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Abstract

The local multi-resolution projection estimator (LMPE) has been first introduced in [6]. Tt
was proved there that plug-in classifiers built upon the LMPE can reach super-fast rates under a
margin assumption. As a by-product, the LMPE was also proved to be near minimax optimal in the
regression setting over a wide generalized Lipschitz (or Holder) scale. In this paper, we show that a
direct treatment of the regression loss allows to generalize the minimax optimality of the LMPE to
a much wider Besov scale. To be more precise, we prove that the LMPE is near minimax optimal
over Besov spaces B ., s > 0, 7 > p, ¢ > 0, when the loss is measured in Ly,-norm, p € [2, 00)

Q)
(see Theorem 2.1), and over Besov spaces B} ;, s > d/7, 7,¢ > 0, when the loss is measured in

Loo-norm (see Theorem 2.2). Moreover, we show that an appropriate version of Lepski’s method
allows to make these results adaptive. Interestingly, all the proofs detailed here are largely different
from the ones given in [6].

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 62G05, 62G08.
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1 Introduction

1.1 The regression problem

Let us assume we dispose of a set D, = {(X;,Y;),i = 1,...,n} of n independent and identically
distributed random vectors. They are constituted of a co-variable X € £ C R¢ and an associated
observation Y € R and are generated by the model,

Y = [(X) +ot,

where f is an unknown map from £ into R, £ is a standard normal random variable independent from
X, which we write £ ~ ®(0,1), and the law Px of X admits an unknown density p on £.
In the regression setting, our aim is to best recover f from the data D, under the assumption that
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f belongs to a smoothness class F. To be more precise, our aim is to build a map f, from & into R

upon the data D,, so as to minimize the loss E| f, — f|} € uniformly over f. In other terms, we
P )

alm at constructing f, such that,

JscupEHf anp € < (logn)° mfsupEHf On Iy (E)’ d>0, n >0,

where < means inferior or equal modulo a constant independent of n and the infy, is taken over all

the estimators 6, of f, that is all measurable maps from £ into R. When § = 0 (§ > 0), f, will be

said to be (near-) minimax optimal over the smoothness class F.

Throughout the paper, we will work under the following assumption.

(CS1) There exist two universal constants 0 < fimin < fimax < 00 such that pmin < () < pfimax for
all z € € and € = [0,1]%

This is a strong but classical assumption which can be found in previous works such as [2, 1, 6], for

example.

1.2 Construction of the LMPE

We recall the construction of the LMPE, which was introduced in [6]. Assume we dispose of a multi-
resolution analysis (MRA) of Ly(R?) constituted of nested approximation spaces Vi C Vi1, 3 20,
which reproduce polynomials of degree r—1 (meaning that Pjp = p, where P; stands for the orthogonal
projector from Ly(R?) into V; and p is any polynomial of degree r —1). We assume that it is generated
by the Daubechies’ scaling function ¢, meaning that (¢;x)eze stands for an orthonormal basis of Vj,
where we have written <pj p() =27 %cp(QJ —k). In the sequel, we will refer to such a MRA as a r~-MRA.
As described in [6], [0,1]¢ can be partitioned into hypercubes of the form O;; = 277(k + [0, 1]%) for
ks that belong to a well chosen subset Zjd of Z. In addition, Suppy = [1 — r,7]¢ so that there are
only m = (2r — 1)? scaling functions which intercept a cell Oj k. It is crucial here to notice that m
is a constant independent from both j and k. The LMPE f; of f is then obtained by performing 27d
local regressions, that is one on each cell O; .

Under the assumption that f belongs to a Besov ball, the remainder f—P;f can be naturally controlled
so that it remains to estimate P; f by localized projections onto the O, ;. As detailed above, we denote
by ©jkis---»Pjkn the scaling functions whose supports intercept the cell O; . For any z € O, we
can write

Pif(x) = iy 0jiky (T) + - o+ ke P e (7)),

so that we must estimate the m coefficients «; , to obtain an estimator of P;f on O; . This is done
by standard regression on Oj; . More precisely, we consider the least-squares problem,

2
n m
LS(OJJC) = arg mine]Rm Z (Y; — Z atgoj7kt (Xz)> ]loj,k (Xz)
i=1 t=1

(a1,...,at)

