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RECOVERING THE HAMILTONIAN FROM SPECTRAL DATA

C. HERIVEAUX AND T. PAUL

ABSTRACT. We show that the contributions to the Gutzwiller formula with observable
associated to the iterates of a given elliptic nondegenerate periodic trajectory v and
to certain families of observables localized near vy determine the quantum Hamiltonian
in a formal neighborhood of the trajectory -, that is the full Taylor expansion of its
total symbol near v. We also treat the “bottom of a well” case both for general and
Schrédinger operators.
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It is well known that spectral properties of semiclassical Hamiltonians and dynamical
properties of their principal symbols are linked. Even when there is no precise information
“eigenvalue by eigenvalue” of the spectrum, the so-called Gutzwiller trace formula provide
information on averages of the spectrum at scale of the Planck constant. More precisely, let
H(z,hD,) be a self-adjoint semiclassical elliptic pseudodifferential operator on a compact
manifold X of dimension n + 1, whose symbol H(x,§) is proper (as a map from 7% X into
R). Let E be a regular value of H and « a non-degenerate periodic trajectory of primitive

period T, lying on the energy surface H = F.
1



2 C. HERIVEAUX AND T. PAUL

Consider the Gutzwiller trace (see [10])

(1.1) Tr <¢T <H($L;LI)E>) _ zi:wr <EFLEZ)

where for r € Z*, 1, is a C*° function whose Fourier transform is compactly supported
with support in a small enough neighborhood of rT’, and is identically one in a still smaller
neighborhood containing r7’,. As shown in [12], [13] (1.1) has an asymptotic expansion

S~ ad
(1.2) e' R o Za%hk
k=0

In [7] was shown how to compute the terms of this expansion to all orders in terms of
a microlocal Birkhoff canonical form for H in a formal neighborhood of v, and that the
family of constants (aj},),rjenxz+ determine the microlocal Birkhoff canonical form for
H in a formal neighborhood of v (and hence, a fortiori, determine the classical Birkhoff
canonical form). When it is known “a priori” that H(z, hD,) is a Schrédinger operator, it
is known that the normal form near the bottom of a well determines part of the potential
V' [9]. But in the general case the Gutzwiller formula will determine only the normal
form of the Hamiltonian, that is to say H(z, hD,) only modulo unitary operators, and its
principal symbol only modulo symplectomorphisms. Of course it cannot determine more,
as the spectrum, and a fortiori the trace, is insensitive to unitary conjugation. The aim
of this paper is to address the question of determining the true Hamiltonian from more
precise spectral data, namely from the Gutzwiller trace formula with observables.

It is well know that, for any pseudodifferential operator O(x, AiD,) of symbol O(z,£),
there is a result equivalent to (1.2) for the following quantity

13 1 (0@ (TEIZEEEY) S otmpaee (S5

i

(here ¢, is meant as the eigenvector of eigenvalue E;) under the form of an asymptotic
expansion of the form

(1.4) TS ap (O)h”
k=0

where aj, are distributions supported on 7.

We will show in the present paper that the knowledge of the coefficients a)(O) for
O belonging to some family of observables localized near « is enough to determine the
full Taylor expansion of the total symbol of H(z,hD,) near v, in other words H (z, hD,)
microlocally in a formal neighborhood of 7, when v is non-degenerate elliptic (including
the case where 7 is reduced to a point (bottom of a well)). Let us first remark that
the trace formula with any observable microlocalized in a small enough neighborhood of
v determines obviously its primitive period 7. We will assume that any multiple of 7T’ is
isolated in the set of the periods of all the periodic trajectories on the same energy shell
(let us remark that in case this condition is not fulfilled, our results remains valid by taking
observables microlocalized in a neighborhood of the non-degenerate elliptic ). Moreover
it is known ([5, 6]) that the coefficients of trace formula determines the Poincaré angles
modulo 277 and we prove in Appendix B that, in the case where v is not reduced to one
point, any realization of the Poincaré angles as real numbers leads to a different Birkhoff
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normal form but give an explicit symplectomorphism that conjugates one to another:
hence, our reconstruction of the “true” Hamiltonian is independent of the choice of the
realization. We also show that in the “bottom of a well” case, the 6;s are determined by
the spectrum.

Therefore the only knowledge we will require will be the fact that there exists a geo-
metric periodic trajectory -y, possibly of dimension zero, which is elliptic non-degenerate
(see definition below) and whose set of periods in isolated in the set of periods of the same
energy shell.

We will be concerned by three cases:

(1) vis a curve
(2) the general “bottom of a well” case (v reduced to a point)
(3) the “bottom of a well” case when the Hamiltonian is a Schrodinger operator.

Our results will also be of three different kinds :

a. The knowledge of the coefficients of the trace formula for (1), or of some of the
diagonal matrix elements (expectation values) between eigenvectors of the Hamil-
tonian for (2),(3), for a family of observables satisfying some algebraic properties
on v determine some Fermi coordinates (see definition below). It is the content of
Theorems 1.3, 1.9, 1.13.

b. The knowledge of the coefficients of the trace formula for (1), or of some of the
diagonal matrix elements (expectation values) between eigenvectors of the Hamil-
tonian for (2)-(3), for another family of observables, expressed on any (not neces-
sarily the one determined by a.) Fermi system of coordinates, determine the full
Taylor expansion of the total symbol of the Hamitonian expressed on these Fermi
coordinates (Theorems 1.4, 1.10, 1.14).

c. The combination of the two preceding cases, where the family of observables de-
fined in a. drives the knowledge of the full Hamiltonian. More precisely, the
knowledge of the quantities expressed in a. determines a family of observables,
which is precisely the one defined in b. expressed in the Fermi system determined
in a., the trace coefficients or some of the diagonal matrix elements of which de-
termine the full Taylor expansion of the Hamiltonian on a determined system of
coordinates (Corollaries 1.5, 1.11, 1.15).

Finally we obtain analog classical results as byproduct of the quantum ones in Section
4.

Definition 1.1. A periodic trajectory of the Hamiltonian flow generated by H (x, §) is said
to be non-degenerate elliptic if its linearized Poincaré map has eigenvalues (e*%%)
6; € R, and the rotation angles #; (1 < i < n) and 7 are independent over Q.

1<i<n,

Definition 1.2 (Fermi coordinates). We will denote by “Fermi coordinates” any system
of local coordinates of T* M near v, (z,t,£,7) € T*(R™ x S!), such that v = {x = £ =
7 =0} and on which the principal symbol H, of H(z,hD,) can be written for any chosen
realization of the Poincaré angles #; € R as:

(15) Hp(l',t,f,T) :HO(xvtagvT)+H2
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where

(1.6) H0($t§T>:E+i9'M+T
T i=1 b2

and

(1.7) Hy = O (2 + €2+ |r)})

The existence of such local coordinates, guaranteed by the Weinstein tubular neigh-
borhood Theorem ([16]), was proved in [6, 7, 17] under the hypothesis of non-degeneracy
mentioned earlier. However the construction of Fermi coordinates involves the knowledge
of the quadratic part of Hj, in a neighborhood of . Our first result shows that a system
of Fermi coordinates can be determined by v only at the classical level and some quantum
spectral quantities. (constructed out of a system of local coordinates near v and some
quantum spectral quantities.)

Theorem 1.3. Let Plf,k =0,1,...,2n2 +n,p € Z, be any pseudodifferential operators
whose respective principal symbols ’P;f satisfy in a local symplectic system of coordinates
(x,t,&,7) € T*(R™ x S') such that y = {x =& =7=0}:

(1.8) PE(.T,t,f,T) =e 2P and lef(x,t,«fm) = e HPIRF (2 &), k=1,...,2n° +n

with the property that R*(0) = VR¥(0) = 0 and the Hessians d*R"*(0) are linearly
independent.
An example of such symbols is given by the family,

Qzljp (z,t,6,7) = e 2Pag
Q% (z,t,6,7) = e ZmPipy
19 ijp y U9 S Coin
( ) Q?jp(xataga’r) = € 2. pté-ié-j
Qp(ZC,t,f,T) = e iy

Then, the knowledge of the coefficients (a}(PF))o<p<on24n in (1.3)-(1.4) determines (in a
constructive way) an explicit system of Fermi coordinates near ~y.

Theorem 1.4. Let v be a non-degenerate elliptic periodic trajectory of the Hamiltonian
flow generated by the principal symbol H, of H(x,hD,) on the energy shell H}jl(E), and
let (x,t,&,7) € R® x St x R"! be a system of Fermi coordinates near 7.

For (m,n,p) € N*" x Z, let Opnp, Op be any pseudodifferential operator whose total
Weyl symbols (in this system of coordinates) Omnyp, Op satisfy in a neighborhood of :

Ot = ) ()
(1.10) ooy oW e+
20+ N=|ml+[n|+1 g
Op(at,6,7) = e P74 5 O (& +€+|1)7)
21+ N=3

Then the knowledge of the coefficients a'.(Omnp) and af(Og) in (1.3)-(1.4) for k < N
and m,n,p,q satisfying

(1) |m|+n| <N

(2)Vj=1...n, mj=0o0rn; =0

() peZ, qelr
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determines the Taylor expansion near v up to order My in (x,§) and Ms in T, of the
total Weyl symbol, in this system of Fermi coordinates, of H(x,hD,) up to orderl in h at
the condition that 21 + My + 2M, < N.

Concatenating the two preceding results we get the coordinate free statement:

Corollary 1.5. Let P]f be as in Theorem 1.8. Then the knowledge of the coefficients
al( fjp), a(Qp) forp € Z, 1 € 7,1 <i,j <n,k € {1,2,3} determine observables Oy,
Oy out of which the coefficients al (Opmny) and al(Oy), for k < N and m,n,p,q satisfying
conditions (1),(2),(3) in Theorem 1.4, determine modulo a function vanishing to infinite
order on vy, the full symbol of H(x,hD,), in a determined system of local coordinates near

Y-

Remark 1.6. It is easy to see that Condition 2 implies that the number of observables
in the transverse to v directions (for each Fourier coefficient in t) needed for determining
H(z,hD,) up to order N is a polynomial function of N of degree n, while the number
of all polynomial functions in (x,&,7) of order N is a polynomial in N of higher degree
2n + 1. The fact that not all observables are needed can be understood by the fact that
we know that the Hamiltonian we are looking for is conjugated to the normal form by a
unitary operator and not by any operator (see the discussion after Theorem 2.1). At the
classical level this is a trace of the fact that we are looking for a symplectomorphism, and
not any diffeomorphism (see section 4).

Remark 1.7. The asymptotic expansion of the trace (1.3) involves only the microlocaliza-
tion of H(x,hD,) in a formal neighborhood of ~. Therefore there is no hope to recover
from spectral data more precise information that the Taylor expansion of its symbol near
v. The rest of the symbol concerns spectral data of order 7.

Let us now consider the case where ~ is reduced to one point, namely the “bottom of a
well” case. Let us assume that the principal symbol H), of H(x, hD,) has a global minimum
at zo € T*M, and let d®H)(zp) be the Hessian of H at z. Let us define the matrix
defined by d*H,(20)(, ) =: wa, (-, Q7 1) where w,, (-, ) is the canonical symplectic form of
T*M at zp. The eigenvalues of 2 are purely imaginary, let us denote them by +:6; with
6; >0, j =1...n. Let us assume moreover that 6,7 = 1...n are rationally independent.

Definition 1.8. By extension of definition 1.2, we will also denote by Fermi coordinates
any system of Darboux coordinates (z,£) € T*R"™ centered at zp such that:

n

(1.11) Hy(x,€) = Hy(z0) +Zoiﬁ +0((z,6)*).

=1

The existence of such local coordinates will be proved in section 3, once again by using
the knowledge of the quadratic part of H, near zy. Our next result shows that one can
explicitely construct Fermi coordinates out of the knowledge of some quantum spectral
quantities.

Theorem 1.9. Let P* k =1...2n% + n be any pseudodifferential operators whose prin-
cipal symbols P* is such that P*(z) = VP¥(29) = 0 and the Hessians d*P*(z,) are
linearly independent.
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An example of such symbols is given by the family, 1 <i,j <n, k € {1,2,3},
P)
(1.12) Qii(z,§) = wiz;
Q(x,8) = &&;
in any system (x,&) € T*R™ of Darboux coordinates centered at z.

