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Adaptive Covariance Estimation with model selection

Rolando Biscay, Héleéne Lescornel and Jean-Michel Loubes

Abstract

We provide in this paper a fully adaptive penalized procedure to select a covari-
ance among a collection of models observing i.i.d replications of the process at fixed
observation points. For this we generalize the results of [3| and propose to use a
data driven penalty to obtain an oracle inequality for the estimator. We prove that
this method is an extension to the matricial regression model of the work by Baraud
in [1].

Keywords: covariance estimation, model selection, adaptive procedure.

1 Introduction

Estimating the covariance function of stochastic processes is a fundamental issue in statis-
tics with many applications, ranging from geostatistics, financial series or epidemiology
for instance (we refer to [10], [8] or [5] for general references). While parametric methods
have been extensively studied in the statistical literature (see [5] for a review), nonpara-
metric procedures have only recently received attention, see for instance [6, 3, 4, 2| and
references therein.

In [3], a model selection procedure is proposed to construct a non parametric estima-
tor of the covariance function of a stochastic process under mild assumptions. However
their method heavily relies on a prior knowledge of the variance. In this paper, we extend
this procedure and propose a fully data driven penalty which leads to select the best
covariance among a collection of models. This result constitutes a generalization to the
matricial regression model of the selection methodology provided in [1].

Consider a stochastic process (X (t)),., taking its values in R and indexed by 7' C R,
d € N. We assume that E[X ()] = 0 V¢t € T and we aim at estimating its covariance
function o (s,t) = E[X (s) X (t)] < coforallt,s € T. We assume we observe X (t;) where
ie{l...n}and j € {1...p}. Note that the observation points t; are fixed and that the
X,’s are independent copies of the process X. Set z; = (X; (t1),...,X; (t,))Vie {1...n
and denote by ¥ the covariance matrix of X at the observations points ¥ =E (mzxj ) =
(0 (s tk))1<j<picnzp -

Following the methodology presented in [3]|, we approximate the process X by its
projection onto some finite dimensional model. For this, consider a countable set of

functions (g),c, which may be for instance a basis of L? (T') and choose a collection
of models M C P(A). For m C M, a finite number of indices, the process can be



approximated by

X (t) = Z axgx (t).
AeEm
Such an approximation leads to an estimator which depends on the collection of functions
m, denoted by Y. Our objective is to select in a data driven way, the best model, i.e.
the one close to an oracle mg defined as the minimizer of the quadratic risk, namely

2
mo € argminR (m) = arg minE {HZ — EmH ] :
meM meM

This result is achieved using a model selection procedure.

The paper falls into the following parts. The description of the statistical framework
of the matrix regression is given in Section 2. Section 3 is devoted to the main statistical
results. Namely we recall the results of the estimate given in [3] and prove an oracle
inequality with a fully data driven penalty. Section 4 states technical results which are
used in all the paper, while the proofs are postponed to the Appendix.

2 Statistical model and notations

We consider an R-valued process X () indexed by T a subset of R? with expectation equal
to 0. We are interested in its covariance function denoted by o (s,t) = E[X (s) X (¢)].
We have at hand the observations z; = (X; (t1),...,X; (ty)) for 1 < i < n where X;
are independent copies of the process and ¢; are deterministic points. We note > € RP*?
the covariance matrix of the vector x;.
Hence we observe
vir] =X4+U;, 1<i<n (1)

where U; are i.i.d. error matrices with expectation 0. We denote by S the empirical
1

covariance of the sample : S ==3"" zxl.

We use the Frobenius norm || || defined by ||A||* = Tr (AAT) for all matrix A. Recall
that for a given matrix A € RP*? vec(A) is the vector in € RP? obtained by stacking the
columns of A on top of one another. We denote by A~ the reflexive generalized inverse
of the matrix A, see for instance in [9] or [7].

The idea is to consider that we have a quite good approximation of the process in the
following form

X (t)~ Y aga(t), (2)
AeEm
where m is a finite subset of a countable set A , (ay),., are random coefficients in R and

(9r)ren are real valued functions. We will consider models m among a finite collection
denoted by M .

