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Abstract

We present an account of the construction by S. Sekiguchi and N. Suwa of a cyclic isogeny of affine smooth
group schemes unifying the Kummer and Artin-Schreier-Witt isogenies. We complete the construction
over an arbitrary base ring. We extend the statements of some results in a form adapted to a further
investigation of the models of the group schemes of roots of unity.
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Given a prime p and an integer n > 1, consider the problem of describing étale cyclic coverings
of order p™ of algebras, or schemes. Over a field of characteristic 0, the Kummer isogeny provides
such a covering which is universal on local rings. Over a field of characteristic p, an isogeny with
the same virtues is given by the Artin-Schreier-Witt theory. In the end of the nineties, T. Sekiguchi
and N. Suwa gave the construction of an isogeny of smooth affine n-dimensional group schemes
over a discrete valuation ring of mixed characteristics, putting the Kummer isogeny and the Artin-
Schreier-Witt isogeny into a continuous family satisfying a certain universality property. This is
presented in the papers [SS1] and [S52] and we give a more detailed overview in Section 1 below.

The present paper is an account of this construction, with emphasis on some features that we
found especially interesting. We have three main goals in writing such an account.

Our first goal is to generalize their theory in such a way that it can handle as many isogeny
kernels as possible. The point is that, while Sekiguchi and Suwa are mainly interested in one model
of p,n, we are interested in all models. For this, we need to give some complements to the papers
[SS1] and [SS2] and make sure that the proofs of the generalized statements work. The result is
Theorem 5.2.7. Also, since the article [SS2] was never published, we wanted to check thoroughly
all the details so as to rely safely on it.

Our second goal is to emphasize the geometric nature of the construction. Indeed, the assump-
tion that the base is a discrete valuation ring is almost useless in [SS1] and [SS2]. With suitable
formulations, everything works over an (almost) arbitrary Z,-algebra, and the result is a parame-
terization of a nice family of affine smooth group schemes called filtered group schemes, containing
plenty of models of p,». The parameter space is a countable union of schemes of finite type over
Z(p), as we prove in Theorem 4.3.8. We show how to formulate things in this geometric, functorial
way.

Our third goal is to propose a hopefully pleasant exposition of the theory, with the idea that
this tremendous piece of algebra deserves to be best-known. We introduce some terminology for
important concepts when we think that it may be enlightening (fundamental morphisms, framed
group schemes, Kummer subgroup). We focus on key points rather than lengthy calculations. We
emphasize the inductive nature of the intricate constructions with an algorithmic presentation.
We do not claim that reading our text is a gentle stroll leading without effort to a transparent
understanding of the papers [S51] and [SS52]. Rather, we hope that having a slightly different
viewpoint will help the interested reader to immerse into these papers.

Summary of contents. We first present the main lines of the strategy of Sekiguchi and Suwa
to construct some affine smooth group schemes embodying the unification of Kummer and Artin-
Schreier-Witt theories. (§1.1-1.3). Our aim is to describe as many isogenies as possible between
these groups, and to study their kernels (§1.4). We recall the necessary notions on Witt vectors
(8§2). We define and classify framed formal groups by a universal object (Theorem 3.2.9). We
emphasize that the construction by induction is given by an explicit and computable algorithm
(83). Section 4 is devoted to framed group schemes. In order to obtain algebraic objects we have
to truncate carefully the previous formal objects. At last, we consider explicit isogenies between
framed group schemes and we obtain the condition to define finite flat Kummer group schemes (§5).

Notations. The roman and the greek alphabets do not contain enough symbols for Sekiguchi-Suwa
theory. Using the same letters for different objects could not always be avoided. We tried our best
to choose good notations, but in some places they remain very heavy. In other places, we changed
slightly the notations of Sekiguchi and Suwa. We apologize for the inconvenience.
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Laurent Fargues, Michel Raynaud, and Noriyuki Suwa. We also thank Guillaume Pagot and
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authors also spent a very nice week in the CIRM in Luminy. We thank all these institutions for
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1 Overview of Sekiguchi-Suwa theory

1.1 Unifying Kummer and Artin-Schreier-Witt theories

Fix a discrete valuation ring R with fraction field K of characteristic 0 and residue field k of
characteristic p > 0. Let W,, be the scheme of Witt vectors of length n and G,,, the multiplicative
group scheme. The work of Sekiguchi and Suwa provides an explicit construction of an isogeny
W,, — V,, of smooth affine n-dimensional group schemes over R with special fibre isomorphic to
the Artin-Schreier-Witt isogeny

o :Wopr — Wy, o2l —ua,
and generic fibre isomorphic to the Kummer-type isogeny

O: (Gui)" — (Gmk)", (x1,...,2n) — (m’l’,xé’xl_l, .. ,xﬁx;ﬁl),

such that any p"-cyclic finite étale extension of local flat R-algebras is obtained by base change
from W,, — V,,. The isogeny O is essentially equivalent to the usual one-dimensional isogeny
x +— zP" for the purposes of Kummer theory, and is of course best-suited to the unification with
the Artin-Schreier-Witt theory. In the strategy of Sekiguchi and Suwa to complete this goal, let us
single out three steps:

(A) Describe a family of smooth n-dimensional group schemes that are good candidates to be the
domain and target of the sought-for isogeny (this is done in Sections 3, 4, 5 of [S552]). These are
called filtered group schemes.

(B) Choose suitably the parameters in the previous constructions so as to produce a group scheme
W,, (Section 8 of [SS2]) with a finite flat subgroup scheme (Z/p"Z)r. This step requires R to
contain the p”-th roots of unity.

(C) Compute the group V,, =W,,/(Z/p"7Z) and the isogeny W,, — V,, (Section 9 of [SS2]).

We will now present these steps in a little more detail.

1.2 Filtered group schemes

Let us briefly describe Step (A), the description of the family of smooth group schemes relevant
to the problem. The groups are constructed with two guiding principles: firstly they are models
of (Gy,,kx)", and secondly they are extensions of a group of the same type in dimension one less
by a 1-dimensional group, in the same way as Wy, ; is an extension of Wy,_1; by G, . For n =
1, the smooth models of G,, x with connected fibres are known as some group schemes G =
Spec(R[X,1/(1 + AX)]), where A € R is a parameter (see the papers [WW] and [SOS]). Thus we
are led to consider filtered group schemes of type (A1, ..., \,) for various n-tuples of elements \; € R,
defined recursively as the extensions of a group € of type (A1,...,A\,_1) by the group G*». We see



that in order to obtain the n-dimensional group schemes, we have to describe the group Extl(g, 9)‘)
classifying such extensions. This is easy when \ is invertible i.e. G ~ G, R, since one can prove
easily by dévissage that Ext!(€,G,, r) = 0. Therefore, in order to understand Ext' (&, 5") we must
measure the difference between G* and Gy, r. This is done with an exact sequence of sheaves on
the small flat site

0— G — Guyr 2 Gy gy — 0

where i : Spec(R/AR) — Spec(R) is the closed immersion (we make the convention that all
sheaves supported on the empty set are 0, e.g. .Gy, g/x = 0 if A is invertible). The long exact
sequence for the functor Hom(E, -) gives

Eth(87 9)\) = HOIH(ER/)\, Gm,R/)\)/p* Hom(E, Gm,R)

(and Hom(Eg/x, Gy r/a) = 0 if A is invertible, according to our previous convention).

At this point, the problem becomes essentially to describe Hom(& R/x G, r/n)- Technically,
this is one of the key points of Sekiguchi and Suwa’s work. This group of homomorphisms is
parameterized by a suitable generalization of the classical Artin-Hasse exponential series. It is
therefore really in the formal world that the crucial objects live, as formal power series satisfying
the important identities. Accordingly, the formal theory (the construction of filtered formal groups)
precedes, and is the inspiration for, the algebraic theory (the construction of filtered group schemes).
Here, it is worth pointing out that the construction of extensions in the formal case takes a slightly
different turn, because no analogue of the exact sequence 0 — G* = G,y — i,G,, — 0 is available.
Instead one considers the composition

0: Hom(é,@m) — Hg(é, 9)‘) — EX‘Gl(é, 9)‘)

that associates to a morphism a Hochschild 2-cocyle and then the extension it gives birth to.
The point is that in the algebraic case, the map 0 is obtained as the coboundary of a long exact
cohomology sequence which is not available in the formal case, while in the formal case the map 0 is
obtained using the surjective map Hg(é, Q’\) — Extl(é, é*) which tends to be zero in the algebraic
case.

1.3 Finite flat subgroup schemes

Let us now make some comments on Steps (B) and (C). Filtered group schemes & have filtered sub-
group schemes, obtained by successive extensions of subgroups. We will see that their construction
provides natural morphisms « : & — (G,,,)" that are model maps, that is to say, isomorphisms on
the generic fibre. On the generic fibre, these morphisms provide natural filtered subgroup schemes
of €k isomorphic to pyn i: one just has to pullback via o the kernel of the Kummer isogeny
Ok : (Gn,r)" = (Gp k)" By taking the closure in €, one produces interesting candidates to
be finite flat models of p,n . If R contains the p™-roots of unity, and for suitable choices of
the parameters of the extensions, one obtains a filtered group scheme & = W,, and a model of
ppr i =~ (Z/p"Z)k which turns out to be the constant group (Z/p"Z)r. Sekiguchi and Suwa
specialize to this case and study the quotient isogeny. They prove that these objects realize the
unification of the Kummer and Artin-Schreier-Witt exact sequences.

1.4 Our presentation of the theory

Our personal interest does not lie in one single model of p,»  but in all possible models one can
exhibit (see the article [MRT]). It is therefore very important for us to leave the parameters as free



as possible. We call Kummer subschemes the subschemes GG obtained by scheme-theoretic closure
in the way described in 1.3. Then the framework of Sekiguchi and Suwa allows to characterize
when a Kummer subscheme is finite locally free over the base ring R. In fact, the 'good’ object
is the isogeny & — F = £/ itself, and we are able to construct isogenies between filtered group
schemes, whose kernels are the finite flat models of p)» x we are interested in.

If we incorporate the various choices of parameters into the definitions, we obtain a notion of
framed group scheme whose moduli problem is (tautologically) representable by a scheme. This
scheme is a nice parameter space for filtered group schemes. It has a formal and an algebraic
version. We formulate things with this vocabulary.

Finally, we point out that almost no restriction on the base ring R is necessary. In particular,
it need not be a discrete valuation ring, not even an integral domain. The only important point
is that the parameters ); of the successive extensions should be nonzerodivisors. Thus we work
throughout with an arbitrary Z,)-algebra.

2 Witt vectors

The prime number p is fixed. This section is devoted to generalities on the ring scheme of Witt
vectors W. We first recall basic notations concerning W and some of its endomorphisms. Then we
define the formal completion of W and study its stability under the endomorphisms defined before.
Finally we introduce various objects related to the scheme of Witt vectors over the affine line. As
a general rule, we keep the notations of the papers [S52] and [SS1].

2.1 Witt vectors

We briefly indicate our notations for the ring scheme W of Witt vectors over the integers. The
letters X, Y, Z, A denote infinite vectors of indeterminates, with X = (X, X1,...), etc.

2.1.1 Ring scheme structure. The scheme of Witt vectors is W = Spec(Z[Zy, Z1,...]). Its
structure is defined using the Witt polynomials defined for all integers r > 0 by:

(I)T(Z) = (I)r(207 .. ',Zr) = Zgr —l—piT71 4+ ... _|_pTZT'

The addition and multiplication of the Witt ring scheme are defined respectively, on the function
ring level, by the assignments Z, — S,.(X,Y) and Z, — P.(X,Y), where

SH(X,Y)=5(Xo,..., X, Yp,....Y.), B(X,Y)=P.(Xo,...,X,Yp,...,Y})
are the unique polynomials with integer coefficients satisfying for all » > 0 the identities:
P, (So(X,Y),.... 5 (X,Y)) = . (Xo, ..., Xs) + D, (Xo, ..., Yr),
D, (P(X,Y),...,P(X,Y)) = ?,(Xo,...,X,) ®.(Xo,...,Ys).

2.1.2 Frobenius, Verschiebung, Teichmiiller, 7" map. The ring scheme endomorphism
F : W — W called Frobenius is defined by the assignment Z, — F.(X), where the F,.(X) =
F.(Xo,...,X,41) are the unique polynomials satisfying for all » > 0 the identities:

D, (Fo(X),...,F.(X)) = P11(Xo,- -, Xpp1)-
The additive group scheme endomorphism

V : W = Spec(Z[Xo, X1,...]) = W = Spec(Z[Zy, Z1, . . .])



called Verschiebung is defined by the assignments Zy — 0 and Z, — X,_; for r > 1. Let Al =
Spec(Z[Xo]) be the affine line over Z. Then the multiplicative morphism [-] : A! — W called
Teichmailler representative is defined by the assignments Zy — Xg and Z,. — 0 if r > 1

An important role in Sekiguchi-Suwa theory is played by the morphism 7" : W x W — W called
(by us) the T' map, defined by the assignment Z, — T,.(Y, X), where the T,.(Y, X) are the unique
polynomials satisfying for all » > 0 the identities:

O (To(Y, X),... . Tp(V, X)) = Y (X)) + pVP ®,_1(X) + -+ + p' Y, D0 (X).

Existence and uniqueness of the sequence T'(Y, X) = (Tp(Y, X), T1 (Y, X), ... ) are granted by Bour-
baki [B], § 1, no. 2, Prop. 2, applied to the ring Z[Y, X] endowed with the endomorphism o raising
each variable to the p-th power. Note that in [S52] the notation for T'(Y, X)) is Ty X, a notation that
we will also use. The morphism 7T is additive in the second variable i.e. gives rise to a morphism
T:W — End(W, +).

Some of these definitions are really more pleasant in terms of functors of points. This is typically
the case for the morphisms V, T" and [-]. Let us indicate them: given a ring A and Witt vectors
a,z € W(A), we have V(z) = (0,29, 21,...), [vo] = (20,0,0,...) and Tox = > o V" ([ar]x), see
[S52], Lemma 4.2.

2.2 Formal completion

The formal completion of the group scheme of Witt vectors along the zero section is the subfunctor
W C W defined by:

A

W(A) & {a = (ap,a1,az,...) € W(A), a; nilpotent for all i, a; =0 for i > 0}.

This is the completion in Cartier’s sense (see [Ca]); note that in infinite dimension, several rea-
sonable definitions of completion exist (a different one may be found for example in [Ya], example
3.24).

2.2.1 Lemma. The formal completion W is an ideal of W.
Proof: We introduce a filtration of W by subfunctors VAVM7 N (M, N > 1 integers) with
Wy n(A) = {a e W(A), a; =0fori> M and (a O =0fori> 0}.

It is clear that this filtration is exhaustive. Hence it is enough to prove that for all M, N there
exist M', N’ such that WMW + WM,N - VAVMr’N/ and W x WM,N C VAVMQN/. The proof in the two
cases is very similar, so we will treat only the case of the sum.

Step 1: we may assume that p is invertible in the base ring. Indeed, VAVM7 ~ is a closed subfunctor
of W which is representable by a finite flat Z-scheme. So if the addition map on WM, ~ factors
over Z[1/p] through some VAVM/’ ~7, then by taking scheme-theoretic closures one finds that it factors
through WMQ N7 over Z as well.

Step 2: let (X,Y) be the universal point of Wyrn x Wiy n, where X = (Xo,X1,...) and Y =
(Yo, Y1,...). Then the coefficients of the sum S = X +Y are nilpotent. This is clear, since for each
i the coefficient §; is a polynomial in the X;,Y;.

Step 3: for alli > r:= M —1+log,(N), we have ®;(S) = 0. Indeed, we have

M-1

®;(X) = P(X; ij =0
Jj=0 J=



since j < M — 1 implies that p'=/ > p=M+1 > pr=M+1 > N Similarly we have ®;(Y) = 0 and
Step 4: by Step 2, let P be such that (Sg)Y = --- = (S,_1)¥ = 0. Then S; = 0 for all i >
log,((P—1)(1+p+---+p"1)). For the weight of Witt vectors giving weight p’ to X; and Y;, the
element S; is homogeneous of weight p*. Since p is invertible, using Step 3 and induction we see
that for all ¢ > r, the element S; is a polynomial in Sp,...,S,_1. By the choice of P, a monomial
(Sp)’° ... (S,_1)7=1 will be nonzero only if all exponents jo, ..., j,_1 are less than P — 1, hence the
weight is jo+pj1+---+p " Ljr1 < (P—1)(14+p+---+p"1). We get the claim by contraposition.
Step 5: conclusion. By Step 4, we can take M’ = log,((P—1)(1+p+-- -+p"~1)) and the existence
of N’ is given by Step 2. O

2.2.2 Remark. In Sections 4 and 5, we try to give a presentation of Sekiguchi-Suwa theory
adapted to computations. In particular, in Lemma 4.1.1 we give an explicit degree of truncation
for the Artin-Hasse exponentials that is sufficient to compute filtered group schemes. It is equally
desirable to have explicit bounds for the number of nonzero terms of the Witt vectors that appear,
but this desire is in fact limited by the difficulty to give a reasonably explicit bound for the number
of nonzero coefficients of the sum of two Witt vectors, as we saw in the proof of Lemma 2.2.1.

2.2.3 Lemma. The formal completion W is stable under F and V.

Proof: For V there is nothing to say, and for F' the strategy of the proof of Lemma 2.2.1 works
almost unchanged. U

2.2.4 Lemma. Let W/ be the subfunctor of W composed of Witt vectors with finitely many
nonzero coefficients. Then T induces a morphism W1 x W — W.

We point out that W/ has no (additive or whatever) structure.

Proof: Using the formulas Tpx = >~ - V" ([a;]z) and [a]z = (axq, a2y, a?’z,,...), this is obvious.
U

2.3 Witt vectors over the affine line

Let A! = Spec(Z[A]) be the affine line over the integers, and let i : Spec(Z) — Al be the closed
immersion of the origin, given by A = 0. In the paper [SOS], the study of the multiplicative group
scheme over the affine line leads to introduce a certain group scheme G* (the notation in loc. cit. is
90‘)). In this section, we expand the idea behind the introduction of this group scheme, because we
notice that when we consider a group scheme over A! (favourite examples are G,,, or W), the groups
of elements vanishing at the origin and those supported at the origin are especially important. In
this way, we introduce a W-module scheme W2. We recall the definition of G* which fits in the
same framework. Note that we simplify the notations F), GO o) from the papers [SOS] and
[592] to FA, GA ah.

2.3.1 Proposition. Let A' = Spec(Z[A]) be the affine line over the integers, and let i : Spec(Z) <
Al be the closed immersion given by A = 0. Let A%l denote the small flat site of Al.



(1) The canonical morphism G, — i,G,, fits into an exact sequence

A b .
0— §* — G,,, — 1.G,,, — 0
of abelian sheaves on A%l, where G is a flat commutative group scheme.

(2) The canonical morphism W — i, W fits into an exact sequence

0— WA 2w — W —0

of abelian sheaves on A%l, where W is a flat W-module scheme. Here, the scheme W has the
same underlying scheme as W and the first map is

x = (xg,x1,2T2,...) — AN = (Axo, