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HIGH-FREQUENCY AVERAGING IN THE SEMI-CLASSICAL
SINGULAR HARTREE EQUATION

LOUNES MOUZAOUI

ABSTRACT. We study the asymptotic behavior of the Schrédinger equation
in the presence of a nonlinearity of Hartree type in the semi-classical regime.
Our scaling corresponds to a weakly nonlinear regime where the nonlinearity
affects the leading order amplitude of the solution without altering the rapid
oscillations. We show the validity of the WKB-analysis when the potential
in the nonlinearity is singular around the origin. No new resonant wave is
created in our model, this phenomenon is inhibited due to the nonlinearity.
The nonlocal nature of this latter leads us to build our result on a high-
frequency averaging effects. In the proof we make use of the Wiener algebra
and the space of square-integrable functions.

1. INTRODUCTION

In this paper we are interested in studying of the Schrédinger equation in the
presence of a Hartree type nonlinearity

2
(1.1) iedwu® + %Au‘E = eA(K * [uf|*)us,

with e > 0, u® € S'(I xR%,C),d € {1,2,3}, I interval of R, A € R,and K (z) = ﬁ
with 0 < v < d. This model is of physical application. It appears in many
physical phenomena like in describing superfluids (see [4]). The presence of ¢ in
this equation is to show the microscopic/macroscopic scale ratio. For small & > 0,
the scaling of (1.1) corresponds to the semi-classical regime, i.e. the regime of
high-frequency solutions u®(t,x). This system contains the Schréodinger-Poisson
system (d = 3,7 = 1), a model which is used in studying the quantum transport
in semi-conductor devices (see [2, 22, 25]). Many authors have interested to study
the asymptotic behavior of (1.1) in this case like in [19, 21, 26] where it is made
use of Wigner measure techniques. Several papers like [1, 10] are devoted to study
the strong asymptotic limit of the solutions of (1.1) with Hartree nonlinearity in
the case of a single-phase WKB initial data in the form

ug(x) = o (x)ew(z)/g,

with ¢(x) € C e-independent and of(z) € R.

Due to the small parameter ¢ in front of the nonlinearity, we consider a weakly
nonlinear regime. This means that the nonlinearity does not affect the geometry
of the propagation (see Section 3), and technically means that it does not show
up in the eikonal equation, but only in the transport equations determining the
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2 LOUNES MOUZAOUI

amplitudes. The object of this paper is to construct an approximate solution ug,,

for the exact solution u® of (1.1) subject to an initial data of WKB type, given by
a superposition of e-oscillatory plane waves, i.e.

(1.2) Uoppl,_g (@) = ug(x) =Y aj(x)e™ /e,
JEN

We begin the paper by showing the existence of an exact solution to (1.1) in

L2(R%) N W (R?) where W (R?) denotes the Wiener algebra
W(R?Y) = F(L'RY)) = {f € SR, C), || fllw = ||/l 12 (may < +00},
and where )
_ 7 — —ix-§
FIE) = 1) = Gy [, H)e <.
In the next step, we construct an approximate solution in the form
uzpp(t, x) = Zaj (t, z)ewi(t’z)/g,
JEN

in L2(R?) N W(R?) by determining the amplitudes a; and the phases ¢;, then we

proceed to study its stability to justify our construction.
Fourier transform of the potential K is found to be
—~ Cy
K(&) = =5
|gl4=

(see [3, Proposition 1.29]) so under the general assumptions of [15] where the con-

sidered kernel K is such that (1 + |§|)I/(\(§) € L*>®(R%) we can not deduce the well
posedness of (1.1). It is a critical case for our model because we do not know how

to construct an exact local solution in W(R?) due to the singularity of K around
the origin (K ¢ L).

