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Amenable, transitive and faithful actions of groups
acting on trees

PIERRE Fima(1:2)

Abstract

We study under which condition an amalgamated free product or an HNN-extension over a finite subgroup
admits an amenable, transitive and faithful action on an infinite countable set. We show that such an
action exists if the initial groups admit an amenable and almost free action with infinite orbits (e.g.
virtually free groups or infinite amenable groups). Our result relies on the Baire category Theorem. We
extend the result to groups acting on trees.

1 Introduction

The notion of amenable groups or, more generally, amenable actions was first introduced by von Neumann
[vN29] who proposed to study whether or not, given a group acting on a set X, there exists a mean on X
invariant by the action (or equivalently a Fglner sequence for the action).

Definition 1.1. An action I' ~ X of a countable group I" on a countable set X is called amenable if there
exists a sequence (Cy,) of non-empty finite subsets of X such that

[CrnAgCh|

— 0 forall geT.
|Cnl

Such a sequence (C),) is called a Folner sequence.

This notion of amenability is different from the one introduced later by Zimmer [Zi84].

Obviously, every action of an amenable group (i.e. such that the left translation on itself is an amenable
action) is amenable. Greenleaf [Gr69] asked for the converse: does the existence of an amenable action of
I" implies the amenability of I'? To avoid any trivial negative answer, one should assume that the action is
faithful and transitive. If the action is free then the converse holds. However van Douwen [vD90] gave a
counter example: the free group Fo admits a faithful, transitive and amenable action.

This leads Glasner and Monod [GMO05] to introduce the class A of countable groups admitting an amenable,
transitive and faithful action. Grigorchuk and Nekrashevych [GN05] have constructed a class of amenable,
transitive and faithful actions of finitely generated free groups using Schreier graphs. Simultaneously Glasner
and Monod [GMO05] gave a necessary and sufficient condition for a free product to be in the class A. In
particular, they showed that the class A is closed under free products. They also asked when free products
with amalgamations and HNN-extensions are in A.

S. Moon [Mo08], [Mo09] showed that a free product of finitely generated free groups amalgamated over a
cyclic group is in A. She also proved [Mol0] that an amalgamated free product of amenable groups over a
finite group as well as an amalgamated free product of a residually finite group with an infinite amenable
group over a finite group is in A.

The initial motivation of the present work was to study the case of an HNN-extension I' = HNN(H, X, ),
where X is a subgroup of H and § : ¥ — H is an injective group homomorphism. Few results are known:
Monod and Popa [MP03] showed that I' € A whenever ¥ = H € A and S. Moon observed that the Baumslag-
Solitar groups are in A.

We say that an action has infinite orbits if every orbit is infinite. Our first result is as follows.
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Theorem 1.2. Let I'y, I's and H be countable groups and ¥ be a finite subgroup of I'y, I's and H. Let
0 : X — H be an injective group homomorphism.

1. If there exists an amenable and faithful action of H on a countable set with infinite orbits and free on

> and (%) then HNN(H, X, 0) € A.

2. 1If, for i = 1,2, there exists an amenable and faithful action of I'; on a countable set with infinite orbits
and free on X then I'y x5 'y € A.

To prove Theorem 1.2 we use the Baire category Theorem. Such an approach has been used for example in
[Ep70], [Di89], [GMO5], [Mo08], [Mo09] and [Mo10].

An action is called almost free if every non-trivial group element acts with finitely many fixed points. During
the investigation of the HNN-extension case we realized that the class Ax of countable groups admitting an
amenable and almost free action with infinite orbits on a countable set appears naturally. Observe that the
class Ax contains all infinite amenable groups. Moreover, the amenable, transitive and faithful action of Fy
constructed in [vD90] is actually almost free and an obvious adaptation of his construction shows that F,
admits an amenable, transitive and almost free action on an infinite countable set for all n > 2. van Douwen
also showed that the same conclusion holds for F..

It is easy to check that if H has an amenable and almost free action with infinite orbits and if H is a finite
index subgroup of T" then, the induced action is still amenable and almost free with infinite orbits (and also
transitive if the original action is). It follows that virtually free groups are in Ax. Moreover, the obstruction
to be in A discovered in [GMO05, Lemma 4.3] is also an obstruction to be in Ax. Namely, let N < H be
a normal subgroup such that the pair (H,N) has the relative property (T'). If H € Az then N has finite
exponent. In particular, Z2 x SLy(Z) ¢ Ax. The proof of this assertion is an obvious adaptation of the proof
of [GMO05, Lemma 4.3].

We say that a graph is non-trivial if it has at least two edges, e and its inverse edge €. Our second result is
as follows.

Theorem 1.3. Let I be a countable group acting without inversion on a non-trivial tree T with finite edge
stabilizers and finite quotient graph T/T. If all the vertex stabilizers are in Ax then T € A.

