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Abstract:

The effect of mixture on productivity has been viydgudied for applications related to
agriculture but results in forestry are scarcetduie difficulty of conducting experiments.
Using a modelling approach, we analysed the etiestixture on the productivity of forest
stands composed of sessile oak and Scots pinest€ontine whether mixture had a positive
effect on productivity and if there was an optimomixing proportion, we used an
aggregation technique involving a mean-field appration to analyse a distance-dependent
individual-based model. We conducted a local seitginalysis to identify the factors
which influenced the results the most. Our modedenapossible to predict the species
proportion where productivity peaks. This indicateast transgressive over-yielding can occur
in these stands and suggests that the two speeiesmplementary. For the studied growth
period, mixture does have a positive effect onptteeluctivity of oak-pine stands. Depending
on the plot, the optimum species proportion rariges 38% to 74% of oak and the gain in
productivity compared to the current mixture is%a.8n average. The optimum mixing
proportion mainly depends on parameters concetining-specific oak competition and yet,
intra-specific competition higher than inter-specdompetition was not sufficient to ensure
over-yielding in these stands. Our work also shbas results obtained for individual tree
growth may provide information on the productivitijthe whole stand. This approach could
help us to better understand the link between mtbdty, stand characteristics and species
growth parameters in mixed forests.

Keywords: Mixed forest - Niche complementarity - Oeryielding - Individual-based

model - Model Aggregation
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1 Introduction

It is currently admitted that plant diversity arabsystem functioning are interrelated, and
that greater plant diversity can lead to greatedpctivity (Hector et al. 1999; Loreau et al.
2002; Hooper et al. 2005; Thebault and Loreau 2006 of the mechanisms that has been
put forward to explain the greater productivitynaher diversity is the "niche
complementarity" (Loreau et al. 2001) that may kefsam inter-specific differences in
resource requirements and uses or from positiegdntions between species.

The principle of complementarity has been wideldstd for herbaceous species in
applications related to agriculture (de Wit 196@ndermeer 1989). However, although
mixed forests are being promoted more and moraltsesn tree species complementarity are
quite scarce particularly because of the difficatyconducting long-term experiments (Kelty
and Larson 1992; Piotto 2008; Pretzsch 2009). Asital way to study the effect of mixing
proportion on productivity is to establish "replant series" experiments (Jolliffe 2000). In
these experiments, rather well-adapted to the stlitlyo-species mixtures, the proportions
of species vary while the overall density is maimgd constant. This type of experiment can
also be applied in forestry (Luis and Monteiro 1988rber and Maguire 2004) but they are
more difficult to conduct because, for most treecsgs, results are available only after a
period of many years. The use of large-scale fonesintory data (Vila et al. 2007; del Rio
and Sterba 2009) and studies based on modelingz$Eheand Schutze 2009) are two
alternative approaches to fill in the gaps in krexige of the mixed-forest productivity.

Here we focused on the case of mixed forests withspecies which are widely
distributed throughout Europe (MCPFE et al. 2060). a two-species mixed stand, we can
use replacement diagrams to define and represea thain types of productivity response to

the mixing proportion (Figure 1).
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Figure 1 here

The effect of mixing proportion on productivity eldy depends on the species that are
combined (Kelty 2006). For a given pair of specihs,first issue is to know what kind of
response occurs (positive, negative or no influencproductivity). The second challenge is
to determine whether the productivity of the mietgan exceed the productivity of the most
productive species in a pure stand - in other wosthgther productivity peaks when an
optimum mixing proportion is reached (right sideFigure 1). This phenomenon is called
"transgressive over-yielding" and reflects mechasisf facilitation or a strong
complementarity between species for resource usetfidet al. 2002; Hector 2006; Schmid
et al. 2008).

The answers to these questions should be stroinglsd to the relationship between intra-
specific and inter-specific competition (Harper IR#or example, based on the Lokta-
Volterra theoretical model of inter-specific compen, Loreau (2004) showed that inter-
specific competition for both species must be lothan intra-specific competition for
transgressive over-yielding to occur. Intra- anérirspecific competition can be quantified
empirically using local competition indices in a&t@dince-dependent individual-based model
(Biging and Dobbertin 1992; Canham et al. 2004 aliiei et al. 2004; Stadt et al. 2007). The
challenge is to link the results obtained at thtbviidlual tree level with the results that
concern the whole stand. That is what we did inpilesent study.

In this article, we investigate whether the mixtaféwo tree species can improve the
productivity of the stand. To address this quesiverused a distance-dependent individual-
based model developed in a previous study for mstadds of sessile oaQ(ercus petraea
L.) and Scots pineP{nus sylvestris L.) (Perot et al. 2010). We used an aggregationnigue

to analyse this model and to answer the followingsgions: 1) Does mixture have a positive
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effect on stand productivity? 2) What is the optimonixing proportion in terms of

productivity? 3) What are the factors that mosiuiefce the results for questions 1) and 2)?

2 Materials and methods

2.1 Growth data from mixed oak-pine stands

We collected the growth data in mixed oak-pine dsainom the Orléans state forest. This
forest is located in north-central France (47°52%5'E) and covers 35 000 ha. Mixed oak-
pine stands occupy an important position in Fréoobsts for three main reasons: they cover
a relatively large area (Morneau et al. 2008); thaye a heritage value for the public; and
they are well-adapted to the sandy, water-loggdd sommon to central France.

