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Abstract 

The rapid improvement in the standard of living requires more detailed and 

sophisticated methods of evaluating comfort conditions. But, maintaining thermal 

comfort conditions in confined environments may require complex regulation 

procedures and the proper management of heating, ventilating and air conditioning 

(HVAC) systems. In turn, the requirements for indoor thermal comfort do not 

necessarily coincide with those of energy saving purposes, which in the last years are 

becoming a crucial issue owing to the enactment of the European Energy Performance 

of Buildings Directive (EPBD). 

The aim of this work is to compare different indoor control thermal comfort strategies 

in view of the evaluation of the energy cost of quality in buildings. 

In particular, a new PID-fuzzy controller is presented and compared with a classic ON-

OFF controller. The performances of the two controllers are quantified and compared 
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by means of two cost functions that are based on the quadratic forms of the overall 

energy required by the thermal fluid and of the deviation from the preferred set point of 

the predicted mean vote (PMV). It is found that the application of the PID-fuzzy 

controller results in lower costs of energy input and lower deviation from set point of 

PMV. 

 

Keywords: Fuzzy logic; Indoor thermal comfort; Energy saving; HVAC system 

controller; PID controller. 

 

1. Introduction 

 

Although the indoor thermal comfort issues have been dealt with widely in 

scientific literature [1,2,3,4,5,6,7], it is now gaining a more and more rising attention 

among designers of heating, ventilating and air conditioning (HVAC) systems, 

particularly due to the enactment of the European Energy Performance of Buildings 

Directive (EPBD) [6]. This directive, in fact, besides promoting directly the energy 

performances of the buildings, the reduction of the conventional fuels consumption and 

the decrease in greenhouse gas emissions to the atmosphere, indirectly gives emphasis 

to measures and actions devoted to the increasing of the indoor performances [8,9], 

even affecting the energy demand of buildings. It is well known that the increasing 

demand for energy management in buildings prompts to the development of control 

methodologies that could improve energy efficiency of building-HVAC systems 

[10,11,12,13]. Nevertheless, the most of the conventional control strategies for indoor 

comfort, proposed up to now, are limited to ON-OFF and conventional proportional, 
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integrative and derivate (PID) methods, which actually show some limitations. In the 

ON-OFF method, for example, the controlled variable swings continuously and thermal 

comfort is regulated only by the indoor temperature; the classical PID control, on the 

other hand, it is not well suitable in following the disturbances and modifications 

induced to the indoor climate by the varying thermal requirements of different 

buildings.  

Hence it follows the need for developing a control method which could improve the 

energy efficiency of building while, simultaneously, indoor comfort is maintained 

within acceptable limits. 

Despite the general thought, the need for a more comfortable indoor environment 

and the need for energy saving purposes could not be always in conflict although, 

generally speaking, the improving of the indoor conditions could result in a greater 

consumption of energy.  

At this regard, although some interesting works related to the artificial intelligence 

topics have shown that fuzzy systems and neural networks can simultaneously control 

both requirements, in this way contributing to reduction of energy consumption and 

guarantying acceptable indoor comfort conditions [14,15,16,17,18], we need to better 

matching the purposes of the energy saving and of the indoor thermal conditions for 

people. In other words, we must dispose of effective and simple tools of analysis that 

contemporary take into account both requirements in the building and HVAC design 

process. 

In this aim, we will present a comparison between the classic control strategies 

(ON-OFF controller) and a PID-fuzzy controller: having in mind the energy cost related 

with the achievement of indoor thermal comfort conditions, we will adopt a couple of 
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cost functions, as suggested by Ardheali et al.[17], that is the penalty associated with the 

deviation from the optimal comfort set point of the selected comfort index, and the 

penalty associated with the energy consumption for heating purposes. 

 

2. Indexes adopted for evaluating the performance of HVAC control systems 

The analysis of the HVAC control is not a recent task: several studies and standards 

have been produced in order of assessing parameters and strategies on purpose 

[e.g.:19,20]. 

In the present section some indexes will be introduced to evaluate the performance 

of HVAC control systems: some of them aimed at computing the thermal comfort 

performance and other at computing the energy performance; these parameters are 

based on the work of Ardehali et al. [17], and on the EN 15251 standard [8]. 