The case when I' acts with finite vertex stabilizers is not covered by Theorem 1.3 but is obvious since I' must
be virtually free.

We prove Theorem 1.3 by induction and by using a slightly stronger version of Theorem 1.2 (see Remarks 3.3
and 4.3). A particular case of Theorem 1.3 is the following. Let I';,I's € Ax. Then, for all finite common
subgroup ¥ < I'1,I's one has T'; xx 'y € A. Also, if H € Ar then, for all finite subgroup ¥ < H and all
injective morphism 6 : ¥ — H, one has HNN(H, X, 0) € A.

The paper is organized as follows. The section 2 is a preliminary section in which we prove four basic general
lemmas which will be used in the paper. In section 3 we prove the HNN-extension case of Theorem 1.2. The
section 4 covers the case of an amalgamated free product. Finally, we prove Theorem 1.3 in section 5.

Acknowledgment. We are grateful to Georges Skandalis for very helpful conversations and remarks, to
Soyoung Moon for carefully reading a first version of this paper and to the referee for his or her remarks
improving the clarity of the paper.

2 Generalities

Our first lemma is certainly well known but we could not find any reference in the literature.

Lemma 2.1. Let I' ~ X be an amenable action of a countable group. If the action has infinite orbits then
there exists a Folner sequence (Cy,) such that |Cp| — oo.



Proof. Let (D,) be a Fglner sequence for ' ~ X. Suppose that |D,| - oco. By taking a subsequence if
necessary we may and will suppose that (|D,,|) is bounded. It follows that, for all g € ', |D,,AgD,| — 0.

Set K = UpenDy, and suppose that K is finite. By the pigeonhole principle, there exists o € K such that
I={neN: zy€ D,} is infinite. Let g € I'. Since gD,, = D,, for n big enough, we find ng € I such that
9zo € gDn, = Dy,,. Hence, gzo € K for all g € I', contradicting the assumption that xo has infinite orbit. It
follows that K is infinite.

Write I' = UTF},, where Fj, are finite subsets. For all k¥ € N, let ny, mi € N such that F,D, = D,, for all
n > ng and |Upk, D,| > k. Define Cy, = Uj, D,,. Then (Cy) is a Fglner sequence and |C| — oo. O

Let I' ~ Y be an action and m € N. Observe that the complement of the large diagonal in Y™:

{1, ym) 1 ys #yjforalli#j} CY™

is globally invariant under the diagonal action of I' on Y.

Lemma 2.2. If ' acts amenably with infinite orbits on Y then I' acts amenably on the complement of the
large diagonal in Y™.

Proof. Denote by X the complement of the large diagonal in Y™. By Lemma 2.1, let (C},) be a Fglner
sequence for the action I' ~ Y such that |C,,| — co. One has

m(m —1) _
Craxt< Y Hm ) €07 =y} = Mg,
1<i<j<m
Since |Cp| — oo one has % — 0 and % — 1. Define D,, = C* N X. Since |C,| — oo we have

|Dy,| = 0o and we may assume that D,, # ) for all n € N. It is easy to check that (C'") is a Fglner sequence
for the action I' ~ Y™ hence, for all g € T, one has

D.29Du| DG CPB0CE, laC S0Pl _DRBCE (1G71) 07 20C3
D = Dl D,] D, .\l e
L b < P
crnxl T\iepnxl) TieT T

O

Given an action I' ~ X and g € T', we define Fixx(g) = {z € X : gz = z}. If the context is clear, we omit
the subscript X.

Lemma 2.3. IfT' € Ax then, for every finite subset F C T' with 1 ¢ F, there exists an amenable and almost
free action with infinite orbits T ~ X on a countable set X such that Fixx(g) =0 for all g € F.

Proof. Let I' ~ Y be an amenable and almost free action with infinite orbits on a countable set Y. Let
m = Max{|Fixy(g)| : ¢ € F} + 1 and X be the complement of the large diagonal in Y"™. The action of T’
on X is obviously almost free, every orbit is infinite and every element of F' acts freely. By Lemma 2.2 this
action is also amenable. (]

The following Lemma is inspired by [Mo10, Lemma 6].

Lemma 2.4. Let I' ~Y be an action of a countable group I' on a countable set Y. Define X =Y X N and
consider the action T' ~ X given by g(y,n) = (gy,n) for all g € T and (y,n) € X. If T Y is amenable
then, for all sequence (ay) of real numbers such that a, — oo, there exists a Folner sequence (Cy,) for ' ~n X

G (n)
and a subsequence (ay(n)) such that \Z‘n\ — 1.




