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Vector Addition Systems Reachability Problem
(A Simpler Solution)

Jérome Leroux?

LaBRI, Université de Bordeaux, CNRS
leroux@labri.fr

Abstract. The reachability problem for Vector Addition Systems (VASs) is a
central problem of net theory. The general problem is known to be decidable
by algorithms based on the classical Kosaraju-Lambert-Mayr-Sacerdote-Tenney
decomposition (KLMTS decomposition). Recently from this decomposition, we
deduced that a final configuration is not reachable from an initial one if and only
if there exists a Presburger inductive invariant that contains the initial configura-
tion but not the final one. Since we can decide if a Preburger formula denotes an
inductive invariant, we deduce from this result that there exist checkable certifi-
cates of non-reachability in the Presburger arithmetic. In particular, there exists a
simple algorithm for deciding the general VAS reachability problem based on two
semi-algorithms. A first one that tries to prove the reachability by enumerating fi-
nite sequences of actions and a second one that tries to prove the non-reachability
by enumerating Presburger formulas. In another recent paper we provide the first
proof of the VAS reachability problem that is not based on the KLMST decom-
position. The proof is based on the notion of production relations that directly
proves the existence of Presburger inductive invariants. In this paper we propose
new intermediate results simplifying a bit more this last proof.

1 Introduction

Vector Addition Systems (VASs) or equivalently Petri Nets are one of the most popular
formal methods for the representation and the analysis of parallel processes [2]. Their
reachability problem is central since many computational problems (even outside the
realm of parallel processes) reduce to the reachability problem. Sacerdote and Tenney
provided in [13] a partial proof of decidability of this problem. The proof was completed
in 1981 by Mayr [11] and simplified by Kosaraju [7] from [13,11]. Ten years later [8],
Lambert provided a further simplified version based on [7]. This last proof still remains
difficult and the upper-bound complexity of the corresponding algorithm is just known
to be non-primitive recursive. Nowadays, the exact complexity of the reachability prob-
lem for VASs is still an open-problem. Even the existence of an elementary upper-bound
complexity is open. In fact, the known general reachability algorithms are exclusively
based on the Kosaraju-Lambert-Mayr-Sacerdote-Tenney (KLMST) decomposition.

Recently [9] we proved thanks to the KLMST decomposition that Parikh images of
languages accepted by VASs are semi-pseudo-linear, a class that extends the Presburger
sets. An application of this result was provided; we proved that a final configuration is
not reachable from an initial one if and only if there exists a forward inductive invariant
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definable in the Presburger arithmetic that contains the initial configuration but not the
final one. Since we can decide if a Presburger formula denotes a forward inductive
invariant, we deduce that there exist checkable certificates of non-reachability in the
Presburger arithmetic. In particular, there exists a simple algorithm for deciding the
general VAS reachability problem based on two semi-algorithms. A first one that tries
to prove the reachability by enumerating finite sequences of actions and a second one
that tries to prove the non-reachability by enumerating Presburger formulas.

In [10] we provided a new proof of the decidability of the reachability problem
that does not introduce the KLMST decomposition. The proof is based on transformer
relations and it proves directly that reachability sets are almost semilinear, a class of
sets inspired by the class of semilinear sets [3] that extend the class of Presburger sets.
This proof is based on a characterization of the conic sets definable in FO (Q, +, <)
thanks to topological closures with vectors spaces. In this paper we provide a more
direct proof that does not require this characterization. In fact we provide a direct proof
that the conic sets generated by transformer relations are definable in FO (Q, +, <). As
a direct consequence topological properties one conic sets are no longer used in this
new version.

Outline of the paper: Section 2 recalls the definition of almost semilinear sets, a
class of sets inspired by the decomposition of Presburger sets into semilinear sets. Sec-
tion 3 introduces definitions related to vector addition systems. Section 4 introduces a
well-order over the runs of vector addition systems. This well-order is central in the
proof and it was first introduced by Petr JanCar in another context[5]. Based on the
definition of this well-order we introduce in Section 5 the notion of transformer rela-
tions and we prove that conic relations generated by transformer relations are definable
in FO (Q, +, <). Thanks to this result and the well-order introduced in the previous
section we show in Section 6 that reachability sets of vector addition systems are al-
most semilinear. In Section 7 we introduce a dimension function for subsets of integer
vectors. In Section 8 the almost semilinear sets are proved to be approximable by Pres-
burger sets in a precise way based on the dimension function previously introduced.
Thanks to this approximation and since reachability sets are almost semilinear we fi-
nally prove in Section 9 that the vector addition system reachability problem can be
decided by inductive invariants definable in the Presburger arithmetic.

2 Almost Semilinear Sets

We denote by N,N+,7Z,Q,Q>0, Q¢ the set of natural numbers, positive integers,
integers, rational numbers, non negative rational numbers, and positive rational num-
bers. Vectors and sets of vectors are denoted in bold face. The ¢th component of a vector
v € Q7 is denoted by v(i). Given two sets Vi, Vo C Q¢ we denote by V; + Vy
the set {vi + va | (v1,v2) € Vi x Vy}, and we denote by V; — V5 the set
{vi — vy | (v1,va) € Vi x Vy}. In the same way given T C Q and V C Q¢
welet TV = {tv | (t,v) € T x V}. We also denote by vi + V3 and V; + v the sets
{vi} + Vo and V; + {vs3}, and we denote by ¢V and T'v the sets {¢t}V and T{v}.