To define the framework of the amplitudes (a;);en we introduce the following
definitions.
Definition 1.1. Ford € {1,2,3} and 0 < v < d we define n € N as follows

2 ifd=1 or?2
n=< 2 ifd=3andye]l,3]
3 if d=3 and v €]0,1].
We define the space
Y(RY) = {f € L’NW,9"f € L> W,y € N, || <},
equipped with the norm
I flly@sy =Y 10" flo2nw-
0<nl<n
We set
ER?) = {a = (a))jen | (aj)jen € £/(N,Y)},
which is a Banach space when it is equipped with the norm
lallpa =D llaglly-
JEN

Now, we can state the main theorem of this work.
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Theorem 1.1. Ford € {1,2,3} and 0 < v < d, consider the Cauchy problem (1.1),
subject to initial data u§ of the form (1.2), with initial amplitudes (a;)jen € E(R?).
We assume that there exists § > 0 such that

inf{|kr — km|, k,m e NJk #m} > 6 > 0.
Then, for all T > 0 there exists C,eq(T) > 0, such that for any ¢ €]0, 0], the
exact solution to (1.1) satisfies u® € L*([0,T]; L> "\ W) and can be approzimated
by

||’LLE - app||L°°( [0,T);L2NW) X CE

where 8 = min{1,d — v} and where ug,, is defined by

(E) _ Z CYj(.’L' _ tHj)eiSj(t,z)eikajm/sfimj|2/2€’
jEN

with S; € R defined in (3.9).

Ugpp (t

In particular, for d = 3 and v = 1 we obtain an approximation result for
Schrédinger-Poisson equation with § = 1. This confirms in a general way what
was guessed in [8] for the Schrédinger-Poisson system. An important feature of our
justification consists in the absence of phenomena of phase resonances like we can
see later.

2. EXISTENCE AND UNIQUENESS

We consider the following Cauchy problem

(2.1) iOpu + %Au = MK * |ul*)u,

subject to an initial data ug € L2(R?) N W (RY), with K (x) =
0 < v < d, the Fourier transform of K for £ € R? is

0 <~ <d. For

- |I|'V7

—~ Cdﬁ
KO = fga=
In the following we denote Ky = A(f)ﬂ“ﬂq] and Ko = A(&) Ljjg>1), so,
K = K1 + Ky with Ky € LP(R?) for all p € [1, [ and Ky € LI(R?) for all

q G]d_7,+oo]. Let g(u) = (K * |u]?)u. For e > 0 we set
Us(t) _ eis%A,
with U(t) := Ul (). We recall some important properties of W (R%).

Lemma 2.1. Wiener algebra space W (R?) enjoys the following properties (see
[9 13]):
W(R?) is a Banach space, continuously embedded into L>°(R).
1. W(Rd) is an algebra, in the sense that the mapping (f,g) — fg is continuous
from W(R%)2 to W(R?), and moreover

vf.g€ WRY, [Ifglw < Iflwlglw.
iii. For allt € R, U%(t) is unitary on W(R?).
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w. For all s > % there exists a positive constant C(s,d) such that for all
fe H*(RY)
1fllw < C(s, )| f]l -
The following theorem ensures the existence and uniqueness of the solution to

(2.1):

Theorem 2.1. We consider the above initial value problem (2.1) with
up € L2(RY) N W (R?). Then there exists T > 0 depending on |[uo| p2nw and a
unique solution u € C([0,T]; L*(RY) N W (RY)) to (2.1).

Proof. The following lemma will be useful to prove the above theorem :

Lemma 2.2. Let h€ L'NW, f1, fo € L>NW and K like defined as above. Then

(2.2) K s hllw < [|KyllzelAll2r + (1Kol o< 2],
i particular we have
lg(f1) = 9(f)llezaw < CUflZ2aw + IfllZoaw)fr = follLonw,
for some positive constant C.
Proof. By definition of the W norm :
1K = hllw = C[[ (K + Ks)hl| 1
< Ol [l o + C 1o e 1] 1
< ClK Pl + ClIK2 | e[| Allw -
Moreover, for fi, fo € L2NW
lg(f1)—9(f2)ll 2w =
= (K« (LA]* = [f*) fr+ (K x| o) (fr = fo)ll2aw

SN = (|1 = | £2P) fillpzew + 1K * [ f2]?) (fr = f2)ll z2nw-
We control the last two norms. We have

(K * | f2*) (f1 = f)l 2o =
= (K |f21) (f1 = f)llzz + I(K * [ f2*)(fr = f2)lw
<K = [ folPllpeellfs = foll 21K+ 2P llw L fr = follw
< CIK =1 fPllwllfr = follz2aw
<

ClK Izl f20Z2 L = Fallzaw + ClIKl < Il falli L/ = F2ll 2w
where we have used (2.2) and the embedding of W (R?) into L>°(R?). Remark that

AP =15 = 507 — )F 4 )+ 5 (7~ T + o)

From (2.2) and Lemma 2.1 iii, we have
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(| 1P =1 fo ) fill 2w <

SNE (117 = [folP)lpoe | fill czaw + IE + (1112 = [ Fl) wll fill 2aw
CIE * (|1 = [foP)lwll 1l 2w
CIIK + ((fr = f2) (fr + )W L il 2w
+ CIK « ((fi = ) (fr + f)llwll f1ll 2w
<Kl 10 = f2) (Fr + F)l el fall 2ew
+ ClIa |l = I(fr = fo) (Fr + F)llw  fill 2w
+ ClIK L 1 (Fr = F2) (1 + )l L fill 2aw
+ ClKal < |(Fr = Fo) (fr + f)llwll fill 2w
< ClANZ 2w fr = Fallzaw + Cllfillzaw || foll 2w L1 = Fall2aw
+ Ol fall7erw 1 1 = foll 2w

< CUAlZeaw + I flleaw)lfr = foll2nw,

where we have used the Cauchy-Schwartz inequality. The desired control follows
easily. O

<
<

Let T > 0 to be specified later. We set

X = {U (S C([O,T],LQ N W), ||u||L°°({O,T];L2ﬁW) < 2||U0||L2mw}.

Duhamel’s formulation of (2.1) reads

u(t) = U(t)ug — i)\/o Ut —7)(K * [u*)u(r) dr.

We denote by ®(u)(t) the right hand side in the above formula and
G(u) = ®(u)(t) — U(t)ug. For ¢ > 1 and a space S we define
lull e = llull La(o,m);s) for w € L([0,TT; S). Let u € X. We have

[®()llLgeronLe < @W)(#)lgr> + [[P(w) ()] Lgw,

and

||‘I’(u)||L;°L2 luoll L2 + ||CTV(U)||L39L2

<
< luollzz + Cllgllizyze
< luollzz + CIE * Jul|| g poo[lull L £2T
We apply Lemma 2.2 after replacing h by |u|?. We obtain by the embedding of W
into L™
1K [ul[| e < O K * |uf?|lw
< Oz lul?llw + CllECa poe [ ul? 1
<

CllullZ2nw-
So we have
1)l ngere < lluollze + CllullZee porwy llull g 2T
< luollze + Cllul 2o ponw T
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Moreover, always by applying Lemma 2.2 with h = |u|? we obtain

12(uw)(®)lw < fluollw +/O 1 Jul (7) | w () | w d

t
<Mﬂw+C/HMﬂEmwM
0

and thus
12(w)llLw < lluollw + Cllullzze 2w
Finally we have
[1®(w)| e 2w < lluollL2aw + Clluol|zqw T-

By reducing sufficiently T’ (depending on ||ugl|r2nw ) we get for all u € X,
[@(u)(t)l|Lsere < 2[luol|z2nw . Moreover, for u,v € X we have

[@(u) = @(0)| g L2nw < [[G(u) = GV) || 2 + [ Glu) = G(V) || Lgow-

For some positive constant C' we have

1G(u) = G()|lLger2 < Cllg(w) = g(0)ll L2 22
< Cllg(u) = g()llpge 2T
< Cllg(u) —g@)llLgL2awT.
Moreover .
1G(u) = G(v)llw < / lg(u)(7) = g(v)(7)|lw dr,
0
and

1G(u) = GO)llLgw < llglw) —g(@)|LewT
<llg(u) = g(W)llLgeL2awT.
By replacing fi, fo by u, v respectively in Lemma 2.2 we obtain
[@(u) = 2(0)|l Ly 2nw < Cllg(w) — g(0)|| g 2w T
< C||u0||L2ﬂW||u - U”L;OL?mWT-

Choosing T possibly smaller (still depending on ||ug||r 2~y ) we deduce that ® is a
contraction from X to X. Thus ® has a unique fixed point u € X and Theorem
2.1 follows. (]