Proof. Write I' = UTFy,, where (F})x is an increasing sequence of finite subsets. It suffices to construct a
strictly increasing sequence of integers (ng)x and a sequence of non-empty finite subsets (Ck)r of X such that
Crisa (%, Fy)-Felner set for all kK > 1 and,

a 2
1< 2 <142 forall k>1.
|C| k

In the sequel, given z € R, we denote by [z] the unique integer such that [z] <z < [z] + 1. For k =1, let D,
be a (1, F})-Folner set for the action I' ~ Y. Let n; > 1 big enough such that [a,,] > |D1|. By Euclidean
division, we write [a,,] = ¢1|D1| + r1, where 0 < r; < |Dq| and ¢; > 1. Define C; = I_I‘Z;:ng") C X, where
D" = Dy x {n}. Then, |C| = q1|D;| and, for all g € F},

q1
9C1ACY < |gD{VAD™| < 1| D1| = [Ch .

n=1
Hence, C1 is a (1, F)-Fglner set. Moreover,

m_ lan]+1 _ @D 1 1 1, 1
an, _lam ]+l @|Diltmtl o mt <l b <1+—<1+2

1 S [anl]
|Cy |C1 |Cy q1| D1 @ @D

|Cy

<

Now, suppose that, for k& > 1 we have constructed n; < ... <ni € N* and C4,...,Cy C X such that C; is
a (1, F;)-Folner set and 1 < |C| <l42foralll<i<k. Let Diy1 be a (kH,Fk_H) -Folner set for ' ~ Y

and ngy1 > ng big enough such that [ankﬂ] > (k + 1)|Dgq1|. Write [an,,,] = qk+1|Dk+1| + rk41, where
0 < 741 < |Disr| and gegy > k + 1. Define Cpyr = UZH DY) © X, where D™, = Dyy1 x {n}. Then,
|Cry1| = qur1|Dry1| and, for all g € F1,

S 1D ) [Dit1| _ [Cral
n n k+1 k1
|ng+1ACk+1|§ngl| Dk+1ADk+1|_q i i o o

Hence, Ck11 is a (k%_l, Fy11)-Folner set. Moreover,

[ank+1] < Anpq [ank+1] +1 . Qk+1|Dk+1| + e +1 <14 1 + 1 <1+ 2 2

1< < - < <4
|Crt1l ~ |Chpa |Crt1 |Cry1l Qret1 Qrr1|Drgrl Qrt1 k41

Let H < T, H ~Y and consider the diagonal action H ~ Y x I". Define X = H\ (Y x T'). The induced
action is the action I' ~ X given by right multiplication (by the inverse element) on the T" part in X. The
following proposition contains some standard observations on the induced action. We include a proof for the
reader’s convenience.

Lemma 2.5. Let H<I', H~Y and ' ~ X the induced action. The following holds.

1. If H Y is faithful then I’ ~ X is faithful.
If H~Y is amenable then H ~ X is amenable.
If H Y has infinite orbits and H is almost malnormal 3 in T then H ~ X has infinite orbits.

If K < T is infinite and gKg~' N H is finite for all g € T then K ~ X has infinite orbits.

SR

Let (3¢)ecr be a family of subgroups of H such that X, ~Y is free for all e € E. If, for allg € T'\ H,
gHg ' N H CUccp, scusSes™ ! then, for all h € H such that Fixy (h) = 0, one has Fixx (h) = 0.

6. Let X < H such that ¥ ~Y is free. If K < T is a subgroup and UyergKg ' N H C UpeghXh™"! then
K ~ X is free.

3The subgroup H is called almost malnormal in T if, for all g € T'\ H, the set g~ HgN H is finite.



Proof. For (y,g) € Y x T we denote by [y, g] its class in X. Let ¢t € I". Observe that

Fixx(t) = {[y,g] € X : gtg~' € H and y € Fixy (gtg~")}. (2.1)

1. Suppose that Fixx (t) = X. Then, for all y € Y, [y,1] € Fixx(t) and Equation (2.1) implies that t € H
and Fixy (t) =Y. Since H ~ Y is faithful we have t = 1.

2. Since the map y — [y, 1] is H-equivariant (and injective), the action H ~ X is amenable whenever that
action H nY is.

3. Let y € Y and g € I. Let us show that the H orbit of [y, g] is infinite under the hypothesis of 3.

Case 1: g € H. One has, for all h € H, hly,g] = [y, gh~ '] = [hg~ 'y, 1]. Since the map y > [y, 1] is injective,
the H-orbit of [y, g] is infinite for all g € H whenever H ~ Y has infinite orbits.

Case 2: g € T'\ H. If the H-orbit Hly, g] is finite the stabilizer in H of [y, g] must be infinite. However,
{heH :hlygl=[ygl} C{heH :ghg e H} =g 'HgNH

which is finite since H is almost malnormal in T.