A periodic set is a subset P C 7% such that 0 € P and such that P + P C P. A
conic set is a subset C C Q% such that 0 € C, C+C C C and such that Q>yCCC.A
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periodic set P is said to be finitely generated if there exist vectors p1, ..., pxr € P such
that P = Np; + -+ - + Npy. A periodic set P is said to be asymptotically definable if
the conic set QP is definable in FO (Q, +, <). A Presburger set is a subset Z C Z%
definable in FO (Z, +, <). Let us recall that Z C Z%is a Presburger set if and only if it
is a finite union of linear sets b + P where b € Z% and P C Z% is a finitely generated
periodic set [3]. An almost semilinear set is a finite union of sets of the form b + P
where b € Z% and P C Z is an asymptotically definable periodic set [10].

Fig. 1. An asymptotically definable periodic set.

Example 2.1. The periodic set P = {p € N? | p(2) < p(1) < 2P(®) — 1} is repre-
sented in Figure 1. Observe that Q>oP = {0} U {c € Q2 | p(2) < p(1)} is a conic
set definable in FO (Q, 4, <). Thus P is an asymptotically definable periodic set.

3 Vector Addition Systems

A Vector Addition System (VAS) is given by a finite subset A C Z<. A configuration is
a vector ¢ € N?. A run p is a non-empty word of configurations p = cy . . . ¢ such that
the difference a; = c¢; — c;_1 isin A for every j € {1,...,k}. In that case we say
that p is a run labeled by w = a; ... ay, the configurations ¢y and cy, are respectively
called the source and the targer and they are denoted by src(p) and tgt(p). Given a
word w € A*, we introduce the binary relation — over the set of configurations by
x 5 y if there exists a run p from X to y labeled by w. Observe that in this case p is
unique. The reachability relation is the relation = over N¢ defined by x = y if there
exists a run from x to y.

The forward/backward reachability sets post*(X) and pre*(Y) where X, Y C N¢
are defined by:

post*(X) = {c e N | 3x € X x 5 c}
pre*(Y)={ceN!|JyecYc >y}

A set X C N9 is said to be a forward inductive invariant if post* (X) C X. Symmetri-
cally aset Y C N9 is said to be a backward inductive invariant if pre*(Y) C Y.
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In this paper we prove that for every x,y € N such that there does not exist a run
from x to y, then there exists a partition of N into (X,Y) such that X is a Presburger
forward inductive invariant that contains x and Y is a Presburger backward inductive
invariant that contains y. This result will provide directly the following corollary.

Corollary 3.1. The reachability problem for vector addition systems is decidable.

Proof. Letx,y € N be two configurations. Let us consider an algorithm that enumer-
ates in parallel the runs p and the partitions (X, Y) of N into Presburger sets. If the
algorithm encounters a run from x to y then it returns “reachable” and if X is a forward
inductive invariant that contains x and Y is a Presburger backward inductive invariant
that contains y then it returns “unreachable”. Observe that this last condition can be ef-
fectively decided since X is a forward inductive invariant if and only if NN (X +A)\X
is empty and Y is a backward inductive invariant if and only if N N (Y — A)\Y is
empty. Note that this algorithm is correct. Moreover, it terminates thanks to the main
result proved in this paper. a

Remark 3.2. In general the reachability sets post™({x}) and pre*({y}) are not defin-
able in the Presburger arithmetic[4].

4 Well-Order Over The Runs

We introduce the relation < over the runs defined by p < p if p is a run of the form
p = Cq...cp where c; € N? and if there exists a sequence (V;)o<;j<k+1 Of vectors
v; € N such that p’ is a run of the form p’ = py . .. p, where p; is a run from c; + v;
to ¢; + v 1. A very similar relation was first introduced by Petr Jancar in [5].

Lemma 4.1 ([5]). The relation < is a well-order over the runs.

Proof. A proof of this lemma with different notations can be retrieved from Section 6
of [5]. We prefer to give a direct proof of this important result rather than a reduction
to the original one. To do so, we introduce a well-order < over the runs based on the
Higman’s Lemma and we show that < and < are equal.

We first associate to arun p = ¢g . . . ¢ the word a(p) = (ay,c¢1) ... (ag, cg) over
the set S = A x N? where a; = ¢; — c¢;_1. The set S is well-ordered by the relation
C defined by (a1,c1) C (ag,co) if a; = ag and ¢; < co. The set of words S™* is well-
ordered thanks to the Higman’s lemma by the relation C”* defined by s1...s; C* w
if wis a word in S*s78*...s.S* with s; C s} for every j € {1,...,k}. The well-
order < over the runs is defined by p =< p’ if src(p) < sre(p’), tet(p) < tgt(p’)
and a(p) C* «a(p’). Now, let us prove that < and < are equal. We consider a run
p = cy...c; withc; € N9 and we introduce the action a; = c¢; — c;_ for each
je{l,... k}.