3. DERIVATION OF THE APPROXIMATE SOLUTION

We consider the rescaled version of (2.1) :
2
(3.1) iedus + %Aus — N(K * [P

We seek an approximation of solutions to (3.1) in the form
Wy (tix) = 3 (1, 2)e® ()%,
JEN
We begin by proceeding formally. We plug the ansatz above into (3.1). This yields

2
ZskaJrs(Werr ),
k=0

(32) ZEatuapp + A’U,app (K * |uapp| ) app
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with
1 "
25 = =3 (05 + 5[Ve;[*)ae™ ",
jEN
1 .
Z§i =iy (Da; +Ve;Va, + §ajA¢j)el¢f/8,
jEN
and
1 i
(3.3) Z5 = 52Aaje /e

jEN

Other terms appear due to the presence of the nonlinearity which are

(3.4) We =— Z(K * Z |ag|?)aje'®i/s,

JjeN LeN
and
(3.5) e =— Z(K * Z (apage’ e —90)/€))q ei0i/e.
jeN k,L €N
k¢

We aim to eliminate all equal powers of €. Hence, by setting Z§ = 0 we obtain the
eikonal equation, whose solution is explicitly given by

(3.6) oi(t,x) =Kj o — %|nj|2.

Next, we set Z7 + W* = 0 without including r°. This latter will constitute the
first term error, the second will be Z5. We obtain for all j € N

(3.7) Ora; + kj - Va; = —i(K =Y _lad*)a;,  a;(0) = ay,
LeN

where we have used the fact that A¢; = 0.

Lemma 3.1. The transport equation (3.7) with initial amplitudes

(aj)jen € E(RY) admits a unique global-in-time solutions
a = (a;)jen € O([0,00[; E(R?)), which can be written in the form

(3.8) a;(t,z) = aj(x — tr;)eSiho)
where
t
(3.9) S,(t,z) = _/ (K + Y Jao(w + (r — ) — i) ) dr.
0 ¢eN
Proof. We multiply (3.7) with @;. We obtain
(3.10) @0 + Ky - (@ Va;) = —i(K Y |ag|*)]ag|* € iR.
LeN
But

2Re(a_j3taj + Rj - (a_]Va])) = (8t + Kj - V)|a]—|2.
So, we deduce from (3.10) that (9; + k; - V)|a;|> = 0, which yields

la;(t,2)]> = | (z — try)]>.
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and (3.8) follows for some real function S;. To determine S; we inject (3.8) into
(3.7). We get

(0 + kj - V)S;(t, x)aj(z —tkj) = Z loj (z — tre)[P)ay (z — thj).
LeN
It suffices to impose
0u(S(t,x +try) = =K % |a(x — t(ke — 7)),
LeN
which yields

Stz +tkj) = /K*Z|ajx—7'ng—nj))| dr,

LeN
and finally we have
/ Z|ajac+ (T —t)k;) — The|? dT.
LeN

Global in time existence of a;’s is not trivial from their explicit formula like we
can see in the following. We rewrite (3.7) in its integral form

(3.11) a;(t,x) = aj(x — tr;) + / N(a); (1,2 + (1 — t)k;)dr,
where the nonlinearity N is given by
N(a); = —i(K * Z |a4|2)a]
LeN

For a € E(R?) we have by definition

IN@lz =Y IN@;lly = > 19"N(a);ll 2w

JjEN JEN |n|<n

Let |n| < n. Leibnitz formula yields

10" (@)l 2w =107 (K 3 lael)a ) zeuw

LeN

<D CIE * Y- 0%ael?) 0" ay peaw

o<n £eN

<O Y K * Y lacl) wllaslly

10]<n teN

<C||ajlly<z 1Kl D 1107 ael?l s

£eN 16]<n

Pl 3 101aellw )

01<n
<Ollajlly Y (IKallzs + 2l o= )llac]I
LeN
<Cllajllyllall%-
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Finally we have