 

2.1 Indexes of thermal comfort performance 

 

The most widely used index for the evaluation of indoor thermal conditions in 

moderate environments is the well known Predicted Mean Vote (PMV) originally 

introduced by Fanger [1]. The PMV is refers to “the mean value of the votes of a large 

group of persons on the 7-point thermal sensation scale, based on the heat balance of 

the human body” [3]. In this paper, the PMV index is utilized by authors as overall 

index of the global thermal comfort conditions. 

A neutral thermal balance is achieved when the internal heat production in the body 

is equal to the loss of heat to the environment. In a moderate environment, the human 

thermoregulatory system automatically attempts to modify skin temperature and sweat 
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secretion in order to maintain heat balance. As it is well known, PMV depends on two 

personal parameters (metabolic rate, M, and clothing thermal resistance, Icl), and on four 

environmental parameters (air temperature, θa, mean radiant temperature, θr, air 

velocity, va, and relative humidity of air, RH) [3, 7]. 

The neutrality of the thermal sensation (corresponding to thermal comfort 

conditions for people) is given by a PMV value equal to zero; positive values mark a 

sensation of warmth, while negative values signal a sensation of cold. The Table 1 

reports the complete seven points sensation scale.  

 

Such linguistic definition of thermal sensations (that is votes provided by people), 

along with the usual verbal gradations, like “more or less warm” or “more or less cold”, 

suggests adoption of fuzzy control systems for the design of a controller which is able to 

suitably drive a HVAC equipment, by maintaining PMV values close to zero. 

Ardheali et al. [17] suggest to define a “comfort cost function”, Jsp, which allows to 

evaluate the penalty for indoor air temperature deviation from a desired set point. 

Following this approach, we introduce here an index that measures the deviation of the 

actual value of PMV (PMVact) from a desired set point of PMV (PMVref). This index, 

that represents the first comfort index assumed in the present study, I 1
 c, through the 

observation time (T), is expressed as (assuming the PMVref equal to zero): 

I 1
 c = ⌡

⌠
0

T

 ( )PMVact - PMVref
2
 dt  = ⌡

⌠
0

T

 ( )PMVact
2
 dt  (1) 

The quadratic form of this cost function, that amplifies the deviations, points out 

the importance of maintaining comfort conditions for the system. 

Table 1 
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Actually, a second comfort index can be usefully introduced. In fact, the standard 

EN 15251 [8] suggests PPD (Predicted Percentage of Dissatisfied people) weighted 

criteria (Annex F - Method C) to evaluate the general long term thermal comfort 

conditions. This standard introduces a weighting factor, wf, depending on the ratio 

between the PPD referring to the actual value of PMV (PPDact) and the PPD referring to 

the limit value of PMV (PPDref). That is: 

wf = 
PPDact

PPDref
 (2) 

In this work PPDref  has been set to the value of 0.05, corresponding to the 

percentage of dissatisfied for PMVref  equal to zero. This weighting factor can be 

utilized for defining the second comfort index as the summation over the same 

observation time of the weighting factor: 

I 2
 c = ⌡

⌠
0

T
 wf dt  (3) 

Actually, it must be noted that the original work of Ardehali, for the definition of 

the comfort cost function, Jsp, refers to the indoor air temperature, instead of the 

Predicted Mean Vote, as suggested in the present analysis. As matter of fact, PMV does 

represent a more refined parameter for investigating on the agreement of people toward 

a given indoor environment but, due to the still existing difficulties in computing (and 

measuring) the PMV index, one could decide to refer to the air temperature for a first 

assessment of the comfort cost function. This less accurate application is justified by the 

circumstance that, under some simplified hypotheses, the PMV index can be expressed 

as a direct function of the indoor air temperature. 

In fact, by supposing that some of the parameters affecting PMV are fixed (i.e.: M 

= 1 met, Icl = 1 clo; va = 0.15 m/s, RH = 50%), and in the case that θr ≅ θa (under the 
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conditions reported in appendix C of ASHRAE 55-2004 [2]), it is possible, as a first 

approximation, to assume that the Predicted Mean Vote is only a function of the indoor 

air temperature, θa, that is PMV ≅ PMV(θa). It is important to point out that this 

simplification is not a compulsory simplification of the PMV index. On the contrary, it 

emerges from the consideration that the values of relative air velocity and mean radiant 

temperature can be reasonably regarded as constant in a confined and thermally 

moderate environment. Moreover, the changes of relative humidity influence the 

comfort sensations to a very little extent [3]. 