Between 2006 and 2007, we established 9 plotsitrgmg size from 0.5 to 1 ha) to study
the growth of mixed oak-pine stands (Table 1). iiime plots included other broadleaved
species (mainlZarpinus betulus L., Betula pendula R. andSorbus torminalis L.) but they are
in very small proportion (4% of the total basalaaom average) and were not considered in
the present study. These plots had been fully néhppa previous in-depth study on
horizontal spatial structure (Ngo Bieng et al. 2006 each plot, we sampled 20 trees per
species to take growth measurements. Sampledvierescored twice to the pith in
perpendicular directions at a height of 1.3 m. Gavere scanned and ring widths were
measured to the nearest 0.01 mm (see Perot €114].f@r details). Because some trees were
impossible to core and some cores were not ustiig@erowth analyses were based on a final
total of 154 oaks and 179 pines. The mean oak egplpt ranged from 50 to 90 years, and
that of pines from 50 to 120 years. In a plotiraes of a species had approximately the same
age indicating a single cohort for pines and alsioghort for oaks. Pines occupied the upper
stratum of the stand while oaks occupied both fieustratum and the understory, excepted

in plot D78 where oaks were more abundant in tlerstory. Oak and pine populations had



115 mainly experienced artificial thinnings but soméunal perturbations may also have occured
116 (i.e. storms, fires, and pest damages). Detailed infoom@n past disturbances (natural or

117 artificial) was not available in our plots (locatiand size of suppressed trees) so we chose the
118 period from 2000 to 2005 to study growth becauseetivere no human or natural

119 disturbances during that time.

120 Table 1 here

121 2.2 The distance-dependent individual-based model

122 A distance-dependent individual-based model wagldeed in a previous work from the
123 growth data presented above (Perot et al. 2010)bN&8y recall model equations and refer
124 to Perot et al. (2010) for details on model fittengd equation selection. Subscripts 1 and 2 are
125 used in equations and in the following sectionmtiicate oak and pine species respectively.
126 The distance-dependent individual-based model usesize and local competition indices
127 calculated inside a circle centred on a focal toggredict the radial increment of its trunk.

128 Different competition indices and circle radii we@mpared for their ability to explain

129 individual growth (see Perot et al. 2010 for destaih competition index selection). A radius
130 of 10 meters around the focal tree (neighbourhaddlis) best explained growth variability.
131 A plot effect was introduced to take into accouna possible effects of factors acting at stand
132 level such as site effect, total density or stagdeoelopment (young or old stand). The model
133 was fitted separately for oaks and pines usingtbaary least squares method to obtain an
134 individual growth equation for each species:

135 for Oaks’ Ari,k,l = ak,1+ﬂk 1g| rth k ,1+/1 l,Ni ,1,1+/] 1,Ni ,1,;- gi k, (1)
136 for pines, A, =a,+ Bogith ,+A, G, e, (2)
137 whereAr;  is the radial increment (mm) over a six-year wa2000-2005) of théh tree

138 in plotk, girthis the girth (cm) in 1999 andis the residual errony andgy are model
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parameters for pldt. For pine, results showed no plot effectawhich we simply denote,
(see Table 2)4;, and/;» are the coefficients associated with the competitndices
calculated for oak and pine, respectivély, ; is the number of oaks in the neighbourhood
(i.e. at a distance less than 10 meters) of a focal tsrelonging to the oak speci@$.; » is the
number of pines in the neighbourhood of a foca itteelonging to the oak speci&3 ., is

the basal area of pines in the neighbourhood otal firee belonging to the pine species. For
simplicity, Ni 11, Ni 12 andG; 2, will be called the local density of oaks, the lodansity of
pines and the local basal area of pines, respéctiVeese competition indices account for
both intra- and inter-specific competition. The ffioeent A, ; associated with the competition
index calculated for the neighbouring oaks of agotal tree was not significantly different
from zero and does not appear in equation 2. Bsslt suggests that the growth of pine is
weakly influenced by oak. One may also notice thak A;;, which means that intra-specific
competition is higher than inter-specific for battecies.

Table 2 here

2.3 Aggregating the individual-based model to obtain aalytical results at stand level

The distance-dependent individual-based model nsitie dynamics of each tree, but for
predictions at the stand level, simulations areessary. To obtain analytical results at the
stand level, we aggregated the individual modeis ©peration was hindered somewhat by
the presence of local competition indices thabihiice a spatial dependence; we therefore
proceeded in two steps. We first applied the medd &pproximation to obtain a distance-
independent individual-based model (Levin and Rat8B7; Dieckmann et al. 2000; Picard
and Franc 2001). Secondly, we aggregated thisndistendependent model into a model
predicting the basal area increment of the whaledtWe call this aggregated model “the

stand model”.
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The mean field approximation is particularly walited to simplify the spatial dependence
in distance-dependent individual-based models.ppdyathis method to the model presented
above (equations 1 and 2), we considered thatpihigas pattern of trees was a point process
realization. The mean field approximation assurhatdll trees are affected in the same way
by their neighbourhood. We can then replace theiipexpression of a competition index
for a given spatial pattern by its expected vakr@ss all possible outcomes of the point
process. To calculate this expected value, we asduinat the point process is ergodic, which
implies that the mean across several realizatiqnale the spatial average over one
realization (Cressie 1993; lllian et al. 2008). E©nthis assumption, we replaced the average
of a competition index by its spatial average dal@d from all the trees in the stand. We thus
obtained equations 3 and 4 which correspond tastarte-independent individual-based