Solving the above least-squares problem boils down to the inversion of the local regression matrix
G € R™ x R™ whose coefficients are the,

G = Z #3, ke 90] kg (Xz)]l(ij (XZ) (1)



Obviously, if G is invertible then LS(0O; 1) holds one single element. Finally, we define the LMPE fj@
by spectral thresholding of the smallest eigenvalue of the local regression matrix Ay, (G) at level 7,1,
where we can take m, = logn. We set indeed f]@ = 0 if Amin(G) < 7,1 and fj@(x) =3 al ok ()

Q@

for all € O;}, otherwise, where a® is the unique element of LS(O; ).

2 Results
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Figure 1: Each point of this figure at coordinates (s,1/7) stands for a Besov space B} . (€). Assume
that the regression loss is measured in L,-norm. Generalized Lipschitz spaces Lip®(€) are defined to
be the Besov spaces B, (€) and thus correspond to the vertical coordinate axis 1/7 = 0 (see [7]).
Besov spaces B;OO(E ) get larger and larger along the arrows drawn on the figure. In [6, Corollary 7.1]
the LMPE was proved to be near minimax optimal over generalized Lipschitz spaces (thick vertical
red line). Here we show that these results can be extended to the whole domain {(1/7,s) : 1/7 < 1/p}.

In what follows, we prove that the LMPE is minimax optimal in the regression setting over Besov
spaces. This is a generalization of the results described in [6, Corollary 7.1}, where the LMPE was
proved to be minimax optimal over generalized Lipschitz spaces Lip®(£), which are slightly larger than
Hoélder spaces. To be more precise, we prove in what follows that the LMPE is near minimax optimal
over Besov spaces B; (£), s > 0, 7 > p, ¢ > 0, when the loss is measured in L,-norm, p € [2,00)
(see Theorem 2.1), and over Besov spaces Bf.’q(é'), s > d/T, 7,q > 0, when the loss is measured in
Loo-norm (see Theorem 2.2). As described in Figure 1, these smoothness classes are much larger than
the Lipschitz spaces. In addition, it is well-known that, outside this domain, linear estimators such as
the LMPE are necessarily sub-optimal. So that this is the largest domain on which we can obtain the
near-minimax optimality of the LMPE (up to the constraint p > 2).

Interestingly, the proof of the initial result [6, Corollary 7.1] hinged on an integration of the exponential
control of the probability of deviation of the LMPE fj@(x) from f(x) uniformly when = € £ (see [6,
Theorem 7.1]). The latter exponential control is very stringent and was initially introduced to prove



results in the classification setting. It is however unnecessary in the regression setting and can thus
be relaxed. The following proofs hinge in fact on a direct inspection of the integrated IL,-loss and
are thus obtained by very different means from the ones used in [6]. In particular, they rely on the
recombination of the integrated approximation errors over the regression cells O, of the partition of
& (see proof of Theorem 2.1).

In what follows, and for any 7 > 0, we define j,, js, js -, J such that

1
1 d_d

. . 1 . —d d. n
W~ n2r+d, s~ n2s+d s~ n2(s+§7; , 2Jd ~

2 )
kmzlogn

where £ > 0 is a constant to be made more precise later. Furthermore we define the grid 7, of
resolution levels such that J,, = {j,,jr +1,...,J}. Of course, js, js» € Jp under the assumption that
s e (0,r).

In Theorem 2.1, we show that the LMPE is nearly minimax optimal in L,-norm, p € [2,00) over a
wide Besov scale. This result contains [6, Corollary 7.1] as a particular case (take 7 = ¢ = oco0) and
thus generalizes it to larger smoothness classes.

Theorem 2.1. Let fj@ stand for the local multi-resolution estimator of f defined in Section 1.2 and
B} (€, M) for the ball of radius M >0 of B; (€). Then for all j € Ty, p € [2,00), s >0, T > p and
q > 0, we have the following result under (CS1),

Blf— O < | (22 4o
sup — J; =~ p)m, — s
FEB3 o (€.M) ) v

where the constant C(p) is given explicitly in the proof. In particular, for j = js, we obtain

3 Qp p —5L
sup EHf - f‘s H S C(p)ﬂ' n 2s+d,
fer—’q(g,M) J ]Lp(g) n

The corresponding lower-bound result is well-known (see [9, 4, 6]), which finishes to prove the minimazx
optimality of the LMPE.

In Theorem 2.2, we show that the LMPE is nearly minimax optimal in sup-norm over a wide Besov
scale. Notice interestingly that, until now, there were no results available in sup-norm for the LMPE.

Theorem 2.2. Let f]@ stand for the local multi-resolution estimator of f defined in Section 1.2 and
B} (€, M) for the ball of radius M >0 of B; ,(£). For all f € B; (€£,M), s > d/,

- d z
9% o
sup  E|f — f2E_ < C(2)7i[logn e R Gl
JEBs 4 (€.M) 17 = f3l (z)mallog Jn

1
where the constant C(z) is given explicitly in the proof. In particular, for 2Js = n2e+8-9  we obtain

[IRNY

z(s—%)

sup E||f — [l < C(e)mi(logn)in *e+i-D.
FEBs ,(€,M)

The corresponding lower-bound result is well-known (see [9, 4, 6]), which finishes to prove the minimax
optimality of the LMPE.



Both theorems prove the optimality of the estimator fj@s’ whose resolution depends on the regularity
s of the unknown regression function f. In the following theorem, we show that this dependence in
s can be removed at the cost of a logn factor in the upper-bounds. The LMPE is thus said to be
adaptive near minimax optimal. To be more explicit, the adaptation hinge on the data-driven choice
§@ of the global resolution level j of the LMPE (see Theorem 2.3), which itself hinges on a slightly

modified version of Lepski’s method (see [5]).

Theorem 2.3. For all f € B} (§,M), 5,q >0, 7> p, p> 2, we define the global resolution index
J® from the data D,, as follows for v > 0,

- d da
a_ ). 2z 2k
7 :mf{j € Jn: Hfj@ — [, < vlogn (% —i—%) Yk >mn, ke jn}-

Then, for ~v large enough, we obtain,

__Sp
E|lf% — £l < "(logn)'nin 74, pe[2,),

o z(sfg)
EHf]% - fH]ioo S ’)’z(log n)zﬂfln 2(s+4-9)

So that fj% s an adaptive near minimax optimal estimator of f.

In what follows, we detail the proofs of these three theorems. In order to alleviate notations, we will
denote throughout the sequel by H a cell O; of the partition of [0, 1]¢ at level j and by Gy the
associated local regression matrix (see eq. (1)).

3 Proofs
Remark 3.1. Recall that for any p € [1,00], there exist two absolute constants ¢, Cp, such that
id(i_L id(i_1
2" < lpsal, < G2,

Throughout the paper, constants of the form c,, Cp, will exclusively refer to these constants. Further-
more, we will write ¥, := E[{|P.

3.1 Proof of Theorem 2.1

Proof of Theorem 2.1. Notice first that the regression loss can be broken up as follows,
EHf_ fj@HﬁP < ZEHf - fj@H{ID(H)]I{)\MH(GHKﬂ;l},
H
+ 2771 BB = [P o Lpmm(@rznsy + 2RI -
H
As described in the proof of [6, Theorem 7.1], we have, for f € B} (£, M),

Q
Hf - fj H{p(y)ﬂ{)\mm(gﬂkﬂ;l} < Mpﬂ(%)]l{)\mm(cﬁ)qr;l}a
Pif (@) = [P @)L aayonnty < TolWalp, llox ()15, Vo € H, (2)

min



where Wy = Wiy s Wikn), er(x) = (0, (2), ..., @)k (2)), the pjk,, 1 < i < m, are the scaling
functions whose support intercepts H and we have written

n

1 , :
Wik =~ > zi*, ZIF = 0 p (X)L (X)) (R F(Xy) + &).
=1

So that, putting everything together, we obtain,

BIS = £, < M7 sup POwin(Gr) < 27)

Ly ( /H um(w)nzu(w)dw) E[ W2
H

+ 2R, T,
= [+ II+1II.

I is of the right order since, according to Lemma 3.3, it can be made as small as desired for & large
enough. [I7 is also of the right order according to Lemma 4.1. Let us now turn to II. Write
Sj(H) = {k;,i =1,...,m} and notice that, with m = #S;(#), we have,

ler (@), < lon(@)lf, <mP~ leu (@)l -

We thus obtain

IT < a2 72> [ Y7 Mgl | EIWALY,
H \keS;(H)

< max2P T EmCPI M E VR | Wy |1h.

. ; ) ot 2(p—1) L P ) o i
= (p7:umaX7m7 p7p)7Tn % + % ( +H ]fH]Lp)—i_H ]fH]Lp )

where the last inequality follows from Proposition 3.1, eq. (4) and we can choose
C(p, fimax, M, U, p) = CH v @ v O,
CW = e 122P~ D000y,
C® = 2 mPH12t =D oree (1 v 9,),

7 y4
C = i 122 CH(CYy oV [CRO)).

To conclude, notice that for j € J,, 2742/\/n < 1, 2(p — 1) > p since p > 2 and ||R; f||r, < M277*
since f € B} (£, M) and 7 > p (see Lemma 4.1). In particular, we can choose

C(p) = (C(p, ftmax, M, Up,p) + 1)(1 V MP).



3.2 Useful results for the proof of Theorem 2.1

Proposition 3.1. Remark that we have

BIWal,  n >t (2, I, + 295 0)

5 (2 Ry fIE, + 1) + 200D 1R, £ 3)

where the upper-bound constants are detailed in the proof. We obtain the following result as a direct
consequence of eq. (3),

SOEIWaE, S n (20| R £, + 278
H

by ~
= jd P jd jd(1
+ 078 (PRI, +27) + 21D Ry P (4)

Proof. Recall first that we have written m = #S;(H) = (2r — 1)4. Tt is enough to notice that
Illez < ||.]l;r and use Jensen inequality to get,

E[Wxllf, <m?™t Y E[Wxl”.
k‘ESj(H)

In addition, a triangular inequality leads to,
n
B,k < 2 B| S (204~ BZIM) P+ 20 L RZAP.
=1

Now, eq. (3) follows from eq. (9) and eq. (12) in Lemma 3.1 below, and the constants can be read off
these latter equations. O

Lemma 3.1. We have got the following four inequalities,

BZIMP S 2D R 12 (5)
E|ZI*P S 2995 |1y Ry fIIf + 279D, (6)
(B1Z40)" <2 Utun g2, +1. p22 (7)
n
S (Zg”“ - IEZZ?”“> P <n (de%H]lHijH{L’p + 2jd(%*1>) +nb <2jd\|]1Hij\|§p + 1) . (8)
=1

where the upper-bound constants can be read from eq. (9), eq. (10), eq. (11) and eq. (12) respectively.
Notice interestingly that all upper bounds are independent of k.

Proof. The proof of eq. (5) follows from Holder’s inequality with (p’)~! +p~! = 1. Notice indeed that,
[EZ7FP = B (X Lye (X0 Rj (X0 P
< Nmax”%pj,k]lHijH{l
< ,U/maxHSDj,kHz]ﬁp, ||]1HR]f||£p
(12
< pimaxCh 2D | 1y R £ (9)



The proof of eq. (6) is a straightforward consequence of the triangular inequality. Notice indeed that,
E|ZIMP = Bl o(Xo) 10 X0) (R £ () + &)
< 2771 E k(X)W (X0) Ry f (X) [P + 2P Elip (X)L (X)) &l
< tmax2? " @i nllf 113 R FIT, + Optimasljilnl,
< a2 ORIy R FIIF ) + Oppimax 2P CR 2745, (10)

The proof of eq. (7) is a direct consequence of Holder’s inequality with ([p/2]" )1+ (p/2)"t =1,p > 2.
Notice indeed that

[SIiS)

) z P j4
(BIZF*2)" < 27 (Blog (X Ma(Xa) Ry (X)) + 27193 (Elipsu(X)P)
p R Pop—1,9p/2 5
Logp/2)7 ”]IHRJf”]LP + HmaxC5 2P~ 1) (Holder)
S ,umaxzp_lcp

iy B
Sy 2 MM B FIIE -+ pimaxC5 20197/, (11)
where the last inequality follows from the fact that

< ,U/maxzpi1 ”on,k ”

p 74 jd(l—;,)p _ p jd
H(P.]7kHL2[p/2]/ S C2[p/2]/2 2 2[p/2] = C2[p/2]/2.]