These assumptions allow defining the link between the PMV and the air 

temperature changes, and vice versa. That is, under the present assumptions: 

PMV = 0.2262 θa - 4.969 (4.a) 

θa = 4.4209 PMV + 21.967  (4.b) 

Nevertheless, these assumptions must be regard only as a useful simplification of 

the method: as far the values of the Predicted Mean Vote are achievable, the comfort 

indexes should be correctly computed on the basis of the PMV parameter. 

 

3.2 Indexes of energy performance 

 

The overall energy, Qheat, required for maintaining comfort conditions within the 

indoor environment can be evaluated by means of the integration of the thermal power 

supplied by heat-distributing devices, qf˙ , in the considered period of time. That is: 

Qheat = ⌡
⌠

0

T
qf˙  dt (5) 

Also in this case, the penalty associated with the energy consumption evaluated 

over the considered period, can be assessed by means of an “energy cost function”, I1
 e 
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(the first energy performance index here adopted). This index, as introduced by 

Ardehali et al. [17], is expressed in the following way: 

I 1
 e = ⌡

⌠
0

T

 ( )qf˙
2
 dt  (6) 

Again in this case, the quadratic form of the cost function suggests to pay a high 

attention to the importance of the energy demand for the HVAC system of building. 

On the other hand, the overall amount of energy required for maintaining comfort 

conditions within the environment, Qheat, does represent an important parameter of the 

energy performance of a HVAC plant. As that, we assume it as the second energy 

performance index within this study. That is: 

I 2
 e = Qheat (7). 

 

4. Controllers comparison 

 

In order to clarify by means of numerical examples the relationships previously 

defined and to compare the performances of different controllers, in this section a 

classic hysteresis ON/OFF controller and a PID-fuzzy controller are taken into account. 

After a brief description of the controllers, some simulation results, referring to a simple 

application for a typical apartment of a building situated in the town of Palermo (38° 

06’ 56” N latitude; 13° 21’ 40” E longitude, Italy), are presented. Characteristic data of 

the considered apartment were taken from the study of  Energy Master Plan of Sicily 

Region [21], specifically it refers to a typical working class Italian apartment. As 

reported in Table 2 the overall transmittance of the module is 160 W/K. Moreover te 

apartment is supposed to be equipped by four windows (one for each main exposition), 

each of them showing a glazed area of two square meters. As for the Sicilian situation, 
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direct solar radiation has been supposed entering glazed surfaces from east, south and 

west windows. These contributions will influence the evaluation of the PMV, through 

the heat balance of the human body. 

For the sake of simplicity, the behaviour of the building-HVAC system will be 

analysed only during the heating season. 

In this application, a modelling of external climate doesn’t take place: it is replaced 

by the measured values of the outdoor temperature range (winter season: 1th December 

2002 - 31th March 2003). In Fig. 1, the behaviour of the outdoor air temperature is 

shown through the adopted period of time referring to a typical winter season in 

Palermo. 

 

The building response to the control signals has been simulated by using the 

MATLAB © software, where our simplified model, reported in Appendix, has been 

implemented. At this regard, some typical values for the building-HVAC system have 

been adopted, as reported in Table 2. To evaluate the performances of the controllers, 

particularly in the cases of under or over estimation of the HVAC sizing, the 

simulations were conducted with different values of the maximum flow rate of the 

warming carrier (water) of the HVAC equipment, that is obviously related with the 

overall power supplied by heat-distributing devices. The reference value of the 

maximum flow rate of the warming carrier was estimated in 0.09 kg/s. 

 

 

4.1. The classic hysteresis ON/OFF controller 

 

Table 2 

Fig. 1 
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As it is well known, the relay hysteresis system is based on the following operating 

principle: given the value θ a
 * of the indoor air temperature for which PMV(θ a

 *) = 0, and 

given the fixed values of the PMV index within which the ripples of the air temperature 

lead the indoor environment to category A (∆PMV = ± 0.2, that is ∆θa = ± 0.9 °C) and 

to category B (∆PMV = ± 0.5, that is ∆θa = ± 2.2 °C) respectively [3], it is possible to 

evaluate the corresponding range of values for the indoor air temperature. In detail, by 

applying Eq. (4.b) and by establishing a variation of the PMV index within the range 

± 0.2 (category A indoor), a corresponding range of the indoor air temperature between 

21.1 °C and 22.9 °C is obtained, while for a variation of the PMV index between ± 0.5 

(category B indoor), a corresponding range of the indoor air temperature between 19.8 

°C and 24.2 °C is found. 