INV(a) e < Cllall.
This shows that A/(a) defines a continuous mapping from E3 to E and by the
standard Cauchy-Lipschitz theorem for the ordinary differential equations, a
local-in-time existence results immediately follows. Now, we have to show that
the solution a(t) = (a;(t)) en is global in time. Let [0, Tiyax[ be the maximal time
interval where (a;) ey is defined. From (3.11) we have for |n| < n and t € [0, Tinax|

aj(t) = 0" (- — tkj) —|—/0 "N (a);(r, -+ (1 —t)k;) dr

= 0"a;(- — try)

+ /0 S CHEK « > %lau(- — try)[?) 0" Caj(r, + (T — t)ky) dr.

o<n £eN

Taking L? N W norm yields

[0%a; ()]l L2aw <

t
< N9l L2aw + CZ/ 1 Y 0%l — treg) P llw 10" a5 (7) | 2w dr
0

o<n LeN

t
<0yl + €S [ 1K X Ol w107 a5 (D)l o
0

o<n LeN

t
<07yl zaw + CUIK 1 + 12l =) Y IIWII%V/O llaj(T)lly dr
LeN

t
<nm%m%w+c/n%vmyw,
0

and so

t
la;@®)lly = D 10%a; ()| 2ew < lajlly + C/ lla;(T)lly dr.
Inl<n 0
By Gronwall lemma
lla;()lly < fleyllye.
for some positive constant C' independent of j and ¢. After summing with respect
to 7 we obtain
la()]| e < llol| e,
The growth of ||a(t)|| g is at most exponential, and thus can not explode at finite
time. We deduce that Tax = o0 and a = (a;)jen € C([0, o0o; E(R?)).
U
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4. ESTIMATIONS ON THE REMAINDER

We will estimate in L? N W the term 7 and Z5. To this end, we assume
(a)jen € L1(N, Y (RY)).

Proposition 4.1. Let v be defined by (3.5) with the plane-wave phases ¢; given
by (3.6). We have the following bound:

(4.1) 17| 2w < CO7laf|Fe,

(4.2) 1251 20w < llalle,

where 0 is like defined in Theorem 1.1.
Proof. Inequality (4.2) is obvious. We recall the definition of r<:
e — _ Z(K * Z aka—eei(¢k*¢l)/5>ajei¢j/5.

JEN k,t €N
k#¢

We estimate W norm of r¢, we obtain

Il = 10 3 anaze e 00/2)age0/ oy

JEN k£ €N
k¢
<Y NIK s« > arage’ 0y layllw
jEN k£ €N
k¢
< Z HK*aka—eei(M*W)/EHWZHajHW.
k,LEN JeN
k#¢

Let us look more closely to the W norm of the convolution above. For b
sufficiently regular and w € R, we denote I¢(z) = K * (be™*/¢). Remark that

I° = (2m) 2K beiw/e
w

= @2m)2K b(- — ).
€
So, if we take the W norm of I we obtain

1w = |72 1
=CIR (¢=2)" (¢=2) " =Dl
<al (- 2) (= 2) T H =Dl
O (6= 2)" (6= 2) B = D)o
<INl (€= £) "B = D)l sup (6 =)

+ (e "B~ D swp (lep= (e =) ").

[§1>1
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By Peetre inequality we have for all m < d — v and |§| > 1

)75 o (2" s e

€ (6= 2)" > Jet

< >m = c

and thus B

su yd (e W\ <C€m<C€d_V,

sup (e~ (¢ = 2) )
Moreover < >

w\ ™ z " w\ ™ m

<§*Z> Z om /<E> >0,

and

So, for m=d—~
1250w < (WAl 1 € Bl + Ol e (€) Bl ) ol
Hence, for all k, 0 € N,k £/

Pr—Pp —y T = — —
1K« axaze™ = llw < ClIKllLs || (€)™ axazl| o Ik — rel =7

+ O K| ool (€)™ artizl 11 [sx — riol =747
< OO K| pall (€)"7 axtig]| poe®™
+ CO K| | () ar@ ]| e
Remark that
146) " anellz~ < 1| (€)" axtz]| L=

<C Y |om(anag)l|ze

[n|<n

<O Y l0"(ana)| s

[n|<n

<C D 0%aklle Y [10"ar| L2
[nl<n In|<n

< Cllaxllvllacly-

Moreover P -
1) aaz| pr < [ (€)" axal| 1

<C Y |om(arm)|
[nl<n

<C Y 0"ara)|w
[nl<n

<C Y Parlw Y [0%arlw
[n|<n [nl<n

< Cllaklly llaelly-

Thus we obtain
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I axaze ™ lw < O8Il x + ClIKall o) llarlly ally<? .

In view of the above inequality, we deduce

I llw < Y- (Il + Ol =) llar ]y laellye® Y llajlly

k,L €N JEN
k;él
<O+ Clllpoe) Y llanlly Y llaelly Y llagllye™
keN LeN JEN

< CO UK ]| pr + Cllal| ) llall 5

To control L2 norm of ¢ it suffices to remark that

. LD
HTEHLQ _ ” Z(K* Z aka—eel(¢k—¢€)/8>ajez%”L2

jJEN k,L €N
k#2
<D IK = Y agaze 00 a2
JEN k., €N
k#2
<C YK xagape’ 00 Y laglly
k., €N JEN
k#2

and in the same way as previously we get

1722 < CE = (IKCul| 1 + 1l o) al e
Finally
171 2w < CE (Kl pr + 1Kzl o )lla]| He? 7

5. JUSTIFICATION OF THE APPROACH

In this section we show that the solution ug,, is a good approximation of the exact
solution in the sense of Theorem 1.1. We assume that assumptions of Theorem
1.1 are verified. At this stage we have constructed an approximate solution

e, Z“J (t, x)ei@t:o)/e
jeN

in C([0, oof; E(R?)) where the corresponding ¢;’s are like constructed in (3.6) and
the profiles are given by Lemma 3.1. Let 7° > 0 the time of local existence of the
exact solution u® to (3.1) given by the fixed point argument. We consider a fixed
T > 0 and we introduce the error between the exact solution ©® and the
approximate solution ug,,,

W = U — Ug,,.

We have in particular
2
app e C([0,T],L*NnW),
so there exists R > 0 independent of € such that

gy )| L2ew < R, ¥t € [0, 7).
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Since u® € C([0,T¢], L2 N W) and w®(0) = 0, there exists t* such that
(5.1) lw ()]l 20w < R,
for t € [0,t°]. So long as (5.1) holds, we infer

t
[ Ol < N [ 1 (o0 + %) = g(u5,)) (72w dr
0 t t
HE [ 1zl ar+ [ 1RO o dr
t 0 t 0 t
gc/o lw® (7)|| L2aw dT+C€/O d7+csd—V/0 dr

t t
< C/ |w® (T) || 2w dT + Csﬂ/ dr,
0 0

where we have used Lemma 2.2 and Proposition 4.1, with = min{1,d — ~}.
Gronwall lemma implies that so long as (5.1) holds,

[w? (@)l 2w < C(e7* = 1),

for all ¢ € [0,¢¢]. Choosing € €]0, g¢] with e¢ sufficiently small, we see that (5.1)
remains true for ¢ € [0,7] and Theorem 1.1 follows.

REFERENCES

[1] T. Alazard and R. Carles. Semi-classical limit of Schrédinger-Poisson equations
in space dimension n > 3. J. Differential Equations, 233(1):241-275, 2007.

[2] A. Arnold. Self-consistent relaxation-time models in quantum mechanics.
Comm. Partial Differential Equations, 21(3-4):473-506, 1996.

[3] H. Bahouri, J.-Y. Chemin, and R. Danchin. Fourier analysis and nonlinear
partial differential equations, volume 343 of Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer,
Heidelberg, 2011.

[4] N.N.G. Berloff. Nonlocal nonlinear Schrédinger equation as model of superflu-
idity. Journal of Low Temperature Physics, 116:359-380, 1999.

[5] F. Brezzi and P. A. Markowich. The three-dimensional Wigner-Poisson prob-
lem: existence, uniqueness and approximation. Math. Methods Appl. Sci.,
14(1):35-61, 1991.

[6] R. Carles. WKB analysis for nonlinear Schrédinger equations with potential.
Comm. Math. Phys., 269(1):195-221, 2007.

[7] R. Carles. Semi-classical analysis for nonlinear Schrodinger equations. World
Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2008.