4. The proof of 4 is similar: if the K-orbit K[y, g] is finite and K is infinite then the stabilizer in K of [y, ¢]
must be infinite. However,

(ke K :kly.gl=[y g} C{keK : gkg™' e Hy =KnNg 'Hg

which is finite.

5. Let h € H \ {1} such that Fixx(h) # 0 and take [y, g] € Fixx(h). By Equation (2.1), ghg™! € H and
y € Fixy(ghg™!). If g € T'\ H then, there exists e € E, 0 € ¥\ {1} and s € H such that ghg~! = sos™ 1.
Hence, y € Fixy (ghg™!) = Fixy (sos™1) = sFixy (c). Hence, Fixy (0) # 0, a contradiction since ¥, ~ Y is
free. Thus, g € H and y € Fixy (ghg™?!) = gFixy (h) which implies that Fixy (h) # 0.

6. The proof of 6 is similar: Let k € K \ {1}. If [y, g] € Fixx (k) Equation (2.1) implies that gkg=' € H and
y € Fixy (gkg™!). By the hypothesis on K, there exists h € H and o € ¥ \ {1} such that gkg=! = hoh~".
Hence, Fixy (gkg~!) = Fixy (hoh™!) = hFixy (o) = 0, a contradiction. O

Example 2.6. The following holds.

1. Let ' =HNN(H,X,0) = (H,t|0(c) = tot™!, VYo € ) be a non-trivial HNN-extension. The hypothesis
of 5 holds and H is almost malnormal in I" whenever ¥ is finite. Actually, for all ¢ € '\ H, there exists
s € H such that gHg ' N H C sXs™ ! or gHg ' N H C s6(X)s~!. Indeed, let vy be the vertex in the
Bass-Serre tree of T with stabilizer H and take g ¢ H. Denote by e the unique edge on the geodesic
[gvo, vo] that contains vy. Since gug and vg are fixed by gHg~ N H the geodesic [gvg, vo] is pointwise
fixed by gHg~' N H. In particular, gHg~' N H is contained in the stabilizer of e which is of the form
s¥s~ ! or s0(X)s™! with s € H.

2. If T' =Ty %y I'y is a non-trivial amalgamated free product. By the same geometric argument, for all
i=1,2, for all g € '\ T';, there exists s € I'; such that gI';g~! NT'; C s¥s~ 1. Hence, the hypothesis of
5 holds (with H =T;) and T'; is malnormal in ' whenever ¥ is finite. Also, for all g € T, there exists
s € Ty such that gT'og~! NT; C s¥s~!. Hence, the hypothesis of 4 (if ¥ is finite) and 6 hold with
H =T7 and K =T'5 and, by symmetry, with H =T's and K =1T';.

3 HNN-extensions in the class A

This section is dedicated to the proof of Theorem 1.2.1.

Let H be a countable group, ¥ < H a finite subgroup and 6 : ¥ — H an injective group homomorphism.
Define the HNN-extension I' = HNN(H, 3, 0) = (H,t|0(c) = tot™1, Yo € X).



Let X be an infinite countable set and denote by S(X) the Polish* group of bijections of X.

For the rest of this section we suppose that H < S(X) such that the actions of ¥ and 6(X) on X are free.
Define

Z ={we S(X) : wow™' =0(c) for all ¢ € ¥}.
It is clear that Z is a closed subset of S(X). Moreover, since the actions of ¥ and §(X) are free, it is easy to

see that Z is non-empty.

By the universal property, for all w € Z, there exists a unique group homomorphism 7, : I' = S(X) such
that 7, (t) = w and m,(h) = h for all h € H. The strategy is to prove, under suitable assumptions on the
action H ~ X, that the set of w € Z such that m,, is amenable, transitive and faithful is a dense Gy in Z.

We first study the set of w € Z such that m,, is transitive.

Lemma 3.1. If the action H ~ X has infinite orbits then the set U = {w € Z : m,, is transitive} is a dense
Gsin Z.

Proof. Write U = Ny yexUs,y, where Uy y = {w € Z : 3g € T, my(g)x = y}. It suffices to show that Uy, is
open and dense in Z for all z,y € X. It is obvious that U, , is open. Let us show that U, , is dense. Let
w € Z\ Uy, and F C X a finite subset. It suffices to construct v € Z and g € T such that v|p = w|r
and 7, (g)z = y. Since the action has infinite orbits, there exists hg,h1 € H such that hoy ¢ w(XF) and
hiz ¢ L F. Observe that ShizNYw ™ they = 0. Indeed, if we have Lhiz = Lw~thoy then, for some o € ¥, we
have ohyz = w™'hoy. Hence, m,(g)z =y with g = hy'tohy, a contradiction. Define Y = Yhiz U Sw™ hoy.
Then, F C Y and w(Y) = (X)whiz U O(X)hoy. Define a bijection v € S(X) by v|ye = w|y. and

y(ohiz) = 0(o)hoy and y(ow thoy) = 0(c)whixz for all o € X.
By construction, v € Z, y|r = w|p and m, (hy 'th1)z = y. O
Next, we give a sufficient condition for the set of w € Z for which m,, is amenable to be a dense Gs.
Lemma 3.2. If the action H ~ X admits a Folner sequence (Cy,) such that |Cy| — oo then the set
V={weZ: m, is amenable}

is a dense Gs in Z.