Assume first that p < p’ for some run p’. Since a(p) = (aj,c1)...(ax, c) and
a(p) C* a(p’) we deduce a decomposition of «(p’) into the following word where
¢ >cjforevery j € {1,...,k}:

wo(ag, c))ws ... (ag, ¢ )ws
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In particular p’ can be decomposed in p’ = pg...px Where pg is a run from src(p’)
to ¢} — aj, p; is a run from ¢ to ¢}, ; — a;4; for every j € {1,...,k — 1}, and
pr is a run from cj, to tgt(p’). Let us introduce the sequence (v;)o<k<k+1 Of vectors
defined by v = src(p’) — sre(p), v; = ¢ —c; forevery j € {1,...,k} and vy 41 =
tgt(p’) — tgt(p). Note that v; € N for every j € {0,...,k + 1}. Observe that for
every j € {0,...,k} wehave ¢j; —a; = c;j11 —a; + ;41 = ¢; + ;1. Hence p;
is arun from ¢; + v; to c; + v;41 forevery j € {0,. .., k}. Therefore p < p'.

Conversely, let us assume that p < p’ for some run p’. We introduce a sequence
(v;)o<j<k+1 of vectors in N¢ such that p’ = py . .. pj, where p; is a run from c; + v;
to ¢; + v;1. We deduce the following equality where c;. =c¢; + v;and a;- € A:

a(p') = a(po)(ay, ct)alpr) . .. (a), i )alpk)

Observe that a; = tgt(p;_1) — src(p;) = (cj—1 + v;) — (¢j + v;) = a;. We deduce
that a(p) C* a(p’). Moreover, since src(p) < src(p’) and tgt(p) < tgt(p’) we get
p=p. m

IA

5 Transformer Relations

Based on the definition of the well-order <, we introduce the transformer relation with

capacity ¢ € N? as the binary relation /X over N defined by x % y if there exists a
run from ¢ + x to ¢ + y. We also associate to every run p = cq...c; with ¢; € N¢

the transformer relation along the run p denoted by A is defined as the following

composition:
P

Cco Cck
N = Mo--0n
In this section transformer relations are shown to be asymptotically definable. Since
asymptotically definable periodic relations are stable by composition (see the following

Lemma 5.1), it is sufficient to prove that A~ is in this class for every capacity ¢ € N%,

Lemma 5.1. Asymptotically definable periodic relations are stable by composition.

Proof. Assume that R, S C Z%xZ® are two periodic relations and observe that (0, 0) €
R o S. Moreover if (x1,21) and (X2, 25) are in R o S then there exists y;,yo € Z%
such that (x1,y1), (X2,y2) € Rand (y1,21), (¥y2,22) € S. As R and S are periodic
we get (x,y) € Rand (y,z) € S where x = X1 + X2,y =y1 + y2 and z = z; + zo.
Thus (x,z) € R o S and we have proved that R o .S is periodic. Now just observe that
Q>0(R0oS) = (Q>0R) o (Q>0S). Hence if R and S are asymptotically definable then
R o S is also asymptotically definable. a

Lemma 5.2. The transformer relation A is periodic.
Proof. Assume that x; A y1 and x5 A y2. There exist two words wi,ws € A*

such that ¢ + x; —% ¢4y and ¢ + X2 —2 ¢ + yo. By monotony we deduce that
C—|—X1+X2%C+yl—|—y2. O
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Example 5.3. Observe that if ¢ = 0 then A is the reachability relation. Let A =
{(~=1,1)} and ¢ = (0,0). Observe that Q>¢ A= {(u,v) € QL x Q% |v-—ue
Qxo(=1, 1)},

For the reminder of this section, we fix a capacity ¢ € N We associate to every
couple v € Q2 , x QZ,, the set §2,, of runs p such that (src(p), tgt(p)) € (c, ) +Q>07-
We denote by Q,, the set of configurations q € N¢ such that there exists a run p € 2,
in which q occurs. Note that Q. is non empty since it contains c. We denote by I,
the set of indexes ¢ € {1,...,d} such that {q(¢) | q € Q. } is finite. We consider the
projection function 7., : Q. — N/ defined by .,(q)(i) = q(i) for every q € Q. and
for every i € I,. We introduce the finite set of states S, = m,(Q,) and the set T, of
transitions (7,(q),q’ —q,7,(q’)) where qq’ is a factor of a run in (2,. Let us observe
that for every (s,a, s’) € T, we have a € A and s'(i) = s(i) + a(i) for every i € I,.
In particular from 7, C S, x A x S, we deduce that 7T, is finite. We introduce the
graph G = (5, T).

Example 5.4. Assume that A = {(—1,1)},c = (0,0) and lety = ((1,0), (0,1)). Note
that 2, = {(n,0)(n —1,1)...(0,n) | n € N}, Q, =N, I, =0, S, = {(*,%)}, and
T, = {(*,%), (—1,1), (%, %)} where x denotes a projected component.

An intraproduction for 7 is a vector h € N? such that there exists n € Q> satisfy-
ing nx A h A ny where (x,y) = . We denote by H,, the set of intraproductions for
7. Since A s periodic we deduce that the set of intraproductions is periodic.

