
)‖L∞ sup

|ξ|61

〈
ξ −

ω

ε

〉−m

+ C‖
〈
ξ −

ω

ε

〉m

b̂(· −
ω

ε
)‖L1 sup

|ξ|>1

Å
|ξ|γ−d

〈
ξ −

ω

ε

〉−m
ã
.



THE SEMI-CLASSICAL SINGULAR HARTREE EQUATION 11

By Peetre inequality we have for all m 6 d− γ and |ξ| > 1

|ξ|d−γ
〈
ξ −

ω

ε

〉m

> |ξ|d−γ

〈
ω
ε

〉m

〈ξ〉m
> C

〈ω
ε

〉m

> Cε−m,

and thus

sup
|ξ|>1

(|ξ|γ−d
〈
ξ −

ω

ε

〉−m

) 6 Cεm 6 Cεd−γ ,

Moreover 〈
ξ −

ω

ε

〉m

>

〈
ω
ε

〉m

〈ξ〉m
>

〈ω
ε

〉m

> Cε−m,

and

sup
|ξ|61

〈
ξ −

ω

ε

〉−m

6 Cεd−γ .

So, for m = d− γ

‖Iε‖W 6 C

Å
‖K1‖L1‖ 〈ξ〉d−γ

b̂‖L∞ + C‖K2‖L∞‖ 〈ξ〉 b̂‖L1

ã
|ω|d−γεd−γ .

Hence, for all k, ℓ ∈ N, k 6= ℓ

‖K ∗ akaℓe
φk−φℓ

ε ‖W 6 C‖K1‖L1‖ 〈ξ〉d−γ ‘akaℓ‖L∞ |κk − κℓ|
d−γεd−γ

+ C‖K2‖L∞‖ 〈ξ〉d−γ ‘akaℓ‖L1 |κk − κℓ|
d−γεd−γ

6 Cδγ−d‖K1‖L1‖ 〈ξ〉d−γ ‘akaℓ‖L∞εd−γ

+ Cδγ−d‖K2‖L∞‖ 〈ξ〉d−γ ‘akaℓ‖L1εd−γ.

Remark that

‖ 〈ξ〉d−γ ‘akaℓ‖L∞ 6 ‖ 〈ξ〉n ‘akaℓ‖L∞

6 C
∑

|η|6n

‖ÿ�∂η(akaℓ)‖L∞

6 C
∑

|η|6n

‖∂η(akaℓ)‖L1

6 C
∑

|η|6n

‖∂ηak‖L2

∑

|η|6n

‖∂ηaℓ‖L2

6 C‖ak‖Y ‖aℓ‖Y .

Moreover
‖ 〈ξ〉d−γ ‘akaℓ‖L1 6 ‖ 〈ξ〉n ‘akaℓ‖L1

6 C
∑

|η|6n

‖ÿ�∂η(akaℓ)‖L1

6 C
∑

|η|6n

‖∂η(akaℓ)‖W

6 C
∑

|η|6n

‖∂ηak‖W
∑

|η|6n

‖∂ηaℓ‖W

6 C‖ak‖Y ‖aℓ‖Y .

Thus we obtain
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‖K ∗ akaℓe
φk−φℓ

ε ‖W 6 Cδγ−d(‖K1‖L1 + C‖K2‖L∞)‖ak‖Y ‖aℓ‖Y ε
d−γ.

In view of the above inequality, we deduce

‖rε‖W 6
∑

k, ℓ ∈ N

k 6= ℓ

Cδγ−d(‖K1‖L1 + C‖K2‖L∞)‖ak‖Y ‖aℓ‖Y ε
d−γ

∑

j∈N

‖aj‖Y

6 Cδγ−d(‖K1‖L1 + C‖K2‖L∞)
∑

k∈N

‖ak‖Y
∑

ℓ∈N

‖aℓ‖Y
∑

j∈N

‖aj‖Y ε
d−γ

6 Cδγ−d(‖K1‖L1 + C‖K2‖L∞)‖a‖3Eε
d−γ .

To control L2 norm of rε it suffices to remark that

‖rε‖L2 = ‖
∑

j∈N

(K ∗
∑

k, ℓ ∈ N

k 6= ℓ

akaℓe
i(φk−φℓ)/ε)aje

i
φj

ε ‖L2

6
∑

j∈N

‖K ∗
∑

k, ℓ ∈ N

k 6= ℓ

akaℓe
i(φk−φℓ)/ε‖L∞‖aj‖L2

6 C
∑

k, ℓ ∈ N

k 6= ℓ

‖K ∗ akaℓe
i(φk−φℓ)/ε‖W

∑

j∈N

‖aj‖Y .

and in the same way as previously we get

‖rε‖L2 6 Cδγ−d(‖K1‖L1 + ‖K2‖L∞)‖a‖3Eε
d−γ .

Finally

‖rε‖L2∩W 6 Cδγ−d(‖K1‖L1 + ‖K2‖L∞)‖a‖3Eε
d−γ .

�

5. Justification of the approach

In this section we show that the solution uε
app is a good approximation of the exact

solution in the sense of Theorem 1.1. We assume that assumptions of Theorem
1.1 are verified. At this stage we have constructed an approximate solution

uε
app =

∑

j∈N

aj(t, x)e
iφ(t,x)/ε,

in C([0,∞[;E(Rd)) where the corresponding φj ’s are like constructed in (3.6) and
the profiles are given by Lemma 3.1. Let T ε > 0 the time of local existence of the
exact solution uε to (3.1) given by the fixed point argument. We consider a fixed
T > 0 and we introduce the error between the exact solution uε and the
approximate solution uε

app :

wε = uε − uε
app.

We have in particular

uε
app ∈ C([0, T ], L2 ∩W ),

so there exists R > 0 independent of ε such that

‖uε
app(t)‖L2∩W 6 R, ∀t ∈ [0, T ].
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Since uε ∈ C([0, T ε], L2 ∩W ) and wε(0) = 0, there exists tε such that

(5.1) ‖wε(t)‖L2∩W 6 R,

for t ∈ [0, tε]. So long as (5.1) holds, we infer

‖wε(t)‖L2∩W 6 |λ|

∫ t

0

‖
(
g(uε + wε)− g(uε

app)
)
(τ)‖L2∩W dτ

+ |λ|ε

∫ t

0

‖Zε
2(τ)‖L2∩W dτ + |λ|

∫ t

0

‖R(τ)‖L2∩W dτ

6 C

∫ t

0

‖wε(τ)‖L2∩W dτ + Cε

∫ t

0

dτ + Cεd−γ

∫ t

0

dτ

6 C

∫ t

0

‖wε(τ)‖L2∩W dτ + Cεβ
∫ t

0

dτ,

where we have used Lemma 2.2 and Proposition 4.1, with β = min{1, d− γ}.
Gronwall lemma implies that so long as (5.1) holds,

‖wε(t)‖L2∩W 6 C(eCt − 1)εβ ,

for all t ∈ [0, tε]. Choosing ε ∈]0, ε0] with ε0 sufficiently small, we see that (5.1)
remains true for t ∈ [0, T ] and Theorem 1.1 follows.
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