model:
O =0+ Boginth + AN )+ LN ) (3)
A, =a,+ B ogirth, ,+A 2V2<G 22} (4)
Where<Nm> and(NLz) are the spatial averages of the local densityak§@nd pines for an
oak focal tree, an(jGM) is the spatial average of the local basal arganafs for a pine focal

tree. Under appropriate assumptions on the pootgss (homogenous and isotropic), the
spatial averages of these indices can be relatRiptey'sk function (Ripley 1977) and to the
inter-typeK function (Lotwick and Silverman 1982). In this waye can link the growth to

the spatial structure of the stand. Let us Kall the inter-type function between species 1 and
2.1f 1 =2,K;1 is known to be the Ripley’s function for speciedfd, is the density of

species 2¢, K »(r) is the expectation of the number of trees of g2 found at a distance
less than or equal tofrom a randomly chosen tree of species 1. Thesdtifuns are often

used to test the null hypothesis of complete sparalomness. For oak, we directly obtain

the following relationships:
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(Nyy) = 22Ky, (10)

Z

(N,,) ZEZ K,,(10)

whereN; andN; are the total number of oaks and the total nurabpmes in the stan@®
is the plot are&;1(10) is the value of the Ripley's function at teetens for the oak
population, and; »(10) is the value of the inter-type function at teaters for oak and pine
populations. To simplify, we will call these variabK;; andKj, in the following sections.
Equation 3 can now be written as follows:

. N N
Ar g, =ag+ B ogirthy +A 1,1?l KA 1,2?2 Ky )

In the case of pine, we have to calculate the alpatierage of the local basal area which
implies taking into account the correlation betwésnindividual basal area and the location
of the trees. To simplify, we assumed that theviiddial basal area of a tree was independent
of its location on the plot. We then calculated éherage local basal area around a pine tree

by multiplying the average individual basal area@ine @g,) by the average local density of
pines (N,,)). The average individual basal area of a pinbésatio between the total basal

area of pines in the stand and the total numbpmafs. The spatial average of the local basal
area can thus be written as follows:

_ G, N G
<Gz,2> = 92<N2v2> :N—zéK .410) ZEZ K,410

whereK;,(10) is the value of the Ripley's function at teetens for the pine population,

calledK5 in the following sections. Equation 4 can now lbéten as follows:
_ : G,
Ari,k,Z =a, +ﬁk,29lrth K ,2+/] 2,2? K 2, (6)

Equations 5 and 6 represent a distance-indepent#vidual-based model resulting from

the mean field approximation of equations 1 and@wvever, this model includes some
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spatial information on the populations through®igley functions at ten meters and the
inter-type function at ten meters. These functiese calculated for the 9 plots from the
observed spatial pattern of the trees (Table 3).
Table 3 here

We then proceeded to the second step and aggreabatedlividual-based model into a
stand model. As all variables now characterizeog pte can drop the k index without any
risk of confusion. The principle of the aggregatisno sum the individual dynamics defined
by equations 5 and 6. We chose basal area incredemited\G, to account for stand
productivity. We did not choose volume incrememi;duse volume requires data on tree
height that were not available in our study. Newd,showed (see Appendix) that the stand
model can be written as follows:

AG =AG, +AG,
AGl:A(y1)N1+B(V11181)N1F1+C(BJ)G1 (7)
AG, = A(yz) N, + B(yziﬂz) N;2+C(B2)GZ

wherer, is the mean tree radius for spegiesinctionsA, B andC are defined by:

A(u) =
B(u.v)=2mu(1+ 2w)
C(u) = 4mu(1+ )

and:

N N
rn=a+ /11,131 K1,1+A 1,2?2 K 1,2

G
v, =a, +/]2,2€2K2,2

Here,AG corresponds to the basal area increment of &l taéive in 2005. For this
population of trees, no mortality or recruitmentweed during the study period 2000-2005.
Thus, the growth process was sufficient to defireegroductivity of the population over the

6-year interval.

10
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To check for consistency, we compared the stancehtodhe individual-based model. We
simulated the stand basal area increment overGfb@-2005 period for the 9 plots using both
models, starting from the same initial state. Wantbalculated the mean absolute difference

between the predictions of the two models for eguties as follows:
1 9
s :_Z|AGI<,S,IBM _AGk,s,SM|
9=

whereE, is the mean absolute difference between the twibetsdor species, AG, ,q, IS

the stand basal area increment of spexpredicted by the individual-based model for ot

and AG, . 4, Is the stand basal area increment of speqreedicted by the stand model for
plotk. We also used a Wilcoxon signed rank teshay, to see if there was a significant

difference between the two models.

2.4 Introducing the mixing proportion into the stand model

To determine the proportion of each species inx@tstand, we must define a reference
variable that quantifies its abundance in the st&od example, one can choose the number of
stems, but in this case, the small individuals species and the large ones of another species
would have the same weight and this is generallyanceptable in forest ecosystems. To
avoid such problems, it is preferable to choosebées that are related to the volume or
biomass of populations (Pretzsch 2005). In thidystwe used basal area which takes into
account both the number and size of individuals.a=5@rest composed of two tree species,
the proportion of a specig¢ss defined as the ratio between the basal ardzedaspecies and

the total basal area; =G, /G . In addition, we introduced the quadratic meanusg, ; so as
to link the density of a specig$o its basal areas, = N7, . We chose the proportion of oak
(x1) to define the mixing proportion of the stand,ett. The proportion of pine then is Ix-—

With these new variables included, the stand mbdgl6 stand state variables: the total

basal are&, the mixing proportion for oak, the quadratic mean radius for oaks, the

11
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quadratic mean radius for pines, the mean radius for oaks and the mean radius for
pinest,. State variables are the minimum set of variathlasare required to know the state
of a forest stand. Every poirs(X, 7., ;,, , ;) in IR*® potentially defines a forest stand.

The mean radius can be seen as the first momding afiameter distribution, whereas the
quadratic mean radius corresponds to the non-aeséeond moment of the diameter
distribution. For most statistical distributionketvariance is related to the mean, which

means that; ; andr, will generally be related. On the contrary, natenship is a priori

expected betweenand the other 5 state variables. To check thigested the 9 plots to see
if there was a significant correlation betweesind any of the other state variables: all
Pearson’s correlation coefficients turned out tabe significantly different from zero.

The six state variables are complemented by 4 skcgivariables that follow from them
directly: the basal area of oas = XG, the basal area of pin€ = (1 —x)G, the number of

oaks N, = xG/(7¢,), and the number of pines, = (1-x)G/(7¢,) . The model also includes 10

parametersdy, oz, f1, f2, 1.1, A2, 222, K11, K22, K12) and 1 constant (the plot arf8a

We introduced the mixing proportioninto equation 7 and we used the basal area and the
quadratic mean radius to replace the density. Tdredlsmodel can then be written as a
function of the mixing proportion, the total basata and the average dendrometric

characteristics of each species:

AG = AG, +AG,
AG, = A1) 2+ B4 B)Ti—25+C(B,)Ox 8)

with:

12
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1 Gx 1 G(1-x
n=a +/]1,1§ K1,1T2+/] 1,2§ K 1,2(T)

G,1 G,2

1
v, =a, +/]2,2§K2,ZG(1_ X)

Since a forest stand is characterized by 6 statablas, 6 dynamics equations are required
to define its change over time. Equation 8 is egjent to 2 independent equations @®and
X. The dynamics equations fgy, andrt,, follow from AN; = 0 andAN; = 0, since, as
previously mentioned, the number of trees remagwstant (no mortality, no recruitment).
The dynamics equations fgrandr, can also be derived from the individual-basedatist-

dependent model (see Appendix) but we did nothesetin the calculations described below.

2.5 '"Transgressive over-yielding" and optimum mixing proportion

Every value of the vecto4( x, 7., T ,, T;, T,) defines a state of the forest stand. To
determine the mixing proportionthat maximizes productivity, we consider€s] ¢, 7, ,,
T, T,) to be known variables, withthe only unknown state variable. This is equivaten

searching for the optimum in a subspace of theespfstates. This approach is similar to
"replacement series" experiments that compare gnolenixed stands while keeping the total
density constant (Jolliffe 2000). With this conditj the basal area incremex@ defined by
equation 8 can be considered as a function of ikengiproportionx. By definition, there is

"transgressive over-yielding" ¥is such that\G(x) > max{AG(0 AG(3} ; in other words,
AG(x) has a maximum value between 0 and 1. The optimiximgnproportionXmay then

becomes the value &fwhere the derivative afG(x) with respect t is null, while ensuring
that the derivative is positive far< Xm.x and negative fox > Xqyax.
A local sensitivity analysis was conducted to as$&svX.x varied when one of the

parameters was changed. As the different parametesnot expressed in the same units, we

13
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computed elasticities rather than sensitivitiese €lasticity ofx,.x to that of the parametper

is defined agIn(Xmax) / IN(P).

3 Results

3.1 Difference between the individual-based model ande stand model

The predictions of the individual-based model dmake of the stand model were very
similar (Figure 2). The mean absolute differendsvieen the two models for the 2000-2005
period was 0.051 m?/ha for odk;J and 0.023 m?/ha for pin&4). This corresponds to a
difference of 2.4% and 1.7% respectively betweenwo models.

Figure 2 here

However, the Wilcoxon signed rank test showed §icamt differences between the two
models (for oal/ = 44 andp-value = 0.00781; for pin& = 45 andp-value = 0.00390). The
stand model gives values slightly lower than trdvidual model. However, despite these
results, we considered that the difference betweetwo models was small enough to allow
us to use the aggregated model to study the effanixing proportions on stand

productivity.

3.2 Optimum mixing proportion formula

SinceAG'(x) = AG](x) +AG,(x) , we calculated the derivative of the oak growtiction and
the derivative of the pine growth function sepdyatieet us posem ,, =2(1+ 273,,),
m, o, = 478, (1+ 78,,) , N, =Aua K /S, andn,, = A, K, /S, wheresl is one of the species

ands2 the other one. For oaks we then obtainef{ x) = a,x* +bx+c, with:

14
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And for pines we obtainedG; (x) = a,x* +b,x+c, with:

3, ,’G®
[
2G*n, _
b, = —2 = (2‘72 + £n1,2+ rzml,z)

rG,Z

C, = —E[(az +Gn112)2 + ZGnlyz(a'2+ Gn T m 1') +Tm.g ;—Gm )

2
G,2

We can show (see Appendix) that the mixing proparti.x corresponding to a maximum

for the functionaG(x) is the solution given by:

-b-+/b® - 4ac

2a

X = 9

with a=a +a,, b=b +b, andc=c¢ +c,.
Thanks to model aggregation, we obtained an exggression for the optimum mixing

proportion kmax) as a function of the parameters of the stand imtteaverage dendrometric

characteristics of each species, the total basal@nd the spatial characteristics of the stand.