Proof. At first we prove the following claim.

Claim. Let Y, F C X be finite subsets and w € Z such that (2)Y Nw(F) = . There exists v € Z such
that XY NXy~Y = 0 and v|r = w|p.

Proof of the Claim. Write 0(X)Y = U™, 0(X)y;. Since the set XY UXF U Xw~!(Y) is finite and Y-invariant,
we can find n disjoint X-orbits ¥z, ..., 3z, in its complement.

Define F = L7 (3z; UXw 'y;). Then F C F© and w(F) = L7_y (0(X)wz; U 6(X)y;). By the freeness
assumption, we can define a bijection v € S(X) by v|z. = w|z. and,

v(ozj) = 0(c)y; and y(ow ly;) =0(c)wz; o€, 1<j<n.

By construction v € Z and 4|r = w|p. Moreover, Y NXy~'Y = U, Y N Xy~ (y;) = ;XY N Xz = 0.0

End of the proof of Lemma 3.2. Write H = U'F,, where (F,,) is an increasing sequence of finite subsets.
Since T' is generated by H and t it follows that m, is amenable if and only if, for all m > 1 there exists a
non-empty finite set C' C X such that

CAC| 1
lg .1

SupgeFmU{w} |C| m

4With the topology of pointwise convergence: wy, — w < for all finite subset F' C X Ing € N such that w,|r = w|r Vn > no.



Write V' = Npy>1 Vi, where

CAC 1
Vin = {w € Z : 3C C X such that 0 < |C] < oo and SungFmU{w}M < —}.

IC] m

It is easy to see that V,, is open. Let us show that V,, is dense. Let w € Z and F C X a finite subset.
Observe that, for any Felner sequence (C,) and any finite subset K C H, the sequence (KC,) is again
a Folner sequence. Also, if |C),| — oo then, for all finite subset F' C X, there exists ng € N such that
the sequence (Cy, \ F)p>n, is a Folner sequence. Hence, up to a shifting of the indices, the sequence (D,,),
where D, = XC, \ (XF UXw(XF)) is a Y-globally invariant Fglner sequence such that D, N F = § and
0(X)D,, Nw(F) =0 for all n € N. Let N € N large enough such that

|Dn]|
DxAD f 11 F,,ufX).
lgDNADy| < 2mS) orall ge ue(x)

By the claim, there exists vo € Z such that yo|r = w|r and Dy N Xy ' (Dy) = 0. Write
Dy =UE Yz; and 6(X)Dy = UK, 0(D)y;,

where K > L. Observe that the sets Ya; and Xv; 'y, are pairwise disjoint. Define Y = |_|1.L:1 Yo U Sy by
Observe that F C Y and ~o(Y) = |-, 8(X)702; UA()y;. Define a bijection v € S(X) by |y« = o

ye and,
Aows) = Bo)y and (o y) = 0(o)r0m o€, 1<i<L.
By construction, v € Z and | = vo|r = w|p. Observe that
10(X)DnAY(Dn)| = |0(2)Dn| — |[v(Dn)| = |0(X)Dn| — |Dn| = [6(3) Dy ADn|.

Moreover,

D
IDNAO(S)Dy| < > [DyAb(o) Dy < 1D}

ocEX
It follows that

D
DN AY(Dw)] < Dy AI(E)Dx| + 0(5) Dy Ay(D)] < 122
We also have |[DyAgDy| < ‘D—WJLV' for all g € F},, hence, it suffices to define C'= Dy to see that vy € V,,,. O

We can now prove Theorem 1.2.1. It suffices to prove that, under suitable conditions, the set of w € Z such
that m,, is faithful is a dense G in Z. It is obvious that such a set is a Gs. The difficulty will be to prove that
it is dense. The idea is very simple: we will start from a faithful action of I' on Y and consider the faithful
action of H obtained by restricting the faithful action of I' on infinitely many copies of Y. For this action of
H, any w € Z can be approximate by a v € Z such that 7, is faithful by taking roughly v equals to w on
sufficiently many (but finitely) copies of Y and v equals to the original stable letter ¢ € I on the remaining
copies of Y to insure that 7, is faithful. Let us write this argument precisely.