We note G,,, € RP*I"™l where (Gm)j)\ = g (t;) and a,, the random vector of RI™ with
coefficients (ax),¢,,-
Hence, we obtain the following approximations :

r=(X(t1),., X (t,)" ~ Gram
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rr! =~ Gmama;G;
Y~ GuE [ama;] G

Thus, this point of view leads us to approximate ¥ by a matrix in the subset
S (Gn) = {GnYG,), /U symmetric in R™>ImY c rex?, (3)

Hence, for a model m, a natural estimator for X is given by the projection of .S onto
S (Gyn). We can prove using standard algebra (see in [3| for a general proof) that it has
the following form :

A~

Y =1L,S1I,, meM &RP*P (4)
where
1L, = G,, (Gle)_ Gjn € RP*P (5)

are orthogonal projection matrices. Set
D,, =Tr (11, ® I1,;,)

which is the dimension of S (G,,) assumed to be positive, and %, = II,,XII,, the
projection of ¥ onto this subspace.

Hence we obtain the model selection procedure defined in [3]. The estimation error
for a model m € M is given by

~ |2 2D
E (Hz—zmH ) - ||E—HmEHm||2+5me, (6)

where
52 — Tr (1L, ® IL,) @)
m Dm )
o=V (Uec (xlxlT)) .

Given # > 0, it is thus natural to define the penalized covariance estimator S = ﬁm

by
m = arg min li‘ z =3 2+ (m)
m = arg min ¢ — 2 T, m pen (m) ¢,
where 52
pen (m) = (1+6) mn =, (7)

The following result proved in [3] states an oracle inequality for the estimator 3.

Theorem 2.1. Let g > 0 be given such that there exists k > 2 (1 + q) satisfying E HxlxlTH'{ <
oo. Then, for some constants K () > 1 and C' (0, k,q) > 0 we have that

20\ 1/4 3 2 D A
q) < ola), {K () inf (||2 — [, 210, ||” + Om m) + 22 ] :
n n

meM sup

(EHZ—i
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where

Al =C"(0,rk,q) E HxlxlTHH ( Z (5m"Dm(ﬁ/21q)>

meM

and
53up = max {07, : m € M} .

However the penalty defined here depends on the quantity d,, which is unknown in
practice since it relies on the matrix & = V (vec (x:vT)) Our objective is to study a
covariance estimator built with a new penalty involving an estimator of ®.

More precisely, we will replace pen(m) by an empirical version pen(m), where

02D

e (m) = (1+46) 22" ®)

and

with ® an estimator of ®.
The objective is to generalize Theorem 2.1 and to construct a fully adaptive penalized
procedure to estimate the covariance function.

3 Main result : adaptive penalized covariance estima-
tion
Here we state the oracle inequality obtained for the new covariance estimator introduced

previously.
Set

N

yizvec(xixj),léi

i
1]

n,

which are vectors in R?” and denote by Spee = %
the following constant Cj,r = inf,,en Tr (I, ®
of models is chosen such that Cj,; > 0. Set

1 ¥i their empirical mean. Consider
®), and assume that the collection

7

n

~ l ‘ T
¢ = n Z (ylyz SUSCSvec) )

=1
., T ((Hm ®11,,) c1>)




Given 6 > 0, we consider the covariance estimator Y= Y7 with

1 n

m = arg min ¢ — E ‘
meM | n 4 T
=

xzxj —m

2+pc‘\n<m>},

where

__ 02D
pen (m) = (1 +6) ——.

(9)

Theorem 3.1. Let 1 > g > 0 be given such that there exists f > max (2 (14 2q),3 + 2q)
L T8
satisfying E Hxa: H < 00.
Then, for a constant C depending on 0,3 and q, we have for n = n(8,0,Ci,r, %), and
Vk €1]2(14 2q);min (8,26 —4)] :

_ 1/q 2
(=) <o, (1w 522) .
meM n
C . 2
+E {Ag {E [“%UTHﬁ} s HEHﬂ +5§UPAK1 (11)
where ,
1—24
&% =c(0,8,q) (E |:||.T.Z’THﬁi| Z 5;15D;15/2>
meM
AZ —C (Q,H,Q)E “x$T||’f <Z 5;ZHD;L(H/2—1—Q)>
meM
and

02 = max {5, :m e M}.

We have obtained in Theorem 3.1 an oracle inequality since the estimator 3 has the
same quadratic risk as the “oracle” estimator except for an additive term of order O (%)
and a constant factor. Hence, the selection procedure is optimal in the sense that it
behaves as if the true model were at hand.