3.3  Mixing effect on stand productivity

For each plot, a mixing proportion between 0 aneh$ found that maximized the stand
basal area increment. This mixing proportion vabetiveen 38% and 74% depending on the
plot (Figure 3).

Figure 3 here
The difference between the optimum mixing proporife.x) and the mixing proportion

actually observed in the plots,(:) varied from 0 to 34% (Table 4). The productivgigin

15
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between these two proportions over the 6-year gewvias relatively low: 2.2% on average
with a maximum of 9% (Table 4).
Table 4 here

Although the elasticities ofax to the parameters of the model varied from onétplo
another, a similar pattern was found across pkitpute 4). The optimum mixing proportion
Xmax Was the most sensitive to the oak parameters,tthére pine parameters, then to the
inter-specific parameters. The parameters to wkijghwas the most sensitive on average
wereKj ; andAy ;. ForKs ; the elasticity is negative, meaning that an ineedaK, ; brings a
decrease immx. FOrAs; the elasticity is also negative but,Ags is negative, it means that an
increase iMy 1 brings an increase . The parameter to whioy.x was the least sensitive
on average wals; », with a positive or negative sign that varied depeg on the focal plot.
From a quantitative point of view, a 1% increas&jn (or a 1% decrease ih ;) led to a
decrease inmax Of between 1 and 1.2% while a 1% increasiéiipled to a variation itXpax Of
between 0 and 0.2% depending on the plots.

The parameteK; ; indicates the degree of aggregation of oaks. VWhgnncreases the
oaks are more aggregated and this leads to aras&ie intra-specific competitioA; ; is the
parameter that directly indicates the intensityhef intra-specific competition of oak because
it is associated to the competition index calculaie oak competitors. Since ; is negative,
if this parameter decreases, it means that thagiiyeof the intra-specific competition
increases. We can therefore conclude that the aptimixing proportion depends mainly on
the characteristics of the oak population and nparéicularly on parameters involved in the

intra-specific competition of oak( , andAy1).
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4 Discussion

4.1 Complementarity between species

Our results suggest a positive effect of mixtur@renproductivity of oak-pine stands
(Figure 3). This result is consistent with thos@odwn (1992) established for young oak-
pine stands in an experimental design. Unlike Brewtudy (1992), we showed that, for
some mixing proportions, stand productivity reachadaximum; this indicates a situation of
"transgressive overyielding" (Figure 3). The ga@tvizeen optimum productivity and current
productivity of the plots ranged from 0 to 9%. Gnatividual model was developed for
mixing proportions varying between 28% and 59%.hidithis range, we can have
confidence in the stand model predictions. Howesetside this range, and particularly for
extreme mixing proportions, the behaviour of tredtmodel is not guaranteed and may give
unrealistic predictions (see for example, plot DRAOFigure 3). The results obtained here
assume that the relationships fitted on mixed staath be extrapolated to pure stands.

The effect of mixture on productivity is based amtmain assumptions: "niche
complementarity" and "sampling effects" (Tilmaraet2001). As we worked with only two
species and a variable mixing proportion, the "aichmplementarity” hypothesis is more
likely to explain our findings. We studied a comitoadleaf forest with species having very
contrasting traits for light interception. Consegjl the complementarity of the two species
for the use of light is a strong hypothesis to axph productivity increase in our mixed
stands (Ishii et al. 2004, Ishii and Asano 201@m@on oak is able to grow in the different
strata of the stand in contrast to Scots pine Isxaak is a more shade tolerant species than
Scots pine (Niinemets and Valladares 2006). Moreameour model there was a non-
significant influence of oaks on pines (equatiop@)bably because the pines had a greater

girth than oaks on average (Table 1). These tworaegts may explain why a pure stand of
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pine could be less productive than a pine standevbaks were able to colonize the lower
strata. We also know that the light interceptiorthogy pine foliage is lower than the light
interception by the oak foliage (Balandier et &l0@;, Sonohat et al. 2004). This may help to
explain that in our oak model, the inter-specifienpetition was lower than the intra-specific
competition (equation 1) which contributes to ahleigproductivity in mixtures than in pure
stands of oak. The two species involved have diffelight requirements but also different
root distribution patterns (Brown 1992). The compémtarity in nutrient and water use could
also contribute to a higher productivity in the mpe. The positive effect of mixture on stand
productivity that we found could thus be explaitgdspatial segregations in the aerial and
underground compartments. Our results concerndbal larea productivity which does not
include differences in wood density of both spe¢iretzsch 2005). To go further in the
study of the species complementarity, it wouldrieresting to estimate the effect of mixture
on biomass productivity. Further research is ablsmessary to identify the ecological

mechanisms that can explain the complementaritydst these two species.