Let us now turn to the proof of eq. (8). Notice first that a direct application of Rosenthal’s inequality
leads to,

n n n p/2
B (2" -EZ*) P < Y B2 - EZ) |p+<§jE|Zf ~EZ |2)
=1 =1 =1

, . /2
< n2p71E|Zij’k|p +nz22 <E|Zg’k|2>p (Jensen)
< x0TV (1Y 0) (21 [T By 1 + 205 7Y)
P
3 .
+ ngﬂmaXQ?p_l(Cg[p/Q}/ \4 [Cgﬁg])(deH]l'HRJfH{g + 1)7 (12)
where the last inequality follows from both eq. (10) and eq. (11). O

3.3 Proof of Theorem 2.2

Proof of Theorem 2.2. Let us denote by F; the partition of [0,1]¢ associated to the »-MRA at hand
and by H a generic cell of this partition. Start with

Ellf - flf. =E sup |f(z)— f{(x)
HEFj aeH

<E sup [Pif(z) - £ (@) + R fI..
HEF; zeH

The last term is of the right order according to Lemma 4.1. Focus now on the first one. Using the
same reasoning (and notations) as at the beginning of the proof of Theorem 2.1, we obtain

E sup |fi(z) = f{(@)] < MP( inf Amin(Gy) < ,")
HEF; zeH HEF;

+E sup w7 [Wll7, sup [lon(2)]]7,
HEF, zeM

=I+1I.



A direct application of Lemma 3.3 shows that I is of the right order for x large enough. Let us now
turn to I and notice that

IT <m2CZL 2% r2Esup |[Wal|Z,
H

< mFCZ 2% sup |W; i|?.
HEF;,k€S;(H)
Notice besides that
1 : :
Wisl* <2274 = 3" 20 —BZI 4 22 B2
i=1

The rhs is handled directly thanks to eq. (13). As regards the lhs, notice that #{H € F;,k € S;(H)} =
m2/? and, given eq. (14), apply Proposition 4.1 (with K = 27 %) conclude that

HeF;keSj(H) n n

Finally, putting everything together, we obtain

N
Elf = f7IE .. S mlRif I + (logn)? <%> :
]
3.4 Useful results for the proof of Theorem 2.2
Lemma 3.2. We have the following inequalities
B|ZMM < Cf2 72 | Ryf I ... (13)
E|Z)* ~EZIMF < O(=)272) (1 + |1 R £, (14)
where we have written C(2) = pmax2%1CZ(9, V 1).
Proof. For the first inequality,
[BZIH* = B (Xi) 19e (X0 R, £ (Xi)|7
< pmax || B 1T, 10k lIE,
< pmaxC727992 || Ry £
For the second one,
E|Z)* —~EZ}") < 2°E|Z)"
< 227V E ) k(X)) g (Xa) Ry f (X0) |7 + 2227 Elopj 1 (X)L (X3
< a2 CEYUGTI R fIIE L, + pnax2®10,C5279G 7Y
= fmax2” T CZ(22) 21V L) (IR £ + ).
]



Lemma 3.3. For j € J,, = {jr,...,J} where 2/¢ = n/(kn2logn), and any H € F;, and for

~ 4
K > /<;(2Mmaxm4 + gmz),

we have got
P(Amin(Qn) < 1) < 2mn ",

P( inf Amin <1 < omZn Rt
gg3 (Qu) <m,") <2m™n

Proof. We know from [6, Proposition 12.3] that for all 0 < ¢ < 95

2
2flmaxm?* + %m2t

PAmin(Qy) < t) < 2m? exp(—n2~74

).

For n large enough, we have m, < 25 and the result follows directly from the latter inequality. O

3.5 Proof of Theorem 2.3

Proof of Theorem 2.3. Assume first that p € [2,00) and write,

1f = Fiallf, = I = fiallf Lgeciy + I = Fallf, Lgas;.,y
=I+1l.

As regards I, notice that

_ @ — @ Q
1< 270 = L, + 275 = falie, Lgass,y

—1 ap -1 275 \"
<270 = fillL, + 2P 29" (log n)Pmy :

vn

The left term is of the right order thanks to Theorem 2.1 and the last term as well by definition of js.
As regards I, we proceed as in the proof of [6, Theorem 7.2] and notice that,

Ef = fSI0 1assy < SOEIF— S0 150 s

J>Js
< 3 VRIS - 212 R = ).
J>Js

The expectation is bounded by a constant according to Theorem 2.1. And we have besides

273 k%
P(]@ = ]) < ;P (Hf]@ - f]?H]LP > ’Y(IOgn)ﬂ'n [% + % >
<SP |f@ | 28\ o) e 1 o
S ; Hf] - f”Lp > ( ogn)ﬂn% + 1 fi — f”LZ, > ogn)wnﬁ ’

which can be made as small as desired for v large enough according to Proposition 3.2. For p = oo,
the proof follows the same lines with js  in place of js. O

10



3.6 Useful results for the proof of Theorem 2.3
Proposition 3.2. For all f € B; (§,M), 5,¢ >0, 7 >p, p>2 and all j > js, we have

d
2732 3
P(Hfj@ — fllL, = ~(log n)ﬂnﬁ) < mn~CPmo) T Lip=c0)

where the constant C(p,r,o) can be found in the proof. In any case, the above term can thus be made
as small as possible for v large enough.

Proof. Case where p € [2,00). Recall that #F; = 2/¢ and notice first that for §/2 > | Rf;|lL,,

P( £ = fllu, > 8) <P = fll, > 67277
RIS = il 0 = 927

= Z Hf]@ - fjH]Lp(H) 2 5p27jd27p)
H

<D P = HIE ) = 672799277 Ain(Gie) = 7, )
H

+ ZP()\minH (GH) < ﬂ-;l)
H
=I+1I.

IT can be made as small as desired. For the first term, we deduce from eq. (2) that

I<Y PhWalp, | Do leli, | >27747277)

H kGSj(H)
< DRI Waly, Cp2 5D = 27 era )

H

273§

< CP(Wlle, > ——)

H 27, Cpyme

- d
27726
<m sup P(|W;i > 72)
keS;(H) 21, Cp me

Now, notice that for j > js, we have 27 3 /v/n > 2775, Hence we can apply [6, Proposition 12.5]
. 1
5 =~(log n)QJg/\/ﬁ to conclude that I < mn~-¢®m7 where C(p,r,0) = (1 A 0*2)/Cpm5+1.

Case where p = co. The reasoning is similar as the one described above, with however a few slight
. d
modifications. For §/2 > 279¢~7) > ||R; f||L.., we have,

P(If = £l > 0) <P(If = S 1E0 > 67277 i Anin(Gre) > 7, 1) + P(inf Amin (G) < 77 7)
=1+1I.

11



11 is of the right order thanks to Lemma 3.3. Moreover, similar arguments as the ones described in
the proof of Theorem 2.2 allow to write,

52792
ISP( sup |ij|_ﬁ>
HEF; kES;(H) mm

;4
, 62773
< m27d sup <|Wj k| > W)
HEF; kES;(H) mm

Now, notice that for j € J,, 2/¢ < n/logn. Notice besides that for j > js., we have ng/\/ﬁ >
2-9(=%) Hence, following similar arguments as in [6, Proposition 12.5] and choosing 6 = v (log n)2’ g /\/n,
we can conclude that I < mn~ ¢+ where C(0o,r,0) = (1 Ao~ 2)/mCy
4 Appendix
4.1 Properties of Besov spaces
Lemma 4.1. We recall that for alld > 1, 7,q € (0,00], s > d/T,

f € B y(M) = ||R;f L, < M27967), (15)
And for alld > 1, q € (0,00], T € [p,0), s > 0,

f € By (M) = ||R; fll, < M277°. (16)

Proof. These results can be found in [3] for example. Eq. (15) is a straight consequence of the

_d
embedding BS (M) C Boo&o(M). O

4.2 Uniform moment bound

Proposition 4.1 (see [8]). Let Z1,...,Z, be a set of n independent random variables such that, for
all i and p € N,

1 pl
En;(Z;) =0, - D Ely(Z)P < S K 2
=1
Then
p
Klog(N + eP~1) \/QIOg(N +er—1)
(&;EL%VI;ZWJ )_< —t -
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