The proof of this theorem is divided into two parts. First, as in the of Theorem 2.1
proved in [3|, we will consider a vectorized version of the model (1). In this technical
part we will obtain an oracle inequality under some particular assumptions for a gen-
eral penalty. In a second part, we will prove that our particular penalty verifies these
assumptions by using properties of the estimator ®.

4 Technical results

4.1 Vectorized model

Here we consider the vectorized version of model (1). In this case, we observe the following
vectors in RP”
yi=fite 1<i<n (12)



Here y; corresponds to vec (z;z; ) in the model (1), f; to vect () and &; to vec (U;). We
set f = (flT,...,fnT)T,y = (le,...,yDT and ¢ = (5?,...,52)1 which are vectors in
R,

We estimate f by an estimator of the form

J?m: Yy m e M,

where P, is the orthogonal projection onto a subspace S,, of dimension D,,. We note f,, =
P,.f and we consider the empirical norm ||f||? = LS f' fi with the corresponding
scalar product (-, -), .

First we state the vectorized form of Theorem 2.1. Write

52— Tr (P, (I, ® D))
m Dm )
82y, = max {5, : m e M}.

sup

Given 6 > 0, define the penalized estimator f: fm , where

2

n+pen(m)},

m = arg min Hy—fm
meM

with
52D

pen (m) = (1+0)
Then, the proof of Theorem 2.1 relies on the following proposition proved in [3]:

Proposition 4.1. : Let ¢ > 0 be given such that there exists k > 2 (1 + q) satisfying
E |le1||” < oo. Then, for some constants K (6) > 1 and C (0, k,q) > 0 we have that

( Vo0 i) g (1 P+ B B

where

Al =C(0,k,q) E|e1]" <Z(5 ©D(R/2-1= q).

meM

~ ~

The new estimator 3 defined previously corresponds here to the estimator f = f5 |
where

—~ |12
m = arg min {Hy—fm _+pen (m)} :

with R
_ O Din
e (m) = (14 6) 207,

and gfn is some estimator of §2,.
Next Proposition gives an oracle inequality for this estimator under new assumptions
on the model. As Proposition 4.1, it is inspired by the paper [1].

6



Proposition 4.2. Let 1 > q > 0 be given such that there exists k > 2 (1 + 2q) satisfying
E ||€1|| < 0.

For o € ]0; 1], set 2 = Nyem {5% >(1—a) 672n}
Assume that

AL E [Szn] <2

A2. P(Q°) < C(a) = for some v >

q
1-2¢q/k "

Then, for a constant C' depending on k,0 and q, and we have

2q 1/q 52
(&lr=717]) " <o ut, (1= pagi + 222) (14
C r~
+= |Be [Elllaal )" + 11| + 02,0 (15)
where 2
Al = (é (a)>( ) with o = « (0) is fized in ]0;1]
and

AL=C (0, k) Ee1]|" (Zé“D /)

meM

Theorem 3.1 is thus a direct application of Proposition 4.2. Hence only remain to be
checked the two assumptions A1l and A2.

4.2 Auxiliary concentration type lemmas

Here we state some propositions required in the proofs of the previous results.
To our knowledge, the first is due to von Bahr and Esseen in [11].

Lemma 4.3. Let Uy,...,U, independent centred variables with values in R. For any

1 <k <2 we have : B
Y Ul | <8> E[UIIT
i=1 i=1

The next proposition is proved in [3].

Proposition 4.4. Given N,k € N, let A € RNV {0} be a non-negative definite
and symmetric matriz and €1,...,ey 4.9.d random vectors in R¥ with E(e1) = 0 and

V(er) = ®. Whitee = (e],.ne) T, C(£) = Vel Az, and 6% = %ﬁfj‘“) For all 8 > 2

such that B ||e,||” < oo it holds that, for all z > 0,

E || ||° Tr (21)

P (@ () > 6°Tr (Z) + 252\/ Tr (Z) p (Z) z + 62p (Z) x) < Gy (B) - @) T
i x

(16)

where the constant Cy (5) depends only on f.



5 Appendix

5.1 Proof of Proposition 4.2

This proof follows the guidelines of the proof of Theorem 6.1 in [1]. The following lemma
will be helpful for the proof of this proposition

Lemma 5.1. Choose n = n(0) > 0 and a = «(0) € |0; 1] such that (1 —I—H)( —a) =
(14 2n). Set H,, {Hf f” — R ( [Hf fll? +Dm52]} where i () = ( —I—%) (1+96).
+
Then, for mo minimizing m — ||f — fll> + D2 inm € M
1
E(H, ()" 1] < AL6%, (17)

where A, was defined in Proposition /.2.