4.2 Over-yielding in mixed forests: a dynamic state

It is important to note that our models were depetbfrom growth data corresponding to a
given time period (2000-2005). It is likely thaktparameters of these models change with
time. For example, growth in juvenile Scots pina ba much faster than that of sessile oak
(Brown 1992) and it is possible that the ratio kesw intra- and inter-specific competition
changes over time for these species. This coulthexwhy a situation of transgressive over-
yielding could occur in mature stands and not inngpstands. The impact of the temporal
dimension on our results can also be seen thrdwgbgtimum mixing proportion formula.
Indeed, we calculated the optimum mixing proporiiothe subspace of the state space

defined by known values fo6( 1. ,, 7. ,, T, T,). This means tha¢, can be considered as a
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function of the state variableg.(G, .., &.,, i, ;). As all these quantities, including the
mixing proportion itself, change with time, a pemgliquestion is whether
X() = X (G (1) To (1) T (1) Fit) (1) (10)
at a given time ensures that
X(t+4t) = X, (G(t+At), Ty, (t+At) T ,(t+At),F,(t+At) T (t +At))

at the subsequent time. There is actually no retsdrthis should be the case. This brings

up two questions: (1) Are there any initial valbes(G, r,, %, ,, i;, ;) such that equation 10

would be verified at all times? (2) What type d¥isulture - that is, an artificial modification
of N; andN; - would make it possible to verify equation 10tstg from arbitrary values for

(G, T,y Ty T, T,)? The effect of mixture on stand productivity abbk different for other

periods not only quantitatively but also qualitatiz Including the time factor in our results

will be the subject of future work.

4.3 Factors that influence the optimum mixing proportion

By simplifying and aggregating a distance-dependwtividual-based model, we were
able to express the productivity of the stand fasation of the stand characteristics, the
model parameters and the mixing proportion (equajo Moreover, we have shown that it is
possible to explicitly express the optimum miximggortion as a function of the mean
dendrometric characteristics of each species amgdhameters of the individual model
(equation 9). After applying the stand model to@haots in the study, our results showed
that there is some variability in the optimum vaf{tiable 4). The optimum mixing proportion
(Xmax) ranged from 38% to 74% of oak depending on tbé pVe can explain this variability
among plots by studying the qualitative impacthaf different factors on the optimum
provided by the local sensitivity analysis (Figd)e For example the elasticity ®fax to the

spatial structure of oak (indé& ;) was negative. It means that the less aggreghaéedaks
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are, the fewer oaks there are within distance ahldh average, and consequently the more
their growth is promoted. The optimum then movegatals a stand where oak is more
represented. The same explanation can be usedth&s @nd for the other factors. Finally, any
change in a factor that promotes the productivityg species moves the optimum towards a
mixing proportion where the species is more repreesk The local sensitivity analysis gave
us also quantitative results. For a given set afldemetric characteristics, the optimum
mixing proportion was more sensitive to parameit@rslving oak - especially those
concerning its intra-specific competitio(; etA; 1) - than to those involving pine (Figure 4).
When the oak intra-specific competition increasies optimum moves towards a stand with a
higher proportion of pine. In other words, the mmtea-specific competition decreases
(decrease iK1 1 Or increase inly 1), the more the optimum for productivity moves tossma
pure stand of oak. Our plots had different spaizterns (Table 3) because they probably
experienced different ecological processes anérifit human actions (Ngo Bieng et al.
2006). As it has been recently shown for coexisgtessues (see Hart and Marshall 2009), this
spatial structure has a direct impact on the optinmixing proportion by changing intra and
inter-specific competition.

The mathematical equations that we developed aanirfiorm us about the conditions

leading to a situation of over-yielding. For odie term(Allel‘l/Qz,l-/llvg L/r‘;) isa
multiplicative factor for parametees andb; of the derivative ofAG, (x) . Therefore, if
AK/T2.=1,K /i the relationship between oak productivity andrtiieing proportion is

a straight line which means that there would beffiect of mixture on oak productivity. In

the special case where we have the same averag®siaoth sub-populations,( =7, ,), a
random distribution of oaks and no spatial intecaicbetween oak and pin&( =K, ,=m10?),

this condition corresponds to equality betweeransipecific competition and inter-specific
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competition @, = 4,,). The same result would have been achieved fer ipithe parameter
A,, had been different from zero when the individualdel was fitted (section 2.2). This

finding is consistent with a known theoretical fésior two specief\ andB growing in a
mixture, if the effect oA onB is the same as that BfonB and if the effect oB onA is the
same as that & onA, then the productivity of a species in a mixtuwéhie product of its
proportion by its productivity in a pure stand (bar 1977). In this case, the relationships
between the productivity of species and the mixirgportion are straight lines (left side of
Figure 1). However, our results also show thatiapsiructure and average size of sub-
populations play a role in the conditions leadim@ver-yielding. This complements the
results obtained from the Lokta-Volterra theordtioadel of inter-specific competition
(Loreau 2004). This means that, in the case ofwarspecies mixed forest, the condition
“intra-specific competition greater than inter-sfiecompetition” is not sufficient to ensure

over-yielding.