For the sake of simplicity, one can suppose that at position ON the maximum flow 

is immediately attained, while at position OFF, the flow is instantaneously switched off. 

Analytically, this can be expressed in the following way: 

ṁ = 


ṁmax  position ON
0  position OFF  (8) 

This regulation system can be described by means of the scheme depicted in Fig. 2. 

 

 

4.2. The adopted PID-fuzzy controller system 

 

An adaptive PID-fuzzy controller [22,23] that employs the Sugeno inference 

system [24] is here utilized. The general outline of this system is sketched in Fig. 3. 

 
Fig. 3 

Fig. 2 



 

11 

The output u of the PID-fuzzy controller can be given by [22]: 

u = A + P · e + D · ∆e (9) 

where the variables e (absolute error) and ∆e (time variation of the error) are defined as 

follows: 

e(t) = PMVref - PMVact (10) 

∆e = e(t) - e(t - ∆t) = -[PMVact (t) - PMVact (t - ∆t)] (11) 

where the variable t represents the elapsed time. 

The coefficients A, P, D are non-linear functions of the variables e and ∆e. 

The membership function of the variable e is shown in Fig. 4. The same behaviour 

can be assumed for the variable ∆e. 

 

Our PID-fuzzy controller [23] has been obtained by adding the output of the fuzzy 

controllers (that refers to the proportional and derivative actions) to the integration of 

this same signal. 

 

5. Results and discussion 

 

For the classic ON/OFF regulation system, the PMV index has been determined by 

the use of the two considered control relay systems shown in Fig. 5, respectively 

characterised by a PMV pass band of ± 0.2 and ± 0.5, for the case of a duty cycle of 24 

hours. 

 
Fig. 5 

Fig. 4 
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Obviously, better comfort conditions are achieved in correspondence with greater 

values of the ON-OFF number of cycles, that is for a PMV pass band of ± 0.2, that 

refers to a less amplitude of the throttling range.  

On the other hand, for the PID-fuzzy controller system, the time response to the 

input stress is shown in Fig. 6 (for the reference maximum flow rate of the warming 

carrier of 0.09 kg/s), again for the case of a duty cycle of 24 hours. It is possible to 

observe the fairly good control of the PMV parameter around the required optimal value 

(PMV = 0), for any input value: in fact, despite the high variability of the ṁ parameter 

(as required by the variability of the outdoor air temperature), the PMV value is almost 

kept constant at its optimal value. 

 

Apart the previously reported considerations, in order of better catching the 

differences between the two adopted control strategies, we have also analyzed the 

behavior of the heating system for 16 different values of the maximum flow rate of the 

warming carrier, for two daily working regimes, that is a continuous (24 hours) and an 

intermittent one (8 hours). In Figures 7 through 10 we report the trends of the selected 

indicators for the thermal comfort and the energy performances of the heating system, 

whose power is here directly related to the maximum flow rate of the warming carrier. 

Obviously, it must be observed here that the energy costs previously computed is only 

attributed to the needed enthalpy increases for the warming carrier. Most correctly, the 

energy costs attributable to the work of the electric engines, which fulfil the suggested 

regulation actions, should also be taken into account. 

More in details, Figures 7 and 9 report the thermal comfort parameters, that is I 1
 c (left 

side of the figures) and I 2
 c (right side of the figures), while Figures 8 and 10 report the 

Fig. 6 
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selected energy performance parameter, that is I1
 e (left side of the figures) and I2

 e (right 

side of the figures). Moreover, all Figures refer to the comparison between the PID-

fuzzy and the ON-OFF (both cases of the PMV pass band) regulation strategies. 

 

The analysis clearly indicates that the PID-fuzzy controlling system generally shows 

values of the cost function (I 1
 c) referring to the thermal comfort performance lower than 

those referring to the ON/OFF controllers, especially with respect to the PMV range ± 

0.5, both for the cases of continuous (Fig. 9 left) and intermittent duty cycle (Fig. 7 left) 

regimes. Furthermore, for the continuous regime (Fig. 9 left) the behaviour of the I1
 c 

index shows a faster tendency to reach the asymptotic value with respect to the 

intermittent regime, and this is due to a greater number of starts-up in the intermittent 

regime. In the intermittent regime there is also an evident presence of light ripples (due 

to the peculiarity of the intermittent regime). 

Analogous considerations can be easily drowns from the analysis of the second 

indicator (I 2
 c) selected for evaluating the thermal comfort performances of the system 

(Figs. 7 right and 9 right). 