Lemma 5.5. We have Q, + H,, C Q..

Proof. Assume that v = (x,y). Letq € Q, and h € H,. As q € Q,, there exist
n € Q> and words u,v € A* such that ¢ + nx % q 5 c+ny. Sinceh € H,
there exist n’ € Q>¢ and words u’,v" € A* such that ¢ +n'x “+ c+h 5 c +n'y.

Let m = n + n’. By monotony, we have ¢ + mx —= q + h - ¢ + my. Hence
a+hecQ,. ad

Lemma 5.6. Every intraproduction h € H, satisfies h(i) = 0 for every i € L,.

Proof. Since the set of intraproductions is periodic we get Nh C H.,. Moreover as
c € Q,, Lemma 5.5 shows that c + Nh C Q.. By definition of I, we deduce that
h(i) = 0forevery i € L,. O

Corollary 5.7. We have ., (src(p)) = m(c) = m,(tgt(p)) for every run p € (2,

Proof. Assume that v = (x,y). Since p € {2, there exists n € Q> such that p is a run
from ¢ + nx to ¢ 4+ ny. In particular nx and ny are two intraproductions for ~y. From
Lemma 5.6 we get nx(i) = 0 = ny (i) for every i € I,. Hence 7, (src(p)) = 74 (c) =
™ (tet(p)). 0
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Apathin G, isawordp = (sg,a1,51) ... (Sk—1,ax, i) of transitions (s,;_1,a;, s;)
in T’,. Such a path is called a path from s to s labeled by w = a;...a;. When
so = sy the path is called a cycle. The previous corollary shows that every run p € {2,
labeled by a word w provides a cycle in G, on 7., (c) labeled by w.

Corollary 5.8. The graph G., is strongly connected.

Proof. Let us consider s € S,. There exists q € Q. that occurs in a run p € {2, such
that s = 7,(q). Hence there exist two words u,v € A* such that src(p) = q —
tgt(p). Since 7, (src(p)) = my(c) = m(tgt(p)) we deduce that there exist in G a
path from 7, (c) to s labeled by u and a path from s to 7, (c) labeled by v. O

Lemma 5.9. for every q < q' in Q, there exists an intraproduction h € H., such that
qd <q+h

Proof. Assume that v = (x,y). As q,q' € Q, there exists m,m’ € Q¢ and
u,v,u ,v" € A* such that:

c+mx 5 q-=>c+my and c+m'x 5 q S c+mly

Let us introduce p = q’ — q. By monotonicity:

c+ (m+m)x % o +mx and q+p+mx > c+my+p+mx
c+mx+p+my -q+p+my and qd +my = c+ (m+m)y

Since ' + mx = q+p+mxand q + p +my = q + my, we have proved that

c—i—nxul—%c—i—hu—v,>c+nywithn:m+m’andh:p+m(x+y).0bserve
thatq+h=q +m(x+y)>d. O

Lemma 5.10. There exist intraproductions h € H., such that I, = {i | h(i) = 0}.

Proof. Let i ¢ I.,. There exists a sequence (qy)ren of configurations q, € Q- such
that (qy(7))xen is strictly increasing. Since (N%, <) is well-ordered there exists k < &’
such that q; < qi/. Lemma 5.9 shows that there exists an intraproduction h; for ~
such that qx» < g + h;. In particular h;(i) > 0. As the set of intraproduction for 7 is
periodic we deduce thath = ), ¢ b is an intraproduction for . By construction we
have h(z) > 0 for every ¢ ¢ I,. From Lemma 5.6 we deduce that h(:) = 0 for every
i € I,. Therefore I, = {i | h(i) = 0}. O

Example 5.11. Let us come back to the Example 5.4. The run (2, 0)(1,1)(0,2) shows
that (1, 1) is an intraproduction for .

Corollary 5.12. States in S, are incomparable.

Proof. Let us consider s < s’ in S,. There exists q,q’ € Q., such that s = 7,(q) and
s = m,(q’). Lemma 5.10 shows that there exists an intraproduction h’ € H, such that
I, = {i | h'(i) = 0}. By replacing h’ be a vector in N5 oh’ we can assume without
loss of generality that q(i) < q'(¢) + /(i) forevery i & I,. As q(i) = s(i) < §'(i) =
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q'(i) = (i) + h'(3) for every i € I, we deduce that ¢ < ¢’ + h’. Lemma 5.5 shows
thatq' + h’ € Q.. Lemma 5.9 shows that there exists an intraproduction h € H, such
that ' + h’ < q + h. From Lemma 5.6 we deduce that h(z) = 0 for every i € I,.
In particular (i) < q() for every i € I,. Hence s’ < s and we have proved that
s=4g. O

Corollary 5.13. The class of graphs G., where v € Q%O X Q‘éo is finite.