5 Conclusion

Our results show that mixture has a positive eféecthe productivity of oak-pine stands
and that transgressive over-yielding can occuh@sé stands. These findings indicate good
complementarity between these two species. Our limaglbased approach allowed us to
express the optimum mixing proportion as a functbstand characteristics and parameters
from a distance-dependent individual-based model s\bwed that, for a given set of
dendrometric characteristics, the optimum mixingpgartion depends mainly on parameters
involving the oak species, and especially thoseeomnng its intra-specific competition.
However, the mathematical equation for the optinmixing proportion indicated that an
intra-specific competition higher than inter-specdompetition was not a sufficient condition

to ensure over-yielding. We also showed how toraselts obtained at the individual level to
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obtain results on the behaviour of the whole syst&srpart of the issue on productivity in
mixed forests, this kind of approach can help usetiber understand the link between

productivity, stand characteristics and growth peeters of species.
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Tables
Table 1. Dendrometric characteristics of the piSts.plot areajr, , = quadratic mean radius for oak;,

quadratic mean radius for ping;= mean radius for oalk, = mean radius for pine; (sd) = standart deviatidn;

= number of oaks per hectai; = number of pines per hectaf®; = oak basal area per hectaBg;= pine basal

area per hectare.

Plot S 1 Too T (sd) T, (sd) N . P . Gy . G, .

(ha) (cm) (cm) (cm) (cm) (trees.ha’) (trees.ha”) (m2.ha”) (m2.ha’)
D02 0.951 111 17.7 10.0 (4.9) 17.3(3.5) 354.3 96.7 13.8 9.5
D108 0.800 85 16.9 8.0 (3.0) 16.7 (2.6) 353.8 231.3 8.1 20.8
D20 1.015 8.1 16.2 7.5 (3.0) 15.9 (3.1) 481.7 162.5 9.9 134
D27 0.625 8.2 17.7 7.3 (3.6) 17.3(3.8) 396.8 128.0 8.3 12.6
D42 0.500 8.2 125 7.7 (2.8) 12.0 (3.5) 472.0 280.0 9.8 13.6
D49 0.994 8.7 152 8.0 (3.5) 14.8 (3.1) 493.0 237.4 11.8 17.2
D534 0.500 8.2 18.1 7.6 (3.0) 17.9 (3.1) 488.0 170.0 10.2 17.6
D563 0.500 12.3 16.2 11.4 (4.6) 16.1(2.2) 242.0 212.0 11.4 17.4
D78 0.700 9.7 20.9 9.1 (3.2) 20.5 (4.1) 407.1 112.9 12.0 15.6
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Table 2. Parameter estimates for the distance-diepeimdividual-based model (equations 1 and 2).

Oak Pine

Plot i1 1 A1 Az a 2 A2z >

(mm) (mm.cm”) (mm) (mm) (mm) (mm.cm’) (mm.cm®)
D02 5.99 0.1026 -0.354 -0.242 4.60 0.0566 -0.000361
D108 12.08 0.0896 -0.354 -0.242 4.60 0.0620 -0.000361
D20 12.45 0.0427 -0.354 -0.242 4.60 0.0633 -0.000361
D27 12.73 0.0361 -0.354 -0.242 4.60 0.0512 -0.000361
D42 9.62 0.1633 -0.354 -0.242 4.60 0.0813 -0.000361
D49 13.01 0.0600 -0.354 -0.242 4.60 0.0511 -0.000361
D534 7.73 0.1357 -0.354 -0.242 4.60 0.0476 -0.000361
D563 6.00 0.1066 -0.354 -0.242 4.60 0.0491 -0.000361
D78 4.00 0.1766 -0.354 -0.242 4.60 0.0337 -0.000361
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601 Table 3. Values of the Ripley's function for ok {) and for pine ), and values of the inter-type function

602 (K, at a distance of 10 m in each plot. The 99% demite limits under the null hypothesis are alsemiv

603  (upper and lower bounds). For the Ripley’s functidwe null hypothesis corresponds to complete apati

604 randomness. For the inter-type function, the nytidihesis corresponds to population independence.

Plot

D02

D108

D20

D27

D42

D49

D534 D563

D78

Observed
Upper
Lower

Observed
Upper
Lower

Observed
Upper
Lower

349.4
338.4
293.1

444.3
392.2
245.0

281.9
376.4
255.7

330.8
337.4
293.5

321.4
349.5
283.6

294.3
342.4
289.3

350.7
327.4
298.6

404.0
356.2
277.0

291.1
349.9
275.3

346.0
338.1
293.5

504.8
389.5
250.8

308.0
449.2
206.9

346.0
336.8
293.8

323.3
352.9
280.9

316.2
341.1
291.8

328.4
328.9
300.4

381.5
349.3
287.7

311.7
331.0
287.6

312.9
336.1
293.6

364.9
386.7
259.6

343.9
342.2
286.7

304.9
359.3
277.3

321.0
364.7
269.7

308.8
339.1
296.1

333.8
336.3
292.3

378.2
391.7
248.9

304.7
365.1
278.8

605

30



606 Table 4. Optimum mixing proportio,) and observed mixing proportior,(y) for each plotAG(Xme) =
607 stand basal area increment X0F Xmey: AG(Xy0r) = stand basal area incrementXer x,q; Gain = relative

608 difference betweeAG(Xmax) andAG(Xyior)-

Plot Xmax AG(Xmax) Xplot. AG(Xpiot) Gain
(%) (m?halan) (%) (m?halan) (%)

