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Abstract. Small perturbations can affect the kinematic propertignanipulators with non-generic
architecture. We study in this paper the perturbations wiregtric planar 3-RR manipulators. We

show in particular that one can obtain any of the three plessthble types of behaviour of 3-RP

manipulators for large values of the lengths of the legs.
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1 Introduction

Planar parallel manipulators have been extensively siudi¢he past, see [1, 4, 5,
6, 7, 8, 9, 11, 12] for example. Symmetric 3{RPnanipulators (those for which
the platform triangle is congruent to the base triangle by®@aentation-reversing
isometry) have special kinematic properties (see [3])cSihese manipulators are
not generic, the question arises of how a small perturbatidine architecture will
influence the kinematic properties of the manipulator.

The configuration of asymptotic singularities of a symnue3+RFER manipulator
is not stable. By “asymptotic singularities”, we mean thaitiof singularities (in
the planer; = constant, with coordinatés =r, —rq, {3 =r3—rq) as the length,
tends to infinity. For a generic 3-RPmanipulator, the curve of asymptotic singu-
larities has two branches (connected components): an braech which is always
an oval and an inner one, with three possible stable typesn@hid, swallowtail
and annulus following the terminology of [2] — see FigureT3)e asymptotic direct
kinematic problem has at most four solutions. In the case ®frametric 3-RR
manipulator, the inner branch of the curve of asymptotigsiarities is reduced to
a point. We show that any of the three possible stable typeseabtained by a
small perturbation of a symmetric 3-RAmanipulator.

The curve of singularities of a symmetric 3-RRmanipulator, in the plane
r1 = constant with coordinates —r#, r3 —r2, has an inner branch independent
of the lengthry if it is large enough. This branch is a deltoid with three cuggf
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[3]). The image of this deltoid in the plane with coordinatés, ¢3) tends to the
point (0,0) (the degenerate inner branch of the asymptotic singulatitye) asr;
tends to infinity. The direct kinematic problem has 6 solsianside this deltoid
and 2 outside. The singularity surface in the space withdioates(r?,r3,r) has
a component which is a portion of a cylinder with base thigail@l Actually, the
inverse kinematic mapping induces a two-to-one map of a corapt of the singu-
larity surface in the workspace to this cylinder; so the adlis to be considered
as a double curve. A small perturbation will deform the deud#ltoid to a closed
curve with 6 cusps and a few self-intersections. We meantbathall obtain such
a curve as the inner branch of the sectipa= constant of the singularity surface in
the(ry,r2,r3) space, for some sufficiently large valuergfand a small perturbation
of the architecture. We study examples of the transitiomftbis perturbed double
deltoid with 6 cusps, as the lengthincreases, to the stable asymptotic type with 4
or 0 cusps.

2 Asymptotic singularities

We recall a few results from [2] with some extra comments. fidiations we use are
made clear in Figure 1. Herba, ha, bg, hg are all positive. The parametets and
ds may have any real value. The trian@eB,B3z may be oriented counter-clockwise
(as in Figure 1) or clockwise.

Fig. 1 Notations and parameters for the 3fRmanipulator

We have defined the notion of asymptotic singularities initttieoduction and
mentioned the fact that they consist of two branches. Froeoangtric viewpoint,
asymptotic singularities are characterized by the fadt tthere existk € R such
that

p(B1)p(B2) =kp(A)p(A2)  and  p(By)p(Bs) =kp(A1)p(As), (1)
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wherep is a projection parallel to the direction given By which is the common
direction of the infinite legs (see Figure 2).

Fig. 2 Asymptotic singular configuration (witk= —0.45)

If 8 is fixed, the condition (1) is realized for two values of theglenp which
differ by 1, corresponding to the caskes- 0 andk < 0. The cas& < 0 (respk > 0)
is the case of singularities with “crossed (resp. non-@dskegs”. The inner branch
of the asymptotic singularity curves always contains thageof6 = 0, ¢ = 0.
If the base and platform triangles have reverse orientstittre inner branch is the
branch of singularities with crossed legs (as in Figurefd)pth triangles have the
counter-clockwise orientation, the inner branch is thenbhaof singularities with
non-crossed legs.

It was proved in [2] that, for a generic 3-RFAmanipulator, there are only three
possible types for the curve of asymptotic singularitieamibnd, swallowtail and
annulus. These three types are depicted in Figure 3

Fig. 3 Diamond, swallowtail and annulus

2 T.v.¥

In the three examples of Figure 3, we hdage=2,ha =1,da =dg =0,hg = 2.
The leftmost type (diamond) is obtained fy = 1, the one in the middle (swallow-
tail) for bg = 2.2 and the rightmost one (annulus) fas = 3. In each picture, the
light gray indicates two solutions for the direct kinemasioblem DKP), and the
medium gray four.

The quantities which discriminate between the three stadyenptotic configu-
rations of asymptotic singularities are

Q=Ung— (Si+H) Q=Uz—SiS(BUas+Si+SH) (2)
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whereS, = baha/2 andSs = bghg/2 are the areas of the triangles and
Uap = (b3h3 + hab3 + (badg — dabg)?) /4. (3)

The configuration of asymptotic singularities is a diamortenwQ; > 0, a swal-
lowtail whenQ; < 0 andQ, > 0, an annulus whef), < 0; it is impossible to have
Q1 > 0 andQ; < 0 (cf. [2]).

3 Asymptotic singularities and kinematic properties of the
manipulator

The stability of asymptotic types means that they are ungbaioy small pertur-
bations of the architecture of the manipulator. But it alseams that asymptotic
singularities give information on kinematic propertiesioé manipulator for suffi-
ciently large values of the length of legs. More precisélg,3-RAR manipulator has
one of the stable types of asymptotic singularities, therstéttions of the singular-
ity surface by the planag = constant will all have the same type for sufficiently
large values of 1. We illustrate this property with the example for the diamtype:
ba=2,ha=1,da=0,bg=1,hg =2,dg = 0. There are two cases to consider: the
case when both triangles have the same orientation and seendzen the orienta-
tions are opposite.

When both triangles are oriented likewise, the section efsihgularity surface
has the diamond type already when= 3, as shown in Figure 4. Note that the
inner branch of the singularity curve (singularities withnacrossed legs) is almost
coincident with the inner branch of the asymptotic curvetghbline).

Fig. 4 Diamond type, base and platform with same orientation
non-crossed legs 6] 2

——

crossed legs

When the triangles have opposite orientations, the asytiopype is attained for
larger values of 1. Figure 5 shows the section for= 5. Note that it is now the outer
branch (still the singularities with non-crossed legs)ahtis almost coincident with
its asymptotic counterpart.
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Fig. 5 Diamond type, base and platform with reverse orientations
non-crossed legs 8

crossed legg

4 Perturbation of symmetric manipulator

The parameters of a symmetric manipulator satigfy= b, hg = hy anddg = da.
In this case both quantiti€d; andQ- vanish; this is an indication for the fact that
any of the three stable types may be obtained by a perturbatia symmetric ma-
nipulator. Reciprocally, ifQ; = Q> = 0 then one must havgs = ba, hg = ha and
ds = da, which means that either we have a symmetric manipulatorroamipu-
lator whose base and platform triangles are congruent vaiantation-preserving
isometry.

We perturb a symmetric 3-FPmanipulator whose base and platform are right
trianglesA1A2Az andB1B,B3, so thatda = dg = 0. We perturb it keepinda = dg =
0. Carrying the values faia, dg in the expressions (2) f@; andQ,, we obtain

Qpert— (ba —bg)(ba+bg)(hg — ha)(hg + ha)
! 4
pert_ (b3hs — hab3) (bZhe + hab3) (bahd — habg) (bahj + h3bs)
2 64

Fix ba andha (for instanceba = 2, ha = 1) and letbg andhg vary in the positive
quadrant. This quadrant is cut by the two half-lifigs= ba, hg = ha and the two
half-parabolasig = habg/bZ, bg = bah3/hZ into regions labelled Di, Sw or An
according to the asymptotic type (see Figure 6).

All regions are adjacent to the poiog = ba, hg = ha corresponding to the sym-
metric manipulator. This shows that a symmetric manipulesm be perturbed to
any of the stable asymptotic types. One can also spot oné-tine three points
(1,2), (2.2,2) and(3,2) corresponding to the examples in Figure 3.

Note that the description of perturbation concerning agptitp singularities
also applies to the non generic manipulator with two congtrtrigangles both with
counter-clockwise orientation.

(4)
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Fig. 6 Stable types of perturbations of a symmetric manipulator

hg

Sw

Sw,

5 Transition to the asymptotic configuration

We now examine in detail the effect of a perturbation of thergetry of a symmet-
ric manipulator on its kinematic properties. We start wittyanmetric manipulator
whose base and platform are isosceles right triangles ef Lifha = bg = ha =

hg = 1, dy = dg = 0). We focus on the inner branch of the curve of singularities
the(rp,r3) plane ar; = constant (withr; > 3). Indeed, nothing interesting happens
for the outer branch which is an oval delimiting regions vehére DKP has 0 or 2
solutions. The inner branch is a deltoid with three cusps;DKP has 6 solutions
inside the deltoid and 2 outside.

Fig. 7 Symmetric manipulator: slices et = 3,10, 20
11.0)

4.07 21.0
3.81 10.8] 20.8
3.61 10.6] 20.6
3.41 10.4 20.4)
324 10.2] . 202
3 s ry
3.0 10.0f 20.0f }
2.8 9.81 19.8]
2.61 9.61 19.6]
2.4 9.4 19.4]
24 26 2.8 3.0 32 34 3.6 3.8 4.0 914796 9.8 10.010.210.410.610.811.0 19.419.619.820.020.220.420.620.821.0

H 5 )

Figure 7 shows the slices at= 3,10,20. We use here the same gray scale code
as above: light gray for 2 solutions to the DKP, medium gray4fand dark gray
for 6 (only 2 and 6 in Figure 7). The deltoid is always heret livere drawn with
coordinategr3,r2), it will be independent of; up to translation. But here, with
(ro,r3) coordinates, it shrinks to a point estends to infinity.

We now perturb the geometry of the platform by takbig= 1.2, hg = 0.8 and
ds = 0. This is a rather large perturbation, so that its effect &l wisible; from
the analysis of the preceding section, we know that the gestumanipulator will
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have a diamond asymptotic configuration. Figure 8 showsnaggitions at; =
3,10,20. The picture on the left exhibits a perturbed double dl@ closed curve
with six cusps and three self-intersections; the next péstishow how it evolves
to a diamond with the vanishing of a pair of cusps. The innanbh stabilizes (up
to translation) as; tends to infinity; one can check that the size of the stallize
picture is approximately linear in the amplitude of the pdsttion.

Fig. 8 Perturbation to diamond: slicesmt= 3,10,20

24 2% 2% 30 32 34 36 38 40 94 96 98 100 102 104 106 108 110 194 196 198 200 202 204 206 208 210
” ) ”

A similar analysis can be done for perturbations to the oseole asymptotic
configurations. Takingpg = 1.2, hg = 1.05 anddg = O we obtain a perturbation to
swallowtail (Figure 9, first row); takings = 1.2, hg = 1.2 anddg = O we obtain a
perturbation to annulus (Figure 9, second row). In both €aseinner region with
no solution of the DKP appears; all cusps disappear in thelasmase, thus ruling
out the possibility of non-singular assembly mode changéafge values of; (see
[12]). The slices in Figure 9 are taken far= 3,10, 30.

6 Conclusion

We have shown how a perturbation of the geometry of a symo@tRFR manip-
ulator affects its kinematic properties. In particular, preved that these manipula-
tors are at the bifurcation point between the three diffelygres of stable asymptotic
kinematic behavior for 3-RR manipulators. The point in studying the effect of per-
turbations on the kinematic properties is that, in the remldy one cannot achieve
with certainty the specifications of non-generic architees (such as the symmetry
condition in our study).
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Fig. 9 Perturbations to swallowtail and to annulus: slices at 3,10, 30
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