Proof of Theorem 1.2.1. Suppose that H admits an amenable and faithful action with infinite orbits and free
on ¥ and 0(X). Define I' = HNN(H, X,0) = (H,t). By Lemma 2.5 and example 2.6, there exists a faithful
action I' ~ Y with infinite H-orbits such that X,0(3) ~ Y are free and the action H ~ Y is amenable.
Consider the faithful action T' ~ X with X =Y x N given by g(y,n) = (gy,n) for g € T and (y,n) € X.
We view H < T' < S(X). It is obvious that the actions X,0(3) ~ X are free, the H-orbits are infinite and
the action H ~ X is amenable. Hence, by Lemma 2.1, there exists a Fglner sequence (C,) for the H-action
whose size goes to infinity (one could also use Lemma 2.4). Thus, we can apply Lemmas 3.1 and 3.2 to the
action H ~ X. Hence, it suffices to show that the set O = {w € Z : 7, is faithful} is a dense Gs in Z.
Writing O = Nger\(1}0y, where Oy = {w € Z : m,(g) # id} is obviously open, it suffices to show that O is
dense. Write X = UTX,, where X,, = {(z,k) € X : k < n} is infinite and globally invariant under I" for the
original action. Let w € Z and F' C X a finite subset. Let N € N large enough such that XF Uw(EZF) C Xy.
The set Xy \ ZF (resp. Xy \ w(XF)) is infinite and globally invariant under ¥ (resp. 6(X)). Hence, there
exists a bijection vo : Xn \ ZF — Xn \ w(XF) satisfying vgo = 0(0)7o for all o € . Define v € S(X) by
Yler = w|sr, Yxy\nF = Y0 and ’Y|va = t|X;V- By construction, v € Z and v|r = w|p. Moreover, since
7 (9)(y,n) = (gy,n) for all n > N and since I' ~ Y is faithful, it follows that ., is faithful. O



Remark 3.3. The following more general result is actually true.

For all amenable and faithful action on a countable set H ~'Y with infinite orbits and free on ¥ and 0(X),
there exists an amenable, transitive and faithful action on a countable set ' ~ X such that, for all h € H,
Fixy (h) = 0 implies Fixx (h) = 0.

Indeed, it follows from Lemma 2.5 and Example 2.6, that the replacement by the induced action preserves the
property that elements in H have an empty fixed point set. Also, the replacement by the action on X =Y xN
preserves this property. Since m,,(h) = h for all h € H and all w € Z, this proves the remark.

4 Amalgamated free products in the class A

In this section we prove Theorem 1.2.2. The notations are independent of the ones of section 3.

Let X be an infinite countable set. For the rest of this section we assume that I';, T’y < S(X) are two countable
subgroups of the Polish group of bijections of X with a common finite subgroup ¥ such that ¥ ~ X is free.
Define

Z ={we S(X) : wo =ow for all 0 € ¥}.

Z is a non-trivial closed subgroup of S(X). Let I' = T'y xx I's. By the universal property, for all w € Z,
there exists a unique group homorphism 7, : I' — S(X) such that 7,(g) = g and 7, (h) = w™thw for all
g € Fl, h e 1—‘2.

Lemma 4.1. If the actions I'y ~ X and I's ~ X have infinite orbits then the set

U={weZ: m, is transitive }

18 a dense G§ in Z.

Proof. Write U = Ny yexUy,y, where U, , = {w € Z : there exists g € I" such that m,(g)zr = y}. Since Uy,
is open in Z for all z,y € X, it suffices to show that it is dense in Z. Let z,y € X, w € Z and FF C X
a finite subset. Since I'y »~ X has infinite orbits, there exists g1 € I'y such that g1z ¢ LF. By the same
argument, there exists also go € I'1 such that ggly ¢ XFUXgyxz. Take z,¢t € X in the same I's-orbit and in
the complement of the finite set w(XF U Xg 2 U Xg, ty) such that £z N St = (). Write ¢ = hz where h € T'y
and define

Y =YqgoU Zggly USw tzUSw .

One has F C Y*¢ and w(Y) = Ywgiz U Swgy 'y U Xz U Xt. Define v € S(X) by v

Ye = W|ye and,
Y(ogiz) = 0z, v(ogyty) = ot, y(ow ' 2) = owgiz, Y(ow 't) = owgy'y Vo €X.
By construction, v € Z and y|r = w|p. Moreover, with g = gahgy € T, one has
=gy 'h = g2 'hz = goy 't = gogy 'y = y.O
Ty (9)T = 27" hvg1z = gov" hz = g2t =gags Yy =1y.

Lemma 4.2. If there exist Folner sequences (Cy,) and (D,,) for the actions T'y ~ X and T'y ~ X respectively

such that |Cy|, |Dp| — oo and kgn‘l — 1 then the set V ={w € Z : m, is amenable } is a dense Gs in Z.

Proof. We start the proof with the following simple claim.

Claim.