Then, for any € = e(h) > 0, h = o(e(h)) (e.g. € = ', > 0), the knowledge of the
spectrum of H(x,hD,) in [Hy(20), Hy(20) + €] and the diagonal matriz elements of P*
between the corresponding eigenvectors of H(x,hD,) determines (in a constructive way)
an explicit system of Fermi coordinates.

Theorem 1.10. For (m,n) € N?*, let O,,,, be any pseudodifferential operator whose total
Weyl symbol O,,,, satisfy in a neighborhood of zy:

j=1 20+ N=
[m|+[n|+1

in a system (x,£) € T*R™ of Fermi coordinates centered at zg.

Then the knowledge of the spectrum of H(x,hD,) in [H,(z0), Hy(z0) + €] with k=% =
O(e) for some o > 0, and the diagonal matriz elements of Oy, between the corresponding
eigenvectors of H(x,hD,),

for:

(1) [m|+n| <N

(2) ¥Vj=1...n, mj=0o0rn; =0,
determines the Taylor expansion up to order N of the full symbol of H(x,hD;) at zy in
the coordinates (x,§).

Corollary 1.11. The diagonal matriz elements of the operators P* as in Theorem 1.9
determine observables O,,,, whose diagonal matriz elements as in Theorem 1.10 determine,
modulo a function vanishing to infinite order at zg, the full symbol of H(x,hD;), in a
determined system of local coordinates near zg.

Remark 1.12. Although we will not prove it here, let us remark that Theorem 1.10 (and
also Theorem 1.4) is also valid in the framework of quantization of Kélherian manifolds.

In the case where H(z, hD,) is a Schrodinger operator —hA%A + V| it is known, [9], that
the (actually classical) normal form determines the Taylor expansion of the potential in
the case where the latter is invariant, for each ¢ = 1...n, by the symmetry x; — —z;. The
same result holds without the symmetry assumption in the case n = 1, with assumption
V""(0) # 0, as it has been shown in [3].

Let now H = —h2A + V be a Schrédinger operator and qg be a global non-degenerate
minimum of V. Let us assume that the square-roots (6;)1<i<y of the eigenvalues of d*V (go)
are linearly independent over the rationals. In that precise case, we will denote by Fermi
coordinates any system of Darboux coordinates (z,£) € T*R", in which the (principal
or total, both notions are equivalent here) symbol H of our Schrédinger operator can be
written as:

n 2 2
(1.14) H(r,€) = Vigo) + > 028

i=1

+ R(x)
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where R(z) = O(2?). The existence of such local coordinates will also be proved in section
3, and Theorem 1.13 below proves that one can explicitely construct Fermi coordinates
out of any system of local coordinates centered at ¢q.

Theorem 1.14 shows that the matrix elements of only a finite number of observables
are necessary to recover the full Taylor expansion of the potential in the general case.

Theorem 1.13. Let PF k=1... @ be any pseudodifferential operators whose prin-
cipal symbols are potentials P* such that P¥(qo) = VP*(qo) = 0 and the Hessians
d*P*(qo) are linearly independent (an example of such potentials is the family Q?j (z) =
x;xj i a local system of coordinates centered at qo).

Then, for any € = e(h) > 0,h = o(e), the knowledge of the spectrum of H(x,hD,)
in [V(qo),V(qo) + €] and the diagonal matriz elements of P* k =1... ”2% between the
corresponding eigenvectors of H(x,hD,) determines (in a constructive way) an explicit

system of Fermi coordinates.

Theorem 1.14. Let (x,&) € T*R™ be a system of Fermi coordinates centered at (qo,0).

Then the knowledge of the spectrum of H(x,hD,) in [V (qo), V(qo)+e€] with b1~ = O(e)
for some o > 0, and the diagonal matriz elements of the 2™ — 1 observables Oy, m =
(m1,...,my) € {0,1}"\ {0}, defined in Theorem 1.10, between the corresponding eigen-
vectors of H(x,hD,) determines the full Taylor expansion of V at qy in the coordinates
x.

Corollary 1.15. The diagonal matriz elements of the operators P* as in Theorems 1.13
determine 2" — 1 observables O,,o whose diagonal matriz elements as in Theorem 1.1}
determine the potential V' up to a function vanishing to infinite order at qq.

Remark 1.16. Note that since we are dealing with observables localized near the bottoms
of the wells, the hypothesis that zy; in Theorems 1.9-1.10 and ¢¢ in Theorems 1.13 and
1.14 are global minima can be released and the corresponding results can be formulated
in a straightforward way.

The proof of Theorem 1.4 relies on two results having their own interest per se: Propo-
sition 2.13 which shows that the coefficients of the trace formula determine the matrix
elements (p;, O(z, hD,)p;) where ¢, are the eigenvectors of the normal form of the Hamil-
tonian, and Proposition 2.14 which states that the knowledge of the matrix elements of
the conjugation of a given known selfadjoint operator by a unitary one determines, in a
certain sense, the latter.

As a byproduct of Proposition 2.14 we obtain also a purely classical result, somehow
analog of it: the averages on Birkhoff angles associated to Birkhoff coordinates of the same
classical observables than the ones in Theorem 1.4 determine the Taylor expansion of the
(true) Hamiltonian. This is the content of Theorem 4.2 below.

The paper is organized as follows. Section 2 is devoted to the proof of Theorems 1.4,
1.10 and 1.14. In section 3, we give an explicit construction of some Fermi coordinates out
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of any system of local coordinates in both the periodic and “Bottom of the well” case: this
is the content of Theorems 1.3, 1.9 and 1.13. In Section 4 we show the classical equivalent
of our quantum formulation.

Through the whole paper, [I,m], | < m, will stand for the set of integers {l,...,m}
and we we will assume, without loss of generality, that the period of v is equal to 1.

2. RECOVERING THE HAMILTONIAN IN SOME GIVEN FERMI COORDINATES

Let us start this section by observing that, by microlocalization near -, it is enough, in
order to prove Theorem 1.4, to prove Theorem 2.1 below, which is nothing but the same
statement expressed in a local Fermi system of coordinates.

The proof of Theorem 2.1 will need a construction of the quantum Birkoff normal form,
given in subsection 2.1. The rest of the proof is then a consequence of Proposition 2.13
(subsection 2.2) and Proposition 2.14 (subsection 2.3). Subsection 2.4 contains the proof
of the analogs of Theorem 1.4 when 7 is reduced to a single point, both in the general and
“Schrédinger” cases (Theorems 1.10 and 1.14).

Theorem 2.1. Let H(x,hD,) be a self-adjoint semiclassical elliptic pseudodifferential op-
erator on L?(R™ xSY). Let (x,t,&,7) € T*(R"xS') be the canonical symplectic coordinates
and let us assume that v = S' = {x = € = 7 = 0} is a non degenerate elliptic periodic
orbit of the Hamiltonian flow generated by the principal symbol Hy, of H(x,hD,) on the
energy shell H, ' (E).

Let us assume moreover that H,, can be written in these coordinates as:

(21) Hp(l',t,f,T) :Ho(x,t,g,T)+H2
where
(2:2) Hy =0 ((2*+€ +r)?)

And Hy is equal to:
(23) Ho(,1,€,7) E+;0ﬂT§+T

For (m,n,p) € N> x Zx, let Opmpnyp, O, be any pseudodifferential operator whose total
Weyl symbols Oy, Op satisfy in a neighborhood of ~:

Opnp (2, 1,6,7) = e—i2mpt H?:1 (Ij;%'fj ) (Ij\;%fj )
(2.4) + Z O(hl ($2 + 52 + |T|) 7)
: 21+ N=|m|+|n|+1 Y
Op(w,t,€,7) = e 4 35 O (@ +& +17))*)
2l+N=3

Then the knowledge of the coefficients at.(Omnp) and at(O,) in (1.3)-(1.4) for k < N
and m,n,p,q satisfying

(1) [m|+n| <N

(2)¥j=1...n, mj=0o0rn; =0

3) peZ,qeZ*
determines the Taylor expansion near v of the full symbol (in the system of coordinates
(z,t,€,7)) of H(x,hD,) up to order N.
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The proof of Theorem 2.1 will be divided into three steps: first, we will prove in Propo-
sition 2.2 the existence of the quantum Birkhoff normal form in a form convenient for our
computations, especially concerning the discussion of orders. In Proposition 2.13, we will
show that the trace formula with any observable O determines the matrix elements of O
in the eigenbasis of the normal form. Finally, in Proposition 2.14, we will show that these
matrix elements determines H (z, hD,) in a formal neighborhood of x = £ = 7 = 0, which
will lead to Theorem 2.1.

Let us first fix some notations and standrad results. For i € [1,n] := {1,...,n}, we
define the following operators on L?(R™ x S!):
e a; = é(zi + hoy,)
o af = 75(:& — hoy,)
[ ] Dt - —ih@t

o P = % (—h@%i +xf) =aja; + %
For p € N, v € Z we will denote by |u, v) the common eigenvectors of P; ... P, and D;:
1
(2.5) Pilp,v) = (i + §)h|,u,1/) and Di|u,v) = 2rhv|p, v).

These vectors are explicitly constructed as follows:

1 —a? z27rut
2h =
( )Ze s s ) () t) | | Z| -

We will also need the notation

(2.7) ) (@) == [, 0)(x,0)

We will not need the explicit expressions of |u, v)(z,t) and |p)(z) in terms of rescaled
Hermite functions, but rather use the following indentites:

*HI

(2.6)  |0,0)(,t) ==

0,0)(z,t)

ailp, v) = Vbl oo o1, i — 1 i1, - fins V)
(28) a’ﬂﬂa =V :u’i+1)h|ﬂla'"7/’%717/’%+17Mi+17"'aunvlj>
[ai,a J] dijh, [ai,aj] = 0.
We shall write |u| := Z Wiy, 2; = L\/l&, pi = M and denote by Op" (f) the
pseudodifferential operator whose total Weyl symbol is f. We have
(2.9) 0p" (2;) = ai, Op" (%) = a}, Op" (2:%) = P; and Op" (1) = D,
P;, i€ [1,n] and

Finally, we will denote by a, a* or P the n-tuple of operators a;, a}
n

79

denote for j n-tuple of nonnegative integers, X7 = [] Xz-ji.

2.1. Construction of the Quantum Birkhoff normal form. Our construction of the
normal form, inspired by [7], is the content of the following Proposition.

Proposition 2.2. Let H(xz,hD,) be a self-adjoint semiclassical elliptic pseudodifferential
operator on L?(R™ x S'), whose principal symbol is
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(2.10) Hy(x,t,§,7) = Ho(p,7) + Ha
where Hy(p,7) = Z?Zl 0;p; + T and Hs vanishes to the third order on x =& =1 = 0.

Then for any N > 3, there exists a self-adjoint semiclassical elliptic pseudodifferen-
tial operator W<y and a smooth function h(p1,...,pn,T, k) satisfying microlocally in a
neighborhood of x = & = 7 = 0 the following statement:

VM >0, 3Cn = Cny(M) > 0,¥(u, v, h) € N* X Z x [0, 1], |uh| + |vh| < M,

(2.11) “/T’SN *inVgN
e & He #® —h(Py,...,P,, D, h) ) |1, v)

N+1
2

< On(|uhl + |vh))

The operators WS N can be computed recursively in the form:

(2.12) Wen = Wen + (D} + > PN+
i=1
where
Wen = Z3§q§N W, )
(2.13) Wy = > Ofpjkm(t)hpopw(z]’zk)D;n
2p+1jl+[k[+2m=q
with apjrm smooth and Wy is symmetric.

Remark 2.3 (IMPORTANT CONVENTION). We are only interested in recovering the Hamil-
tonian in a formal neighborhood of +: every asymptotic expansion is meant microlocally
and we will be rewriting equations such as (2.11) simply as:

( iWe N —iWepn

(2.14) } e ® He 7 —h(Pl,...,Pn,Dt,h)) |, v) :O(|uﬁ|+|uh|)%)

By abuse of notation, we will identify the same way any operator with its version microlo-
calized near ~.

Remark 2.4. We introduce WS ~ in order to gain ellipticity and self-adjointness like it has
been done in Lemma 4.5 of [7].

The proof of Proposition 2.2 will need several preliminaries:

Definition 2.5. We will say that a pseudodifferential operator A on L?(R"™ x S') is
“polynomial of order € N” (PO(r)) if there exists ayjrm € C*°(S!, C) such that:
(2.15) A= > vk ()RPODY (272F) DI

2p+lil+|kl+2m=r

These operators have the following properties.

