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ON THE TOTAL LENGTH OF EXTERNAL BRANCHES FOR
BETA-COALESCENTS

JEAN-STEPHANE DHERSIN AND LINGLONG YUAN

ABSTRACT. In this paper, we consider a class of A-coalescents which includes Beta(2 — o, «)-

coalescents with 1 < a < 2 and we study the moments of external branches, in particular the
(n)

ezt Of an initial sample of n individuals. For this class of coalescents,

d
it has been proved that ne=tp(n) (~>) T, where T(") is the length of an external branch chosen at
random, and 7' is a known non negative random variable. Here, under some assumptions, we get the
(n)
ext”

total external branch length L

As a consequence, we get that for Beta(2 — o, a)-
(@ — D (a+1)*T(4 — )
2(3 — a)T'(4 — 2a) ’

asymptotic behaviour of several moments of L

coalescents with 1 < a < 2, lim n3a_5]E[(L(n) —n?eE[T))?) =
n—+4oo

ext

1. INTRODUCTION

1.1. Motivation. In a Wright-Fisher haploid population model with size N, we sample n individuals
at present from the total population, and look backward to see the ancestral tree until we get the
most recent common ancestor (MRCA). If time is well rescaled and the size N of population becomes
large, then the genealogy of the sample of size n converges weakly to the Kingman n-coalescent (see
[29],[30]). During the evolution of the population, mutations may occur. We consider the infinite sites
model introduced by Kimura [28]. In this model, each mutation is produced at a new site which is
never seen before and will never be seen in the future. The neutrality of mutations means that all
mutants are equally privileged by the environment. Under the infinite sites model, to detect or reject
the neutrality when the genealogy is given by the Kingman coalescent, Fu and Li[21] have proposed a
statistical test based on the total mutation numbers on the external branches and internal branches.
Mutations on external branches affect only single individuals, so in practice they can be picked out
according to the model setting. In this test, the ratio LS;% /L™ between the total external branch
length LS;% and the total length L(™) measures in some sense the weight of mutations occurred on
external branches among all. It then makes the study of these quantities relevant.

For many populations, Kingman coalescent describes the genealogy quite well. But for some others,
when descendants of one individual can occupy a big ratio of the next generation with non-negligible
probability, it is no more relevant. It is for example the case of some marine species (see [1], [10],
(18], [23], [25]). In this case, if time is well rescaled and the size of population becomes large, the
ancestral tree converges weakly to the A-coalescent which is associated with a finite measure A on [0, 1].
This coalescent allows multiple collisions. It has first been introduced by Pitman([34] and Sagitov([35].
Among A-coalescents, a special and important subclass is called Beta(a, b)-coalescents characterized
by A being a Beta distribution Beta(a,b). The most popular ones are those with parameters 2 — «
and « where a € (0,2).

Beta-coalescents arise not only in the context of biology. They also have connections with super-
critical Galton-Watson process (see [36]), with continuous-state branching processes (see [7], [2], [19]),

Date: December 21, 2012.

2010 Mathematics Subject Classification. 60J28, 60J25, 92D25, 60J85.

Key words and phrases. Coalescent process, Beta-coalescent, total external branch length, Fu and Li’s statistical
test .

Jean-Stéphane Dhersin and Linglong Yuan benefited from the support of the “Agence Nationale de la Recherche”:
ANR MANEGE (ANR-09-BLAN-0215).



2 JEAN-STEPHANE DHERSIN AND LINGLONG YUAN

with continuous random trees (see [4]). If @ = 1, we recover the Bolthausen-Sznitman coalescent
which appears in the field of spin glasses (see [9], [11]) and is also connected to random recursive trees
(see [24]). The Kingman coalescent is also obtained from the Beta(2 — «, «)-coalescent by letting «
tend to 2.

For the Beta(2 — a, a)-coalescents with 1 < o < 2 (which is a particular case studied in this paper),
the asymptotic behaviour of the total length L(™) is well known (see Kersting [27] for a central limit

(") " We refer to Theorem 1.1 for

theorem). Here we investigate the total external branch length L.,;.

exact results in the next subsection.

1.2. Introduction and main results. Let £ be the set of partitions of N := {1,2,3,...} and, for
n € N, &, be the set of partitions of N,, := {1,2,--- ,n}. We denote by p™ the natural restriction on
En:if 1 <n<m < +4ooand m = {A;}ies is a partition of N,,,, then p™ 1 is the partition of N,, defined
by p™ 7 = {A; N, }ier. For a finite measure A on [0, 1], we denote by IT = (IT;);>0 the A-coalescent
process introduced independently by Pitman[34] and Sagitov[35]. The process (II;);>0 is a cad-lag
continuous time Markovian process taking values in & with ITy = {{1}, {2}, {3}, ...}. It is characterized
by the cad-lag A n-coalescent processes (HE”’)QO = (p(")Ht)tZO, n € N. For n < m < 400, we have
()20 = (p™TL™ )20 (where T = 1),

Let v(dz) = x72A(dx). For 2 < a < b, we set

Aba = /0 2%72(1 — 2)""A(dx) = /0 (1 — z)°w(dx).

(" is a Markovian process with values in &,, and its transition rates are given by: for £&,1 € &y,
Gen = Abo if 1 is obtained by merging a of the b = |{| blocks of ¢ and letting the b — a others
unchanged, and g¢, = 0 otherwise. We say that a individuals (or blocks) of { have been coalesced

in one single individual of 7. Remark that the process II) is an exchangeable process, which means
that, for any permutation 7 of N,,, 7 o I1(") @ o,

The process II(™ finally reaches one block. This final individual is called the most recent common
ancestor (MRCA). We denote by 7(™ the number of collisions it takes for the n individuals to be
coalesced to the MRCA.

We define by R = (Rg"))tzo the block counting process of (Hgn))tzo: R,En) = |H§")|, which equals
the number of blocks/individuals at time t. Then R(™ is a continuous time Markovian process taking
values in N,,, decreasing from n to 1. At state b, for a = 2,...,b, each of the (Z) groups with «a

individuals coalesces independently at rate A ,. Hence, the time the process (Rg"))tzo stays at state
b is exponential with parameter:

b 1 1
M gbz<2>xb,a [a=0=ap —b = utde) =50 - 1) [ 1002

a=2 0

where p(t) = ftl v(dz). We denote by V(™) = (Yk(n))kzo the discrete time Markov chain associated

with R(™. This is a decreasing process from YO(") = n which reaches 1 at the 7(™-th jump. The
probability transitions of the Markov chain V(") are given by: for b>2, k>1and 1 <1 <b—1,

(n) (n) (lfl) Ab, 141
(2) pop—t =P, =b— 1Y, =b) = B

and 1 is an absorbing state.
We introduce the discrete time process X,g") = Yk(il)l — Yk(n), k > 1 with Xén) = 0. This process
counts the number of blocks we lose at the k-th jump. For i € {1,...,n}, we define

7 .= inf {t| {i} ¢ HE’”}
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as the length of the i-th external branch and T the length of a randomly chosen external branch.
By exchangeability, TZ-(") @ 7). We denote by L((;;i =3, TZ-(") the total external branch length
of TI | and by L™ the total branch length.

For several measures A, many asymptotic results on the external branches and their total external
lengths of the A n-coalescent are already known.

(1) If A = &, Dirac measure on 0, II™ is the Kingman n-coalescent. Then,
(a) nT™ converges in distribution to T which is a random variable with density fr(z) =

ﬁlmzo (See [8], [12], [26]).

(b) Leﬁ converges in L? to 2 (see [21], [17]). A central limit theorem is also proved in [26].
(2) If A is the uniform probability measure on [0, 1], I is the Bolthausen-Sznitman n-coalescent.
Then (logn)T™ converges in distribution to an exponential variable with parameter 1 (see
20]). For moment results of L") we refer to [14].
(3) vy = fol 2 1A(dz) < 400, which includes the case of the Beta(2 — a, a)-coalescent with
0 < a <1, then
(a) T converges in distribution to an exponential variable with parameter v_; (see [22, 33]).
(b) L™ /n converges in distribution to a random variable L whose distribution coincides with
that of fOJrOO e~Xtdt, where X; is a certain subordinator (see page 1405 in [16] and [32]
), and L((;;i /L™ converges in probability to 1 (see [33]).
(4) If p(t) = Cot = + O(t=2F¢),Cy > 0, > 1 —1/a,1 < a < 2, when ¢ — 0, which includes the
Beta(2 — a, a)-coalescents with 1 < «a < 2 (with Cy = m), n®~1T(™ converges in
distribution to 7" which is a random variable with density function (see[15])

OéC I'2 -« __a
(3) fT(:L') = M(l + C()F(Q — OA)SC) a—1 11120-
(a—1)
In this paper, we consider the processes which satisfy the following assumption:
(4) p(t) = Cot = 4+ C1t=FC 4 o(t7F¢) . Cp > 0,C, € R, > 0,t — 0.

The aim is to study the moments of the total external branch length Lg’;l of these processes. We

assume from now on that 1 < o < 2 and 7 is a random variable with density (3). Here is our main
result.
For s € R, we define

1
(5) ) (dz) = (1 —2)°v(dz), and w® = sup{u > 0;V0 < y < 1,/ (1- z)_uy(s) (dr) < +o0}.
y
We define in particular w = w(®) and notice that ©(®) = v. The quantity w(®) gives the information on
the singularity of the measure v(*) near 1.

Theorem 1.1. We assume that p(t) satisfies (4) and that o — 1 < ¢, and 2(a — 1) < w™).
(1) The total external branch length L™ satisfies

i a— (n) 2—a o Ala)
im0 PE[(LG) — 0 EIT])Y = =,
where
B[] = —2 . and Afa) = fol((lf’f)“‘l)%(d:c)( a—1 )3
— Col'(2 — )’ an Q) = 3o are—a ) -

In particular, for the Beta(2 — «, «)-coalescent

) (0= D (a+ 1))’ T4 - o)

: 3a—5 (n) _ 2-a 2] _
o B (Leg =™ E(T])] 23— a)l(4—2a)
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with E[T] = a(a — 1)I'(@).

(2) As a consequence, p2-erm (&) E[T].

ext

Remark 1.1. e For the second part of the theorem, the convergence in probability and almost
surely can be deduced from [4], [5], [3] by Berestycki et al for a slightly different class of A
coalescents.

e The first part of the theorem gives the speed of the convergence. It is a first step to find a

central limit theorem for LS;%

To prove this result, the first idea is to write

ext

6)  E[L™) - n2°E[T)?] = nVar(T™) + (Z) Cov(T™, ) + (nE[T™] — n>=*E[T])>.

Hence we have to get results on the moments of the external branches. This is given by the
next theorems. The first one gives the asymptotic behaviour for the covariance of two external
branch lengths.

Theorem 1.2. We assume that p(t) satisfies (4) and that o — 1 < ¢, and 2(a — 1) < w1V, Then the
asymptotic covariance of two external branch lengths is given by:

lim ng(o‘fl)Cov(Tl(n), TQ(")) = A(a).

n—-+o0o

Remark 1.2. We will prove a more general result: This theorem is the case (3) of Corollary 3.2.
Notice that A(a) is strictly positive implies that Cov(Tl("),TQ(")) is of order n373® and Tl(n), TQ(")
are positively correlated in the limit which is similar to Boltausen-Sznitman coalescent and opposite
of Kingman coalescent (negatively correlated) (see [14]). To prove this theorem, we have to give the

asymptotic behaviours of E[Tl(")TQ(")](Theorem 3.1) and E[Tl(")] (Theorem 2.1). We also get from
Theorem 2.1 that the third term in (6) satisfies
(7) (E[T{"] = n* “E[T])* = O(n®~*).
The second one gives the asymptotic behaviour of moments of one external branch length, hence
we can estimate nVar(Tl(n)).
Theorem 1.3. We assume that p(t) satisfies (4) and that 2(a — 1) < w®, and ¢ > 1 —1/a.
(1) FO<B <=2, Ba—1) <w®, then lim E[(n*'T)%] = E[T7].

n—-+o0o

(2) If B > 25, then HETWE[(naflTl(n))ﬁ] — too.

Remark 1.3. Under the assumptions of Theorem 1.1, we can apply Theorem 1.3. Since %5 > 2, w® >
2(a — 1), Theorem 1.3 with 8 = 1,2 leads to

lim Var(n® 'T") = Var(T) < +cc.

n—-+oo
Hence nVar(T{™) = O(n3=2%). Recall that (nE[T\"] — n>=°E[T])? = O(nS=4*)(see (7)) and
(Z)COV(Tl(n),TQ(n)) = O(n®73%)(Theorem 1.2). Notice that we have 5 — 3a > 6 — 4a > 3 — 2.
Hence we deduce that (7) Cov(Tl("), Tl(n)) is the dominant term in (6) . Theorem 1.1 is then proved.
For the Beta(2 — «, or)-coalescent, Theorem 1.3 gives:
Corollary 1.4. For Beta(2 — «, «)-coalescent, we have
(1) If0 < B < 32y, then lim E[(n*'T™)?] = E[T”)].

(2) If B > =25, then nETmE[(na_len))B] — too.
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1.3. Organization of this paper. We consider the A-coalescents which satisfy assumption (4). This
includes Beta(2 — o, o)-coalescents. In sections 2 and 3, we give estimates of E[T\™] and E[T\™ 7]
respectively. Both IE[Tl(n)] and E[Tl(")TQ(")] satisfy the same kind of recurrence which allows to get

their estimates and they lead to an estimate of Cov(Tl("), TQ(n)) in section 3. The main tool is Lemma

5.1 given in appendix A. In section 4, we deal with Theorem 1.3. Section 5 is the appendix where are
given some proofs omitted before.

2. FIRST MOMENT OF Tl(") BY RECURSIVE METHOD
1. The main result.
Theorem 2.1. We assume that p(t) satisfies (4).
(1) Ifo<¢<a—1l,a—1+¢<w® then
a—1 al-o CiT(2 — a+¢)(a —1)2
CoT 2 —a) (CoTC—a)la—1-0)
(2) If ¢ =a—1,2(a—1) <w®, then

E[Tl(n)] _ nl—o— C—I—O( 1— a—().

(n) a—1 1—a (a —1)C 2(1—a) 2(1—a)
E|T = —-—— 1 1 .
1] COF(Qfoz)n (C’OF(Qfoz))Qn nn+o(n nn)
(3) If ¢ >a—1,2(a — 1) <w®, then
-1
E[T"] = o ——n!~®
[ 1 ] CO (2_a)n
p (a1 (1= -1 (o DappO(dn) (@ 1)C ~Cy g
Col'(3 — ) Col'(2 — «) Col'(2 — «)
+ o(n?!7),
1 1- 1 1— 1
. Cot' ™™ (1) Cot' ™
h =1 dr———, = i W (rydr — —— <1>t:/ @) (dx).
where Cy tl_r%tp(r)r - Cy 1mtp (r)dr 1" (t) tl/ (dx)

Remark 2.1. For the Beta(2 — a, a)-coalescent, we have w(!) = a+1,¢ = 1. Hence we are in case (3).

The idea is to use the recurrence satisfied by T(")(see [14]):

T(k)]

(8) B[] = — + zpn W

All the three cases in Theorem 2.1 will be proved in the same way. To give an idea of what should be

done, we take case (1) as example. By defining L = COF(2 @ = (géggjg;ng_ﬁ;, we transform

the recurrence (8) to

(E[no‘_lTl(n)] — L) n+Q= (

n—1 n—1
—1n k—1n__ _
1*2%k “U)Msz%knﬁng

k=1

n—1
) F Y L (K ER T - 1)+ Q).
k=2

Hence we get a recurrence

n—1
(10) ap = bn + Z qn, kA,
k=2
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with
ay = (E[no‘_lTl(")] — L) nS +Q,

ne—1 s k=1 n., ;4 ¢ s k=1 mn , 1.¢
b= (- s e ) s - Y By,
n k=2

g k=2

n

k—1
qu:(E .

)a—1+C

DPnk

Then we should prove that lir}rl an, = 0. It is natural to think about estimating b,, as n tends to
n—-+oo

infinity. To this aim, we should get asymptotics of g,, gin, and 22;11 D,k (k(;)ll ] (#)" with 7 > 0 and

I € N, where (n); is (the same for (k — 1);):

() = nn—1)Mn-2)---(n—1014+1) ifn>1>1,
=0 if 1>n>1.

2.2. Asymptotics of 1/g,. For any ¢,d € R, we have

I(n+c) —d . c+d-1 9
11 — L =Y —d
(1) R =T = ) T oY)
This is the straightforward consequence of Stirling’s formula:
1 1
12 [(z) = V22" Y22 (1 4+ — 4+ O(= 0.
(12) () = Varz" Y% (14— + O(5)), 2 >

It is then easy to get: For real numbers a and b > —1,

T(n+a+ )b +1)
T(n+a+b+2)

b+ 2a+2
2

(13) /01(1t)"+“tbd:c = =T(b+1)n " "P(1+n"1(—~1-b) +0(n"?)).

Recall that g, = n(n —1) fol t(1 —t)"~2p(t)dt. Hence using (13), we get the following lemma.

Lemma 2.2. (1) If p(t) satisfies the condition:
(14) p(t) = Cot™ + oft™),Co > 0.
Then
1 1 _ _
gn = Col'(2 — a)n® + o(n%), and — =——=————n""+o0(n™°).

(2) If p(t) satisfies (4), then

-1
gn = Col'(2 — a)n™ — %COF(Q —a)n* P+ CIT(2 — a+On® ¢ 4 o(n*"%) + O(1),
and
CiI'(2—a+() — — n" .
1 b CU(F(%&) n¢ +o(n C)) Gol(@—a) ifo< (<1,
a(a— Cq —a _ _ n"« .
(15) — = 1 +( (2 1) - 02%2(2_;_)4))71 1 +0(TL 1)) m ZfC = 1,

1+ @nil Jro(rfl)) #{Y_a) if¢>1.
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2.3. Calculus of ) ;_ 1pnk(k( )1)1( )",r > 0,1l € N. For any s € R, we denote by

(s) — —(1=2)" —nz(l — )" Hr® (de
g A(l(l )" — na(l - 2)" ) (da),

the collision rates of the A-coalescent associated with the measure v(5). We recall that v(®) is defined
n (5). Notice that g0 = g,.

Lemma 2.3. Consider any A-coalescent process with measure v. Letl € {1,2,--- ,n—2}. Then for
any real function f:

n—1 (k* 1)[
;pn,k ( )

where EV" [¥] means that the A-coalescent is associated with the measure v,

(n—1-x3")
(n)

)

f(k) =E] B [f(n — X" D)),

Proof. Recall the definitions of g, and p,, x(see (1), (2)). We have

nz_:lpn,k (k n)ll)l o nz:l fo (n ;+1) e RN (1 — z)* w(d)

k=I+1 In
_ S G )an ) O )
k=I+1 In

n—1—1 1l n— n—k— -
1 lfo (ni 71 1):5 k l+1(1_$)k 1V(1)(d$) 97(11)4

(16) — Z k=14 _

k=1 gn In

Then,
2 (k — Zk 1 Pnk (kn)ll)L J(k)
an,k Zp"k Py —1);
k=1 (n (n); k=1 Pr.k oy,

= L= X T o h)a O ) e )

— o oy

_ E[(n _1_ X(n) ] n 1 lfo (n_ - 1)z"7k7l+1(1 _ :c)kilf(k + l)l/(l)(d:c)

(n); g(l)
n—l1

gL X e oo gy g L X g, e

= (n)l 1 = (n)l n 1 .
This achieves the proof of the lemma. O

In consequence,
n—1 (n)
(k—1) ,n (n—1-X3") 0) n
(17) > Dk () =E———E [(——)']
— () "k (n); n— Xl( )

C_xm
We have to study E[(nl(n%)l] and E*" [(%)T] The latter is very close to Proposition 5.4
n—Ay

in appendix B. The following lemma studies the former.

Lemma 2.4. We assume that p(t) satisfies (4). Letl € {1,2--- ,n —2} fized.
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(1) Ifo< (¢ <a—1, then
(n—1-—Xx"), la IC.T(2 — a+ )¢

—1_ — n ¢t 4 o(n¢Y).
E[ (n)l ] 1 TL(O& _ 1) C’O(a — 1)F(2 — Oé)(Oé —-1- C) - ( )
(2) If (=« —1, then
(n)
E[w] —1_ lo 1[Gy n “lnn+o(n *Inn).

(n); nla—1) CoI'(2—-a)

(3) If { > a—1, then

(-1-X"" _, o N,y de T p(@)ds Gl . .
e n(a—1>+(z<y’>( Vare-a) cor(2_a>)” R

=2
where Cy is the same as in Theorem 2.1.

Proof. We have
l

W1 x™ (n) , () | 1y
SUESLERSETESI R D DR o 2t .2

n
(n): i—0 =2 0<iy g iy <I—1

(n)
For E[Zl:l X J.rl], we use Lemma 5.2 in appendix B. While using Lemme 5.3, we get

=0 n—1i

l " J ! 2 p(z)dx . )
E[Z Z (—1)j : (X, .+ 1) aZ() %_FO(n—mm{H-ad}).

=2 0y g iy <I—1 (”7“)("712)"'(”*” =

(18)

Then we conclude.

Now we can finally give the estimate of Zk 1 Pnk (k(;)l)l (7).

Proposition 2.5. We assume that p(t) satisfies (4). Let 1€ {1,2,---,n — 2} fired and r € [0,w®).
(1) Ifo< (¢ <a—1, then

"z—:lpnk(kfl)l(n i, r—la (r=DCiI'(2 - a+ ()¢ n=¢t 4 o(n¢h).

= () E) :1+”(04*1) " Co(a—1I(2 —a)(a—1-)

(2) If ( =a—1, then

— (k=D n, r—la (r—0C1 _, o
mek ) (k) _1+n(a71)+C’0F(2—a)n Inn+o(n~™%Inn).

(3) If ( > a—1, then

n—1
S p
k=1

fol((l —2)"" =1 —rz)v®(dx)
COF(2 - Oé)

L/l ;fo jri~tp(z)dx rC’él) 10y, _, a
+§Z()<1> ST - T o) ),
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1 1—
Cot'—
where Cy is the same as in Theorem 2.1 and Cg(l) = }ir% PV (r)dr — 0 T
—0 J, a—

Remark 2.2. Recalling the decomposition (17), this proposition depends on the asymptotics of g [(

which are given in Proposition 5.4. The Remark 5.3 following Proposition 5.4 implies that if > w("),
this proposition is not valid at least in case (3). Since this proposition is critical for the proof of The-
orem 2.1(this will be shown in subsection 2.4), the assumptions about o and w(? made in Theorem
2.1 are necessary.

Proof. The proof is a consequence of (17) and Remark 5.2. O
2.4. Proof of Theorem 2.1.

(1) Recall the transformation (9) and the associated recurrence (10). The aim is to prove that
lim a, = 0 for a, in (10). Under the assumptions 0 < ( < o — 1, and o — 1 + ¢ < w),

n—-+oo
using Proposition 2.5, we get

= k—1 n 1 1 (@ =2)CiT'(2 — a+ ()¢ —¢—1 —¢-1
1*217"’6 Thla—1) Cola—Dr2-a)a—1-0" o,

k-1, _1-¢ (@=2+QCII2—a+ ()¢ 4 —¢—1
1_;“” = “nla—1) Cola—DL2Z-a)a—-1-0) " o™,

and then b, = o(n~') by (15). Let ¢ > 0 such that a — 1 4+ ¢ + ¢ < w®. Then we

have 1 — Y371 po it (%)O‘ +¢+e = O(n=!) > 0. Hence the recurrence (10) satisfies the

assumptions of Lemma 5.1 which leads to hIJIrl an, = 0. Then we can conclude.
n—-+4oo

(2) Similarly, we transform recurrence (8) to

— anw*qu]fzJA%Q
no1 fpo-l s k—1n s k—1n Ink
— — (1= E n Tya—1 L 1— E n o 2(&71)_
Inn ( g ( k:1p ¥ (k) ) >+Q< k:lp R (kz) Inn

—+§:lnkpnk _1(ZV“”1>(ﬁzk( w“1T<H-—LM+Q),

nafl

where L = COF(2 @ = (C:F 12) g . Again, we denote by

noz—l

Qp =

(B - ) + Q.

Inn

no—1 [po-t O et Ink
by = — (1= pn 1= pn, o) —
o < " ( k:1p - ( DL +Q Dnk (k) |

k=1

plnk k-1

so that a, = b, + 22721 In KAk

Here the only thing that we do not know is the estimate of Y7} pp.x ny2Ae-hnk
Using the same idea as in Proposition 2.5, we prove that : If p(t) satisfies condition (4) with
¢=a—1,forl fixed in {1,2,--- ,n — 2} and r € [0,w®),

kl(

— k—1) Ink r—la Ié; r—10C  _, o
(19) an’k( (n)l) k) (1nn) _1+n(oz1)_(a1)nlnn+CEOF(2)a)n mnto(n™*Inn).

n

(n—1)
n—Xln

)']
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Every step is identical to the proof of the first case to get 1irJ1£1 a, = 0. We deduce that
n—-+oo

E[Tfn)] = In'=* — Qn?* = 1nn + o(n?1= Inn).
(3) This case is similar to the first case, so we skip it for simplicity.

3. Estivate or Cov(T{™,Ti™)

Using [14], we have

n—1

(20) ) = ZEO an . 2BV T

The estimate of E[Tl(")TQ(")] can be obtained in the same way as in the proof of Theorem 2.1. At first,

(n)
we give an estimate of % which is the consequence of (15) and Theorem 2.1. We assume that

p(t) satisfies (4).
(1) fo<(<a—1l,a—1+¢<w®, then

QE[Tl(n)] _ opl—2a ( a—1 B 01F(2*04+Q(04*1)(204*2*0n_¢+0(n_¢))
In Col'(2 — ) " CoT'(2 — @) (CoT'(2 —a))?(a—1-) ’

(2) f ¢ =a—1,2(a—1) < w), then

2B[1] _ 2nl-%e a—1 Ci(a =1 1-a
In - Col'(2 - ) (C’OF(Q —q) - (CoT(2 — a))zn Inn + o(n Inn)).

(3) If ¢ >a—1,2(a— 1) < w, then

IV it -
gn  Col'(2—a) Col'(2 - a)
(@—1)2 [ ({(1—2)" =1 —(a—Da)D(de) (a—1)CP —Cy. | . -
+ Col'(3 a)( 0 Col'(2 — «) Col'(2 — ) n +o(n ))

We give the result and leave the proof to the reader.

Theorem 3.1. We assume that p(t) satisfies (4).
(1) If0<(<a—1,(a—1)+¢<w®, then

a—1 5 90 201 T2-—a+() a—1 3 90-a)-¢ 2(1—a)—C
rz—a) " o-1-¢ ‘Gre-a)" +oln )

(2) If ¢ =a—1,2(a—1) <w®, then

3
a—1 J2p2(i-) _ 2C1(a — 1) 309 1 4 o(nB1-) I ).

(n)p(n)y
R, T, = (COF(2 Y (Col'(2 — a))3

(3) If ¢ >a—1,2(a — 1) <w®, then
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BT
_ a—1 2. 2(1-a)
= (Gre—a) "
_ (2) 1 _ ©)
+0471( a—1 2B+ 2(a — )Gy + [ 2tp(t)dt — 2C, n 2 (A+ (a —1)Cy *CZ) p3(—a)
3—a Cil'(2—a) Col'(2 — ) 2—a Col'(2 — )

+ O(n?)(l—oz))7

where Cy and 02(1) are the same as in Proposition 2.5, and
@ =) —1— (a — D)V (dx) Jo (1= 2)207) —1 - 2(a — 1)z)v®(d)

A Col(2 — ) : Col(2— )

Now combining Theorem 2.1 and 3.1, we can get the estimate of Cov(T\™, T{™).

Corollary 3.2. We assume that p(t) satisfies (4).
(1) fo<¢<a—-1l,a—1+¢<wh, then

Cov(Tl("), TQ(")) = 0(n2(170‘)7<).
(2) If ¢ =a—1,2(a—1) <w®, then

Cov(Tl(n), TQ(")) = o(n*1 = Inn).
(3) If ¢ >a—1,2(a— 1) <w®, then

Cou(T{", T§"™) = Ala)n1=) 4 o(n*(1=)),

H(1—2)?>"*=1)%v(dx) a—
where A(a) = Jo = s (COF(21—04))3'

Proof. We skip the easy cases (1) and (2). For case (3), we get from Theorem 2.1 and 3.1 that

n31-0) (o —1)3 2(a — 1)(02(2) - 02(1)) + fol 2tp(t)dt

ov(T™ 7MYy — B i
Colly 1) = g Gor@ —aye B 24T Col' (2 — a) ) Fol )
Hence

e oMy,
(21) Ala) = (a—1)3 (Binﬂm 1)(Cy (%)+k2wmﬁy

B-a)(Col(2—a))? Col(2 — )

Notice that

fl (1—2)C=) —2(1 —2)?27*+1— 22 +2(a — 1)2%(1 — 2)) v(dz)

B—-2A=20
COF(2 - Oé)

By definition,

1 1 1
02(2) - 02(1) = lim (PP (z) — pV(2))dz = lim [ =P (dz) — D (dz)) = / —2%(1 — x)v(dx),
0

t——+oo + t—0 +

and fol 2tp(t)dt = fol 22v(dx). Then we get the result. O
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3.1. Beta(2—a, a). For the Beta(2—a, a)-coalescent, we have ¢ = 1,w™) = 1+a,50 ¢ > a—1,w® >
2(av—1). Hence this process is in the case (3) of Corollary 3.2. We can compute explicitly the constants
Cy, Y, 08P, A, B in Theorem 3.1:
_ 1 1) _ _«a (2) _ «a
(1) Co=1=,0y" =125.057 = 57555

(2) A=a(@® —a—1D(a—1), B=ly(fims + (@ —a— 1) (a+2).

a—1)I'(a+1 2IN'(4—a
(3) Ala) = LoJtlatly Tize).

Proof. (1) For Beta(2 — a, a)-coalescent, we have for Cp = and for [ =0, 1,2,

1
INa)T'(2 — )
Using integration by parts,

1
al'(a)T'(2—a)
1

vO(de) = al'(a)(2 — @)

e — ) e, and pD(t) = =+ Ot ™).

1 O (2)dx = —tp® 71 lzf’l — ) gy
| 0@ = o0 + s [t
1 -« 1 l—a
T Tarare—a)  Tlacirere—a
a+l—-1

1 zl—a — a+1—2 v 2«
* (1—a)l(a)T(2 — ) /t (1-x) dr + O(t*~%)

. Cy 1—a F(Oz + l)
"1l TTUF D)o

2—«
— +O(t>9).

The choices [ = 0,1, 2, give (1).
(2) Recall that

) e Nap W)t
A= CT2—a) = F(270[)/0 (1—x) 1—(a—1)x)x (1—2)%dx.
Using integration by parts two times,
a ! 1 = (e — — )2 ala — — ) P —ala—1)%z(1 —2)* ) dz
A= a7 (ala = D=0 4 2ala = (1= 0 ala 11 - )"?) d
1

ale® —a—1)I'(a—1).

B can be computed directly using integration by parts two times.
(3) Notice that A(«) has the expression (21). Hence it can be calculated since we know A, B, C’él),

and 02(2). We omit the very detailed calculus.
O

4. PROOF OF THEOREM 1.3

Notice that for ¢ > 1 — 1/, we have no‘*lTl(") @ .

If 3 > -2, one gets E[T”] = +oc. Since (na_lTl(n))B converges in distribution to 77, we deduce

that E[(n®1T{™)#] converges to +oc.
If0<pg<%4,8@-1)< wW | according to Lemma 5.8 in Appendix D, it suffices to prove

that E[(n®=17"™)?] is bounded for all n. Notice that given 0 < B < B3, E[(n®1T(™)A] <
B
(E[(n=1T™)P2])% which implies that, if E[(n®~17\™)?2] is bounded for all n, the same for E[(n®=1T{™)51].
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By assumptions, 2(a — 1) < w®), so we deduce that it suffices to prove that (E[(n®1T")#],n > 2)
is bounded with f fixed in [2, =25) and B(a — 1) < w®.

Writing the decomposition of Tl(n) at the first coalescence, we have

n—1
n €0 (k
=24 > L, o T,
dn 2

where:

e H,  is the event: {From n individuals, we have k individuals after the first coalescence, and
individual 1 is not involved in this collision}, 2 < k < n — 1;

— d
e ¢p is a unit exponential random variable, Tl(k) @ Tl(k), and all these random variables e,
Tl(k), 1¢p, ,y are independent. One notices that P(H, ;) = P XL compared to (8).

n

Thanks to Lemma 5.9 in Appendix C, we have the following inequality.

n—1
n e —
(22) E[(T{™)%] = E[((g—O + 3 1, g TN < Doy + Tno + s + s
o p=2
where
60 ﬁ
I,1 =E[(—)"],
1 =Bl
n—1 n—1 k 1 n
7(k —(a— B a— a— k
L2 =Bl Lin, o T1) 1 =0 @07 po e ()@ E[( T{Y)),
k=2 k=1

n—1
_1 € = _
Lz =E[B28 120 (S 14y, 4T,

n

k=2
n—1
. i
L= E[mf’*(g—%ﬁ* S 1, T
n k=2

We suppose that there exists a constant C' such that E[(ko‘_lTl(k))B] < (C,2 <k <n—1. Recall that
gn ~ CoT'(2 — a)n®, hence there exists a constant K7 > 0 such that for 5 >2 > 1 and n > 2,

Ky

Ky
(23) Iny < ap < OSSN

Notice that if (o — 1)3 < w), using Proposition 2.5,

(24)
n—1
o E—1n ., o a—(a—1)p _ o a—(a—1)p
I . < Op—(a=D8 M\ (@-1)8 _ oy—(a—1B_ 2~ (@—1)B 1)y < op—la—gq_ ¢~ (@—1)F
w2 < Cn ;len’k — () Cn ( o 1) +o(n™")) < Cn ( (e —1) )

for n > N, where N is a fixed positive integer.
We now proceed to I, 3. Notice that for 2 <k <n —1,

k — —(a— — a— k —
BT =k e DR (et )T
<k (VD@ ) )
Sk*(afl)(ﬁfl)(c)%_
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Hence we have

n—1

—1€0 H(k)\B—

I3 = E[2° 19— Z 1{Hn,k}(T1( D
" k=2

252’6 1 ZP wk)E ))B 1]

<(C)F g2 — ank L1061
— B5t p—(a=1)(8-1) ggB—-1_1 k—1 rny-DE-1)
=(C) 7 32 ank (k)
52— am (-1 gg-1 ] < (8 -
— () =11 gos—1 2 (1 _ o(n=1).
() B gn( o= 1) +o(n™1))

where in the last equality, we have used Proposition 2.5. Hence there exists a constant K5 > 0 such
that

(C)F Ks

(25) Ins < ohae

While

n—1
_1,€ — 7
Lt = BB 2P S 1, 0 T
" k=2

B B B —(k
— 82°'Eled " (92) " PE[S 1m0y T
k=2

< 20 Elef (gn) PRI ™).
= B2 E[ef Y (gn) Pt OB 1)
< B2P Elel Y (ga) Pt (B[(n ™M) P,

hence, there exists K3 > 0 such that for g > 2,

K3(C)F _ Ky(C)"
naB—1 = pla—1)B+1"

(26) I 4 <

Using (22),(23),(24),(25),(26), we have proved that if for some n,n > N, there exists C' > 0 such
B
that for all 2 < k <n —1 and E[(kz”"lek)) ] < C, then

a—(a—1)p

eV (C)7F Ky + K3(C)®)

E[(n* TP < C + (K, — C

ST

B
If we choose C large enough such that E[(ko"lTl(k)) |<Cfor2<k<n-—1and (K;— C% +

B 3 a—17(n) 8 a—1p(m)\? ,
(C)F Ko + K35(C)#) < 0, then E[(n®~ 178 < C. So (E[(n 7! ) ],n > 2) is bounded by C.
The proof is achieved.
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5. APPENDIX

A) The main recurrence tool

Lemma 5.1. We consider the recurrence a, = b, + 22;11 gn.kar. We assume that b, = o(n’l) and

that there exist € > 0 and C > 0 such that 1 — 22;11 Ink(7)° > Cn~! for n large enough. Then

lim a, =0.
n—-+o0o

Proof. Let (¢,)n>1 be an increasing sequence such that

lim ¢, =+o0; lim nb,c, = 0.
n—-+oo n—-+o0o

Define another sequence (¢, )n>1 by: ¢1 = é. For n > 1,

. n+1.,. _
Cn+1 = mln{cn(T)Ea Cn+1}’

Then we have lim ¢, = 4+00,c,b, = o(n™!) and for any 1 < k < n —1, & < (2)°. In

n—400 ’ock k
consequence, 1 — Z;ll qnﬁkZ—Z > Cn~! for n large enough. We suppose that there exist n; > 0 such
that for n > nq, we have 1 — 22;11 anz—z > % and ¢, b, < % We can find a number C’ such that

C" > max{1, cxar; 1 < k < ny}. We transform the original recurrence to

n—1

Cn
Cnlp = Cnbn + Z qn,kc_ Crag.
k

k=1

C C
Then ¢py410n,+1 < st T (1- eS|

is bounded by C”. Since ¢, tends to the infinity, we get lim a, = 0.
n—-+oo

)C" < C'. By induction, we prove that the sequence (¢,an)n>1

Remark 5.1. This kind of recurrence relationships is very frequent in probability. We refer to [31] for
a rather detailed survey.

B) Asymptotic behaviours of X 1(")

Lemma 5.2. We assume that p(t) satisfies (4).

(1) If0<¢<a—1, then E[X{"] = 25 (1 + gi st on=¢) + o(n=),

(2) If ( =« —1, then E[Xl(")] =L 1+ %nlf‘l Inn) + o(n*~“Inn).
1
3) If(>a—1, then E[X ("] = L 1+Mnl_a +o(n'=%), where Cy = lim [ p(r)dr —
1 a—1 Col'(2—a) 150
—0J¢
Cotl—oz
a—1"

Proof. We have:

E[x (™) = Jo (=62 [ p(r)dr)dt
1 Jo L= tn=2tp(t)dt

(see [13]). Hence we should give the values of fol(l — t)"’Q(ft1 p(r)dr)dt and fol(l — )"~ 2tp(t)dt. For
that, we use the estimation (11).
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(1) o< ¢ <a—1, ftl p(r)dr = ftl Cor=+Cir= S +o(r=o+%)dr = %tl_a—l—af—fﬁct—a““ﬁ-
o(t~*+¢*t1). Then using that o — ¢ — 1 > 0, (11) and (13), we have

' e _ G Tln-DIr'2-a) Cy I(n— 12— a+()
/0(1—15) (/t p(r)drydt = — T t1—a) +(0[717§+0(1)) O p—

_Gl'2—0a) . -1 G
== " (14+0(n ))+(a_1_<
_ Col'(2 — a)na_Q . Cil'2—a+ Ona_g_g 4 O(na—2—c)

a—1 a—1-¢ ,

and
! I ~  T(n—1r@2- I'(n—1)I2—-a+()
/0(1_t) tp(t)dt = Co F'n+1—a) F'n+1—a+¢)
— CoD(2 = a)n (1 + O(n ™)) + (C1 + o()D(2 — a + On2~(1+ O(n ")
=CoT(2— a)n® 2 + O1T(2 — a + O)n*"27¢ 4 o(n>~27¢).

Y (€ +o(1))

n Cq —« — _
Hence E[X{")] = L1+ %n ¢ +o(n=°)).

2 U¢=a-1, ftl p(r)dr = %tl_a — CiInt+ o(lnt). Then

' w2, [ _ G T(n—1Ir2-oa) ! n-2
/0(115) (/t p(r)dr)dtfa_ol NCETEY +(C’1+0(1))/0(1t) In tdt.

Let a, = fol(l — t)"Intdt. By integration by parts, (n + 1)a, = na,—1 — n+-1 So a, =

_Z:jzll/i __ —lnn -1
n+1 - n + O(TL )
In consequence,

—In(n—2)

-1
a—1 n—2 +0(™)
_ G2 =) oy o lun  duny

n n

[ra=or2[ ptrand - Gl @ =) a2y 4 O(n 1) + (—C1 + o(1))(
a—1

Moreover,

1
/ (1—t)"2tp(t)dt = CoI'(2 — a)n® 2 + O1n~* +o(n™ ).
0

Hence, E[X")] = L1+ %nl_a Inn) +o(n!~“Inn).

1
(3) If ¢ >a—1, ftl p(r)dr = %tlf‘l + Cs + o(1), where we recall that Cy = }in(l)/ p(r)dr —
—0J¢

Cotlia . 1 n— _
T Notice that [; (1 —t)""2o(1)dt = o(n™"). Hence,

o —

[ =i oty = LB e G,

a—1 n

+o())I2—a+On*7 (1 +0(n™"))
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and,
1
/ (1 —8)"2tp(t)dt = Col'(2 — a)n®~2 + O(n@~2Hmax{=1,=C}y,
0

Hence we get E[X (”)] L1+ = F((042 2) L1=a 4 o(pl=a)).

Lemma 5.3. We assume that p(t) satisfies (14). If k > 2,
n 1 —

xim f o kth = p(t)dt
n Col'(2 — )
Proof. Let B,, , denote a binomial random variable with parameter (n,z),n > 2,0 < z < 1. Recall

that for 2 <i<n, P(X™ =i—1) fo (Ma'(1 — z)" " "v(dz)/gn.

E[( —« + O(n7 min{1+a,k})-

E[(ﬂm
/ ( Jat oy (o utan)fa,
:/o E“%Vlfamzﬂ)u(dm/gn
B /01 < Z ( ) n> 15, ,51]0(dx) /n
_ /O CnRE[(B, — By, ot > <’j> (1 (B~ Bunim, o+ (1 1)"Bols, oulo(de)/an

k—1
- / W ME((BY, — Bo) + <’?><1>i<32; CBua) + (1R - Buo)p, o 0)l(d) /ga.

i=1

Using Lemma 5.5 in Appendix C, we get estimates of E[(Bﬁw — By,2)]- Then we have, for some
real coefficients ¢y ; ;,

x{m

E[(——)"]

n

:/ n=F | (nz)* + Z Crijr'n? l/(dx)/gnJrn*k/ E[(—1)*(1 = Bns)1g, .>1)lv(dz)/gn
0 2<i<k,0<j<k 0
= [0 () + 0A e vl g [0 e = (= ) ) g
0 0
B fol kxb=1p(x)dx
N C()F(Q—Oé)

In the last equality, we have used the estimate of g,, and also the fact that fol (I—nz—(1—-2)")v(dx) <
Gn = J"Ol(l —nx(l — )" ! — (1 — 2)")v(dr). This achieves the proof.

-y O(TL7 rnin{lJraz,k})7

O
Proposition 5.4. We assume that p(t) satisfies (4) and r € [0,w).

n " rCiIN(2—a = -
(1) If0<C<CY_17 thenE[<n—X£n)> ]:1+n(a 1)+Co(oz 131"52 oz)Jr(i)Cl ()n ¢ 1+O(7’L ¢ 1)'
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(2) If C=a—1, then E[<%X£n)> =1+ nCEsYiRE COF(2 " n~*Inn+o(n"“Ilnn).

n " T f (A—z) " —1—rz)v(dx) rCs —a —a
(3) If{ > a—1, then E[(n—Xl(")) | =1+im+(—Gre—a toram)n ro(n™?),

where Cy is the same as in Theorem 2.1.

Proof. By Taylor expansion formula, for m > 2, we have,

_n T, v
n—x™ L x”

n

T

(n)
PN o 1 UEIYES VN | KGR /%(1 _yerema Ky
n = k! n m! 0 n
Then we get:
(27)
n ' Xl(n) - Hf ol(T‘H) Xl(n) ko Llimo(r +14) @ —r—m—1 Xl(n) m
M(W) | =1+rE[— ]+k§2 o B+ E[/O (1—t) (S——t)md].

Thanks to Lemma 5.2 and 5.3, we have the asymptotic behaviours of IE[
In partlcular for m > 2,

T+z Xl(") " i:quLz ! k=1 p(t)d " Y(r 4 1) SCI/ x)

Lpti) , x(™
) and B[y, Misa 40 (X0 yi

lim n®
n—-+oo n 2 k! CO 2 — a

In consequence,

lim lim n®

m——+o0 n—-+0oo n m——+o0o

m n m 1 —_r
ZH10T+2) Xl())k]: lim anor+l foxl’ :fo((l_w) _1_T$)V(d$).
=2 2 k' CO ( Oé) C()F(Q — Oé)

x{™ (n)
[ o(TJFz)Ef " 1 O 1(X

1— —t)™dt], which is the sum of two terms

we need only to estimate
Pi(m,n,s) and Py(m,n,s) with 0 < s <1 and

D)

T (r +) e [ e X
Pl(m,n,s) = 07717'1}3[ o (1 *t) 1(# 7t) dtlxi”)zns]v
X (n)
H?;O(T + 7’) " —r—m—1 Xln m
Py(m,n,s) = TE[ . (1—1) (T —1) dtlx{”kns]'

We first focus on P;(m,n,s). By Lemma 5.7 in Appendix C, we have

n

(28) Pi(m,n,s) < E[( )> 1X£n>2ns] <nTKys (1 —s)"7,

n—Xx"
where 7 € (r,w) and K4 is a number depending only on 7 and v(it is important to notice that it does
not depend on s).

We now give an upper bound for Py(m,n,s). We have

()
! n X —t
0 Py(m,n, s) = n° Lizo" £ ’)E[/ 1 (L gy
0

m! 1—t Xl(n)<”5]'
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For ¢t € [0,2) with 0 < z < 1, we have:

r—t
T.
1—t—
So we deduce that
X )
/ ( 11 nt )mdt S ( 1 )m-‘,—ll
0 — n
Hence, using Lemma 5.3, for m > 2,
« HZO (T + Z)

n*Py(m,n,s) <n

e (L= )R )
o+ d) Jo m+ Demp@)de
e areoa PO

=(1-2y3)

Using Lemme 5.6 in Appendix C, we have

/Ol(m + D)t p(t)dt = /01 "y (dx)
= /01 ™1 - z)T(”(ﬂ

1—x)"
1 — - —
= / 2" (1 — ) (de) < Ksm™T,
0

where K3 is a positive real number depending only on 7 and v.

. m o (r+i I'(m+r m”
Notice that H“;;L(! ) — F('(r)l—‘tm“’:i-ll)) ~ TG Hence

(29) Pam,n,5) < 10 (1 — 5) "I (O(m ™) + o(n~1)).
Combining (28) and (29), we deduce that
X" (n)
" j g xm
mligkloo I;Eigg n*(Py(m,n, s)+Py(m,n,s)) = mlililm lﬂi‘iﬁ) HQWE[/O (1—t)~"=m=1(

-1
n
This convergence together with Lemma 5.2 and 5.3 yield this proposition. 0
Remark 5.2. Using the same arguments, it is easy to prove that if [ € N, E[(—=2=-—5)"] has also the
n7X£ )
decomposition given by Proposition 5.4.

Remark 5.3. If we move farther to Remark 5.4, we will see that in the case of Beta(2 — «, o), if r > w,

we have
()

m ' o x ™

lim  lim nawm/ (1—t) " ™Y Z _p)may) > C,
m—+00 n—-+0o0 m' 0 n

where C' > 0 is defined in Remark 5.4. Then in the third case of this Proposition 5.4, the expression

of E[( ) )"] will be changed. So the constraint r € [0,w) is necessary.
n—Ay

C) Some results necessary to prove those in Appendix B

Lemma 5.5. Let By, , be a binomial random variable with parameter (n,x),n > 2,0 <z < 1. Let k
be an integer such that 2 < k <n. Then

E[BE, — Bool = (nz)' + Y agynle’,
1<I<k,2<j<k

where ay ; are real constants.

—t)™dt] = 0.
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Proof. First of all, we denote the moment generating function of B, , by f.(t) = Ele!P=] t € R.
Then f,(t) = (1 —z + ze*)" = (G(t))", where G(t) =1 — x + ze'.
We prove by induction on k the following result for 1 < k < n:

Fu)® = G (naet)r + Z br.i j1G(t) (zeh)Yn! + G(t)" " Inael,
n—k<i<n—2,2<j<k,1<I<k
where by, ; j; are real constants.

If k=1, f,,()™ = G(t)" 'nxet. We suppose that for k, 1 < k < n, the assertion is true. Then,
for k+1,

d

(k+1) _ =2 (k)
Fa(®) = ZFa(t)

_ G(t)nfkfl(nxet)lwrl o kG(t)nfkfl(nyc(xet)kJrl + kG(t)nik(nZ‘et)k
+ Z br.ija(ize)G(t) 1 (zetYint 4 Z br.i j1JG(t) (zet)In!
n—k<i<n—2,2<j<k,1<I<k n—k<i<n—2,2<j<k,1<I<k
+ G 2(n — Dn(ze’)? + G)" ' nxe’

= Gt)"F (naet) ! + Z bt 0G0 (zeh)n! + G(t)" tnze’.
n—k—1<i<n—2,2<j<k+1,1<I<k+1

So the assertion is true. We remark that by, ; j; does not depend on n.
Notice that G(0) =1, so for 2 < k <n,

E[BE .1 = fn(t)®P]i=0 = (nx)* + > bi,ijaxin! + na.
n—k<i<n—2,2<j<k,1<I<k
Furthermore, E[B,, ;] = na, then we can conclude.

O

Lemma 5.6. We assume that p(t) satisfies condition (14). Then for every s > 0, fol 2" (1—z)’v(dx) <
Ken™%, where Kg is a positive constant which depends only on s and v.

Proof. Tt is clear that there exists K7 > 0 such that p(t) < K;t~¢, for all 0 <t < 1. Then

[ eyt = [0+ -

= /0W p(t)(n — (n+ s))t" 11 — 1) dt — / p(t)((n + s)t —n)t" 1 (1 —t)* tdt

n

n+s

< K7/n+s =% (n— (n+ s)t)t" "1 (1 — t)*Lat
0

s
< nK7/ (1 — t)Sdt
0

Fn—a)l(s+1)
Fn—a+s+1)

< K67’L_s

)

1
< nK7/ t"Im(1 = t)Sdt = nKy
0
for some Kg which only depends on K7 and s. For the last inequality, we use (11). This achieves the
proof of the lemma.

O

The upper bound of P;(m,n, s) is given by the next lemma.
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Lemma 5.7. We assume that p(t) satisfies condition (14). Let r € [0,w) and 7 € (r,w). Then there
exists a constant K11 depending only on 7 and v such that for all s € (0,1),

n —« —x T—r
Pi(m,n,s) < E[<7(n)> 1y, J<n “Kus (1 —s5)"""
n—X; o=

Proof. It is easy to observe that
Pi(m,n,s) < E[(%) 1X(")Zns]'
n—X; !
For z € R, we define [x] = min{m € Z;m > x}. We have

r n— 1/ n n— n
n— Xl(n) X" >ns baTre] In

Notice that (kH)(ﬁ)T = %(ﬁ)r So by (11), there exist two positive constants Ks, Kg

such that for all k € {1,2,...,n— 1},
P(n+1+7) ("™ ( n ) F(n+147)
Tk+2)T(n—k+r) ~ \k+1 k Tk+2L(n—k+r)

Moreover using integration by parts, for 1 <1 <n—1and 0 <z < 1, we have:

TL+ 1 +7’) $k+1(1 . x)n—k—l-{-r
I (k+2)T(n—k+7r)

F(n+1+r) o —l4r—1
= 1 - rige
F(z+1)r(n71+r)/0 (1) Y

r 1 *

— M/ t"_l(l —t)"dt.
T'(n)I'(1+4r)

Let 7 € (r,w), v(7(dz) = (q(d:))r, and p(=7(t) = ftl V=T (r)dr. Tt is easy to see that p(=7)(t) =

Cot™ + o(t~®). Then there exists K19 > 0, such that p(=7)(t) < Kot~ for all t € (0, 1].

n
Eff ——— | 1, ]
(n o Xl(n)> X, >ns

Z Jo ()= (1 = 2)" 1 (G2 ) v (dx)

Fn+1+47)
n+ 1)I(1+7r)

(1 —a)"

k=[ns] gn
n— 1 n n— T n T
5 o ) e T ) T )
k=[ns] In
n+1+47 T, [ns n—[ns|+r— -7 L(n41+47) xm ry(=T
<K fo F([ns]+(1)r(n [)ns]+f) fo ¢l (1 — gyr el =Lagy( )(dz) fo F(n+1)F(1+r) (1 — )" v (dx)
N 9n In
n T —-7r ns n—|(ns|+r— I'(n r ro (=7
<K fO F([ns]-l-(l);‘r(anr f)ns]-l-F) p( )(;L')xr -l(l - ZL') s+ 1d.CC fO F(ng—;gl%‘zrl-i)—r) (1 - :L') V( )(dl')
B In In
C(n+1+7) __plnsl—aq _ pyn—[nsl+7-1 7, D(nt147) n-T
< KoK1o fO T'([ns]+1)I(n—[ns]+7) ( ) + KoK T'(n+1)L(1+7)
In In
F(n+1+?)l—‘([ns]+}—a) F(n+1+?)7 n_f
— KoK 10 F(]—ns‘\Jrl);(nJrlJrrfa) + KK F(n+1)Fg(1+r)

< Kyps™%n™®

?
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where for the first inequality, we use (30) with [ = [ns], in the second inequality, we have used an
argument of integration by parts and for the third inequality, we bound p(~7) () by Kjpx~® and we
also use Lemma 5.6. For the last inequality, we use (11). Here K3; is a constant which depends only
on 7 and v. Hence for all n > 2,

n - n _
nE| ——= ] 1y, J<n*(1=9)"""E[| ——— | 1omo < Kpis (1 —3s)""".
<n _ Xl(n)> X, >ns n— Xl(n) X, >ns

This achieves the proof of the lemma. O

Remark 5.4. If r > w, this lemma is false. Take Beta(2 — a,a) as example. We have v(dz) =
mx_l_a(l — 2)* 'dr and w = . Then for any fixed 0 < s < 1 and n > ==, we have
ns > n — 1 and it follows that

Pi(m,n,s)
" (") H x (™
") oy T"" X1k
= E[<<an")> Z k! n ) ) 1X§">:n_1]
m k—l .

_ (n) _ r n—1 [licg(r+1) n—1,
= P(X! —n—1)<n —l-r— —Z o (—)
folz"y(dz> r_q inz o (r+1) nfl)k
9n — n

_1 m 1 1
 On-20 (nT— L ZH T+Z nn )k>
k=2

where C'is a strictly positive number. Hence, if r > w = «, then

hmmfn Pi(m,n,s) > C,V0 < s < 1.

n—-+

This result is not compatible with the lemma with 0 < r < w. This remark justifies the constraint
0<r<uw.

D) Results that are used to prove Theorem 1.3.

Lemma 5.8. Let (X;)i>1, X be random non-negative variables such that (X;);>1 converges in distri-
bution to X. Assume that there exists B > 1, and C > 0, such that for all i > 1, E[(X;)?] < C, then
E[X;] converges to E[X].

Proof. Thanks to Skorohod’s representation theorem (see [6] page 70), we can construct random
variables (Y;)i>1,Y such that for any i € N, Y; @ X, Y = D ¥ and (
Y. By Fatou’s Lemma, E[Xﬁ] E[Yﬁ] < lim mE E[(Y) | <C.
n—-+00
We use the decomposition: Y; = Yiliy,<y 11y + Yil{y,sy 13-
For the first part, E[Y;1{y,<y11}] converges to E[Y] by the dominated convergence theorem.
For the second part, using Holder’s inequality, we have

EYilty,>vi1y) §E[Yﬁ](E[1{Yv>Y+1}]
1
P

)
—E[Y/|(P(Y; >Y+1))%

Yi)i>1 converges almost surely to

B—1
B
B

<C(P(Y; >Y +1)) 7

which converges to 0.
Then E[Y;] converges to E[Y]. This achieves the proof. O
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Lemma 5.9. Leta > 0,0>0, 8> 2. Then
0< (a+b)P <d®+0°+p2° 7 abP = + p2°~1baP L.
Proof. If 0 < m < 1, then
(1+m)? <14 p2°7Im <14+ mP + B2° " tm + p2° " 1mP~1,

We use that the function m + (1 4+ m)? is convex and that 32°~1 is the derivative of (1 +m)” at
m = 1.
If 1 < m, then

1 1
(1+m)P =mP(1+ =) <(m)P(Q+p2°71 =) <14+ mP 4 p2°m + p2P~tmP -1,
m m

Hence for all m > 0,
(1+m)? <14 mP + p2°~tm + p2°~1mP =1,
Then for all @ > 0,b > 0,

(0 +5)° =aP(14 2 <a(14 (0 + 28712 4 521 () )

=a® + b7 + 2P a1 4 p2PhaP

This achieves the proof. O
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