These results could induce people to assume that both indicators present an 

analogous behaviour. Actually this is only true for small values of the PMV index that 

refer to thermal comfort conditions. In fact, the trend of the PPD index (see Figure 11), 

on which the I 2
 c index depends, is close to a parabolic trend for small values of the PMV 

index; on the contrary I 1
 c directly depends on the square value of the PMV. This leads to 

the consideration that for small values of the PMV both indicators are almost 

equivalent. 

Figures 7 - 10 
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Starting from these considerations, one can conclude that is definitely most suitable 

utilizing the I 2
 c indicator instead of I 1

 c, since the first one directly refers to the 

percentage of dissatisfied people (PPD) in a given confined environment while the 

second one is related to the square value of PMV, a term that does not directly connect 

to the thermal comfort of people. 

While with reference to the comfort issues the behaviour and the applicability of both 

selected indicators (I 1
 c and I2 

c
) is quite easy, from an energy point of view, on the 

contrary, the pertinent indicators (I 1
 e and I2 

e
) show a more complex tendency that require 

further explanations. 

Particularly, the values of the energy cost function (I 1
 e) for the analyzed controllers 

show a positive slope with the increasing of the maximum flow rate of the warming 

carrier, both in the cases of continuous (Figure 10, left side) and intermittent (Figure 8, 

left side) heating regimes. In the same time, there is a dramatic difference in the rising 

tendency between the ON-OFF (more accentuated) and PID-fuzzy (less evident) 

systems. Moreover, the curves representative of the ON-OFF systems are almost 

overlapped for the cases of pass band width of PMV = ± 0.2 and PMV = ± 0.5. 

Such behaviours could lead to establish a better energy suitability for the PID-fuzzy 

system: actually, further considerations will rise other elements that induce people to 

modify this assumption. 

On the other hand, the behaviour of the second indicator of the energy consumption 

(I 2
 e) shows a cross point between the curves: this signals the presence of zones where 

the PID-fuzzy controllers are more convenient and other zones where the ON-OFF 

controllers are prevalent. Actually, the most important result of Figures 8 and 10 (right 

sides) is that, for high values of the maximum flow rate of the warming carrier is more 
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convenient the use of ON-OFF regulators instead of PID-fuzzy systems; and it is 

noticeable to see that in the case of oversized systems the best ON-OFF regulator is that 

one characterized by a pass band width of PMV = ± 0.5. For heating systems 

characterized by a less power, the same Figures signal that the most suitable control 

strategy is the PID-fuzzy one. Obviously these considerations rise the question whether 

or not the over sizing of a heating system is a proper design strategy.  

With the aim of supporting the previous considerations, in Figures 12 and 13 the time 

percentage of utilization of the maximum heating power is reported, in the case of a 

PID-fuzzy controller: this representation, in fact, enables the singling out of the under or 

over sizing conditions. The shown behaviours are those expected since, with the rising 

of the maximum flow rate of the warming carrier, there is a decreasing percentage of 

utilization of the nominal power of the heating system as it is depicted in Figure 14. 

This result, referring to actual trends of the outdoor air temperature, does confirm the 

importance of a proper sizing of the heating equipment, provide that a suitable sizing 

realized in a better way the matching between the thermal characteristics of the building 

envelope and the climatic data of the site. 

 

 

6. Conclusions 

 

Concerning the application here presented, from the comparison of these regulating 

systems it is possible to draw the following conclusions. 

1. Referring to comfort considerations, the most suitable indicator to be utilized in 

order of ranking the performances of the heating systems is that one proposed within 

Figures 12-13-14 
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the standard EN 15251 [8] (Annex F - Method C), I2
 c. This indicator, as discussed in 

the previous sections, shows a better prevalence in comparison with the I 1
 c index. 

Concerning the energy cost considerations, the most suitable indicator is I2
 e, that is 

the summation of the thermal power supplied by the heat distributing devices over 

the whole heating season. In fact, as indicated by means of the energy consumption 

analysis previously reported, the “energy cost function” indicator I 1
 e is not well 

suitable for comparisons among PID-fuzzy and ON-OFF controllers, since it, 

depending on its analytical definition, emphasizes the peaks of the required power 

with respect to the running time of the equipment.  

2. The importance of a proper sizing of the equipment is singled out by the use of the 

indicators here selected for analyzing its energy cost. In fact, for a correct size of the 

equipment, a PID-fuzzy controller seems to lead to less costs for the management of 

the equipment; on the contrary, an over sizing of the power of the equipment doesn’t 

justify the use of a such sophisticated regulator. 

