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STABILITY OF THE DETERMINATION OF A TIME-DEPENDENT COEFFICIENT
IN PARABOLIC EQUATIONS

MOURAD CHOULLI AND YAVAR KIAN

ABsTrRACT. We establish a Lipschitz stability estimate for the inverse problem consisting in the determi-
nation of the coefficient o(t), appearing in a Dirichlet initial-boundary value problem for the parabolic
equation dyu — Agu + o(t) f(z)u = 0, from Neumann boundary data. We extend this result to the same
inverse problem when the previous linear parabolic equation in changed to the semi-linear parabolic equation
Oru — Agu = F(t,z,0(t), u(z,t)).

Key words : parabolic equation, semi-linear parabolic equation, inverse problem, determination of time-
depend coefficient, stability estimate.
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1. INTRODUCTION
Throughout this paper, we assume that €2 is a C bounded domain of R™ with n > 2. Let T > 0 and set
Q=0x(0,T), T=00 X=Tx(0,T).

We consider the following initial-boundary value problem

Oru — Agu+o(t) f(x)u =0, (z,t) € Q,
u(z,0) = h(x), x €, (1.1)
u(z,t) = g(z,t), (x,t) € .

We introduce the following assumptions :
(H1) f € C*(Q), h € C>*(Q), g € C***1+3(X), for some 0 < o < 1, and satisfy the compatibility
condition
Org(x,0) — Agh(z) + o(0)f(z)h(z) =0, zel.
(H2) There exists xp € I such that

inf ,t > 0.
tel[I&T] lg(wo,t) f(x0)]

Under assumption (H1), It is well known that, for o € C1[0,T7], the initial-boundary value problem (1.1)
admits a unique solution u = u(o) € C2**1+%(Q) (see Theorem 5.2 of [LSU]). Moreover, given M > 0,
there exists a constant C' > 0 depending only on data (that is 2, T', f, g and h) such that |||y 0,7y < M
implies

HU(O—)HCZJra,lJra/Z(@) < C. (1'2)
1
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In the present paper we are concerned with the inverse problem consisting in the determination of the
time dependent coefficient o(t) from Neumann boundary data d,u(c) on X, where 0, is the derivative in the
direction of the unit outward normal vector to I'.

We prove the following theorem, where B(M) is the ball of C'*[0, T'| centered at 0 and with radius M > 0.

Theorem 1. Assume that (H1) and (H2) are fulfilled. Fori = 1,2, let 0; € B(M) and u; = u(o;). Then
there exists a constant C' > 0, depending only on data, such that

HO‘Q - UlHLN(O,T) < C Hat&,ug — 6t8Vu1HLOC(E) . (13)
Following [COY], it is quite natural to extend Theorem 1 when the linear parabolic equation is changed

to a semi-linear parabolic equation. To this end, introduce the following semi-linear initial-boundary value

problem :
Ou — Agu = F(x,t,0(t), u(x,t)), (x,t) € Q,

u(z,0) = h(z), x € Q, (1.4)
u(z,t) = g(z,t), (x,t) € X
and consider the following assumptions
(H3) h € C?>%(Q), g € C?T1+5 (%), for some 0 < o < 1, and satisfy the compatibility condition

Org(2,0) — Ayh(z) = F(0,2,0(0), h(z)), ze€T.

(H4) F € CY(Q, x Ry x R, x R,,) is such that 9, F and 9, F are C!, F and 9, F are C?> with respect to x
and u.
(H5) There exist M > 0 and o € I" such that

inf 0 F'(x0,t, 0, , )| > 0.
te[O,T],L%[—M,M]' (20,1, 0, (0, 1))

(H6) There exist two non negative constants ¢ and d such that
uF(z,t,0(t),u) <cu?+d, t€[0,T], 2€Q, uecR.

Under the above mentioned conditions, for any o € C0, T}, the initial-boundary value problem (1.4)
admits a unique solution u = u(c) € C2**1+%(Q) (see Theorem 6.1 in [LSU]) and, given M > 0, there exists
a constant C' > 0 depending only on data (that is 2, T', F, g and h) such that |o||ly 1,7y < M implies

HU(O’)HCZ+CV,1+CV/2(§) <C. (15)
We have the following extension of Theorem 1.

Theorem 2. Assume that (H3), (H4), (H5) and (HG6) are fulfilled. For i = 1,2, let o; € B(M) and
u; = u(o;). Then there exists a constant C' > 0, depending only on data, such that

o2 — UlHLoo(o,T) < C|0:0vuz — atauulHLoc(z:) : (1.6)

Remark 1. Let us observe that we can generalize the results in Theorems 1 and 2 as follows:

i) In (1.1), we can replace o(t) f(z) by >_f_, ok(t) fr(x), where fr, 1 < k < p, are known. Assume that
(H1) is satisfied, with f = fi for each k, where the compatibility condition is changed to

P
0ig(x,0) — Aph(z) + > 0 (0) fr(x)h(z) =0, z €T,
k=1
Therefore, to each (o1,...,0,) € C[0,T|P corresponds a unique solution u = u(oy,. .., 0,) € C?rolTe/2(Q)
and max{||og||w1.0,1); 1 <k <p} < M implies

[u(or,. .. aUp)chm,Ha/z@) <C,

for some positive constant C' depending only on data.
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Following the proof of Theorem 1, we prove that, under the following conditions : there exists x1,...,x, €
T such that the matriz M (t) = (fr(x1)g(2,t)) is invertible for any t € [0,T],

1 2
max oy, — okllreor) < Cll00yus = Bidyunl| poe s

if O’i € B(M),1 <k <pandj =12 HereC is a constant that can depend only on data and u; =

u(o{ ...,O’I];), j=12.
1) We can replace the semi-linear parabolic equation in (1.4) by a semi-linear integro-differential equa-
tion. In other words, F' can be changed to

Fi(z,t,o(t),u(x,t)) + /0 Fy(x,s,0(t — s),u(x, s))ds.

Under appropriate assumptions on Fy and Fy, one can establish that Theorem 2 is still valid in the present
case.

ii) Both in (1.1) and (1.4), the Laplace operator can be replaced by a second order elliptic operator in
divergence form :
E=V-A)V + B(z)-V,
where A(x) = (a;j(x)) is a symmetric matriz with coefficients in C1**(Q), B(x) = (bi(z)) is a vector with
components in C*(Q) and the following ellipticity condition holds

A@E-€2 X6, €€R™ zel.
Actually, the normal derivative associated to E is the boundary operator 9,,, = v(x) - A(x)V.

To our knowledge, there are only few results concerning the determination of a time-dependent coefficient
in an initial-boundary value problem for a parabolic equation from a single measurement. The determination
of a source term of the form f(¢)xp(x), where xp the characteristic function of the known subdomain D, was
considered by J. R. Canon and S. P. Esteva. They established in [CE86-1] a logarithmic stability estimate
in 1D case in a half line when the overdetermined data is the trace at the end point. A similar inverse
problem problem in 3D case was studied by these authors in [CE86-2|, where they obtained a Lipschitz
stability estimate in weighted spaces of continuous functions. The case of a non local measurement was
considered by J. R. Canon and Y. Lin in [CL88] and [CL90], where they proved existence and uniqueness
for both quasilinear and semi-linear parabolic equations. The determination of a time dependent coefficient
in an abstract integrodifferential equation was studied by the first author in [Ch91-1]. He proved existence,
uniqueness and Lipschitz stability estimate, extending earlier results by [Ch91-2], [LS87], [LS8§|, [PO85-1]
and [PO85-2]. In [CYO06], the first author and M. Yamamoto obtained a stability result, in a restricted
class, for the inverse problem of determining a source term f(x,t), appearing in a Dirichlet initial-boundary
value problem for the heat equation, from Neumann boundary data. In a recent work, the first author
and M. Yamamoto [CY11] considered the inverse problem of finding a control parameter p(¢) that reach a
desired temperature h(t) along a curve 7(t) for a parabolic semi-linear equation with homogeneous Neumann
boundary data and they established existence, uniqueness as well as Lipschitz stability. Using geometric optic
solutions, the first author [Ch09] proved uniqueness as well as stability for the inverse problem of determining
a general time dependent coefficient of order zero for parabolic equations from Dirichlet to Neumann map. In
[E07] and [E08], G. Eskin considered the same inverse problem for hyperbolic and the Schrodinger equations
with time-dependent electric and magnetic potential and he established uniqueness by gauge invariance.
Recently, R. Salazar [Sa| extended the result of [E07] and obtained a stability result for compactly supported
coefficients.

We would like to mention that the determination of space dependent coefficient f(z), in the source
term o(t) f(x), from Neumann boundary data was already considered by the first author and M. Yamamoto
[CY06]. But, it seems that our paper is the first work where one treats the determination of a time dependent
coefficient, appearing in a parabolic initial-boundary value problem, from Neumann boundary data.
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This paper is organized as follows. In section 2 we come back to the construction of the Neumann
fundamental solution by [It] and establish time-differentiability of some potential-type functions, necessary
for proving Theorems 1 and 2. Section 3 is devoted to the proof of Theorems 1 and 2.

2. TIME-DIFFERENTIABILITY OF POTENTIAL-TYPE FUNCTIONS

In this section, we establish time-differentiability of some potential-type functions, needed in the proof
of our stability estimates. In our analysis we follow the construction of the fundamental solution by S. It
[Tt].

First of all, we recall the definition of fundamental solution associate to the heat equation plus a time-
dependent coefficient of order zero, in the case of Neumann boundary condition. Consider the initial-
boundary value problem

Ou = Agu + q(z, t)u, (x,t) € Q x (s,tg),

}1_121; u(z,t) = up(x), x €, (2.1)

dpu(z,t) =0, (x,t) € T x (s,tp).
Here sg < to are fixed, s € (so,t0), uo and g(z,t) are continuous respectively in Q and in Q x [s,t0]. Let
U(z,t;y,s) be a continuous function in the domain sp < s < t < tg, « € Q, y € Q. We recall that U is the
fundamental solution of (2.1) if for any uy € C(Q),

u(m,t):/QU(x,t;y,s)uo(y)dy

is the solution of (2.1). We refer to [It] for the existence and uniqueness of this fundamental solution.

We start with time-differentiability of volume potential-type functions'.