Proof. Given I C {1,...,d} we introduce the state s; € N’ defined by s;(i) =
c(i). We also introduce the set I'7 of v € Q% x Q% such that I, = I. Assume by
contradiction that S; = |, p, S, is infinite. For every s € S there exists v € Iy
such that s € S.,. Hence there exists a path p, in G, from s; to s. Since the states in
S, are incomparable, we can assume that the states occuring in ps are incomparable.
By putting the paths p, in a tree rooted by s; with transitions labeled by actions in A
we deduce an infinite tree such that each node has a finite number of children (at most
|A]). The Koenig’s lemma shows that this tree has an infinite branch. Since (N, <)
is well-ordered, there exists two comparable distinct nodes in this branch. There exists
s € Sy such that these two comparable states occurs in ps. We get a contradiction. Thus
St is finite. We deduce the corollary. ad

A function f : T', — Q is called a Kirchhoff function for -y if for every s € S, the
following equality holds:

SN = S

teT,N({s}xAXSy) teT,N(Sy xAx{s})

We associate to every Kirchhoff function f the displacement A(f):

A=) > ft)a

acA teT,N(Syx{a}xSy)

The Parikh image of a cycle ¢ in G, is the function f : T, — N defined by f(¢) is
the number of occurrences of the transitions ¢ in p. Let us observe that f is a Kirchhoff
function for v and A(f) = A(w) where w is the label of § and A(w) = Z?Zl a; is
the displacement of the word w = a; ... a; witha; € N¢.

Assume that v = (x,y). We introduce the relation R, of couples (u,v) € Q‘éo X
Q2 satisfying u(é) > 0 iff x(i) > 0 and v(i) > 0 iff y(i) > 0 and such that there
exists a Kirchhoff function f for « such that v — u = A(f) and f(t) > 0 for every

te’l,.

Example 5.14. Assume that A = {(—1,1)} and ¢ = (0, 0). The relation R, is equal to
{((r,0),(0,n)) [ n € Qso} if v € Q>0((1,0), (0,1)), it is equal to {((0,0), (0,0))}
if v = ((0,0), (0,0)) and it is empty otherwise.

Lemma 5.15. We have v € R, for every v € Q>¢ A



Vector Addition Systems Reachability Problem (A Simpler Solution) 9

Proof. Assume that the couple v = (x,y) is in Q¢ ~. For every transition t € T,
there exist a run p; € {2, and a factor q.q; of p; such that t = (7,(q),q’ — q,7,(q")).
Since p; € {2, there exists n; € Q¢ such that p; is a run from ¢ + n;x to ¢ + nyy
labeled by a word w;. Assume that T, = {t1,...,t;}. Asy € Q> A, there exists
n € Ny and a run from ¢ + nx to ¢ + ny labeled by a word w. Let us consider
m=n-+ Z?zl ny; and 0 = wwy, ... wy, . Observe that o is the label of a cycle 6 on
m(c) which every transition ¢; occurs in. Hence the Parikh image of this cycle provides
a Kirchhoff function f for v such that A(o) = A(f) and such that f(¢) > 0 for every
t € T. Observe that A(0) = m(y — x). Hence y — x = A(-- f) and we have proved
that vy € RR,. ad

Lemma 5.16. Forevery (u,v) € R, there exist k € Nsq, two cycles in G, on the state
7 (c) labeled by words u,v € A*, and a vector h € N% satisfying I, = {i | h(i) = 0}
such that:

c+kuSc+hSc+kv

Proof. Lemma 5.10 shows that there exist h’ € N such that I, = {i | h'(i) = 0},
n € Q> and two words wy,wy € A* such that ¢ + nx e+ h B+ ny.
Hence there exist cycles 61, 62 on 7, (c) labeled by w1, wo. We denote by f1 and fo the
Parikh images of these two cycles. Let (u, v) € R.,. By replacing (u, v) by a couple in
Nso(u, v) we can assume without loss of generality that u’ = u—nx and v/ = v—ny
are both in N, and there exists a Kirchhoff function f such that f(t) € N~ and f(t) >
J1(t) + fa(t) for every t € T, and such that v — u = A(f). Since g = f — (f1 + f2)
is a Kirchhoff function satisfying ¢(t) € Ny for every t € T, and G, is strongly
connected, the Euler’s Lemma shows that there exists a cycle in G, on the state 7 (c)
labeled by a word o such that A(c) = A(g). Since ¢ +nx - ¢+ h’ 22 ¢+ ny and
nx < u, ny < v we deduce by monotony that for every £ € N we have:

k k
c+kus c+ k(b +u) ct+ kb +v) e+ kv

Since there exists a cycle in G on 74 (c) labeled by o and I, = {i | h’(i) = 0}, there
exists k € N+ q large enough such there exists a run from ¢ + kh’ labeled by o. Let us
consider r € {0, ...,k} and let us introduce z, = (k — 7)u’ + rv’. Note that z, € N9,
By monotony there exists a run from ¢+ kh’ +z,. labeled by o. Note that A(o) = A(g)
and from g = f — (f1 + f2) we deduce that A(g) = A(f) — (A(f1) + A(f2)). Hence
Alo) =v—u—(A(w)+A(ws)) = v—u—(h' —nx+ny—h’') = v/ —u’. Therefore
z, + A(0) = z,41. We deduce that ¢ + kb’ + 2z, = ¢ + kh’ + 2, ;. Therefore:

ct kM +u) Do et k(b +V)
We have proved the lemma with u = w¥, v = o*wk and h = k(h’ + u’). O
Corollary 5.17. Transformer relations are asymptotically definable periodic relations.
Proof. Lemma 5.15 and Lemma 5.16 show that we have the following equality:

Qo= |J B,

YEQs0 A
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Since the class of graphs G, is finite we deduce that the class of relations R is finite.
As these relations are definable in FO (Q, +, <) the corollary is proved. ad

6 Reachability Sets Decomposition

In this section post*(X) N'Y and pre*(Y) N X are proved to be almost semilinear for
every Presburger sets X, Y C N¢. Since Presburger sets are finite unions of linear sets,
we can assume that X = u+Mand Y = v + N where u,v € N? and M, N C N¢
are finitely generated periodic sets. We introduce the set {2 of runs from a configuration
x € X to a configuration y € Y. We consider the order C over the runs in (2 defined
by p C p'if (sre(p’), tgt(p’)) € (sre(p), tgt(p)) + M x N and p < p'. Since M and N
are finitely generated the Dickson’s lemma shows that C is a well-order. We introduce
the following sets for every run p € (2:

Mp:{mGM\HneNmevn}
Np:{n€N|3m€Mmern}
Lemma 6.1. The sets M, and N, are periodic and satisfy:

Q>oM, = {m € Q5oM | 3n € Q5oN (m,n) € Qs A}
QZONP = {Il S QZ()N | dm € QZ()M (1’1’1, 1’1) € QZO /%}

Proof. Since M, N and A are periodic we deduce that M, and N, are periodic. The
two equalities are immediate. a

Lemma 6.2. We have:

post*(X)NY = U tgt(p) + N,
pEming (£2)

pre"(Y)NX = U sre(p) + M,
pEming (£2)

Proof. Let us first prove that tgt(p) + N, C post*(X) N'Y for every p € {2. Assume
that p = ¢g...c, withc; € NYand let n € N,. As p € {2 we deduce that ¢y € X

and c; € Y. Moreover, as n € N, there exists m € M such that m A n. Hence there
exists a sequence (Vj)0§j§k+1 of vectors v; € N¢ such that vy = m, Vi+1 = n and

such that v; A v,;y1 for every j € {0,...,k}. In particular there exists a run from
c; +vjtoc; + v labeled by a word w; € A*. Now just observe that we have a run
from cg + v to ¢, + vi4q labeled by woajw; ... agwy where a; = ¢; — c;_1. Since
cop € X, X =u-+ M and vi € M we deduce that ¢y + vy € X. Symmetrically we
have ¢, + vi41 € Y. Hence tgt(p) + n € post*(X)N'Y.

Now, let us prove that for every y € post*(X) N'Y there exists p € ming(£2)
such that y € tgt(p) + N,. There exists a run p’ from a configuration x € X to
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y. Since T is a well-order, there exists a run p € ming(f2) such that p C p'. By
definition of T we deduce that tgt(p’) € tgt(p) + N,. Hence, we have proved the
equality post™(X) N'Y = U,cpminc () t8t(p) + N,. The second equality is obtained
symmetrically. a

We deduce the following corollary.

Corollary 6.3. The sets post™(X) N'Y and pre*(Y) N X are almost semilinear for
every Presburger sets X, Y C N

Proof. Corollary 5.17 shows that A is an asymptotically definable periodic relation.
From Lemma 6.1 we deduce that M, and N, are asymptotically definable periodic
sets. From Lemma 6.2 we deduce that post*(X) N'Y and pre*(Y) N X are almost
semilinear. a

7 Dimension

In this section we introduce a dimension function for the subsets of Z¢ and we charac-
terize the dimension of periodic sets.

A vector space is a set V. C Q‘i such that 0 € V, V +V C V and such that
QV C V.Let X C Q<. The following set V is a vector space called the vector space
generated by X.

k
V=1{>"N\x;|keNand (A;,x;) €Qx X
j=1

This vector space is the minimal for the inclusion among the vector spaces that contain
X. Let us recall that every vector space V is generated by a finite set. The rank rank(V)
of a vector space V is the minimal natural number » € N such that there exists a finite
set X with r vectors that generates V. Let us recall that rank(V) < d for every vector
space V. C Q7 and rank(V) < rank(W) for every pair of vector spaces V. C W.
Moreover, if V is strictly included in W then rank(V) < rank(W).

Example 7.1. Vector spaces V included in Q? satisfy rank(V) € {0, 1, 2}. Moreover
these vectors spaces can be classified as follow : rank(V) = 0 if and only if V = {0},
rank(V) = 1 if and only if V = Qv with v € Q?\{0}, and rank(V) = 2 if and only
ifV=Q?2