Anyway, although the ON-OFF systems seem to induce less energy consumptions in 

the cases of oversized heating system (that, in any case should be avoided by a correct 

designing point of view), they lead to poorer comfort conditions to people. This justify 

the tendency of designers and technicians toward a less utilization of the ON-OFF 

regulation controllers. Moreover, such approach does meet in a more proper way the 

requirements of the European directive concerning the energy performance of building 

[6] where, in the current release, regulation and control issues are not suitably taken into 

account. 

Although the results here discussed seem to be quite interesting, it must be observed 

that final conclusions concerning the supremacy of a control system should be only 
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assumed after a systematic comparison among different strategies, by utilizing a more 

accurate modelling of the building-HVAC system and of the climate condition on the 

site, supported by more extensive sets of experimental data. 
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APPENDIX - Simplified test dynamic model 

 

In order to evaluate and to compare the performances of different types of controllers 

for HVAC systems, in this section a simplified dynamic model of the building-HVAC 

system has been developed. Anyway this simplified approach doesn’t constitute a 

prejudice for the generality of the present analysis, as it will be shown in details in the 

following. 

The instantaneous energy balance of a building-HVAC system in the heating season, 

can be expressed as a function of the thermal losses towards the outside, qt˙ , of the 

thermal energy stored up within the indoor environment, qȧ, and of the amount of 

energy supplied by the heat-distributing devices, qf˙ : 

qf˙  = qt˙  + qȧ (A.1) 

In the following, each term of Eq.(A.1) will be briefly described. 

Let us suppose that the thermal losses towards the outside depend only on the 

thermal flow crossing the envelope surfaces of the building. Moreover, in the present 

application we suppose that the thermal losses by ventilation are negligible. Under these 

conditions, the thermal losses towards the outside can be calculated as follows: 

qt˙  = HT (θa - θout) (A.2) 

where: 

• HT is the global heat transfer coefficient of the building envelope (W/K); 

• θa is the indoor air temperature (°C), function of time; 

• θout 
is the outdoor air temperature (°C), function of time. 
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Once more, for the sake of simplifying the analysis, let us suppose that the storage 

term depends only on the indoor air thermal capacity. It follows that the enthalpy 

variations due to the phase changes and the wall thermal capacity can be neglected. As 

that, we can say that heat storage mainly depends on the indoor air thermal capacity, 

without affecting the generality of the analysis. This simplification is assumed for since 

we are here particularly interested in the fast variations of air temperature values. In 

other words, we will investigate the changes of the air temperature value, which occur 

with a low time constant, compared to that one of the wall. This simplification leads to 

the following expression: 

qȧ = ca M 
dθa

dt  = ca ρa V 
dθa

dt   (A.3) 

where 

• ca is the specific heat of the indoor air (J/kg K); 

• M is the air mass in the considered volume (kg); 

• ρa is the air density (kg/m3); 

• V   is the indoor building volume (m3). 

 

The heating capacity of a heat-distributing device in Nonstandard Conditions [25,26] 

can be calculated by the following expression: 

qf˙  = k 






θf;in + θf;out

2  - θa

α

 (A.4) 

where  

• k is a constant determined by means of test analyses; 

• θf;in 
 

is the input temperature of the warming carrier (°C); 

• θf;out is the output temperature of the warming carrier (°C); 
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• α is a characteristic exponent of the emission system. 

The constant k can be evaluated by applying Eq.(A.4) in the Standard Condition: 

k  = 
qṅ







θf;in + θf;out

2  - θa

α

n

  = 
qṅ

( )∆θn
α  (A.5) 

where ∆θn is the difference between the average temperature of the heating medium of a 

heat-distributing device and the room air temperature in testing conditions, and qṅ  is the 

heating capacity of the heat-distributing device in the Standard Condition [25,26]. 

In turn, the heating capacity of the heat-distributing device in the Standard 

Condition, qṅ, can be evaluated by means of the following relationship: 

qṅ = cf ṁ ( )θf;in - θf;out   (A.6) 

where cf 
 is the specific heat of the warming carrier (J/kg K), and ṁ is the flow rate of 

the warming carrier (kg/s). 