Proposition 2.6. Let A be a pseudodifferential operator on L*(R™ x S'). Then, there
exists a family of operators A, r € N such that for any i € N, A, is PO(r) and
N
(AZAT> |,LL7V>
r=0

(2.16) VN €N, -0 ((|;m| + |yﬁ|)¥)
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Let us define a notion of suitable asymptotic equivalence.

Definition 2.7. Let us introduce for any operator A the notations |A], et | A|<y which
represent respectively the terms of order r and of order smaller or equal to N in the
expansion (2.16).

If A and B are two operators, we will write A ~ B if, for any r € N, |A|, = | B],.

Also, if (A;,)nen is a family of operators, we will write that:

+oo
(2.17) A~ Z A,
n=0

if for any N € N, | A, |<n is zero for n sufficiently large, and the finite sum:

+oo
(2.18) Z |An]<nv = [A] <N
n=0

Proof of proposition 2.6. Let a be the total Weyl symbol of A. Let us define the family
(Qpjikm) (pm.j,k)enz x (vny2 of functions on S! by the Taylor expansion of @ near z = z =
7=h=0, forany N € N:

N+1
N 2

219) aCtzrR)=Y Y apne 3 0 (w1 1 i) )
=0 2p+|j|+|k| p=0

+2m=r

For any r € N, let us notice (2,1, 2,7,1) & > o, /14 1kl +2m=r Qpjkm ()P 27 ZET™ s the
total symbol of a pseudodifferential operator A,, which is PO(r). And by (2.5), (2.9) and
(2.19) (see [7]):

N 5
YN N, ‘ (A - Zm) )| = 32 w0 ((luhl + |vhl) = 7)
(220) r=0 p=0
N1
= O ((luhl + lvr) =)
This concludes the proof. 0

The following lemma will be crucial for our computations.
Lemma 2.8. Let F and G be PO(r) and PO(r") respectively then % is PO(r+r'"—2).

Proof. The proof of Lemma 2.8 will be a direct consequence of the two following lemmas,
whose proof will be given at the end of this proof.

Lemma 2.9. Any monomial operator of order r, that is of the form a(t)hPby ...b D",
where:

L4 fOTj € [[Llﬂ) bj € {(11,0,?, e aanaa:;}

e 2p+Il+2m=r
is PO(r).

Lemma 2.10. If F and G are monomials of order r and r' respectively, then
PO(r+r" —2)
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Indeed, any PO(r) is a finite sum of monomials of the same order, hence if /' and G
are PO(r) and PO(r’) respectively, then [IZ’FLG] is a finite sum of quantities of type [Fi’hG]

where F and G are monomials of order r and r’ respectively. Any of those quantities are
PO(r+r'—2) by Lemmas 2.9 and 2.10, and a finite sum of PO(r+r' —2) is PO(r +1' —2).
Lemma 2.8 is proved. O

Let us prove now Lemmas 2.9 and 2.10:

Proof of Lemma 2.9. Since for any i,j € [1,n], i # j, a; and af commute with both a;
and aj, it is sufficient to prove that any ordered product by ...b;, where [ > 1 and for
any j € [1,1], b; € {a1,a}}, is PO(r). For any such ordered product, let us introduce the
integer k(by...b;) = #{m € [1,1], b, = aj}.
We will proceed by induction on [. Let us define for any positive integer [ the following
assertion
(A;): “Any ordered product by ...b;, where for any j € [1,1], b; € {a1,ai}, is the sum
of the operator Op" (217F2F) (where k = k(by...b;) and of a linear combination of the
operators hpOpW(z{Z’ln) withp>1,2p+j+m=10land j—m=1—2k. 7.
If | = 1, there is nothing to prove since a; = Op" (2;) and af = Op" (z1).
If i =2,
ai = 0p" ()
ai® = 0p" (2})
ala*{ =P+ % = OpW(lel) + %
ajay = OpW(zlél) — %
and therefore, the assertion is proved for [ = 2.
Now, let I be a positive integer, and let us assume (Ag) up to order k = I. Let
B =b;y...bi41 be an ordered product, where for any j € [1,1+ 1], b; € {a1,a}}.
If for any j € [1,1], b; = bj41, then B = OpW(ziH) or B= OpW(ZiH).
Otherwise, one can assume that by = a1, and that jo = max{j € [1,1 + 1].b; = a1}

satisfies: 1 < jo < [. Then, we have: [a{“,a’{] = johajl'ofl, so that:

(221) b1 e bl+1 = a{oaibjoJrg e bl+1 = aia]l-objOJrg N bl+1 + hjoajl.oilbjOJrQ N bl+1

Therefore, if one sets k := k(b1 ...b41), since (lzl) = (,lC) + (kil):

I+1 N o LN L
( & )bl---bl+1 :(k>a]1°a1bj0+2...bl+1+ (k1>a1a310bj0+2...bl+1

(2.22) l
+ h(k - 1>j0a]101bj0+2 b

(A;_1) gives us that al°bj 1o ... b1 is a linear combination of the operators i?Op" (21 2])

with2p+j+m=I—1landj—m=1+1-2k.
Let us now observe that

[+1 ke l ke l » —kok—
(2-23) ( ) )OpW(ZH-l kzk) — (k)alopW(zl kzk)+ (kl)alOpW(zH-l kzk 1)

so that (A;), for ordered products a{“ila’{bjﬁg ...byy1 and a{“bj0+2 ...b1, gives us, by

equation that ("t1)by ... byyq is the sum of (})a1Op™ (2% 2F)+ (.1, ) ajOp" (21H1-kzh—1) =



RECOVERING HAMILTONIANS 13

(14121) Op" (z1+1=%z%) and a linear combination of the operators i?Op" (21 z") with p > 1,
2p+j+m=Il+1landj—m=101+1-2k O

Proof of Lemma 2.10. 1t is sufficient to remark that if F' and G are of the form:
F =a(t)b;...5D" and G = B(t)b, ...b, D"
where:

e « and (3 are smooth
o [+ 2m=r,U'+2m' =1
e For j € [1,1], for j' € 1,1'], bj,b;-, € {ay,ai}

then 229 is a finite sum of monomials of order r + r/ — 2 since, by Lemma 2.9, each of

them is PO(r + ' — 2). With those assumptions on F and G, we get:
[F,G]  [a(t)by...byD™, BV, ... b, D™

ih ih
by b by ] e Dy, B(t m’
(2.24) :a(t)ﬁ(t)[ ! lml Z]Dt + +a(t)b1...bl%b’l...b;,Dt
D
A AL P
(3

Therefore it is sufficient to prove that [bl"'bli’gl"'b“] , [Dzni’hﬁ(t)] and [D?.i’f(t)] are respectively:

PO(l+1"—2), PO(2m —2) and PO(2m' — 2) (with the convention that a PO(j) with j < 0
is 0).
For the two last, it is quite obvious, since:

m—1
Dy B(t MY\ ke o(m—
(2.25) LIS () )yt ot
k=0
Now, for j € [1,1], let us set ¢; = 1 if b; = af, ¢; = —1 otherwise. Since [a1,a}] = A, we
get:
l
€1+ 1
by...bby .. b, =biby .. by .. ;/+1Th ; bi...bp_1bpiy...bby... b
br=a,
€ 1 l
|-
S Z by...bp_ibpyr... bbb .. b
Jj=1
bk:a’{

Hence by induction on j € [1,1]:

by. .. by, b .. b, R
(b1 ke l]:fZE: J2 > bbby b abggr bbb
Jj=1

ih Pt
br=ai
(2.26) . Ny
) € —
_ZZ 32 Zbll---bg;lbl---bk—lbk+1---blb;‘+1---b;’
Jj=1 bk:1*
k=aj

The right-hand side of (2.26) is a finite sum of monomials of order I 4+’ — 2, hence it is
PO(l+ 1" —2) by Lemma 2.9, and Lemma 2.10 is proved. O
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Proposition 2.11. Let G be PO(r). There exists F, PO(r), and Gy = G1(P1, ..., Pn, D¢, h)
such that:

[HO(Pa Dt)v F]
ih
Moreover, F is symmetric if G is symmetric, G1 = 0 if r is odd, and G1 is an homogeneous

polynomial function of total order 5 if r is even.

(2.27) =G+Gy

Remark 2.12. If F'= 30 04 k4 2mer pjrm (1)POP"Y (272%) Dy, one can choose:

(2.28) /Sl apjjm(t)dt =0

Indeed, any Op" (2727)Dy* commutes with Ho(P, D;,%). It is the choice we will make
through this article.

Proof of Proposition 2.11. Let us first assume that G is a monomial of order r: G =
B(t)by ... by D where:

e « is smooth
el +2m=r
e For j e [L,1], b; € {ar,a],...,an,a%}
and let us look for F' of the form: F' = a(t)by ...bD}J". We have:
[HQ, F] _ [HQ, a(t)b1 “ee lezn]
ih ih

2
—  [Ps,by...b)] o [Dyalt)] m
—at)Z@s D" + tl_h by...byD:

(2.29)
Zo Ps’bl ]Dm+a()b1...blpgn

If we set, for s € [1,n], ks = #{m € [1,1], b, = a}} and js = t{m € [1,1], b, = as}, we
deduce from (2.26) that:

Py, by...b .
(2.30) M = i(js — ko)1 ... by
ih
Hence:
HOa
(2.31) Lun il 129 a(t)by ...y D 4+ o (t)by ... by DT
% = (G admits a solution if there exists « such that:

(2.32) Ze at) + o/ (t) = B(t)

If (cp(a))pez and (cp(B))pez are the Fourier coefficients of o and f, it is sufficient that,
for p € Z, c,(a) is solution of:

(2.33) (Ze +27rp> p(@) = cp(B)
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and

(2.34) eopla) = O (ﬁ)

If the n-tuples j and k are different, the non-degeneracy condition on the 6;s together with

the fact that c,(0) = 0 (#) (because § is smooth), gives the existence of ¢,(«)
p——+0o0

satisfying (2.33) and (2.34).

If r is odd, j and k can’t be equal, hence Proposition 2.11 is proved in this case (r odd
and G monomial)

If r is even, and j = k, there exists a family (cp(a))pez- satisfying (2.33) and (2.34).
Hence, if « is the smooth function with Fourier coefficients ¢, () for p # 0 and ¢o(a) = 0,
we get:

[Ho, F]

(2.35) ih =G + Co(ﬁ)bl . leln

And from the proof of Lemma 2.9, we know that ¢(5)b; ... b DJ* can be reordered as the
sum: G1(P, Dy, h) := co(5) Z2p+2\k\:l ap.h? P D™, Therefore, Proposition 2.11 is proved
in the case where r is even and G is monomial.

The general case is easily deduced from the case where G is monomial, since G is a finite
sum of monomials of the same order.

Also, the form of F' allows us to conclude immediately that F' is symmetric if G is so. [

Now we have everything we need for the proof by induction of Proposition 2.2.

Proof of Proposition 2.2. Microlocally near x = £ = 7 = 0, H(x,hD,,) satisfies, in the
sense of Definition 2.7,

(2.36) H := H(x,hD;) ~ Ho(Py, ..., Po,hDy) + > Hy,  Hy:= |H(z,hD,)l,
q23
Let us set W< = 0, and construct by induction (W;),>3 and (HY),>3, such that:

e for ¢ > 3, W, is PO(q) and H? is zero if ¢ is odd, an homogeneous polynomial
function of total order £ if ¢ is even.
e and for any ¢ > 3:

I times

il
(3

[qu_l,H—HQ]-i- E W[qu_l,...,WSq_l,H] :Hq(P,Dt,h)
1>2 ’

i

h

i

[WQ’HO]+HQ+ h

q

The existence of such a family is garanteed by Proposition 2.11.