Proof. Lemma 5.1
First, remark that on the set €2, for all m € M

82Dy, 82,D,,
2 (14 2n)"—.

5 (m) > (1 - ) (1+6)
n
Set pen(m) = (1 + 27])6*2”1)7",
The proof of this lemma is based on the proof of Proposition 4.1 in [3]. In fact, it is
sufficient to prove that for each z > 0 and K > 2

P10z (142) 25) <c@emBlal ¥ 52 oy

Kk/27

where we have set

= [l =7 - (2 2) 05 = el 4 500 o)}

Indeed, for each m € M,

+

__ o
1f = Flln + B€7 (o) = 1f = fung|I5, + (14 6) =2 D

32,
S (1+9) <||f_fmo||i+ nODmo>

then we get that for all ¢ > 0,
H(f) 1o > HE (f) 1 (19)

Using the equality
E[H?(f)1q] =/ qui™'P (H (f) 1 > u) du
0

8



and following the proof of Propositon 4.1 in [3] we obtain the upper bound (17) of Lemma,
5.1.

Now we turn to the proof of (18). For any g € R™° we define the empirical quadratic
loss function by

2
Using the definition of 7, we have that for all g € R™’,

2 2
1f=all, =7 (9) +2(g—vy, &), +] ¢l

and therefore

[ = 7] =17 = Prof 12 =20 (7) =0 (Ba) +2{F ~ Puof. €) - (20)
Using the definition of f, we know that
o () + 58 () < 70 (9) + e (mo)
for all g € S,,y. Then
o (F) =0 (P ) < B (mo) — pen (7). (21)

So we get from (20) and (21) that

7= 7 <15 = P12+ 70 (o) — e (70

+2<f_Pm0f7 €>n+2<Pfﬁf_fa €>n+2<f_Pﬁlf7 6> . (22)

In the following we set for each m’ € M,

B ={9€Sw: Han <1},

Gy = sup (g, ), = [|Pw €ll,
tEBm/

P_,f— .
I § = i T M
" 0 otherwise.

Since f = Py f+ P e, (22) gives
2 2 — —_— ~
|£=F|[ < 1f = Pua I + 5o (mo) — pen (i)

2| = Pro flly [{tmos €)ul + 201 = Pafll, Kum, €),] + 2G5 (23)

Using repeatedly the following elementary inequality that holds for all positive numbers

v, X, 2
1

22 < vrt + =27 (24)
v

9



we get for any m’ € M

1
2011 = Pl [ttmes €l S v = P flly + = e, €, (25)
By Pythagora’s Theorem we have
2 ) 2
b7 = e+ s - 7
= |If = PaSll; + G (26)
We derive from (23) and (25) that for any v > 0
2 2 2 1 2
| £ =TI <15 = Pao I+ V1 = P I+ 5 Gt <
1 _ .
+v |If = Paflln + = (um, €), +2GF + pen (mo) — pen ().

2
Now taking into account that by equation (26) || f — meHi = Hf — ﬂ‘ — G4 the above
inequality is equivalent to !

(1-v) <UD IF =PI+ 1 i )
+i (um, > + (2 — v) G% + pen (mg) — pen (m) . (27)

We choose v = ﬁ € 10, 1[, but for sake of simplicity we keep using the notation v. Let
p1 and py be two functions depending on v mapping M into R,. They will be specified
as in [3| to satisfy

pen (') > (2~ 1) (') + o (') ¥(m') € M (25)

Remember that on Q, peni(m) > pen(m) Vm € M. Since 1p; (m') < pen(m') and
1+ v <2, we get from (27) and (28) that on the set

(1-)| < (U4 0) 1 = P I+ 590 (o) + - (mo) + (2= v) (G — 1 (1)

L 02— B ) + L (G 202 2 )
< 2(|If = Puo S, + pen (mo)) + (2 = v) (G5, — pr (i)
2 (G €02 = B2 (7)) + (g 0% — B m0) (29)