Finally, by substituting Eq.(A.6) and Eq.(A.5) into Eq.(A.4) it is possible to evaluate 

the thermal power supplied by the heat-distribution devices as follows: 

qf˙  = cf ṁ ( )θf ;in - θf;out  








θf;in + θf;out

2  - θa

∆θn

α

  (A.7) 

Only for a computational convenience, in this work the Authors adopt a heat-

distributing device characterized by an exponent of the emission system equal to 1 (for 

example convectors without enclosure [25]), and a difference between the average 

temperature of the heating medium and the room air temperature in testing conditions, 

∆θn , equal to 50 °C (that is θf;in = 75 °C; θf;out  
= 65 °C; θa = 20 °C). 

Under the aforementioned assumption, by substituting Eqs.(A.2), (A.3) and (A.7) 

into Eq.(A.1), it is possible to obtain the following expression: 
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cf ṁ ( )θf;in - θf;out  








θf;in + θf;out

2  - θa

∆θn

α

  = HT (θa - θout) + ca ρa V 
dθa

dt   

Now, by setting α equal to 1 and by rearranging the involved terms, it is possible to 

obtain the expression of the simplified dynamic model adopted in this paper: 

2 ∆θn ca ρa V 
dθa

dt  + 2 [ ]∆θn HT + cf ṁ( )θf;in - θf;out  θa = 

= cf ṁ ( )θf;in
 2  - θf;out

 2  + 2 ∆θn HT · θout  (A.8) 

that can be rearranged as follows:  

dθa

dt  + 






HT

ca ρa V
 + 

cf ṁ( )θf;in - θf;out

∆θn ca ρa V
 θa = 

cf ṁ ( )θf;in
 2  - θf;out

 2

2 ∆θn ca ρa V
 + 

HT

ca ρa V
 · θout  (A.9) 

In turn, Eq.(A.9) can be re-written in the following way: 

dθa

dt  + A(t) · θa = B(t) + C · θout  (A.10) 

where 

A(t) = 
HT

ca ρa V
 + 

cf ṁ ( )θf ;in - θf;out

∆θn ca ρa V
   

B(t) = 
cf ṁ ( )θf;in

2
 - θf;out

 2

2 ∆θn ca ρa V
 

C = 
HT

ca ρa V
  

The general solution of Eq.(A.10) is: 

θa(t) = exp




-⌡

⌠
0

 t
A(τ) dτ  







θa(0) + 

⌡
⌠

0

 t
exp





⌡⌠A(τ) dτ  [ ]B(τ) + C · θout

 (τ)  dτ   (A.11) 

We observe here that, in general, the parameters ca, cf, θf;in, θf;out, ∆θn , ρa, V, HT are 

constant in time and depend on the thermo-physical features of the given environment 

and on the characteristics of the heating devices. The flow rate of the warming carrier, 
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ṁ, is the actual variable regulated by the HVAC system, while the outdoor temperature, 

θout, is a function of time, being its behaviour not a priori known (variable of 

disturbance); moreover, the indoor air temperature, θa, is generally a function of time 

(parameter that must be controlled). 

Now, for convenience, in the following we report two limit cases, that is a flow rate 

of warming carrier equal to zero and a flow rate equal to the maximum value. 

In the case of a flow rate equal to zero, one obtains A = C, consequently Eq.(A.10) 

can be easily modified into an expression of the following form: 

dθa

dt  + C · θa  = C · θout (A.12) 

The solution of Eq.(A.12) is obviously given by the following expression, in the 

hypothesis that the system evolution starts from the time t = 0: 

θa = exp(-C · t) 




θa(0) + ⌡

⌠
0

 t
( )exp(C · τ) · C · θout(τ)  dτ   (A.13) 

Two terms are present in the right part of Eq. (A.13). The first one, 

exp(-C · t) θa(0) , decreases with time and takes into account the lowering of the air 

temperature determined by the switching off of the heating system. The second term, 

exp(-C · t) ⌡
⌠

0

 t
( )exp(C · τ) · C · θout(τ)  dτ , on the contrary, takes into account the 

behaviour of the outdoor air temperature (by means of the term θout(τ)) and its 

relationship with the building envelope (by means of the parameter C). 