Lemma 1. Fir s € (so,t9). Let f € C(2 x [s,t0]) be C? with respect to x, ¢ € C*(Q x [s,t0]) and define, for
(z,t) € Q x (s,t0),
Pt = [ Utpnfwndy, t>7>s
Q
Then, f' admits a derivative with respect to t and

G etim) = [ Ule iy n)(y + alo 7))y

2.2)
¢ (
+/ //U(z,t;z,T')atq(sz')U(sz’;y,T)f(y,T)dzdydT’-

T JQJQ
Moreover, ' given by

t
F(x,t) :/ fHx, t;7)dr, (z,t) € T x (s0,t0),

possesses a derivative with respect to t,

OF Loft

il — - : 2.

() f(x,t)+/s @t dr (2.3)
and

t afl t

Sty <O [ 15 e o (2.4)

IRecall that if o = ¢(z,t) is a continuous function then the corresponding volume potential is given by

t
w(rvt)=/ /QU(x,t;y,T)w(yJ)dydr
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Proof. We have only to prove (2.2) and (2.4), because (2.3) follows immediately from (2.2).
Let then ug € C2(Q) and consider the function

u(z, t) = / Uz, t;y, s)ug(y)dy, = €Q, s<t<tp.
Q

We show that v admits a derivative with respect to ¢ and
dyu(z,t) = 0 (/ Uz, t;y, S)UO(y)dy)
Q

- /Q U, £, 5)(Ay + g(z, 5))uo(y)dy 2.5)

t
- / / / U, 2, 7)q0 (2 ))U (2, 75 s Yo (y) dedydr.
s QJN

We need to consider first the case ug = wy € C*°(Q2). Set
w(x,t) = / Uz, t; 2, s)wo(y)dy, x€Q, s<t<ty.
Q
Clearly, w(z,t) is the solution of the following initial-boundary value problem

Orw — Ayw — gz, t)w = 0, (x,t) € Q X (s,tg),
lim w(x, t) = wo(z), x € Q,
t—s
dyw(z,t) =0, (x,t) € T x (s,to)

and w; = Oyw satisfies
Orwr — Aywy — gz, t)wy = —0Okqu, (z,t) € Q X (s,t0),

%im wy(z,t) = (Ay + g(z, $))wp (), x € Q,
—s
dywi(x,t) =0, (x,t) € T x (s,tp).

Therefore, (2.5), with w in place of u, is a consequence of Theorem 9.1 of [It].

Next, let (wf), be a sequence in C>(Q) converging to ug in C?(Q) and v(z,t) given by

o, t) = [ U, t1,8) (A + a(z, ))uo(y)dy

t
*/ //U(:c,t;z,T)atq(sz)U(z,T;y,S)UO(y)dzdydT-
s QJQ

Consider (wy,),, the sequence of functions, defined by

wp (2, 1) :/QU(x,t;z,s)wg(y)dy.

We proved that, for any n € N,

Dy, t) = /Q Ut 8)(By + g, 8)wl (v)dy

¢ (2.6)
—/ / / Uz, t;2,7)0uq(z, T)U (2, T3y, s)wy (y)dzdydr.
s QJQ
From the proof of Theorem 7.1 of [It],
[0ty 9)]dy < 0, (o) €T (50) (27)
Q

Therefore, we can pass to the limit, as n goes to infinity, in (2.6). We deduce that dyw,, converges to v in
C(Q x [s,10]). But, w, converges to u in C(£2 X [s,to]). Hence u admits a derivative with respect to ¢ and
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Oyu = v. That is we proved (2.5) and consequently (2.2) holds true. Finally, we note that (2.4) is deduced
easily from (2.7). O
Next, we consider time-differentiability a single layer potential-type function?.
Lemma 2. Fiz s € (sg,tg). Let f € C(T' x [s,to]) be C* with respect to t € [s,to] with f(x,s) = 0. Define,
for (x,t) € T' x (s,10),
fHtyr) = / Uz, t;y,7)f(y,7)do(y), t>7>s.

r
Then .

Fat)= [ Fatindr

is well defined, admits a derivative with respect to t and we have

oF
v S C0ef I oo (rx(s.t0)) - 2.8
72 POl 2 Pt (2.8)

Contrary to Lemma 1, for Lemma 2 we cannot use directly the general properties of the fundamental so-
lutions developed in [It]. We need to come back to the construction of the fundamental solution of (2.1) intro-
duced by [It]. First, consider the heat equation dyu = A,u in the half space Q; = {x = (21,...,2,); z1 > 0}
in R™ with the boundary condition d,,u = 0 on I'y = {x = (0,22,...,2,); (z2,...,7,) € R*"!}. For any
Y= (Y1, 92, Yn), we define § by ¥ = (—y1,2,...,yn). Let

G(z,t) = e”

denotes the Gaussian kernel and set
Gl (:Ea tay) = G(‘T - yat) + G(ZE - ya t)
Then, the fundamental solution Uy(x,t;y, s) of