1. For all finite subsets Y7, Ys C X there exists X-invariant Fglner sequences (C),) and (D)) for the actions
'y ~ X and 'y ~ X respectively such that |C%], | D] — oo, l‘gﬁl‘ —land C)NY1 =0, D, NYy =0
for all n € N.

2. Let F,Y; C X be finite subsets such that XY; N F = §). For all finite subset Y5 C X and all w € Z,
there exists v € Z such that v|p = w|r and TY; Ny~ 1(ZYz) = 0.



Proof of the claim. 1. Take C] = XC, \ Y1 and D), = ¥D,, \ ¥Y> and shift the indices if necessary. We
leave the details to the reader.

2. Write XY = I_Iéle:ci. Since the set YwY; U XwF U XY; is finite and ¥ invariant, we can find [ disjoint
Y-orbits Xz1,...%z in its complement. Define Y = LL_ Yz, U Xw~lz;. Then, F C Y¢ and w(Y) =
UL, Swx; U X2 Define v € S(X) by y|lye = w|ye and,

v(ox;) = o2 'y(aw_lzi) =owx; forall ceX, 1<i<I.

By construction v € Z and v|r = w|p. Moreover, v(XY;) N XY; = 0. O

End of the proof of Lemma 4.2. Write I'y = UTF,,, and Iy = U'G,,,, where |F,,|,|G| < co. Since I is
generated by I'; and I'; it follows that 7, is amenable if and only if, for all m > 1 there exists a non-empty
finite set C' C X such that

|Tw(g)CAC|  [gCAC| 1

— o A A 1
< Vg € F,, and [mw (R)CAC| _ [hw(C)Aw(C)|
m =

< — VheG,.
m

CI CI € CI
Write V' = Npy>1 Vi, where
Vim={weZ:3C CX,0<]|C|< o0, suchthat%<%andw<%Vg€Fm,h€Gm}.

Since Vi, is open in Z, it suffices to show that V,,, is dense in Z. Let w € Z and F C X a finite subset. By
the first assertion of the claim, we can assume that (C),) and (D,,) are 3-invariant Fglner sequences such that
C,NF=0and D, Nw(F) =0 for all n € N. Let N € N large enough such that

WoNaoNl o~ DENEONT -~ 0 BN o 2 forallg€ Fin, h € Gom.
O] m Dy 4m IOnl| = 4m g

By the second assertion of the claim we may and will assume that Cy Nw=*(Dy) = . Write Cy = UL_; 3z,
and Dy = I_IleEyj. Let M = Min(l,k) and define Y = UMYz, U Xw~ly;. Then, one has FF C Y and
w(Y) = UM, Swz; U Sy;. Define v € S(X) by v

ye = w|ye and,

y(ox;) = oy; Y(ow ly) = owzx; forallo €%, 1<i< M.
|Cn|

By construction v € Z and v|[r = w|r. Moreover, |7(Cny)ADy| = ||Dn| — [Cn|| < 55 Hence, for all
h € G, one has,

|hy(CN)AY(CN)| < |hy(CN)ARDN| + [RDNADN| 4+ |DnAY(Cn)| = 2[v(Cn)ADN| + |hDnAD|

|Cn]| 1\ [nDNADy]| ICN]
Lol Y S I ) et il
om T\ Dy Nl <

Defining C' = Cy, we see that v € V,,,. O

Proof of Theorem 1.2.2. Suppose that the triple (X,T'1,T'2) satisfies the hypothesis of Theorem 1.2.2 and
define T' = T’y %y I's. By Lemma 2.5, for all ¢ € {1,2}, there exists a faithful action I' ~ Y; with infinite
I';-orbits such that ¥ ~ Y; is free and the action I'; ~ Y; is amenable. Moreover, by Example 2.6, I' ~ Y;
also has infinite I'j-orbits for j # ¢. Define Y = Y7 UY5. Then the natural faithful action I' ~ Y has infinite
T';-orbits for i = 1,2, ¥ ~ Y is free and I'; ~ Y is amenable for i = 1,2. Define X =Y x N with the faithful
I-action given by g(y,n) = (gy,n) for g € T and (y,n) € X. View ¥ < T'1,T's < T' < S(X). Tt is clear that
¥ acts freely on X. Moreover, by Lemma 2.4, we can find Fglner sequences (C,,) and (D,,) for the actions of
I'; and T's on X respectively such that |C,,| — oo, |D,| — 0o and kg:ll — 1. Thus, we can apply Lemmas
4.1 and 4.2 to the actions I'y, 'y ~ X . Hence, it suffices to show that the set O = {w € Z : 7, is faithful}
is a dense G5 in Z. As in the proof of Theorem 1.2.1 it is easy to write O as a countable intersection of
open sets. Hence, it suffices to show that O is dense in Z. Let w € Z and F C X a finite subset. Write
X =U'X,, where X,, = {(z,k) € X : k < n} is infinite globally invariant under I". Let N € N large enough
such that XF Uw(XF) C Xn. Since the sets Xy \ ¥F and Xy \ w(ZF) are infinite and X-invariant, there