In the case of maximum value of the flow rate, Eq.(A.10) is still utilized, where, in 

this situation, the terms A and B must be also considered as constant. The solution of the 

differential equation Eq.(A.11) is therefore supplied by the following expression, in the 

hypothesis that the system evolution starts from the time t = 0: 
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θa = exp(-A · t) 






θa(0) + ⌡

⌠
0

 t
[ ]exp(A · τ) · ( )B + C · θout(τ)  dτ   (A.14) 

Concerning this equation and its two terms, similar considerations can be argued, as 

in the case of Eq.(A.13).  
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Nomenclature 

 

ca specific heat of the indoor air (J/kg K) 

cf  specific heat of the warming carrier (J/kg K) 

e absolute error 

HT global heat transfer coefficient of the building envelope (W/K) 

k constant determined by means of test 

Ie energy performance index 

Ic comfort index 

ṁ  flow rate of the warming carrier (kg/s) 

M air mass in the considered volume (kg) 

PMV Predicted Mean Vote 

PPD Predicted Percentage Dissatisfied 

qȧ thermal energy stored up within indoor environment per unit of time (W) 

qf˙  energy supplied by the heat-distributing devices per unit of time (W) 

qṅ 
heating capacity of the heat-distributing device in the Standard Condition per unit of time 

(W) 

qt˙  thermal losses towards the outside per unit of time (W) 

Qheat
 overall energy required for maintaining comfort conditions within the environment (J) 

t elapsed time (s) 

T observation time (s) 

V indoor building volume (m3) 

wf weighting factor 

  

Greek symbols 

α characteristic exponent of the emission system 

∆θn 
difference between the average temperature of the heating medium and the room air 

temperature in testing conditions (°C) 

θa indoor air temperature (°C) 

θout outdoor air temperature (°C) 

θf 
 temperature of the warming carrier (°C) 

ρa  air density (kg/m3) 

  

Subscripts 

in
 

input value 
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out
 

output value 

ref reference value 
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Figure captions 

 

Fig. 1. Behaviour of the outdoor air temperature in a winter day. 

 

Fig. 2. Classic ON/OFF regulation scheme for the control of PMV in a given indoor 

environment. 

 

Fig. 3. PID-fuzzy regulation scheme for the control of PMV in a given indoor 

environment [23]. 

 

Fig. 4. Membership function of the variable e [23]. 

 

Fig. 5. Behaviour of the PMV parameter for an ON/OFF regulation system for throttling 

ranges of ±0.2 and ±0.5, for a duty cycle of 24 h (reference maximum flow rate of the 

warming carrier of 0.09 kg/s). 

 

Fig. 6. Behaviour of the PMV parameter for a PID-fuzzy regulation system (above) and 

percentage of the flow rate of warming carrier (below), for a duty cycle of 24 h 

(reference maximum flow rate of the warming carrier of 0.09 kg/s). 

 

Figure 7. Trend of indexes of thermal comfort performances (8h duty cycle) for the I 1
 c 

(left) and the I 2
 c (right) indicators. 
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Figure 8. Trend of indexes of energy performances (8h duty cycle) for the I 1
 e (left) and 

the I2 
e
 (right) indicators. 

 

Figure 9. Trend of indexes of thermal comfort performances (24h duty cycle) for the I 1
 c 

(left) and the I 2
 c (right) indicators. 

 

Figure 10. Trend of indexes of energy performances (24h duty cycle) for the I1
 e (left) 

and the I 2
 e (right) indicators. 

 

Figure 11. Typical behavior of PPD as a function of PMV [3]. 

 

Figure 12. Time usage percentage of maximum flow rates of warming carrier for a duty 

cycle of 8 h (PID-fuzzy controller). 

 

Figure 13. Time usage percentage of maximum flow rates of warming carrier for a duty 

cycle of 24 h (PID-fuzzy controller). 

 

Figure 14. Time usage percentage for two values of maximum flow rate of warming 

carrier (PID-fuzzy controller).
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Table 1 

Seven-point thermal sensation scale [3] 

 + 3 Hot 

 + 2 Warm 

 + 1 Slightly warm 

 0 Neutral 

 − 1 Slightly cool 

 − 2 Cool 

 − 3 Cold 
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Table 2 

Adopted values of thermo-physical characteristics of building and HVAC system 

Building 
envelope 

Total heated 
Volume 

V = 271 m3 

Overall Heat 
Transmittance 
HT = 160 W/K 

 

Indoor air 
Specific heat 

ca = 1012 J/kg K 
Density 

ρa = 1.204 kg/m3 
 

Warming 
carrier of the 
heating system 
(water) 

Temperatures  
in the heating season 

θf;in = 75 °C 

θf;out = 65 °C 

Specific heat 
cf = 4186 J/kg K 

Range of  
the maximum flow rate 

ṁmax 
=  

0.03 ÷ 0.18 kg/s 
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