As % =2+ é we obtain that

-0 H(1a={1-v — =) (2 2) (1 = a2+ PR ()} 10

+

{1—qu ﬂ\ 2(1f = Paaf 1 + 7 o)) |10
1

< {20 (G5~ 7 () + 5 (Cum 2 = T ) + 5 (202 = 7 o))}

10



For any x > 0,

P <(1 —V)H(f)1a > %) <P (Hm’ eM:2=v) (G =P (m)) = xﬁ)
P (Elm/ cM: % (s )2 — D2 (M) > x??f;,)
N 82,
<> P ((2—u> (1Pl =71 () 2 =52 )
m/'eM
1 0 -, T2,
+ Z P(; (<um’7‘€>n_p2 (m)) 2 3n )
m'eEM
=Y P @+ Y Po (a). (30)
m’'eM m'eM

From now on, the proof of Lemma 5.1 is exactly the same as the end of the proof of
Proposition 4.1 in [3| with L, = v. O

Proof. Proposition 4.2

2q
We first provide an upper bound for E [ 19} , where the set () depends on «

chose as in Lemma 5.1.
As ¢ < 1, we have (a + b)? < a? + b?. Together with Lemma 5.1 we deduce that

E ||

Using the convexity of z — o together with the Jensen inequality, we obtain

(=]

and by using the assumption A1 we have that

(=]

Now we need to find an upper bound for the quantity E [

1Q] INE [<> [Hf Fuol? + ’”mH

2
1)) < 2ng, oz i - gl 2eg,]]

2

1}) <2V, + 2 <>[||f Foul? + 6} (31)
2q

196}.

7= 7 = 15 = Bl = 15 = Paf 2 + 1B (f = )2

First, remark that

< If = Paflls + el = 115 = 1 Pa 17 + el
And thus
2 2 2
|7 =71 <+ el

11



{Hf_ ﬂfq 190] < AP (Q9) + E [[lell 1oc]

So we have

Using Holder’s inequality with &= > 1 we obtain
E [lel2 0] < E[lel] P29 ),

= —E CSHH) ,

But
Efllell;]
and as k > 2, we can use Minkowsky’s inequality to obtain
1 n , 3 1 o\
K K1\ = K1\ =\ 2
E [Jell}] < K<23Emwuw):zﬁ(nwm&mw),
n2\'= ne
Eflled"]-

Efllell) <

that is

Emf—ﬂTMJ\[[me-umw}< ar)(1-
(1-2)

and with assumption A2
)
a —
ny

B |- 7 10| < [t + 11127 (@)

we deduce that

So we have

_ 9
2 1-2q/k>

gl

1WD3<ﬁ1@mami+wm}<>

2q
1-%

mO 62

(EMf—ﬂﬁDééﬁl[HkH]+Hﬁ]()
+4Y A 5;@%
5015 = fol + 22287,

12

To conclude, we use again the convexity of x +— z« and the inequality (31) to get



5.2 Proof of Theorem 3.1

Recall that f > max (2 (1 +2q),3+2q) and k € ]2 (1 + 2¢) ;min (5,25 — 4)[. In order to
use Proposition 4.2 | we need to prove the following inequalities :

Al E [S;] <52,

A2. P(Q°) < C () 15 for v = =7
First we prove Al. i
Remember that 02, = w

ity E [Cﬂ = =19, we obtain that E [gfn} = 2=152 which proves the result.

. By using the linearity of the trace and the equal-

For the second, write Q¢ = Uem {3}; <(1-a) 57271} We bound up the quantity
P (3\; <(1-w) 5fn> in the following Proposition.

Proposition 5.2. For allm € M , a €]0;1] and n > n(k, B, o, Cins, X) we have for
some constants Cy (3), C2 (B) :

1

B) E [[lea"|"] 67702

P (5“; <(1-a) 5;) < % (Cz(ﬁ)Qﬂ“ +C1 (B)

a
for~v > —1_2qq/ﬁ.
This Proposition concludes the proof of A2 with

0w = (Cap™ +0 () L) B[l ] X 500

a meM

Proof. Proposition 5.2
We start by dividing P,, = P (531 <(1-a) 5,2n> into two parts with one of them
involving a sum of independent variables with expectation equal to 0.