D02 59.3 0.477 59.2 0.477 0.00
D108 43.1 0.591 28.0 0.561 491
D20 375 0.555 42.6 0.552 0.61
D27 46.5 0.295 39.8 0.292 0.96
D42 45.7 0.374 41.9 0.373 0.21
D49 46.2 0.647 40.8 0.642 0.64
D534 40.8 0.291 36.7 0.290 0.40
D563 73.6 0.320 39.6 0.291 9.05
D78 57.3 0.401 43.6 0.387 341
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Figure captions

Figure 1. The three main types of productivity msge for a mixed stand composed of two speciesd®Ban
according to the mixing proportion (adapted fronrppta, 1977). Total density is assumed to be coh&aihe
different mixing proportions. On the left, mixtunas no effect on stand productivity: productivifynaixed
stands is equivalent to the juxtaposition of pueads. In the middle, mixture has a negative effecstand
productivity: productivity of mixed stands is lowran the productivity expected in juxtaposed miaads. On
the right, mixture has a positive effect on staretpctivity: productivity of mixed stands is hight&an the

productivity expected in juxtaposed pure stands.

Figure 2. Comparison between the distance-depemmidimtdual-based model and the stand model for(@ak
and pine (b) and for the 9 plots. Basal Area In@eh* stand basal area increment predicted by ddels over
the 2000-2005 period. Individual model: distanceeatalent individual-based model (equations 1 an&tand

model: stand model obtained by aggregation ofridezidual model (equation 7).

Figure 3. Stand productivity according to the mixjproportion for the 9 plots and for each specié® solid
curve represents total stand productivity. The ewnith black dots represents pine productivity. Theve with
white dots represents oak productivity. The dashetical line represents the mixing proportion alied in the

plot (X,er). The solid vertical line represents the optimuiring proportion Kye).

Figure 4. Elasticiticies of,., to the 10 parameters of the stand model for ebathhe bars show the absolute

values of the elasticities, the sign of the el being written on top of each bar.
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Appendix

Aggregating the distance-independent individual-basd model
Given a distance-independent individual-based model
Ar =y, +Bgirth | (11)
whereAr;; is the radial increment of a trebelonging to a specigbetween timé and
time t+At, girth;; is the girth at time for a tred. Starting from equation 11, we can develop a
stand model for speci¢sising an aggregation approach. The stand canflmedevith three

aggregated variables for each species: the nunfilberesN;, the mean radiug and the basal

areaG;. The dynamic equations of these variables musefieed using equation 11. Since
we assume that there is neither mortality nor rigoent between andt+At, we have

AN, =0. The mean radius is defined as follows:

wherer, (t) is the mean radius at tinheThe mean radius increment can thus be written as

a function of the individual radial increments:
AF =T, (t+At) - (t) =
It follows from equation 11 that:

i%}Ari,j =yiN; +2BN;T,
And the mean radius increment is given by:
AT =y, + 213
Similarly, AG; can be written as a function of the individualddasea incrementsaf, ;):
_ -
AG; =G(t+At)-G(t)=> g, (t+At)- > g, (t) = ;Agiyj
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674 whereg;; is the basal area of a treandag, ; =g, (t+At)-g,, (t). Sinceg, (t) = (x| (t))2
675 we can writeg,  (t+At) as a function of  (t), r (t+At) andar,
676 g, (t+at)=7(r (t+At))2 =7r, (t)+0r, )2 = 71((ri | (t))2+2ri s (D)o +(an, )2)

677 Therefore:

678 Ag,, =27, (t) A + (A, )2

679 It follows from equation 11 that:

680 (0o, =y, () +8.27(n, (1) = vin, (1) 4,29, (1)

681 and

682 (ar,,) =y +y,Bam (1) + B4 (1, (1) =17+ 0,8, 4w, (1) + B, 4ng,, (1)

683 We can now express the individual basal area inen¢ms a function of ; (t), g, (t) and

684 the parameters of equation 11:
685 Bg,; =7+ 27y, (1+ 26, ), (1) + 495, (75, ) 0, (1)
N, N, N,
686 Since ;1: N;, izzl“ri,j =N/ (t) and ;gi,j =G, (t), we can sum the individual basal area
687 increments to obtain the stand basal area increment
688 AG, = ny*N; + 27y, (1+ 278, )N T, + 438, ( 1+ 78, ) G,
689 Therefore, the system of equations for the standehis:

AG, =7y*N, + 27, (1+ 278, )N T, + 476, ( 1+ 76, ) G,

690 AF, =y, +27BT,
AN, =0

691

692

693

694
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695

696

697

698

699

700

701

702

Optimum mixing proportion

SinceAG'(x) is a polynomial equation of the second degreeoiis are:

. = -b-+/b® - 4ac
2a

and x, =

_ -b++/b*-4ac

2a

The table below shows that for the nine plats always positive so the functiat@'(x) is

convex. It is negative betweanandx, and positive fox < x; etx > X,. X3 is thus a maximum

for the functionaG(x) .

Coefficients and roots oAG'(x) for the 9 plots.

Plot

a

D02
D108
D20
D27
D42
D49
D534
D563
D78

1493
14688
15403
6466
5225
13152
9357
268
5457

-64785
-168693
-172769
-83284
-74980
-185208
-102027
-31239
-95660

37871
69966
62590
37311
33143
82799
40109
22837
52986

0.593
0.431
0.375
0.465
0.457
0.462
0.408
0.736
0.573

43
11
11
12
14
14

116
17

39