The dimension of a set X C Z% is the minimal integer r € {—1,...,d} such
that X C U’;zl b; + V; where b; € Z% and V; C Q¢ is a vector space satisfying
rank(V;) < r for every j. We denote by dim(X) the dimension of X. Observe that
dim(v+X) = dim(X) for every X C Z? and for every v € Z. Sets with a dimension
equal to —1 or 0 are characterized as follow. We have dim(X) = —1 if and only if
X is empty and dim(X) = 0 if and only if X is a non-empty finite set. Note that
dim(X UY) = max{dim(X), dim(Y)} for every subsets X, Y C Z.
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Lemma 7.2. Let P C Z% be a periodic set included in Ule b; + V; where k € Ny,

b; € 7% and V; C Q% is a vector space. There exists j € {1,...,k} such that P C V;
and bj S Vj.
Proof. Let us first prove by induction over k € N+ that for every periodic set P C Z¢
included in U?zl V; where V; C Q7 is a vector space, there exists j € {1,...,k}
such that P C V;. The rank k = 1 is immediate. Let us prove the rank k + 1 and
assume that P is included in U;tll V;. If P C V;, the induction is proved. So we
can assume that there exists p € P\Vy41. Let x € P. Since p + nx € P for every
n € Nthereexists j € {1,...,k+1} suchthatnp+x € V;. As {1,..., k+1} is finite,
there exists j in this set and n < n’ such that np + x and n'p + x are both in V ;. In
particular the difference of this two vectors is in V ;. Since this difference is (n’ — n)p
and p € Vi we get j € {1,...,k}. Observe that n(n'p + x) — n/(np + x) is the
difference of two vectors in V ;. Thus this vector is in V; and we deduce that x € V.
We have shown that P C U§:1 V. By induction there exists j € {1, ..., k} such that
P C V;. We have proved the induction.

Finally, assume that P C Z is a periodic set included in U?:l b; + V; where
k € Nug, b; € Z%and V; C Q% is a vector space. Let .J be the set of j € {1,...,k}
such that b; € V; and let us prove that P C UjeJ V;.Letp € P. Since np € P for
every n € N, there exists j € {1,...,k} and n < n’ such that np and n’p are both
in b; + V. The difference of these two vectors shows that (n’ — n)p is in V;. Form
b; € np — V; C V; we deduce that j € J. Thus P C {J,.; V;. From the previous
paragraph we deduce that there exists j € J such that P C V. a

Lemma 7.3. We have dim(P) = rank(V) for every periodic set P where V is the
vector space generated by P.

Proof. Since P C 'V we deduce that dim(P) < rank(V). For the converse inequality,
there exist k € N, (b;)1<,< asequence of vectors b; € Z< and a sequence (V)1<;<k
of vector spaces V; C Q% such that P C U?Zl b, + V; and such that rank(V;) <
dim(P) for every j. Since P is non empty we deduce that k¥ € N- (. Lemma 7.2 proves
that there exists j € {1,...,k} such that P C V; and b; € V. By minimality of
the vector space generated by P we get V. C V. Hence rank(V) < rank(V;). From
rank(V;) < dim(P) we get rank(V) < dim(P). O

8 Linearizations

A linearization of an almost semilinear set X is a set of the form U;.C:l b, + (P; —
P;) N Q>oP; where b; € Z% and P; C Z< is an asymptotically definable periodic
set such that X = U?:l b; + P;. Let us recall that every subgroup of (Z4,+) is
finitely generated[14]. Moreover, since FO (Q, +, <, 0) admits a quantifier elimination
algorithm, we deduce that linearizations are definable in the Presburger arithmetic. In
this section we show that if X, Y C Z¢ are two non-empty almost semilinear sets with
an empty intersection then every linearizations S, T of X, Y satisfy the following strict
inequality:
dim(SNT) < dim(XUY)
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Lemma 8.1. Let P be a periodic set and V be the vector space generated by P. Assume
thatb+Nm; +---+Nmy C (P—P)NQxoP whereb € Z¥ and (m;)1<;j<x € Z%isa
sequence of vectors that generated V. There exists k € N~ such that b+ kNspa C P
where a = mj + --- + my.

Proof. Sinceb € P—P there exists p;,p— € Psuchthatb =p;—p_.As—p; €V
then —p4 € Z?zl Qm;. Hence there exists r € Ny such that —rp € Zle Zm;.
By definition of a, there exists n € Ny such that —rp4 + na € Z?:l Nm;. Hence

b—rpi+na€ b—&—Z?:l Nm;. Since this set is included in QP and (r—1)p; € P
we deduce that —p_ + na = (b — rp4 +na) + (r — 1)p4 is in Q>oP. Hence, there
exists s € N such that s(—p_ +na) € P.Let k = sn and observe that —p_ + ka =
s(—p-+na)+(s—1)p_.Hence —p_ +ka € P. Since b+ ka = (—p_ + ka) + p+
and ka = (—p_ + ka) + p_ we deduce that b + ka and ka are both in P. In particular
b+ kNspa C P. O

Corollary 8.2. Let X, Y C Z¢ be two non-empty almost semilinear sets with an empty
intersection. For every linearizations S, T of X, Y we have:

dim(SNT) < dim(XUY)