[8] R. Carles, E. Dumas, and C. Sparber. Geometric optics and instability for NLS
and Davey-Stewartson models. J. Eur. Math. Soc. (JEMS), June 2010.

[9] R. Carles, E. Dumas, and C. Sparber. Multiphase weakly nonlinear geometric
optics for Schrodinger equations. STAM J. Math. Anal., 42(1):489-518, 2010.

[10] R. Carles and S. Masaki. Semi-classical analysis for Hartree equation. Asymp-
tot. Anal., 58(4):211-227, 2008.

[11] R. Carles, N. J. Mauser, and Hans P. Stimming. (Semi)classical limit of the
Hartree equation with harmonic potential. STAM J. Appl. Math., 66(1):29-56
(electronic), 2005.



14 LOUNES MOUZAOUI

[12] T. Cazenave. Semilinear Schrodinger equations, volume 10 of Courant Lecture
Notes in Mathematics. New York University Courant Institute of Mathematical
Sciences, New York, 2003.

[13] M. Colin and D. Lannes. Short pulses approximations in dispersive media.
SIAM J. Math. Anal., 41(2):708-732, 2009.

[14] J. Giannoulis, A. Mielke, and C. Sparber. Interaction of modulated pulses
in the nonlinear Schrodinger equation with periodic potential. J. Differential
Equations, 245(4):939-963, 2008.

[15] J. Giannoulis, A. Mielke, and C. Sparber. High-frequency averaging in semi-
classical Hartree-type equations. Asymptot. Anal., 70(1-2):87-100, 2010.

[16] L. Hérmander. The analysis of linear partial differential operators. I, volume
256 of Grundlehren der Mathematischen Wissenschaften [Fundamental Prin-
ciples of Mathematical Sciences]. Springer-Verlag, Berlin, 1983. Distribution
theory and Fourier analysis.

[17] J.-L. Joly, G. Métivier, and J. Rauch. Coherent nonlinear waves and the Wiener
algebra. Ann. Inst. Fourier (Grenoble), 44(1):167-196, 1994.

[18] P. Kirrmann, G. Schneider, and A. Mielke. The validity of modulation equa-
tions for extended systems with cubic nonlinearities. Proc. Roy. Soc. Edinburgh
Sect. A, 122(1-2):85-91, 1992.

[19] P.-L. Lions and T Paul. Sur les mesures de Wigner. Rev. Mat. Iberoamericana,
9(3):553-618, 1993.

[20] H. Liu and E. Tadmor. Semi-classical limit of the nonlinear Schrédinger-
Poisson equation with subcritical initial data. Methods Appl. Anal, 122:85-91,
1992.

[21] P A. Markowich and N. J. Mauser. The classical limit of a self-consistent
quantum-Vlasov equation in 3D. Math. Models Methods Appl. Sci., 3(1):109—
124, 1993.

[22] P.A. Markowich, C Ringhofer, and C. Schmeiser. Semi-conductor Equations.
Spriger Verlag, Wien, New York, 1990.

[23] J. Rauch. Hyperbolic partial differential equations and geometric optics. Amer-
ican Mathematics Society Graduate Texts in Mathematics Series, To appear.

[24] C. Sulem and P.-L. Sulem. The nonlinear Schrédinger equation, volume 139 of
Applied Mathematical Sciences. Springer-Verlag, New York, 1999. Self-focusing
and wave collapse.

[25] T. Wada. Asymptotic behaviour of the solutions of the Hartree-type equation.
Adv. Math. Sci. Appl., 6(1), 1996.

[26] P. Zhang. Wigner measure and the semi-classical limit of Schrédinger-Poisson
equation. STAM J. Math. Anal, 34(3):700-718, 2002.

[27] P. Zhang, Y. Zheng, and N. J. Mauser. The limit from the Schrodinger-Poisson
to the Vlasov-Poisson equations with general data in one dimension. Comm.
Pure Appl. Math., 55(5):582-632, 2002.

UNIV. MONTPELLIER 2, MATHEMATIQUES, UMR 5149, CC 051, 34095 MONTPELLIER, FRANCE
E-mail address: lounes.mouzaoui@univ-montp2.fr