Let us set, for any N > 3, Wy = Zévzg We+ (IDe*+ 30, P)"3". As for any ¢ > 2
H?? is an homogeneous polynomial function of total order g, we can choose, by Borel’s
lemma, a smooth function h such that, for any N > 2 and in a neighborhood of p =7 = 0:

(237) h(paTa h) - HO(p7 7_) - ZHQq(pv T, h) =0 ((|p| + |T| + |h|)N+1)
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We have, for any N > 3:

I times

iWe n —iWepn 1

-]
i = it~ —
e~ r He h NH+%J[WSN’H]+ZW[W§N’7W§N7H]

1>2

I times

i i it = —
~ H 4+ —|W. H —|W H—H —|W. LW H
+ h[ <n, Ho| + h[ <N, o +; hll![ <Ny Wen, H]

P~
+ = [Wen — Wan, H]
Since the for any ¢ < N, W, is PO(q) and Hy is PO(2), Lemma 2.8 gives us that:

i

(2.38) E_L[WQV, HO]J )

[Wtb HO]

q

Since the expansion of H — Hy in PO(r) contains no term of order less or equal to 2,
Lemma 2.8 also gives for ¢ < N:

1 1
(2.39) e = | = L3Wey0 1~ ol
q
Lemma 2.8 finally gives us, that since the expansion of H(z,hD,) in PO(r) contains no

term of order less or equal to 1 and the one of W<y no term of order less or equal to 2
for ¢ < N:

l times | times
= it
(2.40) ZWWWW%WJZZWWMMWMM
1>2 ’ 1>2 ’

q q

and since the one of WS ~ — W<y contains no term of order less or equal to N + 1:
)

(2.41) =+

[Wen — Wen, H]Jq =0

Therefore for any ¢ < INV:

(2.42)

{ iWen —iWen

e " He a J :Hq(Pthah):Lh’(Pthvh)Jq
q

Finally Proposition 2.6 gives us:

iVT/SN *inVgN
(2.43) H(e n He n —h(P,Dt,h)) |, )

N+41
=0 (Junl -+ o))
which concludes the proof. O

2.2. Recovering the matrix elements from the Trace formula. The next result is
the first inverse result needed for the proof of Therorem 2.1.

Proposition 2.13. Let O be a pseudodifferential operator whose principal symbol vanishes
on .
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(1) There exists a smooth function f vanishing at (0,0,0) such that for any N > 3:

iWon

—iWepn 1 N
(249)  (ule” T 0 ) = f <(u+ .27, h) +0((unl+ pr)¥)

Moreover let, for any integer 1, ¢; be a Schwartz function whose Fourier transform
is compactly supported in (I — 1,14+ 1) and let (aé(O))lzo provided by the trace
formula (1.4). Then

(2) The Taylor expansion of f up to order N is entirely determined by the family

(a4(0)), 0<j < N,l€N.

Proof. Let us first prove point (1). Let us consider a monomial G = «(t)b; ...b; D} where:
e « is smooth
ol +2m=r
e For j e [L,1], b; € {ar,a],...,an,a%}
Let us set for ¢ € [1,n], k; = 8{m € [1,1],b,, = ]} and j; = t{m € [1,1], b, = a;}.
If j # k or a ¢ C, then: (u,v|G|u,v) =0 for any (u,v) € N* x Z.

If now j = k and o € C, then there exists complex numbers «; (0 < I; < j; for
i € [1,n]), such that:
. = o =l pintlipm g0 = o
(2.45) G= > ahl'P™"  PITnD g
0<1;<j:

Therefore for any (u,v) € N x Z:

(2.46) (1, V|Gl v) = Y alhl|<<u+%> h>jl (2mvh)™

0<l;<ji
Hence, if G is PO(r), then for any (u,v) € N* x Z:
o (u,v|Glu, vy =0if r is odd.
e If  is even, there exists an homogeneous polynomial function g of order g such
that:

(2.47) (u,v|Glp,v)y =g ((u + %)h, 2nvh, h)

By Proposition 2.6 and Borel’s lemma, we get that that for any operator A there exists
a function g such that for any (u,v) € N x Z:

(2.48) (| Al ) = g ((u + )b 2w, n) O (b + Iwhl)®)

Hence, the only point which remains to be proved, is that the function f in point (1) does
not depend on N. It is therefore sufficient to prove that for any ¢ < N — 1,

(2.49) {eiwrfN oe—ivffNJ - {eiwi"“ oeiwi"“J
q q
But (2.49) is a direct consequence of Lemma 2.8. Indeed,
l times
iWSN 71‘wa il C\"_/?
(2.50) e ® Qe 7 ~O+Zm[W§N,...,W§N,O]

1>1
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and since the principal symbol of O vanishes on -, Lemma 2.8 gives us for any [ > 1 and
any ¢ < N — 1:

I times ! times
il —_— il o~ —
(251) hll'[W<N,...,W§N,O] hll|[W<Q+17”',WSq+1,O]
q q

Let us now move on to the proof of point (2).
Since ¢; is supported near a single period of the flow, one can microlocalize the trace
formula with observables near ~:

(2.52) Tr <O¢z <H;E)> T <O/ngl(t)p(p1 Sk Py (e

where p € C§°(R) is compactly supported and p = 1 in a neighborhood of p = 7 = 0.

Edt> + O(h™)

W,
Therefore we can conjugate (2.52) by the microlocally unitary operator e P

(o0 (7)) -

iVT/SN *iVVSN ~ ite' R__He kK -E 50
=11 (T [ GitpPt e+ P+ G : it | + o)
R

Thanks to Proposition 2.2, we can lighten the r.h.s. for any (u,v) € N" x Z

/WW®+W+&+MW;T_ﬁH = it 1, v)

(2.53) N+1
h((w%)ﬁ,vh,h)—mmmm+\vh\> 27)
(/@ (1l + 5 + 2 e i dﬁmw

As qgl is smooth and compactly supported, together with the non-degeneracy condition
on the 6#;s, we can assure that if we choose a sufficiently small support for p, we have for
any 1 > 0:

h((ut3)n,vn,n)— E+owm+\um>N2+1>
[ 8o (ul-+ 5 + 2mhi) e dt ) |, )
N+1

h((ut+3)h,vh,n)— E+O(\uh\+\'/ﬁ\)_;_) 0o
/¢z (Il + 5 + [2mv)h7) o' ) + O(R™)
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Hence, choosing 1 < %:

Tr (0@ (H ; E>) + O(h™)

iW. . .
=S T 0T T ) [ e (Ul + 5 + i) enCrrnn
v

DS HQ(<M+§>h,uh,h)+o(<|u|+|u|>”2“h”zl) dt

1<q<N-2

- Z/ it Iul + + 27)) h”) it 2Tr0. (it 1)

N41
2 [ 1 - 1 m N+1
14 Z RQi(n+ 5,v,1) | % S0 bemp—ik—m(ut 5)’“(2@) wPdt + O(h>

121 p21 |k|+m<p

)

where for any ¢ < %, Q; is a determined polynomial function, of degree in (u + %, 1/)
less or equal to i + 1, which depends on the H%s and the Taylor expansion of exp, and the
be.m.s ((k,m,s) € N**2\{0}) come from the Taylor expansion at (0,0,0) of the function
f defined in the first point of Proposition 2.13, i.e. for any N > 1:

(2.54) fly,z)= " > bemsa™y™2 + 0 ([ + |yl + )V
1<|k|+m+s<N

Now, let us set:

eis (a1t tan)
Hi(l - eimi)

By the non-degeneracy condition on the 6;s, g is well defined on the compact support of
(51 around a single period, which is precisely [. It also implies that 6;.u is bounded below
by C|u| (where C' > 0) as |u| goes to .

Therefore we get from the Poisson formula and the Riemann-Lebesgue lemma that the
quantity X,(l) below can be computed recursively on p < ¥F from the aé—(O), j =

2
(2.55) Vt € R*,Va € (R\%Z)",g(t, a) =

0,...,p:
I ponrenn [(45)" 00 (F) G0
(2.56) < )
k%gpbk’m’p_lkl_m [<Z%> (i%yg] (1,0)

since qgl is identically 1 around (.

ctog
Now, let us set, for any 7 € [1,n], any ¢t € R and any « € (R\%’TZ)", zi(t,a) = e = . and
also define holomorphic function h on C\{—1,1} by h(z) = for z € C\{-1,1}. We

_Z
1—22
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have for any k£ € N™:

(2.57) (i%y 9= ]i (itaaa)ki (how;)

For any i € [1,n], an easy induction on k; € N leads to the following, since for any
2 € O\[=1,1}, h(z) = (£ — 1k ), and —i 2 = La:
k

2.58 —1 howx;) =
(25 ( Ztaai) (o) 2kit1 ((1 — xy)kitl * (1 +$i)ki+1)
Now, since *iaazt"' = Sz, an induction on s; € N shows that:

(2.59)

0 5 .0 ki (k/’l + sl)'afl x; €
(_’E) (_’taai) (howi) = = (1 — z)kitsitl + (1 + zg)fitoitl

Let us now introduce for any n-tuple s such that |s| = m, the multinomial coefficient:

m m!
s) s1)...sp!
We have:

o () () Z MR () wen

|s|=m i=1

Let us use Kronecker theorem, whose hypothesis is precisely the non-degeneracy condition
on the 6;s: for any n-tuple (z1,...,x,) € ST, one can find a sequence of integers (I,)pez,
such that:

Vi e [l,n], z;(,,0) p_>—+>oo zj

Therefore, setting, for any (x1,...,2,) € (S1\{—1,1})" and (k,m) € N**+1:

s okit+si+1 (1 _ xi)ki+si+1 (1 + xi)ki"l‘si"l‘l
s|]=m i=1
we have that (2.56), (2.59) and (2.60) together with Kronecker theorem allows us to
conclude that X, := Zlkagp bkm,p_‘k‘_mu(k’m) is determined by the aé (0),7=0,...,p.
Hence, the only thing which remains to be proved is that, if one chooses x; tending to 1
in a way convenient to us, the |u(k’m)|s will be ordered for <. More precisely, let x; tend
to 1 in such a way that:

(2.61) Vie[n—1],]1 - zi] < |1 — zipa|?

If ~ means that two functions are equivalent up a multiplicative constant as the x;s tend
to 1 as in (2.61), we have for any (k,m) € N* 1

N 1

2.62 1 — ;) ~ - -

(2.62) (1—21)™u lj (A

Hence, if one sets m = (m,0,...,0):

(2.63) u® ™ < ) S kb < K+ m)



RECOVERING HAMILTONIANS 21

where < is the lexicographical order on N". Therefore, for any p € N and (k,m) € N**!
such that |ko| + mo < p, the following quantity can be recursively determined from X,:

(2.64) Xigmo = D brmp—pj—mt®™
K +m!=k+m

Reversing for example the roles of i = 1 and ¢ = 2 in (2.61), and observing that ko +m #
ky+m ifk+m=FkK+ m’ and (k,m) # (K',m’), one determines by, , p—|k|—m from (2.64)
recursively on m. Finally, each by ., s with |k| +m + s < N is determined by the aé»(O),
with j =0... N and ! € N and the point (2) is proved, which ends the proof of Proposition
2.13.

O

2.3. Recovering the Hamiltonian from matrix elements. In order to finish the
proof of Theorem 2.1 we will show how the knowledge of the diagonal matrix elements of
a given known selfadjoint operator conjugated by a unitary one determines the latter (in
the framework of asymptotic expansion).

Let WSN as in Proposition 2.2 and O.upp, Op as in Theorem 2.1. By Proposition 2.13,
there exists smooth functions fy,.,p, and f, vanishing at (0, 0,0) if (m, n) # (0, 0) such that
for any N > 3:

—iWepn

Wy < 1 N
(2.65) (e T Omnpe 1113 2) = frmp ((u+§)h,2m/h,h) +0 ((uhl + [vi) %)

and
iW

iWen —iWen 1 ~
266 (urle” 0y T ) = fy (-4 om2mvmb) +0 (] + o) )

Proposition 2.14. The Taylor expansions, at the origin, of the functions fumnp, fq up to
order N —1, N >3, for (m,n,p,q) € N?" x Z? satisfying conditions
(1) 0< |m|+|n| <N
(2)Vj=1...n, mj=0o0rn; =0
3) peZ,qeZ*
determine completely W< .

Proof of Proposition 2.14. Let us write

Wy = > ks ()R OP™Y (292F) D
2U+|j|+|k|+2s=N

= E E ayjrsah €™ 0Op" (2 2%) D;
2 +{j|+| k| +25=N dEZ

(2.67)

where, for every ag;js0 is chosen to be zero by the convention of remark 2.12.

Since Wy = 0 we can proceed by induction on N > 3: let’s assume W<y_; already
determined.