P =P (Tr ((Hm © 11,,) 6) <(1—a)Tr((IL, ®I1,,) @))

P, =P (Tr <(Hm @ 10,,) (6 — (@ +pup") + uuT>> < —aTr (11, ® I,,,) ‘D)>

pm<p<

1 n
Tr ((Hm ® 1) (g S i ——pu") +ppu’ - SST))
=1

(o s+

13

> oTr ((IL, ® 11, @))

3I'—

pm<p<

2T r ((IL, ® IL,,) <I>)>



NE %Tr (T, ® I0,,,) c1>))

P (| Tr (T @ Th) (o7 = SueeSe
Set
Q=P < Tr ((Hm ® II;n) (% i (viyi — @ — MMT)>> > %Tr (I, ® 1L, ‘P))
and
Q2 =P (|Tr (Tl ® L) (117 = SueeS1e))| = 5T (1L 9 11,) @)
Study of Q1
:

First we use Markov’s inequality to obtain
23 [|Tr (I @ ) (2300, (wie? — @ — "))

Al <
(aTr ((I1,,, ® I1,,,) @))

|

[Sisy

We must consider the two following cases

2, Rosenthal’s inequality gives
8
2

|

° Ifg
ZTr m ® ) ((giy) — @ —nup'))) ]
gy _1 T g
<C (5 ) 7B | [T (L @ ) (19| — @ — "))
n?2
8
+C (g) | Tr (M, @ 1) (319 — @ — pups ))ﬂ)
As g > 2, — - < L and we can use Jensen’s inequality on the second term to
n2 s
obtain
2
[ ZTf m @) (i =@ = pii'))) ]
gl 2
n
e If1 < g 2, we use Lemma 4.3 of subsection 4.2 to get

|
|

ZTr (I ® W) (i — @ — "))

(SIS

|

<——E

3 {ITr((Hm@@Hm) (v =@ —pp'))]

14



5 . . : :
In both cases, we can use the fact that z — 2 is a convex and increasing function to
obtain

E {|Tr ((Hm ® I1,,,) (ylle - — uuT)) |§}

B
2

< 27! [E “Tr (M @ L) (1)) | } + [ Tr (I, @ I) (@ + pp’))|

N1

E

And by using the Jensen’s inequality on the second term we have that

E “Tr (L, ® Iy, (yayy — @ — pp")) |§}

|

[NlisY

< 27E [‘Tr (I, ® ) (3197))|

Now consider the following lemma.

Lemma 5.3. If U is symmetric non-negative definite, then
Tr (I, @ I1y) W) € [0; Tr (V)] (33)

From this fact we get that

T (Mo © M) (s197)| < Tr () =l = [faa”]|”
In conclusion, we have
E [la2"|"] 4
QL< Ci(B) TG (34)
with v = min (2,2 — 1) and C; (8) = 2C (§) if 8 > 4 where C (£) is the constant in

) is
Rosenthal’s inequality and C} () = 8 if 2 < 8 < 4. Remark that g > 4 and g -1=17
soy = 7.

Study of Q2
Recall that

Q2 =P (\Tr (M @ TL,) (" = SueeSLL))| > %Tr (T ® T0,) cp)) .

Set
B2 ="Tr ((IL,, ® 1) (ppt" — SvecSpec)) -

Using the properties of the trace, we can write

B2 = Tr (I, @ I,,) (")) = Tr (M @ M) (SueeSiL.))

=Tr (p" (I, ® ) ) — Tr (S, (I, @ IL,) Seee) -

But II,, ® I1,, is an orthogonal projection matrix, then

15



B2 =T (1" (I 10,)" (I ©10,) 1) = Tr (S (I ©11,)" (110 ©11,) S )

B2 = ||(I,, ® IT,5,) N”2 — [[(IL,, ® I,,) Sv60||2
B2 = (||(IL, ® ILy) pf| = [|(py @ I, ) Sueell) (1 @ T ) ] + [| (i @ T, ) Soeel])

Hence

|B2‘ < ||(Hm ® Hm) (,u - SveC)H (H(Hm & Hm) M|| + ||(Hm & Hm) SveCH)

|B2| < ([T @ ) (= Swee) [I” + 2 [ (T, @ Thin) (18 = Swee) | | (T © Ty e
|B2| < ||(Hm X Hm) (:u - Svec)||2 + 2 H(Hm ® Hm) (p“ - Svec)” ||:u||

Finally
Q2 <P ([T © o) (1 = Sue) | = T (1L & L) @)) (35)
P (H(Hm 9T0,) (1= Sl > T (L, 911 @))

Now we need to provide an upper bound for the quantities

P (H(Hm ® Hm) (:u - Svec)H2 2 t) '

For this we will use the deviation bound provided by Proposition 4.4 stated in sub-
section 4.2 .