Ou = Agu, (x,t) € Q1 x (s,10),
%I_Igu(xat) = ’LL()(ZE), HARS Ql, (29)
dpu(z,t) =0, (x,t) € Ty x (s,10)

is given by

Uo(z,t;y,8) = Gy(z,t — s59).
In order to construct the fundamental solution in the case of an arbitrary domain €2, It6 introduced the
following local coordinate system around each point z € T'.
Lemma 3. (Lemma 6.1 and its corollary, Chapter 6 of [It]) For every point z € T', there exist a coordinate
neighborhood W, of z and a coordinate system (x73,...,xk) satisfying the following conditions:
1) the coordinate transformation between the coordinate system (x3,...,x}) and the original coordinate
system in W, is of class C? and the partial derivatives of the second order of the transformation functions
are Holder continuous ;
2) T NW, is represented by the equation x7 =0 and QNW, is represented by x5 >0 ;
3) let L be the diffeomorphism from W, to L(W,) defined by

L: W, — LW,
€T = (ZL'l(ZL'),,:L';;(SC))
2The single-layer potential corresponding to a continuous function ¢ = ¢(z,t) is given by

t
W t) = / /F U, 9, 7y, T)do()dr.



STABILITY OF THE DETERMINATION OF A TIME-DEPENDENT COEFFICIENT IN PARABOLIC EQUATIONS 7

Then, for any u € C*(Q) we have
Ou(€) = =0z, (uo L7H(x), €T NW, and = L(E).

From now on, for any z € I', we view coordinate system (z7,...,2%) as a rectangular coordinate system.
Moreover, using the local coordinate system of Lemma 3, for any y = (y1,¥y2,...,yn) € L(W.), we define
¥ = (-v1,Y2,.-.,Yn) and, without loss of generality, we assume that, for any y € L(W,), we havey € L(W,).
For any interior point z of 2, we fix an arbitrary local coordinate system and a coordinate neighborhood W,
contained in Q. For any z € Q and § > 0, we set W (z,0) = {z : |& — 2> < 6} and d, > 0 such that, for any
z € Q we have W(z,4,) C W.

Recall the following partition of unity lemma.
Lemma 4. (Lemma 7.1, Chapter 7 of [It]) There exist a finite subset {z1,...,2m} of Q and a finite sequence
of functions {wy,...,wmy} with the following properties:
1) suppw, C W(21,6,,), L =1,...,m, and each w; is of class C> with respect to the local coordinates in W, ;
2) {wi(z)%; 1 =1,...,m} forms a partition of unity in  ;
3)0,wi(§) =0,1=1,...,m, £ €T.

Let {z1,..., 2z} be the finite subset of ©, introduced in the previous lemma. For any k € {1,...,m},
let £ denotes the diffeomorphism from W, to L (W, ) defined by

Ek: Wzk — ﬁk( Zk)

x = (ri(x),... 2k (),

where (x7,...,2}) is the local coordinate system of Lemma 3 defined in W,,. For any k € {1,...,m}, the

’n

differential operator
at - Am - Q('Tat)
becomes, in terms of local coordinate system z* = (27, ..., z}),

Lf, =0 - e (#*)us-) = anla*, 1)

N > o (V)
z] 1
in L,(W.,) % (s0,t0). Here qx(z*,t) is Holder continuous on Ly(W,,) x (sg,t0) and (a%(z*)) is the con-
travariant tensor of degree 2 defined by

(@ @) = (e @)) " (Jeu (£ @)))

o (x) = (ag—x(x)) .

According to the construction of [It] given in Chapter 6 (see pages 42 to 45 of [It]), (aij (z*)) is of class

with

C%in LN W.,) and it is a positive definite symmetric matrix at every point z* € Ek( Zk) We set
(af;(2*)) = (a) (%))~ and ay(2*) = det(af(x*)). Consider the volume element dz* = \/ay(z*)dz] ... dz

)

on Li(W,,) and da’/ = /a(0,2)das ... dz} on Ly (W,, NT) with 2/ = («5,...,2). Note that, by the

construction of S. 1t6 [It] (see page 45) for any kK =1,...,m, we have
a (Li(z)) = af (Lr(x)), z€QNW,,, fori=j=1ori,j=2,...,n, (2.10)
a (Li(x) = al (L (2)) = —a) (Lr(x), z€QNW,,, forj=1,....n (2.11)
and ‘ ‘
ay (Lr(9) = @} (Lk(€) = 1, €€TNWy,, j=1,...,n, (2.12)

where ;1 denotes the kronecker’s symbol. For any k € {1,...,m}, let Gi(x,¢;y) be defined, in the region
Dy ={(z,t,y); z, y € Lr(Ws,), 0 <t <tg— s},
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by
1 n afj(y)(ri*yi)(-’ﬂj*yj)
G :C, t — — 67 i,j=1 at
k( ay) (47Tt)5

Next , define H,, (z,t;y) = Gi(Li(z),t; Lr(y)), for k € {1,...,m} and z, € Q ; H,, (x,t;y) =
Gr(Lr(x),t; Lk (v)) + G (Lr(x),t; Li(y)), for k€ {1,...,m}, zp €T, 2 € W, andy € W, ; H,, (z,t;y) =0
itx ¢ W,, ory¢W,, . Consider also H(x,t;y), defined in the region

D={(z,t,y); x€Q, y€Q, 0<t<ty— s},

as follows

H(z,ty) = Y wi(@)H, (2, t;y)wi(y)-
=1

As in Lemma 7.2 of [It], we define successively:

JO(SC,t;y,S) = (at - Am - q(l‘,t))(H(l‘,t - S;y))v

t
Jk(x,t;y,s):/ /Jo(x,t;z,T)Jk_l(z,T;y,s)dsz,

K(z,t;y,s ZJk z,t;Y, 8
Then, following [It] (see page 53), the fundamental solutlon of (2.1) is given by
t
Uz, t;s,y) = H(x,t —s;y) + / H(z,t —7;2)K(2,7;y,s)dzdr. (2.13)
s JQ

We are now able to prove Lemma 2 with the help of representation (2.13), the properties of H(z,t;y)
and K(x,t;y,s).