Let (m,n,p,q) € N?" x Z x Z* be such that:

(2.68) 0<|m|+|n| <N, Vie[l,n], mn; =0

Let us also state the following lemma, whose proof will be given after the end of the
present proof.
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Lemma 2.15. Let (j,k,s,d) € N*"*1 x Z_ such that: |j| + |k| +2s = N.
If j+m =k+n, then:

<,LL, V|[ei27rpt OpW(ZjZk)va Omnp”ﬂ; V> = 7hgjks ((M + %) hv Vh)

(2.69) 4O (ﬁ2(|uh| n |Vh|)N+\n;\+\n N+\m\2+\n\71)

=2 4 h(|uh| + |vh])

where:

1 ; ~ kim; — jini | ps

ks =) hyvh ) = (2rvh)® (uh)™x0:k) A

e <<“+2> ’V> ) 2T T
cmd max(j, k) = (max(ji, ki))lgign-
If j+m#k+n ord+#p, then:

. o s N|m|+|n|
o " (6279 Op¥ (725 D}, Oyl |1 v) =O (¥ (jah| + vh]) =5 2)
+ O (Blah] + vl

N+\m\2+\n\71)
We also have, if j = k:

(1, v|[e™ 7 Op™ (292%) D}, Oy |, v) = —27hq(1 + ) ((n+ 1/2) h)’ (vh)*

(2.71) Nos N1
+0 (B3 (h| + |whl) " + Rk + o)) 5

Andif j#k ord # q:
(2.72)

(p [ Op™ (292%) D7, Oy, v) = O (W (|l + [wh) 7 ) + O ((|uh] + lvh]) 5+ )

By equation (2.65), the Taylor expansion of function fy,,, up to order N —1 determines
modulo o ((\uhl + \uh\)”):
iWean —iW.

<2 <2N
(273) <‘LL7I/|€ h Omnpe h |,LL7V> - </L,I/|Omnp|,u,l/>

Since ng ~ 18 a sum of polynomial operators of order greater that 3, we get from Lemma
2.8 that :

| times

]
Z — —_—~
@74) " s vIWean - Wean, Ongl s v) = O (st + [vh])
1>2 ’

N+\m\+\n\—1)
2

Hence, using the notations of Lemma 2.15, (2.73) is equal, modulo known terms and
Ntlml+inl-1 Net[mltin] _o
O ((Jpah] + ) 52 ) O (B(lah] + wrl) 522 o

. 1
(2.75) Z L0 jkspGiks ((M + §> h, Vﬁ)
G141k +2s=N+1
J+m=k+n
Let us define the set I' = {(j, k,s) € N>"*1 | |j| + |k| +2s =N, j+m =k +n}.
Let us choose 1 (h), ... pn(h), v(h) such that, as h tends to O:

N—-2

(2.76) UNTT Ly L iy K VL RS
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Let us also define ig := min{i € [1,n], m; # n;} (it exists since (m,n) # (0,0) and for any
i € [1,n], m;n; = 0). Let us also remark j;,n;, — ki, mi, never vanishes on I'. We have by
(2.76) that, for (j,k,s) € T,

(Mz’ h)max(ji,ki)

1 jioMig — KigMi ,
@) g (e 5) mon) e (e
1

Hig h

n

3

Let us now define a strict total order < on I' by:

(2.78)
(max(j1,k1), ..., max(jn, kn), s) < (max(ji, k}), ..., max(j,,, k), s")

where < is the lexicographical order on N**1. < is asymmetric since for i € [1,n], the
sign of m; — n; determines whether max(j;, k;) is equal to j; or k;. (2.76) and (2.77) give
that:

1 1
(279) (]a k,S) < (jlvk/vsl) = 9jks M+ - h, vh < 9j' k' st /L+ — h, vh
2 h—0 2

and for any (j,k,s) € I':

O (|t + |vh)

NA[m|+[n|-1
2

ml+in 1
n O (h(|‘uh| n |Vh|)N+\ 2H" ‘72) < gjks <<[,L + 5) h, I/h)

Therefore, the Taylor expansion up to order N — 1 of the functions f,y, determines
the coefficients (aojksp)|j|+|k|+25=N,j+m=k+n Dy induction on (T, <).

Let (m,n,p) run over all the possible values in N2 x Z while satisfying condition (2.68).
We claim that one can determine every function agjrs with |j| + |k| +2s = N and j # k.
Indeed, for any (4, k,s) € N?"*1 guch that |j| + |k| +2s = N and j # k, let us choose for
any ¢ € [1,n]:

(2.80) n; = max(j; — k;,0) and m; = max(k; — j;,0)
then j+m = k+n and (m,n) # (0,0) while for any ¢ € [1,n], m; = 0 or n; = 0. Finally,

ml + ol = 3" 1ji — kil < |l + [k < N
i=1
Let us remark that condition j # k is always satisfied if N is odd and |j]| + |k|+2s = N.

If N is even, the Taylor expansion up to order % of the function f; determines modulo
N+2

known terms and O ((|Mﬁ| + |vh|) 2 ) +0 (h(|,uh| + |uh|)N52):

(2.81) Y iaogiea2mg(l+ 8) (1 +1/2) ) (vh)*
2|j|4+2s=N

Let us choose 1 (h), ... pn(R), v(R) such that, as 7 tends to O:

N—-2

(2.82) VN Ly Ky K VL RS
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We have, for any (7, s, ¢) such that 2|j| + 2s = N:
Nt2 N=2 j s
O ((uhl + [wh) ) + O (hllph] + whl) ) < ((u+1/2) B (vh)

Thus, every agjjsq is determined by induction on the set {2|j| + 2s = N} ordered by the
lexicographical order. Hence, letting ¢ run over Z*, we finally determined every ogjrsa
with [j| + |k| +2s = N and d # 0 if j = k, hence the principal symbol of Wi.

Let us now choose 1 < [y < % and assume that we already determined the functions
aujks With 20+ [j]| 4+ |k| +2s = N and | < ly. Let (m,n,p,q) € N*" x Z x Z* be such that:

(2.83) 0<|m|+|n| <N =2, Vie[l,n], mn;=0

The Taylor expansion of fy,,, up to order N — 1 — [y determines

. 1
Z 'Lalojksphlogjks ((,U/ + 5) ha Vh)

2lo+|j|+|k|+2s=N
J+m=k+n

modulo known terms O ((|Mﬁ| + |vh|) +0 (hl°+1(|,uh| + |yh|)w—2),
Let us choose 1 (h), ... pn(R), v(R) such that, as 7 tends to O:

N+\m\+\n\fl)
2

N-lpg—2

_ 1
(2.84) yN-lo-1 K M1 <L K Ln Lrv L B~ 20+3

Then for any (j, k, s) such that 2l + |j| + |k| + 2s = N and j + m = k + n, we have:
O (b + whl) 52 ) 40 (Wt (b + o) ™55 2) < Blog, ((u-+ 4) hovh).
Therefore, every oy, jksp with 2lg + |j| + |k| +2s = N and j+m = k + n is determined just
like before. Letting (m,n,p) run over all the possible values in N?" x Z while satisfying

(2.83), we determined every ay,jrsp with 20y + |j| + |k| +2s = N — 1 and j # k. The

Taylor expansion of f; up to order % determines the remaining oy, ;;sq, and finally, every

function ;s where (7, k, s) satisfies lp + |j| + |k| + 25 = N, which concludes our proof
by induction. O

Proof of Lemma 2.15. The principal symbol of %[ei%dtOszjZkDf, Omnp) 1is:
Ojkds (2,6, 2,T) = {ei%dtszkTs, Omnp}

(2.85) = {ei27"dtzjzk7-57 e*i27rptzm2n}

O ((af 4 m)=52)



Hence:

(2.86)

Let us remark that if j +m = k 4+ n, then j + m = k +n = max(j, k).
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0Z;

"9 0
Ojkds (2,6, 2,T7) = — zz E(el%dtz]ékﬁ)—(e‘ﬁwmzmén)
=1 H

) )
. 27dt j =k, s —i27wpt ,mzn
+1 ;:1 P (e 2125 )_azi (e 2™z

0 27dt j =k, _s 0 —i27pt ,mzn
87(6 ZZT)at(e 2Mz")
10 ((|z|2 ) \m\+\n2\+N71)

n

27ps

ZiZ;

L _ . _ ) I — k.
_ _,LezQTr(d p)tzj+mzk+n7‘s <§ :.71 4 il

i=1
\mH\nHNfl)
2

+0 (=2 +7)

T

)

25

Let us also

remark that if j;n; — k;m; # 0, then j; +m; # 0 and k; + n; # 0. Therefore, the last line

in (2.86) can be reduced to a polynomial expression modulo O ((|z|2 +7)

\mH\nHNfl)
2 .

%[eﬂ”dtOszjZkDf,Omnp] has the same principal symbol as the polynomial operator

obtained when replacing each z; by a;, z; by a

*
79

7 by Dy in this polynomial expression.

Since the expansion in PO [ Op" 2928 D§, Opnnyp) starts at order N + |m| + |n| — 2,

we can hence conclude that the asymptotic expansions (2.69) and (2.70) are verified.
Now, the principal symbol of &[e®?"#0p" 272+ D$, O] is, modulo O ((|z|2 +7)

(2.87)

&jkds(z, t,z2,7) = {ei27rdtzj2k7-s, Oq}

_ {6127rdtzj ZkTS, eszﬂth}

_ (eiQTrdthngs)%(e—iQTrth)

or
=i27(d + sq)e'? =Dt i ghrs

Hence, (2.71) and (2.72) are verified just as before.

O

Theorem 2.1 is, as it has already been said, a direct consequence of Propositions 2.13

and 2.14.

2.4. “Bottom of a well”. In this subsection, we treat the “Bottom of a well” analogs of

Theorem 1.4, namely Theorems 1.10 and 1.14. The proof of Theorem 1.10 is a line by line
analog of Theorem 1.4 after noticing that the knowledge of the spectrum near the bottom
determines the left hand side of the trace formula: we omit it here. However, Theorem
1.14, that needs less assumptions in the particular case of a Schrodinger operator, deserves
a proper proof.
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Proof of Theorem 1.14. In a system of Fermi coordinates, the (principal and total) symbol
of our Schrodinger operator can be written as:

n

(2.58) Hw,€) = Vigo) + Y0555 + R), R() = 0()

Let Ho(z,&) = > 1, 6, % +£ . Let us state the following lemma, which is a classical
analog of Proposition 2.11 (we therefore omit its proof) and uses the hypothesis of rational

independance of the 6;s.

Lemma 2.16. Let G € C>®(T*(R™),R) be an homogeneous polynomial of degree k > 3.
There exists a unique couple of functions G1 € C*(R™,R) and F € C*(T*(R"),R) such
that

(2.89) V(z,&) € T*(R™), {Ho, F}(z,§) = G(x,&) — G1(p)
and F is polynomial with no diagonal term when written as a function of (z,z) (i.e. of
the form z'z')

Moreover:

(1) F is an homogeneous polynomial of degree k and is entierely determined by the
extradiagonal termes of G, i.e. of the form 2'zZ™ (1 # m) with z = (x +i€)/V/2

(2) G is an homogeneous polynomial of degree % if k is even, zero otherwise. More-
over, G1(zZ) is equal to the sum of the diagonal terms of G.

Just like in the proof of Proposition 2.2, one shows recursively, using Lemma 2.16, the
existence of a family of real numbers (i )imen such that if the functions (Fy)n>3 are
defined for N > 3 by:

(2.90) Fy(z2) = > amz'z"
U]+ |m|=N

there exists homogeneous polynomials H* € C*°(R™, R) of degree i satisfying, for N > 3:

[2]

(2.91) Hoexpxr.y(w,§) =) H'(p) +O0((z,9")

NE

K2

(zf-l‘g?

5=t )1<i<n, F<n = Zgﬂ F, and xr_ is the vector field:

Here p = p(,€) =

Z@F<N o OF<y 0

29 e = 2 Tge B om0,

oo H' (well defined modulo a flat function) is the classical Birkhoff normal form of H.
Let us also define for k € N*, |k| > 3, ar = %6““5 (0). We observe that, for k € N™:

ox
(2.93) o= (%) \/_‘k‘ lmz;NnjHl( )

I+m=k
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Let us define £ = {k € N, |k| > 3} \ 2N". By lemma 2.16, there exists a unique
homogeneous polynomial of degree |k| > 3 with no diagonal terms, such that:

you o 2k itkek
(2.94) {Ho, L}, €) = 3 gn _ 2 I ((5,) 2F if ke ann

Functions (Fy)ny>3 and (H);>1 are constructed recursively as follows: let N > 2
and let us assume that we already constructed Fj,..., Fx (Fo = 0), and Hy,..., H!%)
(H1(p) = >, 0ipi). Let us set:

L[]

(2.95) Gni1(2,€) = Hoexpxroy(x,€) — ) H'(p) +O(||(z, V)

NE

and defined Fy41 and, if N is odd, % by Lemma 2.16:

Gn41(z,€) if N is even
N-+1

GN+1(:C7 5) - 2

H™7= (p) if N isodd
We remark that, in our case, (z,€) = Gn+1(2,€) = D 15—y apz® is a sum of terms that

(296)  {Ho Fys1}(a:6) = {

depend only on F<y, (Hi)1gigL%J and (ag)|kj<n. Therefore, we get by induction that
the function(s):

) o (21
(2.97) Fyy1— Y agly and when N is odd, HF (p) - > ;_ H ( ) l
|E|=N-+1 ERE j=1
depend only on (ay)z<n-
Now, let us define, for k € N", (Ix,my) € N?" by their components : for i € [1,n],
) = | & , (my); = ki — Bk i, my) is a bijective correspondence between K and
2

2
the set A defined by:

(2.98) A={(l,m) eN*" | m—1€{0,1}"\ {0},]l| + |m| > 3}

Moreover, for k € K, I} is entirely determined by (2.94) and is equal in z, Z coordinates
to:

. k(2,2) = — —— 2'Z
\/§| | (1,m)eN" 0.0 —m)
I+m=k

Therefore, if k € IC, |k] = N + 1, we get by (2.97) that:

ar Do (o)

2.100 Alymy, —
( ) lpmy \/§|k| e(lkfmk)

depends only on (a)|k<n-
If now k € 2N", |k| = N +1, and if we write H 2 (p) = leb% bip' we get by (2.97)
that:

Ak . k;
(2.101) byjo — —k ( 3 >
2 A k2

depends only on (a)|kj<n-
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Therefore we get by (2.100) and (2.101) that the family (ax)jxj=n+1 can be determined
from the terms of order N + 1 in the Taylor expansion of the classical Birkhoff normal
form, the family (a,m,)|k=~+1 and the family (ax)jr<n-

So we just proved, by induction, that for any N > 3, (ax)x<n is determined by the
Taylor expansion of the classical Birkhoff normal form up to order N and the family
(Qm) (1,m) e, |1|+|m|<N-

As shown in [8, 9], the Taylor expansion of the classical Birkhoff normal form is deter-
mined by the spectrum of H(z,hD,) in [V (qo),V(qo) + €], € > 0. In fact it is obvious
that one can take € in the h-dependent form given in Theorem 1.14 (and Theorem 1.10)
since the proof goes along the trace formula argument, and eigenvalues above this value
of € gives a A% contribution to the trace formula.

Moreover we have for N > 2 and m € {0,1}"\ {0}

O © XD XPey 11 (,€) = Omo(@,€) + {F<n+1, Omo} (2, €) + O((z, )V ™)

n
== ) awl Y kit O((@, )Y
(L,k)eA =1

[U+k|=N+1
k—Il=m
where . .. stands for extradiagonal terms and terms which depends only on (Oélk)(l,k)eA,|l\+|m\§N-
Therefore, the diagonal matrix elements of an observable O,,q is equal, modulo terms de-

pending only on (aur) k), |i|+|k| <N tO

(2.102) S auluhl'S kimg + O(R) + O(juh] =)
(Lk)eA =1
|l\J;€|k|§N+1

This shows, as in the proof of Theorem 2.1, that the ag,, (I,m) € A, are all determined,
so the full Taylor expansion of R, hence of V', near qq, is completely determined. O

3. EXPLICIT CONSTRUCTION OF FERMI COORDINATES

In this section we prove Theorems 1.3, 1.9, and 1.13, using Lemmas A.1, A.2 and A.4
on linear and bilinear algebra. We start by the “bottom of a well”, toy model for the
priodic trajactory case.

3.1. General “Bottom of a well” case.

Proof of Theorem 1.9. Let (z,£) € T*(R™) be a system of Darboux coordinates centered
at z9. d®Hp(z0) is a positive bilinear form on T}, (T* M), therefore, by lemma A.1, there
exists a local change of variable ¢, symplectic and linear in the Darboux coordinates, such
that:

1+ & 3
(3.1) Hy o ¢(z,8) :Hp(ZoHZ@iTJrO(II(w,é)II )-

i=1

We will prove that the diagonal matrix elements of the family of pseudodifferential

operators P* in the system of eigenvectors corresponding to eigenvalues of H(z, hD,) in
[Hp(20), Hp(20) + €(h)] provides an explicit construction of such a symplectomorphism ¢
(which is not unique).
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We first start with the case where the family (Pk)lg k<2n2-4n 1S realized by the example
(1.12).

Let S be the matrix of d¢,, in the basis (6%1, 6%1 ai 61) We have for (i,j) €
[1,n]? and s € {1,2,3}:

Qi oz, §) = (Z Sis ok—1%p + Si5,2k€k> (Z Sjs ok—12k + Sjs,zk&c)

k=1 k=1

n n
g Sis 2k—15js 2k —1TRT + g Sis 2k:Sje 2k —1§k T

(3.2) kyk'=1 kyk'=1

n n
+ E Sis 2k—15s 2k Tr€r + E Sis 2155 26ERER
ok —1 kk =1

n
= Z [Sis 2k—1S5j2 2k—1 + Sie 265 2k] 212k + R,
=1

2i—1 ifse{l,2} 2j if 5 € {1,3}
24 ifs=3 2j—1 ifs=2 ’
and R is a linear combination of terms of the form zpzp ((k, k') € [1,n]) and zjzx
((k, k") € [1,n], k £ k).

Let A, be any Fourier integral operator implementing locally d¢,, and |u) defined by
(2.7). The condition that A;1|M> belongs to the spectral interval defined in Theorem 1.9
reads as |uh| < e. We get from (3.2) that:

where, for (i, j) € [1,n]?, i* = { and j® =

n

(3.3) (1| Ap Q3 ;A 1) = [Sie 2k-15je 26-1 + Sie 2655 24] (uk + ) h+O(h)
k=1

the term O(%) coming form the subsymbols contribution (let us recall we are microlocalized
in a bounded neighborhood of zp). Therefore (3.3) for |ufi| < e with the condition i = 0(e)
determine the values of S; ox—15j2k—1 + Si 2652 for (i,7) € [1,2n]? and k € [1,n].

As claimed by Lemma A.2, the preceding quantities are independent of the choice of
a symplectic matrix S satisfying (3.1). Since, as we already said, such a matrix S is not
unique, it is not possible to determine S out of the preceeding matrix elements. However,
by Lemma A.2, the family (Si72k71Sj12k71 + Si,Qij,Qk)(i,j)e[[l,2n]]2,ke[[1,n]] (determined by
the preceding matrix elements) allows us to construct explicitly a suitable matrix S, hence
a suitable symplectomorphism ¢.

This ends the proof in the case where the family (P*);<g<an24, is realized by the
example (1.12). Let us now consider the general case. The family of Hessian matri-
ces (dQ’Pk(zo))lnganrn, forms a basis of the space of 2n X 2n symmetric matrices.
Hence, each d*Qs ;(z0) for (i,7) € [1,n]*> and s € {1,2,3} is a linear combination of
the matrices d>P¥(2), 1 < k < 2n? + n. Since P¥(29) = VP¥(z9) = 0, there ex-
ists a family ()\fjs)(i7j,s7k)e[[17nﬂ2X{172,3}X[[1,2n2+n]] of complex numbers such that for any
(i,7,5) € [1,n]? x {1,2,3}:

on? +n

(3.4) Q; i(x,6) = Z AL PR, €) + O(||(2,6)]1?)
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and therefore:
2n2+n
(3.5) (1l ApQ3 AT 1) = Y Aol Ag PR AZ 1) + O(h) + O(|uh]?)
k=1
Hence, the family (S¢,2k718j72k71 + Si,2ij,2k)(i,j)e[[l,2n]]2,ke[[1,n]] is determined just as be-
fore, and this ends the proof in the general case. 0

3.2. The“Schrodinger case”.

Proof of Theorem 1.13. Let x € R™ be any system of local coordinates centered at ¢y €
M, and (z,&) € T*(R™) the corresponding Darboux coordinates centered at (qo,0) €
T*M. d?V(qo) being a positive bilinear form on T}, M, there exists, by Lemma A.4, a
local change of variable u, linear and orthogonal in the Darboux coordinates, such that:

_1 22 3
(3.6) Vou(x) = 2;9izi+0(x)

where the 07s are the eigenvalues of d?V (qo).

Let us denote by U the matrix of du,, written in the basis (6%1, ey %), and define
a symplectomorphism ¢ locally by its expression in the Darboux coordinates: ¢(z,§) =
Uz, UE).

If ¢g is the symplectomorphism sending (z, §) to (%, ceey \C/”—o%, VOi1&1, ... \V0:€,), and
H is the (principal and total) symbol of the considered Schrodinger operator then:

n

2 2
(37) Hooo0(r.&) = Vi) + 30,205 106"
1=1

Just as in proof of Theorem 1.9, the diagonal matrix elements of the family of the pseu-
dodifferential operators (Q?j)lﬁi, j<n in the system of eigenvectors corresponding to eigen-
values of H(x,hD;) in [V (qo), V(qo) + €(h)] determine the family (UixUji)i<i jk<n. AL
orthogonal matrix U such that (3.7) is verified is not unique, therefore it is not possible
to determine the matrix U from the preceeding diagonal matrix elements. However, by
Lemma A .4, the family (U;Ujk)1<i,j,k<n does not depend on the suitable matrix U (i.e.
orthogonal and satisfying (3.7)), and as we just saw it is determined by the preceeding ma-
trix elements. Therefore, one can determine the absolute values of the coefficients of any
suitable matrix U, and also, for any k € [1,n], an index i, € [1,n], such that U;, 5 # 0.
The choice of the sign of U, then determines the sign of every other coeflicient of the
k-th column. Therefore, one can determine the 2" suitable matrices, corresponding to n
choices of signs, as claimed by Lemma A.4. Choosing one of them determines (explicitely)
a suitable symplectomorphism ¢.

O

3.3. The periodic trajectory case.

Proof of Theorem 1.3. Let X, H(x,hD,), E,~ be as in Theorem 1.3. We first recall [6, 7,
16, 17] that there exists a (non unique) symplectomorphism ¢ from a neighborhood of S*
in T*(R™ x S!) in a neighborhood of v in T*(X) such that

(3.8) H,o¢(x,t,&,7) = Hy+ Hy and ~(t) = ¢(0,¢,0,0).
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with Hy and Hs as in is defined as in (2.3) and (2.2). Expressing ¢ in a system a local
coordinates (a/,¢&’,t',7") near v such that v = {2’ = ¢ =7/ = 0}, one can assume that:

(39) Qﬁ(l‘,ﬁ,f,T) = ¢S(‘T’ta€a7) = (S(t)(m,f),t,r +QS(ta$a€))

Here, for any t € S, S(¢) is a linear symplectic change of variable (identified with its
matrix in our system of coordinates), gs(t, -, ) is quadratic, gs(¢,0,0) = 0 and

(3.10) dgs = (Z Liyn(t).(x, §)Li(t) — Li(t)'(x7§>Li+n(t>> (d, df)

where for i € [1,2n] and t € S', L;(t) is the i-th line of the matrix S(t), L the derivation
with respect to t, and for two line vectors of size 2n, u.v is their canonical scalar product.