Set

Idye ... Idy

B l Idye ... Idy o RPon
"o : o
Id,e ... Idy,
Then
Gn (Y= f) =10 @ (Svec — 1)

Now, if

I, ® 11, 0 0
0 I, ® 11,
H,=1d,® (I, ®11,) = . :

c sznxzﬂn,
0 0 L 1L, 10,
we have

Hm (]-n (%9 (Svec - :u)) = 1n ® ((Hm ® Hm) (Svec - :u)) .

16



In conclusion, with

I, ®1,, ... 1L, ®1L,
1| L, ®IL, ... I, ®I,
Am = H,G, = — . . . S Rp2n><p2n’
n : . :
I, I, ... I1,,®IlL,

we have that
An(y—f) =1, @ (I, @ 1) (Spee — 1)) -

Moreover, A,, is an orthogonal projection matrix and we have the following equalities

[ Am (y — HI? = 1 |(Tpn ® ) (Seee — Wl = (= f) " Am (y = f),
Tr (A,) = gTr (I, ® II,,) = Dy,

Tr (A, (Id, ® ®)) = gTr (I, ® I0,,) ®) = Tr (1L, @ II,,) @) .

Now we can use Proposition 4.4 with A= A, ei=vyi— 1, Tr (Ay) = D, p(An) = 1,
62 =62, and § = 2.

This gives for all x > 0

g (“’ =D Ay = ) > T (T @ T @) 14+ Er) < y(5) 1o

RN
Tr((M @ ) B) Z 2 2

that is

B
P (0L &1L, (Siee — )| > 2T (W, 01 @) 14 /7] ) < () 122
n Dim Te((Iyp @11 )®) 2 22
In order to use this deviation bound to obtain the inequalities

P (11(T @ Th) (1 = Soee) > ST (T @ T1,) ?)) < ot

ny
and
« ~ 1
P IL, @ I1,,) (£t — Spee)|| = Tr Hm®Hm<I>><C—
(1010 T00) = S0l > T (T 10,) 8)) < O
with v > ﬁ, we need to find x > 0 satisfying the three following facts
wmem S i1y [ZY (36)
47 n D,
Vm € M ( = )ZT((H ®H)<I>)>( e )20 >1<1+1/$)2 (37)
m —_— r m m = inf = _
8 |l 8 |l "7 Dy,
B4
Dy, D,, 1
3 3 - ,6’ X 0—7 (38)
Tr ((IL, ® II,,) )2 22 Omx? n



(36) and (37) hold for the choice x = D,,n" with r < 1 and if n is large enough to

have 1 (1 . \/77>2 _a (30)
n !

and

1 ( 2 a \’
~ (14 V) < ( ) Cin (40)
n Slell ) ™
In order to obtain (38) with © = D,,n", we use the inequality D,, < n which gives
D,, o 1
&émg h 55@D§1nrﬂ/2—1‘

Moreover
Ellys - ] <E (il + 1))

and by using properties of convexity we obtain
E {llyy = ll’] <277 (B [Iall°] + Il
With the Jensen’s inequality we get:
E |y — 1’| <2°E[llna)”] .

542
B

< 1 we obtain for n > n(k, 8, a, Ci, s, X)

E |[Jle"]"] 4

sips "

In conclusion, with r =

Q2 < 2771 Cy(B) (41)

where Cy (f) is the constant which appears in Proposition 4.4.
In conclusion, combining (34) and (41)

1 1 iyl
p(@l<<1_a>&0:gﬁgz(cxamm1+ca@n;§)E[WwWV]@fDmQ
for n Z n(ﬁ;7ﬁ7a7 Clnf7 Z) :

To conclude, remark that § (1 —2¢/k) = ”;2‘1 > @ >qasq<1.

Proof. Lemma 5.3

Recall that I1,, ®I1,, is an orthogonal projection matrix. Hence there exists an orthogonal
matrix P, such that P! (I, ® I1,,) P, = D, with D a diagonal matrix with D;; = 1 if
1 < D,,, and D;; = 0 otherwise. Then if ¥ is symmetric non-negative definite we have :

Tr (L, ® IL,,) W) = Tr (DP WF,,)

18



2 2 2

D p p
- ZZD“ (Prgqum)kz = ZD” (PTI\Ile)”
=1 k=1 =1

=S (PLUR,), € [0:Tr (¥)].

Indeed, P WP, is non-negative definite so all its diagonal entries are non-negative. [
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