exists a bijection vy : Xy \ XF — Xy \ w(ZF) such that ygo = o for all 0 € 3. Define v € S(X) by
Ylsr = wlsr, v|xy\sr = 70 and v[xg = id|xg . By construction, v € Z and 7|r = w|r. Moreover, since
7 (9)(y,n) = (gy,n) for all g € T and all (y,n) € X with n > N and because I' ~ Y is faithful, it follows
that 7 is faithful. O

Remark 4.3. The following more general result is actually true.

If, for i = 1,2, there exists an amenable and faithful action on a countable set I'; ~ Y; with infinite orbits
and free on X then, there exists an amenable, transitive and faithful action on a countable set T' ~ X with
the property that, for all i = 1,2, for all h € T;, Fixy,(h) = 0 implies Fixx (h) = 0.

Indeed, the first replacement by the induced action from I'; to I' preserves the property that the elements in
I'; have an empty fixed point set. Moreover, Lemma 2.5 and example 2.6 imply that I'; ~ Yj is free for ¢ # j.
Hence, the property to have an empty fixed point set for the actions I'1,I's ~ Y = Y7 UY5 is preserved. The
replacement by the action on X =Y X N also preserves this property. Since, for all w € Z, m,,(g) = g for all
g € T'1 and Fixx (m,(h)) = w™(Fixx (h)) for all h € Ty, this proves the remark.

5 Groups acting on trees in the class A

This section contains the proof of Theorem 1.3. Let G be a graph. We denote by E(G) its edge set and by
V(G) its vertex set. For e € E(G) we denote by s(e) the source of e and r(e) the range of e.

Let T' be a countable group acting without inversion on a non-trivial tree T with finite quotient graph
G = T/T and finite edge stabilizers. By [Se83], the quotient graph G can be equipped with the structure of a
graph of groups (G, {I'p}pev(g): {Xe}ecr(g)) Where each ¥, is isomorphic to an edge stabilizer and each I, is
isomorphic to a vertex stabilizer and such that I" is the fundamental group of this graph of groups i.e., given
a fixed maximal subtree 7 C G, T is generated by the groups I', for p € V(G) and the edges e € E(G) with
the relations

e=c !, s.(x)=erc(z)et Vo eX, and e=1 Ve <€ E(T),

where s, : e — I'gy and re @ X — ') are respectively the source and range group homomorphisms. We
will prove the following stronger version of Theorem 1.3 by induction on n = |E(G)| > 1.

Theorem 5.1. Suppose that, for all p € V(G), there exists an amenable and faithful action on a countable
set 'y ~ X, with infinite orbits and free on s.(X.) for all e € E(G) such that s(e) = p. Then, there exists an
amenable, faithful and transitive action on a countable set I' ~ X such that, for allp € V(G) and all h € T,
Fixx, (h) = 0 implies Fixx (h) = 0.

Proof. If n = 1 then T is either an amalgamated free product I' = I'y *x I's where (X,T'1,T'3) satisfies the
hypothesis of Theorem 1.2.2 or an HNN-extension I' = HNN(H, X, ) where (H, 3, 0) satisfies the hypothesis
of Theorem 1.2.1. In the amalgamated free product case we use Remark 4.3 and in the HNN-extension case
we use Remark 3.3 to obtain that I' satisfies the conclusion of the theorem. Let n > 1 and suppose that the
conclusion holds for all 1 < k < n. Suppose that $|E(G)] = n+ 1. Let e € E(G) and let G’ be the graph
obtained from G by removing the edges e and e.

Case 1: G’ is connected. It follows from Bass-Serre theory that I' = HNN(H,X,0) where H is the
fundamental group of our graph of groups restricted to G', ¥ = r.(X.) < H and § : ¥ — H is given by
0 = se or;l. By the induction hypothesis and Remark 3.3 it follows that I' satisfies the conclusion of the
theorem.

Case 2: G’ is not connected. Let G; and Gy be the two connected components of G’ such that s(e) € V(Gy)
and r(e) € V(Gy). Bass-Serre theory implies that I' = T’y *x I'g, where I'; is the fundamental group of our
graph of groups restricted to G;, i = 1,2, and ¥ = ¥, is viewed as a subgroup of I'; via the map s, and as
a subgroup of I's via the map r.. By the induction hypothesis and Remark 4.3, I satisfies the conclusion of
the theorem. O

The proof of Theorem 1.3 follows from Theorem 5.1 and Lemma 2.3 since an almost free action on an infinite
set is faithful.
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