For (i,7) € [1,n]? p € Z and s € {1,2,3}, let As be any Fourier integral operator
implementing ¢g. We have

n

— g o o o 1
(3.11) (u, V|ASP:A51|H7 v) = Z ¢p (S% 2k-15F 2k—1 + 5% 257e 21) (Hk + 5) h+0O(h)
k=1

where ¢, (-) maps a function to its p-th Fourier coefficient, o is the permutation defined by
(A.5), S7 is defined by conjugation by the permutation matrix associated to o just as in
(A.6), and where, for (i, j) € [1,n]?,

2i—1 ifse{l,2} o [ 2 if s € {1,3}
{21' ifs=3 - ondd _{2j1 ifs=2
Now, just as in the proof of Proposition 2.13, the coefficients (all(PIf))leZ determine

Z’S_

p (S$72k715;572k71 + SZZ’%S}TSV%) for any k € [1,n]. Therefore, if the coefficients a} (P¥)
are given for any | € Z, (i,5) € [1,n]?, p € Z and s € {1,2,3}, then the functions

(3.12) Ai ke = S7ok_155 op—1 + 57 257 2k

are determined for any (i,5) € [1,2n]? and k € [1,n].

An easy adaptation of the proof of Lemma A.2 shows that, once the set of functions
(Ai k) (6,5 €l1,2n]2,k€[1,n] 1S given, one can construct explicitely a particular smooth func-
tion S! 5 ¢ — Sy(t) with values in the set of symplectic matrices, such that equality (3.12)
holds. We also get that any matrix S? such that equality (3.12) holds is related to Sy by
the equality S7 = S§U where ¢t — U(t) is a smooth function that takes its values in the
set of block diagonal matrices whose diagonal blocks are 2 by 2 rotations.

Now let us consider this particular Sy and let U be any smooth function that takes his
values in the set of block diagonal matrices whose diagonal blocks are 2 by 2 rotations. Let
us finally define S by the relation S° = SJU. Since for any t € S!, gs(t,-,-) is quadratic,
we have:

Py o ds(a,t,€,7) = ey 4 e 72 g (t, 2, €)

2impt 2inpt - 62%‘ 52%‘
__ —2imp —2imp _
—¢ T+e kEZI ( axi + 5«5,3 > (t)zrzr + R

(3.13)

where R is a linear combination of terms of the form e=2"Ptz; 21 ((k, k') € [1,n]) and
e 2Pty 2 ((k, k") € [L,n], kK #K).
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Just as before, the coefficients (a}(PY))

6 qs 6 o gs
only) ( + ez )ke[lynﬂ.

Now, we get from equation (3.10) that, for k € [1,n] and t € S':

; determine the family of functions (of ¢
WPEL

9%qs 0? as
022 (t) + afk ; Sitn k(1) Si k() + Sign b (£)Si kn ()

- Z Sz k z+n k ) + Si,kJrn (t)SiJrn,kJrn (t)

(3.14)

For k € [1,n] and ¢t € S', let us denote by Ux(t) = (Z?jgk(%) ;2?99?%)
k k

diagonal block of U(t). Then, for j € [1,2n], k € [1,n] and t € S':

) the k-th

S;k(t) > t ( So.j.k(1) >
3.15 75 = . (t 2
(319 (sp) = w0 (gooaxly
Therefore:

S"k(t)) ¢ (SO‘k(t)) tr (SO‘k(t) >
3.16 ey = "Ur(t ST 4+ ULt 2Js
(310 <Sj7k+n(t) ) 50,5,k+n(t) e(®) So.j.k+n(t)
Let us now observe that for k € [1,n], and any ¢ € S:

: 0 -1

(3.17) o oo = (] )

Therefore, since for any k € [1,n] and t € S' Uy (¢) is an orthogonal matrix and Sp(t) is a
symplectic matrix, we get from equations (3.16) and (3.17):

D%qs d%qs d%qs d%qs
t) + t) = o(t) + ot
(318) 57 O g 1= 7 0+ g )
+ 20,,(t)

Since the function ¢ — %2;123 (t) + 855123 (t) has been determined above, and the function
k k

2 2
L 86220 (t)+ 66220 (t) is entirely determined by the explicitely contructed function ¢ + Sp,

equation (3.18) then determines the function 0i. Therefore, the function ¢ — U(t), hence
the function ¢ — S7(t), is determined up to right multiplication by a constant block
diagonal matrix Uy whose diagonal block matrices are 2 by 2 rotations. It is now sufficient
to observe that if two functions ¢ — S1(¢) and ¢t — Sa(t) are related by the equation:

(3.19) S5 =S7Uy

where Uy is a constant matrix, then

(320) ¢S2 = ¢S1 © ¢U“71
0

and, if Uy is a constant block diagonal matrix whose diagonal block matrices are 2 by 2
rotations:

(3.21) HYo Sye-1 = Ho

Finally, the choice of Uy in the determination of ¢ — S(t) does not change the validity of
equation (3.8) for ¢ = ¢g, and Theorem 1.3 is proved.
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4. CLASSICAL ANALOGS

In this section we prove a classical result, analog to our preceeding quantum ones, and
motivated by the following straightforward lemma.

Lemma 4.1. Let O be a polynomial operator on L?(R™ xS') whose Weyl symbol, expressed
in polar and cylindrical coordinates is the function O(A, T, o, 7). Then

(4.1) G v/Oly) = [ Oluhvhop tidpdt +O(h).
Tn xSt

where for any j =1...n, z; +1i§ = \/A_jeitpj,
We concatenate analogs of Theorems 1.3 and 1.4 in the following

Theorem 4.2. Let v be a non-degenerate elliptic periodic trajectory of the Hamiltonian
flow generated by a proper smooth Hamiltonian function H. Let P;f be functions satisfying
in a local symplectic system of coordinates (x,t,&,7) € T*(R™ x S') such that v = {x =
E=1=0}:

(4.2) 'Pg(x,t,g,ﬂ = e 2™Plr gnd Pﬁ(x,t,{,ﬂ = e 2RI (2, 6), k=1,...,2n> +n

with the property that R¥(0) = VR¥(0) = 0 and the Hessians d*R*(0) are linearly
independent.

Let @ be the formal (unknown a priori) symplectomorphism which leads to the Birkhoff
normal form near vy and (A, T, p,t) the corresponding (formal and also unknown a priori)
action-angle coordinates such that v = {A = 7 = 0}. Let us define near A =7 = 0 the
following “average” quantities

— k
(4.3) Pr(A,7) = /]I‘"xSl P, o ®(A, 7,0, t)dpdt.

Then the knowledge of V’P_{f(O, 0) for k=1,...,2n2 +n, determines (in a constructive
way) an explicit system of Fermi coordinates near -y.

Moreover, let now (z,t,&,7) € T*(R™ x St) be any system of Fermi coordinates near
and let for (m,n,p) € N** x Z, Opnp, O, be functions satisfying in a neighborhood of ~:
(4.4)

Onnplat6,) = eIy (3555) ™ (575%) 7 +.0 (|41 + 1) ™)
Opwt67) = ez 40 (4] +1r)?)

Then the knowledge of the Birkhoff normal form near ~ and of the Taylor expansion at
A=717=0 up to order N of Opmnp, Oq, defined as in (4.3) for

(1) 0< |m|+|n| <N

(2)Vj=1...n, mj=0o0rn; =0

3) peZ,qeZ*
determines the Taylor expansion of the “true” Hamiltonian H up to the same order in the
picked-up system of Fermi coordinates.
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Proof. Let us first prove the second part of Theorem 4.2. Let (x,t,&,7) € T*(R™ x St) be
a system of Fermi coordinates near . Let, for N > 3, Fiy be the principal symbol of Wy.
With the notations of Proposition 2.2 we write

(4.5) Fn(z,t,2,7) = Z Qojrs (1) P2 Zh s
1 +|k|+2s=N
Let F satisfy

“+oo
(4.6) F~> Fy
N=3

With the notations of the proof of Proposition 2.2, we have:
(4.7) H oexp(xr)(z,t,&,7) ~ h(p,T,0)

Let N >3, (m,n,p,q) € N*" x Z x Z* and (j, k, s) € N?"*+1 gatisfy:
(4.8) 0<|m|+|n| <N, min,=0Vie[l,n], [jl+]|kl+2s=N

and o2

ks are the symbols

Then, as it has been seen in the proof of Lemma 2.15, if a}ks
of {ajks (1)e* ™ 232875 Opnp} and {apjrs (t)e2™Pt 272875 O,} respectively, we have, if
jt+m=k+n,
n .
/ Ugl‘ks (A, T, ¢, t)dtpdt :iCp(aojks)Amax(j’k)Ts (Z kzmz/; Jin; + 27Tp8>
Tn xSt =1 7 T
N+\m\2+\n\—1)

(4.9)
+0 (14] + I7)
and if j +m # k + n,

(410) [ ohatarondedt =0 (4] +17)
Tn xSt

N+\m\+\n\—1)
2

We also have, if j = k:

(4.11) /11‘ . O’?kS(A, T, ¢, t)depdt = icy(aojks)2mq(1 + $)AI TS + O (|A| +|7]) N?“)
X
and if j # k:
(112) [ A ronded =0 (141 +17) %)
T xSt

Now, let us set £ = 0 and assume that the function F<y_; has been determined for
| times | times

—_—~ —_—
some N Z 3 Then fOI‘ l Z 2, {FSNa { . -7{F§N;Omnp}}} and {FSNa { . -7{F§N;Oq}}}
are determined modulo O (|A| + |T|)%) and O (|A| + |T|)¥) respectively.

— N+\m\+\n\fl)
2

Therefore, by (4.9) and (4.10), O.np(A, 7) is equal, modulo O (|A| +|7])
and known terms to:

. max(7 s k:imz- - ml 2mps
(4.13) Z icp(Qgjps ) AT <Z A_J + Tp )

|7|+|k|+2s=N i=1
j=m=k+n
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and by (4.11) and (4.12), O,4(A, 7) is equal, modulo known terms and O (|A| + |T|)N;1)
to:

(4.14) D> icg(agsjs)2mg(l + 5) AT
2|j|+2s=N

Thus, just as in the proof of Proposition 2.14, let (m,n,p,q) € N** x Z x Z* run over all
possible values under condition (4.8), we determine every function ojks, ||+ |k|+2s = N,
hence Fl, which concludes the proof of the second part of Theorem 4.2.

The proof of the first part of the Theorem follows the same strategy with respect to
Theorem 1.3 than the proof of the second part with respect to Proposition 2.14. O

The last result of this paper will be the classical analog of Theorems 1.10 and 1.14.

Let us remind, [9], that in the case where H(z,&) = &2 + V(z) the classical normal
form determines the Taylor expansion of the potential when the latter is invariant by the
symmetry x; — —x; for each i € [1,n]. In the general case the Taylor expansion of the
averages, in the sense of (4.3), of a finite number of classical observables are necessary to
recover the full potential.

Let us assume H € C*(T*M,R) has a global minimum at 29 € T*M, and let dH,(20)
be the Hessian of H at zp. Let us define the matrix Q defined by d*H,(z0)(-,-) =:
Wa (5, Q71) where w,, (+,+) is the canonical symplectic form of T*M at zg. The eigen-
values of Q being purely imaginary, we denote them by £i6; with ; > 0, j € [1,n]. Let
us assume that 6, j € [1,n] are rationally independent.

Theorem 4.3. The statement of Theorem 4.2 remains valid verbatim by replacing v by
zo and ignoring the variables t, 7.

Let us now enunciate the classical analog of Theorem 1.14 in the case of a Schrodinger
operator with potential V' € C°>°(M,R):

Theorem 4.4. Let qy be a global non-degenerate minimum of V-on M. Let us assume that
the square roots of the eigenvalues of d*V (qo) are linearly independent over the rationals.

Let PF k = 1...%, be smooth functions on M such that P*(qo) = VP*(q0) = 0
and the Hessians d>P*(q) are linearly independent (an example of such potentials
is the family Q;j(x) = x;x; in a local system of coordinates centered at qo).

Then the knowledge of the Birkhoff normal form near qo and of the Taylor expansion at

A =0 up of the (finite number of) “average” P*(A) determines (in a constructive way)
an explicit system of Fermi coordinates.

Moreover, let (x,£) € T*R™ be any system of Fermi coordinates centered at (qo,0) and
Omo defined in Theorem 1.14.

Then the knowledge of the Taylor expansion at A =0 up to order N > 3 of the (finite
number) “average” quantities O, as in (4.3) together with the Bikhoff normal form itself,
determines the Taylor expansion up to order N of V atl qo in the picked-up system of
coordinates.