Proof. We can assume that X = u+P, Y = v + Q where u,v € Z¢and P,Q C
7% are two asymptotically definable periodic sets such that X N Y = () and we can
assume that S = u + P’ where P’ = (P — P) N Q>oP and T = v + Q' where
Q =(Q—-Q) NQ>0Q.Let Uand V be the vector spaces generated by P and Q.
Lemma 7.3 shows that dim(X) = rank(U) and dim(Y) = rank(V). Note that SN'T
is a Presburger set and in particular a finite union of linear sets. If this set is empty the
corollary is proved. Otherwise there exists b € Z? and a finitely generated periodic set
M C Z% such that b+ M C S N T and such that dim(S N'T) = dim(b + M). Let
‘W be the vector space generated by M. Observe thatb + M C (u+ U) N (v + V).
Hence for every m € M since b+ m — u and b+ 2m — u are both in U the difference
is also in U. Hence m € U. We deduce that M C U and symmetrically M C V. As
M is included in the vector space U NV, by minimality of W, we get W C U NV.
Assume by contradiction that U = W = V. Since M is finitely generated, there exists
a sequence (m;)i<,;<x of vectors m; € M such that M = Nm; + --- + Nmy,. Let
a=m;+---+mg. Fromb—u+M C (P—P)NQx>(P and Lemma 8.1 we deduce that
there exists k € N such that b—u+iNspa C P.Fromb—v+M C (Q—Q)NQ>0Q
and Lemma 8.1 we deduce that there exists & € N5 such thatb—v+k'Nsga C Q. In
particular b+ kk’a € (u+P)N(v+Q) and we get a contradiction. Hence, W is strictly
included in U or in V. Hence rank(W) < max{rank(U),rank(V)} = dim(XUY).
From Lemma 7.3 we get dim(M) = rank(W) and since dim(M) = dim(S N'T) the
corollary is proved. a

9 Presburger Invariants

We introduce the notion of separators. A separator is a couple (X,Y) of Presburger
sets X, Y C N9 such that there does not exist a run from a configuration in X to a
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configuration in Y. In particular X N'Y = (). The Presburger set D = N¥\(X UY)
is called the domain of (X,Y). We observe that a separator (X,Y) with an empty
domain is a partition of N such that X is a Presburger forward inductive invariant and
Y is a Presburger backward inductive invariant.

Lemma 9.1. Ler (X, Yo) be a separator with a non-empty domain Dy. There exists
a separator (X,Y) with a domain D such that Xog C X, Yo C Y and dim(D) <

Proof. We first observe that a couple (X,Y) of Presburger sets is a separator if and
only if post*(X) N pre*(Y) = 0 if and only if post*(X) N'Y = 0 if and only if
pre*(Y)NX = 0.

As Xy, Dy are Presburger sets, Corollary 6.3 shows that H = post*(Xg) N Dy is
an almost semilinear set. We introduce a linearization S of this set. Since post*(Xg) N
Dy C S, we deduce that the set Y = Y U (Dg\S) is such that post*(Xo) N Y = 0.
Hence (Xy,Y) is a separator. Symmetrically, as D, Y are Presburger sets, Corol-
lary 6.3 shows that K = pre*(Y) N Dy is an almost semilinear set. We introduce a
linearization T of this set. Since pre*(Y) N Dy C T, we deduce that the set X =
X U (Do\T) is such that pre*(Y) N X = ). Hence (X,Y) is a separator.

Let us introduce the domain D of (X,Y') and observe that D = DoNSNT. If H or
K is empty then S or T is empty and in particular D is empty and the lemma is proved.
So we can assume that H and K are non empty. Since H C post*(Xgy) C post*(X)
and K C pre*(Y) and (X,Y) is a separator, we deduce that HN K = (. Moreover as
H, K C D we deduce that dim(H U K) < dim(Dy). As S and T are linearizations
of the non-empty almost semilinear sets H, K and H N K = ), Corollary 8.2 shows
that dim(S N'T) < dim(H U K). Therefore dim(D) < dim(Dy). O

We deduce the main theorem of this paper.

Theorem 9.2. For every x,y € N? such that there does not exist a run from X to'y,
then there exists a partition of N into (X,Y) such that X is a Presburger forward
inductive invariant that contains x and'Y is a Presburger backward inductive invariant
that contains'y.

Proof. Observe that ({x}, {y}) is a separator.Thanks to Lemma 9.1 with an immediate
induction over the dimension of the domains we deduce that there exists a separator
(X,Y) with an empty domain such that x € X andy € Y. As the domain is empty we
deduce that X is a forward inductive invariant and Y is a backward inductive invariant.

O

10 Conclusion

The reachability problem for vector addition systems can be solved with a simple al-
gorithm based on inductive invariants definable in the Presburger arithmetic. This al-
gorithm does not require the classical KLMST decomposition. Note however that the
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complexity of this algorithm is still open. In fact, the complexity depends on the mini-
mal length of a run from x to y when such a run exists, or the minimal length of a Pres-
burger formula denoting a forward inductive invariant X such that x € X andy ¢ X
when such a formula exists. We left as an open question the problem of computing lower
and upper bounds for these lengths. Note that the VAS exhibiting a large (Ackermann
size) but finite reachability set given in [12] does not directly provide an Ackermann
lower-bound for these sizes since Presburger forward invariants can over-approximate
reachability sets. Note that the existence of a primitive recursive upper bound of com-
plexity for the reachability problem is still open since the Zakaria Bouziane’s paper[1]
introducing such a bound was proved to be incorrect by Petr Jancar[6].
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