Proof of Lemma 2. Without loss of generality, we assume that s = 0. Set

Rt = [ t / H(z,t — 5,9) f(y, 5)do (5)ds,
(2, 1) ////H DK (2,79, 8)f(y, s)dzdrdo(y)ds.

According to representation (2.13), one needs to show that Fy and Fy admit a derivative with respect to ¢
and

|0cFy (2, 8)] + |0p o (2, )| < CHOLS || oo (0 0,80)) (2.14)
for (z,t) € T' x (0,t). We start by considering F;. Applying a simple substitution, we obtain
t
File.) = [ [ Hles) (.t - 9dows (215)
o Jr
Next, for # € T, there exist ly,...,l, C {1,...,m} such that # € suppw; for I € {ly,...,l;} and
x ¢ suppuw; for I ¢ {l1,...,l,}. Moreover, since x € I', we have z,,..., 2, € I'. Then, from the construction

of H(x,t;y), we obtain

/H x, s;y)do(y /Zwlk H, (z, s;y)wi, (y)do(y)
r

k=1

alk (0,y") (@} —v}) (@)~

1 5 ij (O 7 Y5 (@
_22/ Xlk 0 ac 47TS)n€ i,5=1 1s Xlk(oayl) /alk(O’y/)dy/

)
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with, for I € {1,...,m}, x; € C3 (L;(suppw;)) such that Xl( = w(L;(x)) and with (24, ...,2,) = (0,2'),
(Wi, .- yn) = (0,¢). Using the substitution y’ — 2’ = \/f“’ we derive

[ Ha o)

(2.16)
1
CZ/ X1, (0,2) —6 fymn o5 (08— 20, (0,27 — V2 ) an, (0,27 — V/52)d2’
Therefore,
/|H x,8;y)| do(y) < —/ *a0|zl|2dz’ < E
’ Vs Jrn Vs
where ag > 0 is a constant. From this estimate, we deduce that
[ 510t 311 doty) < Lm0
r Vs
and
O f o
5, (/ H(m,s;y)f(y,t—s)da(y))‘ < C” Sl (T (0:t0)
r Vs
Thus, F; admits a derivative with respect to ¢,
O F1(x,t) = /Hzty)fy, 0)do(y //H:csyat (y,t — s)do(y)ds
and, since f(y,0) =0 for y € T, we obtain
|atF1('r7t>| g c ||atfHL°°(F><(O,t0)) ) (SC,t) el'x (Oat())' (217)
Let us now consider F>. We want to show that J;F5 exists and the following estimate holds:
|atF2('r7t)| g c ||atfHL°°(F><(O,t0)) ) (SC,t) el'x (O,to). (218)

For this purpose, using the local coordinate system, it suffices to prove
|0:F (L0, 2), )] < Culldef | poe(rx 0.0y » - ((0:2),8) € LT AWS,) x (0,80), L€ {1,...,m}. (2.19)

From now on we set = £, '(0,2") with (0,2") € £(I' " W,,) C {0} x R"~! and we will show (2.19). First,
note that
Jo(z,758,y) =(0r — Az —q(2, 1)) H (2,7 — s7y)

Z )) L Hoy (£7(27), 7 = s3y)wn(y)

) L e L] E)H (L (27),7 = siy)an(y).

=1

—

According to the results in Chapter 4 of [It] (pages 26 and 27), using the local coordinate system, we obtain

DB (67— s £ ) = D () al ) I; (L7 ()7 =57 )

5,J=1

+ [Bl(Z*ay*aaz*) +Ql(z ’t)]HZz(‘Cl_l(Z*)aT_ S;‘Cl_l(y*))’

where Bj(z*,y*,0.+) is a differential operator of order < 1 in z* with continuous coefficients in z*,y* €
Li(suppw;). In view of the results in Chapter 4 of [It] (see pages 26 and 27), combining (2.10), (2.11), (2.12)
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and (2.16), applying the substitution y” = f/l%y;, with z* = (27, 2’) and y* = (0,y'), we obtain

9 .
(21)2 T (o el e
Jner e m et =3 p (A ) e | [ BEmlar )
T T—S Rn—1 (7‘—5)5

J=

for 0 < s <7 <tpand z* € Li(QNW,,), where, for j = 0,1,2, P; are polynomials and Jg are continuous
functions, C' with respect to 7, s € (0,%9) and satisfy

max
1=0,1,2 Rn—1

a1+a2<1

8?18?2Jg (z*,T;y”,s;vl)’ dy’" < C), 0<s<71<ty, 25>0, 0< v <tp,

for some constant C; > 0. We note that Qung ((z1,2"), 159", s;v1) is not necessarily bounded. Indeed, we

show
; G :
avl‘]g ((ziazﬂ)aT;y”as;Ul)‘ < \/—v—la 0 < v < tO; J = 0) 172
This representation and the construction of K(z,7;y,s) in Chapter 5 of [It] (see pages 31 to 32 for the
construction in R™ and page 53 for the construction in a bounded domain) lead

D2 K;(z*, 19", s;7 —5)
/K ST, S ZQ3< _ > s anl J (T_S)% dy" |, (2.20)

for 0 < s <7 <tgand z* € L;(QNW,,), where, for j =0,1,2, Q; are polynomials and K are continuous
functions, C* with respect to 7, s € (0,t0) and satisfy

max / 0210 K (2%, 139" s;u1)|dy” < G, 0<s<T<ty, 21 >0, 0< vy <tp,
=YL, n—1
apta<l R

where C; > 0 is a constant. Furthermore, using representation (2.20), we have, for s < 7 < t < ¢,
[ @t =m0 [ Kz 9ot
Q r

2 m / () (b —r 71(2*)))( (%) ( 27 ) e_(zi‘)2 K;(z*, 79", s;7 S)dy” &
E E wi(@)H, (z,t —7; L 1(27)Q; T ~
R l : T\VT = Rn—1 (tr—9)2

=0 =1

with R} = {(2],...,2;) € R"; 2f > 0}. Then, applying the substitutions 2 = —2 and 2| = 7=, we
deduce, in view of the form of the functions K, the following

5 2) / K(z,7;y,s)do(y)dz

Hj(x',t — - KL (2,27, 9", ;7 — s
_ Z/ ZC (Zla )77- S) / J (( 1 ) yj )dy” dz”dzi, s<T<t< tO,
Vi—T1 Rn—1 (r—9)2

(2.21)
for some continuous functions K|, K{ and H, such that K}, K| are C', with respect to s and 7, and the
following estimates hold:

/ |H] (2t — 73 (21, 2"), 71— 9)|d2" < C), 0<s<T<t<ty, (2.22)

"

max / ‘82‘18?21(]/» ((21,2"), 139", s;vl)‘ dy” <G, 0<s<T<ty, 0< v <ty, (2.23)
]Rn—l

j=0.1
ar1tas<1
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for some constant C; > 0. Repeating the arguments used for (2.21) and applying some results of page 31 of
[It], we obtain, for 0 < ¢ < ¢,

t ot t et | L
1 1
H(z,t —T1;2 /KZ,T;y,S daydszdsgcl// . — | drds
J AL )| [ 1K i)l dot) =
1 t )
<CZZ/(t—s)1_%ds<Cl.
j=0"0

(2.24)

This estimate and Fubini’s theorem imply

Fola, 1) :/t /t/ H(a:,t—r;z)/K(z,T;y,s)f(y,s)da(y)dzdrds.

Then, in view of representation (2.21), for all 0 < ¢ < ¢y,

S 1) //Z/ H(«, ’T,(Ziirz//),TfS)

K ((z1,2"), 159", 857 — s
% / J (( 1 ) yj )fl(:c’,s;y”,z”)dy” dz”dzides,
Rn-1 (1 —3)2

where f1 (2, s;y",2") = f (L',fl((), = (Vt—s)2" — (V1 —98)y"), s) Making the substitution 7/ =t — 7, we

obtain
t pt—s 1 T(od (o I /
H(«', 17" (2),2"),t—s—T
Fz(t,z):// E/ (e, 7 (o ,) )
oJo ;5 /Ry VT

K ((21,2"),t =1y st —s — 1
X / (1, 27) Y - )fl (2, s;y", 2" )dy" | dz"'dz1d7'ds.
R -1 (t—s—1')2

Then, the substitution s’ =t — s yields

t ps’ 1 Plod (ol N o /
H ; —
lQ(lC,t):// E l(‘r77—7(z1’f )78 T)
o Jo =5 /ry VT

/ Kj((21,2"),t =75yt — 558" = 1')
X
Rr—1 (s

— 73

[zt — sy, 2" dy" dzd2"dr' ds'.

But, for 0 < 7/ < s’ <t < g, estimates (2.22), (2.23) and f(y,0) =0, y € ', imply

!Z Hi (o, 7' o <z1,z">,s/f¢/>/ K (2, 2"),t — 75yt — '3 — 7')
Rn—1

V! (s' — 7'/)%
(| f (2:29)
e @mxote)) 1
x fi(@' t — 5y, 2" )dy"d2"d2] | < C v
' j;o v (s' —71')2
and
, (Z/ B 75 =) | K1 ((,2") t =7yt — 58 — 1)
t j=0 /KL vl Rn—1 (s’—T’)%
(2.26)

Lo,
<sz 106 f1I oo (P (0,0)) 1

x fi(z';t —s"5y", z”)dy”dz’dz”) —
! = V! (s —7')%
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From estimates (2.25), (2.26) and f(y,0) =0, y € ', we conclude that F, admits a derivative with respect
to ¢ and

t s 1 Tl o d [ d N o / / "
H.’I],T;Z,Z ,§ — T K((Za )7t Ty tis SiT)
8tF2(z,t):// 8t(2 {7 (=1 , ) )/ - ;i
0o Jo =0 /R VT Rn—1 (s —71")2

x fi(z' t — sy z”)dy”dz{dz”) dr'ds’.

Moreover, (2.24) and (2.26) imply (2.19) and (2.18). Finally, we obtain (2.14) from (2.17) and (2.18). This
completes the proof. O

3. PROOF OF THEOREMS 1 AND 2

Proof of Theorem 1. Let uw = u; — us and ¢ = 09 — 01. Then u is the solution of the following
initial-boundary value problem

du— Agu+oa(t) f(z)u =o(t)f(z)ur(z,t),  (z,t) €Q,
u(z,0) =0, x €€, (3.1)
u(z,t) =0, (x,t) € 3.

Let U(z,t;y,s) be the fundamental solution of (2.1) with ¢(x,t) = —o2(t) f(x). Applying Theorem 9.1
of [It], we obtain

(z,t) / /Q z,t;y,8)o(s) f(y)ui(y, s dyds+/ / s)0yu(y, s)do(y)ds. (3.2)
Now, since u(z ,x)e€Xand z €T,
/ /Q z,t;y,8)o(s) f(y)ui(y, s)dyds = / / $)Oyu(y, s)do(y)ds. (3.3)

In view of differentiability properties in Lemma 1 and 2, we can take the t-derivative of both sides of
identity (3.2). We find

F@)ge, o lt) = /tat ( [ v tiv.90 <)f<y>u1<y,s>dy)ds

~a( / [ 050510, ua(0) ~ s 3 )

and, for x = xg, condition (H2) implies

o(t) = h(t) /Ot O (/Q U(wo,t;y,S)U(S)f(y)m(y,S)dy) ds

o ( /0 t / U(xo,t;y,swyu(y,s>da(y>ds) |
where h(t) = —1/(g(t, z0) f (x0))-

Since u(z,0) = 0, z € 2, we have d,u(zr,0) = 0, z € T'. Thus, the estimates in Lemma 1 and 2 lead

/otat (/ U(xo, t;y,s)o(s)f(y)u(y, )dy) ds

o ([ [0ttt 05| < €100l e @6

C/ lo(s)| s, (3.5)
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Therefore, representation (3.4) and estimates (1.5), (3.5), (3.6) imply

t
o0 < [ Clo)]ds+ Cladul s,
0

Here and henceforth, C' > 0 is a generic constant depending only on data. Hence, Gronwall’s lemma yields
0(0)] < C 10Dyl e 3 €7 < CCT [00,ull syt € (0,T),

Then (1.3) follows and the proof is complete. O
Proof of Theorem 2. Set u = u; — uy = u(oy) — u(oz). Then, according to (H4) and (H6), u is the
solution of the following initial-boundary value problem
0w — Agu — q(z, t)u = F (t, z,01(t), uz(z,t)) — F (t, z, 02(t), uz(z,t)), (x,t) € Q,

u(z,0) =0, x €€, (3.7)
u(t,z) =0, (t,x) € 3,
with .
q(z,t) = / OuF [t,x,01(t), uz(z,t) + 7(ur(z,t) — ua(z,t))] dr. (3.8)
0

Note that assumptions (H4) and (H6) imply that ¢ € C*(Q).
On the other hand, in view of (H4),
F(t,x,o1(t),us(x,t)) — F (t,x,02(t),us(x,t)) = (01(t) — 02(t))G(x, t),

with )
G(z,t) = / O, F (t,x,02(t) + s(o1(t) — 02(t)), ua(z,t)) ds.

Using this representation, we deduc(; that u is the solution of
Ou — Azu — gz, )u = (01(t) — 02(t))G(x, t), (x,t) € Q,
u(z,0) =0, x € Q, (3.9)
u(z,t) =0, (t,z) € 3.

Let us remark that (H4) and (H6) imply that G € C*(Q). Let U(t,x;s,y) be the fundamental solution of
(2.1) with g(z,t) defined by (3.8). Then, according to Theorem 9.1 of [It], for o(t) = o1 (t) — 02(t), we have
the representation

) = [ t | vty o060 ayas + | t [ UGt 90,0l )0 (0)as.

Since u(z,t) = ) € X, we obtain

/ / (20,59, 5) () Gy, 5)dyds = — / [ Ut 0.ty ) (w)as, (3.10)

with xo defined in assumption (H5). Combining Lemma 1 and Lemma 2 with some arguments used in the
proof of Theorem 1, we prove that fi; and fs defined respectively by

) = / /QU(xo,t;y,s>a<s>G<y,s>dyds,
) = /O / Ulo, . 5)0,u(y, s)do (y)ds,

admit a derivative with respect to t and

£(t) = o(t)G w0, t) + / o, ( | Ulanstins)ot)c, s)dy) s,
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fa(t) = /Ot 9 (/F U(xo,t;y,S)&U(%S)da(y)) ds,

/Ot ) (/Q U(:Eo,t;y,s)o(g)(;(y,s)dy) s

t t
<c / 0(8) G-, 8)l| ey ds < € / lo(s)]ds (3.11)

/ot o </p Ulwo,t;9,)0uly, S)do(y>> ds

Here and in the sequel C' > 0 is a generic constant that can depend only on data.
Taking the t-derivative of both sides of identity (3.10), we obtain

o(t)G(z0,t) = — /O t o, < /Q U(xo,t;y,s)a(s)G(y,s)dy) ds

/Ot Oy (/F U(:co,t;y,s)i?VU(y,S)dv(y)> ds.

Let us observe that (H5) and max(||lo1] , [|o2] ) < M imply

and

< Cl0Dull s - (3.12)

G, )| = / 00 F (1,20, 0 (1) + (01 (1) — 02(£)), 90, 1)) |ds

2 1 f 80‘F t, , 0, 7t > 0. 3.13
tEKLTLgé[—ALA4]| (t, 20,0, 9(x0,1))] ( )

Then,
o0 =80 [0 [ Vot o660, 1) a
w0 | o, < [ vt s>auu<y,s>da<y>) s,

where H(t) = —1/G(zo,t). Hence, (3.11), (3.12) and (3.13) imply

t
o0 < [ Clo)]ds+ Cladul ).
0
We complete the proof of Theorem 2 by applying Gronwall’s lemma. O

REFERENCES

[CE86-1] J. R. CannoN AND S. P. EsTEvA, An inverse problem for the heat equation, Inverse Problems 2 (1986), 395-403.

[CE86-2] J. R. CANNON AND S. P. EsTEvVA, A note on an inverse problem related to the 3-D heat equation, Inverse problems
(Oberwolfach, 1986), 133-137, Internat. Schriftenreihe Numer. Math. 77, Birkhduser, Basel, 1986.

[CL88] J. R. CanNoN AND Y. LiN, Determination of a parameter p(t) in some quasi-linear parabolic differential equations,
Inverse Problems 4 (1988), 35-45.

[CL90] J. R. CanNON AND Y. LiN, An Inverse Problem of Finding a Parameter in a Semi-linear Heat Equation, J. Math.
Anal. Appl. 145 (1990), 470-484.m

[Ch91-1] M. CuouLLl, An abstract inverse problem, J. Appl. Math. Stoc. Ana. 4 (2) (1991) 117-128

[Ch91-2] M. CuouLLl, An abstract inverse problem and application, J. Math. Anal. Appl. 160 (1) (1991), 190-202.

[Ch09] M. CuoulLi, Une introduction aux problémes inverses elliptiques et paraboliques, Mathématiques et Applications, 65,
Springer-Verlag, Berlin, 2009.

[COY] M. Cuourui, E. M. OunaBaz AND M. YamamoTo, Stable determination of a semilinear term in a parabolic equation,
Commun. Pure Appl. Anal. 5 (3) (2006), 447-462.

[CY06] M. CrouLLl AND M. YaMAMOTO, Some stability estimates in determining sources and coefficients, J. Inv. Ill-Posed
Problems 14 (4) (2006), 355-373.



STABILITY OF THE DETERMINATION OF A TIME-DEPENDENT COEFFICIENT IN PARABOLIC EQUATIONS 15

[CY11] M. CHourLt AND M. YamamoTo, Global existence and stability for an inverse coefficient problem for a semilinear
parabolic equation, Arch. Math (Basel), 97 (6) (2011), 587-597.

|[E07] G. EskiIN, Inverse hyperbolic problems with time-dependent coefficients, Commun. PDE, 32 (11) (2007), 1737-1758.

[E08] G. EskiN, Inverse problems for the Schrédinger equations with time-dependent electromagnetic potentials and the
Aharonov-Bohm effect, J. Math. Phys. 49 (2) (2008), 1-18.

[It] S. IT6, Diffusion equations, Transaction of Mathematical Monographs 114, Providence, RI, 1991.

[LSU] O. A. LADYZHENSKAJA, V. A. SoLoNNIKOV AND N. N. URAL'TzZEVA, Linear and quasilinear equations of parabolic
type, Nauka, Moscow, 1967 in Russian ; English translation : American Math. Soc., Providence, RI, 1968.

|[LS88] A. Lorenzi AND E. SINESTRARI, An inverse problem in the theory of materials with memory, J. Nonlinear Anal. TMA
12 (12) (1988),1217-1333.

|[LS87] A. Lorenzi AND E. SINESTRARI, Stability results for a partial integrodifferential equation, Proc. of the Meeting, Volerra
Integrodifferential Equations in Banach Spaces; Trento, Pitman, London, (1987).

[PO85-1] A. I. PriLEPkO AND D. G. Orrovskil, Determination of evolution parameter of an equation, and inverse problems
in mathematical physics I, Translations from Diff. Uravn. 21 (1) (1985), 119-129.

[PO85-2] A. I. PriLEPkO AND D. G. Orrovskil, Determination of evolution parameter of an equation, and inverse problems
in mathematical physics II, Translations from Diff. Uranv. 21 (4) (1985), 694-701.

[Sa] R. SaLazARr, Determination of time-dependent coefficients for a hyperbolic inverse problem, arXiv:1009.4003v1.

Mourap Cuourri, LMAM, UMR 7122, UNIVERSITE DE LORRAINE, ILE DU SauLcy, 57045 METz cEDEX 1, FRANCE
E-mail address: mourad.choulli@univ-lorraine.fr

Yavar Kian, UMR-7332, Aix MARSEILLE UNIVERSITE, CENTRE DE PHYSIQUE THEORIQUE, CAMPUS DE LUuMINY, CASE
907 13288 MARSEILLE CEDEX 9, FRANCE
E-mail address: yavar.kian@univ-amu.fr