In the line of the proof of Theorem 4.2 the proofs of Theorem 4.4 and 4.3 are easy
adaptations of the proofs of Theorem 1.14 and 1.10. We omit them here.
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APPENDIX A. LEMMAS ON LINEAR AND BILINEAR ALGEBRA

Lemma A.1. Let q be a positive quadratic form on R**. Then there exists a canonical
endomorphism ¢ on R?"™, and a n-tuple of positive real numbers (M1, ..., \,), defined as the
imaginary part of the eigenvalues of positive imaginary part of the endomorphism defined

by:
(A.1) (a()g =w(-)

where (-;-)q be the scalar product associated to q and w the canonical symplecic tform on

R2", and such that:
(A-2) (@, €) €R™, q(o(x,6) = Y Nilaf + &)
i=1
Moreover, if the real numbers A1, ..., A\, are pairwise different, and ¢' is an endomorphism

of R?™. Then ¢' is canonical and satisfies (A.2) if and only there exists an orthogonal
isomophism u on R?™ whose restriction to the plane spanned by (%, 6%-) (for any i €
[1,7n]) is a rotation, such that ¢ = ¢ o u.

Proof of Lemma A.1. a is antisymmetric with respect to g, and therefore there exists a

g-orthonormal basis of R?" (uq,...,un,v1,...,v,) and a n-tuple of positive real numbers
(A1,...,\y) such that, for j € [1,n]:
(A.3) Aja(u;) = —vj and Aja(v;) = u;

Now let us set, for j € [1,n]:

(A4) ’ﬁj = \/)\juj and ’l~)j = \/)\j’Uj
Then, (y,...,%n,71,-..,0,) is a g-orthogonal basis of R?" satisfying, for j € [1,n],
q(@;) = Aj and ¢(?9;) = A;, and the preceeding properties together with (A.2) implies that
it is also a symplectic basis, which concludes the proof of the first part of Lemma A.1.
To prove the second part of Lemma A.1, let us consider another symplectic and or-

thogonal basis (uy,...,u,,vy,...,v;,) where, for j € [1,n], the g-norm of u/; and v/ is A;.
Then, by (A.2), for any j € [1,n], a(uf) is orthogonal to any vector of the basis but v’
and (v}, a(uf)), = w(v;,u;) = —1, therefore \ja(u}) = —v}, and by the same argument,

Aja(vy) = ul.

Therefore, the plane spanned by (u;,v;) and the plane by (u;,v}) are both the kernel
of a® + )\5 (2-dimensional since we made the additional assumption the \;s are pairwise
different). Therefore, if ¢ and ¢’ are the endomorphisms which send the canonical basis
of R?" to basis (11, .., n,, 01, ...,0,) and basis (u},...,ul,, v}, ..., v}) respectively, then
one can considerer the restriction to any plane spanned by (6%’ a%i) (for any i € [1,n])
is an orthogonal symplectomorphism from the plane to itself, that is a rotation.

O
Let o be the permutation of [1,2n] defined by:
. . 21 —1 sit<n
(A.5) Vi € [1,2n], O'(’L){ 2i-n) sii>ntl

and M, be the associated permutation matrix (i.e. for any (i,j) € [1,2n]?, (M,);; =
)

(i),



RECOVERING HAMILTONIANS 37

Now, let us set, for any matrix S € My, (R):
(A.6) S, = M;'SM,.

Let us also, for (i,k) € [1,2n] x [1,n], denote by Lg;; the vector of R? defined by
Lsik = ( Egzgz’;‘l ) € R2. Then, for (i, k) € [1,n]?, s;x will be the matrix of size 2

whose first line is Lg 2,1, and second line *Lg 2; .

Lemma A.2. Let A be a positive matriz of size 2n. Let S be the (non-empty by lemma
A.1) set of symplectic matrices satisfying

D 0

t _ A

(A.7) SAS = ( 0 1 Dx )

where Dy is the diagonal matriz with (A1, ..., A\,) as n-tuple of positive diagonal elements,

which we assume pairwise different. Then:

(1) The family ({(Ls,ik; Ls,jk))ij)eli,2n]? ke[1,n] i independent of matriz S € S.
(2) Once the preceeding invariants of S given, one can construct explicitely a particular
matriz of S (hence all of them by Lemma A.1).

Proof of Lemma A.2. Let us first prove the first point. Let (S,7) € S?. By Lemma A.1,
there exist n matrices belonging to SO2(R) and denoted by Oy, ..., O,, such that:

01 51,101 o 51,n0n
(A.8) T =5, =
On 5n,lOl e 5n,n0n
and (A.8) is equivalent to:
(A9) V(’L, k) S [[1,271]] X [[l,n]],Lka = tOkLS,i7k

Hence ((Ls,ik; Ls,jk))ij)e[1.2n]?,ke[1,n] does not depend on the matrix S € S and the
first point of Lemma A.2 is proven.
Now, let S € S, and let (aijr)(,j)e[1,2n]2,ke[1,n] Pe the family defined by:

(A.10) V(i,j) € [1,2n]?, Vk € [1,n], aijr = (Ls,ik; Ls,jx)

Let us assume that this family is given. Two vectors v and v of R? are independent if
and only if: (u;v)? < (u;u){v;v). Since matrix S is invertible, on can choose, for any
k € [1,n], a couple of indices (i, jr) € [1,2n]? such that:

2
(A'll) ik < Qi kO ik

Let k € [1,n] Let us choose a vector v;,, whose norm is ,/a;,;.x > 0. The following
system of equations with unknown v € R?:

A12 <Uikk;v> = Qiy gk
(A.12) { (iv) =k

admits exactly two solutions (by (A.11)), denoted by v;-; . €t v; ;. obtained from one another
by orthogonal symmetry IRy of axis the line spanned by v;, .
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Let us set v; , = U;:k = v;, . Since the families (U;:k, ’U;};k) et (v, 1, vj,5) are two basis
of R?, for any i € [[1,2n] \ {i, jr}, each one of the two systems:

(A.13) {<Uz’kk;v> = Gigik 4 {(’Ui_kk;’U> = i,k

<”;‘;k5 v) = ajk <v_jkk;v> = Qjik
admits exactly one solution denoted respectively by ’U;?c and v, , and satisfying relation
Vi = Rkv;‘,;.
We are now able to construct 2" matrices (Ta) acp([1,n]) defined, for A € P([1,n]), by:

v;‘,; if keA

(A.14) V(i k) € [1,2n] x [1,n], Lz, .ok = { o elso

In order to prove the second point of Lemma A.2, it is sufficient to prove the following
assertions:

(1) There exists at least one set A € P([1,n]), such that: T4 € S.
(2) There is at most one set A € P([1,n]), such that T4 is symplectic (and A is
determined by family (aijk)(i,j)e[[1,2n]]2,k6[[1,n]])

Indeed, once those two assertions proved, there will be exactly one set A € P([1,n])
such that T4 is symplectic, and it will be an element of S, constructed from the values of
family (az‘jk)(i,j)e{[1,2n]]2,ke[[1,n]] only.

Let us prove the first assertion. Let, for any k € [1,n], Ok be the unique element of
SO2(R) tel que: Lg, k = Ok, (where S is a particular matrix of S).

The system (A.12) is equivalent to:

Ls.ipi; Okv) = Gigjpk
A15 (Ls,iy.k; Ok i
(4.15) { (Okv; Ogv) = gk

which admits exactly two solutions: v;; i et v; . Hence, for any k € [1,n]:

(A.16) Lg k= Okv;,;k or Lgj, k= Okvj_kk
Let us define the set A by:
(A17) A= {k eN |LS,jk,k = Ok’l);’;k}

Since each system (A.13) admit a unique solution, we obtain:

+ .
W(i, k) € [1,2n] x [[Lnﬂ,Ls,i,k:{ Oxvy, i k €4

(A.18) Oyv;, if else
= OkLr, ik
that is:
O,
(A.19) Tao =05
Oy,

and Ty € S by Lemma A.1.
In order to prove the second assertion, let us use the following lemma:
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Lemma A.3. For any symplectic matriz B of size 2n, we have:

(A.20) Vk € [1,n], zn:det(bi7k) =1

i=1
If A; and A, are two parts of [1,n], we get from (A.14) and relation v, = Ryv}; that:

RkLTAl,i,k if ke AjAA,

(A.21) W(i, k) € [1,20] x [1,n], L1, i = { P ol

where A1 AAs is the symmetric difference of A; and As: A1 AAy = (Ar \ Aa) U (A2 \ Ay).
Hence:

(A.22) Vk € [1,n], > det ((ta,)in) =€k Y det ((ta,)i)

i=1 i=1
where, for k € [1,n], e, = —1if k € AJAAs, e =1 if else. Since A1AA; = ) if and only
if A; = Ao, there exists at most one part A of [1,n] such Ty is symplectic. The second
assertion, hence the second point of Lemma A.3, is proven. (|

Proof of Lemma A.3. Since B is a symplectic matrix, matrix B, satisfies:
(A23) tBoJaBo = Jo

It is sufficient, for k € [1,n], to read equality (A.23) at line 2k and column 2k — 1 to
obtain:

(A.24) > det(bi) =1
i=1
O

Lemma A.4. Let A € M, (R) be a positive matriz whose eigenvalues are pairwise dif-
ferent. Let D a diagonal matriz, similar to A. Then there exists exactly 2" orthogonal
matrices conjugating A to D, and they are obtained one from another by a possible change
of the sign of each column.

Proof of Lemma A.j. As A is positive, there exists an orthogonal matrix () such that:
(A.25) Qr'AQ1 = 'Q1AQ, =D

Let Q2 € GL,(R). Then Qs is orthogonal and satisfies: Q5 'AQ2 = D if and only if Q5 ' Q;
is an orthogonal matrix which commutes to D, that is, because the diagonal elements of
D are pairwise different, if and only if Q5 1@, is an orthogonal diagonal matrix. Finally,
@2 is orthogonal and satisfies: Q;lAQQ = D if and only if Q;lQl is diagonal and its
elements belong to {—1, 1}, that is if Q)2 is obtained from ()1 by a possible change of the
sign of each column. 0
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APPENDIX B. REALIZING THE POINCARE ANGLES

B.1. The periodic trajectory case. In this section we indicate how different systems
of Fermi coordinates and different Birkhoff normal forms exist for any realization of the
Poincaré angles as real numbers and we show how those normal forms are linked to each
other. Thus, our results are independent of this ambiguity.

Proposition B.1. Under the hypothesis of Theorem 1.4, the knowledge of the coefficients
of the trace formula determines the quantities €%, i = 1...n. Moreover, let us denote by

Bo,....0,(x,&,7) = E+ >, 91@ +7+0((2? + &€ + |7])?) the Birkhoff normal form
of Hy, associated to a given choice of angles 0;. For k € Z", let hy(z,£) = > wk;(x? + £2)

and let @y, be the symplectomorphism defined, with the notation of (2.92), by

(B.1) Oy (2, €,t,7) = (exp(tth)(z, Ot 41y ki(ad + gf))
Then By, .....0,, © ® = Bo, 42k ,....00+2knn

Proof. The first part of the assertion belongs to Fried [5]. The fact that @y is a symplec-
tormorphism can be checked directly. Moreover one sees immediatly that it conjugate the
quadratic in (z,&)/linear in 7 part of By, . g, to the one of By, +ok,x....6,+2k, = Moreover
By, .0, 0Py is a function of 7 and 2? + &2 only and it is easy to verify that the algorithmic
constructions of the two normal froms are covariantly conjugated by ®j. Therefore, it is
equal to By, 42k, x,....00+2kn - O

B.2. The “bottom of the well” case.

Proposition B.2. Under the hypothesis of Theorems 1.10 and 1.14, the knowledge of the
spectrum of H(x,hDy) in [Hp(20), Hy(20) + €], h = o(e), determine the spectrum of the
Hessian of the principal symbol of H(x,hD,) at zo.

Proof. By the quantum normal Birkhoof form construction we know that the bottom part
of the spectrum is {Hp(20) + > 0i(pi + 1/2)h + O(A?), |uh| = O(e)}. Therefore, the

i=1

bottom part of the spectrum determines the set A = {>° 0;(p; +1/2),n € N} Let
i=1

us now assume that the ;s are arranged in increasing order. 01/2 is then equal to the

minimum of A. By induction, if 6y,...,0; are known for some k, 1 < k < n, let us

define A, = {Zle 0i(pi +1/2)}. Let us set A\gy1 := min A N Af. We easily see that

Okr1 = 241 — Zle 0;, which concludes the proof. O
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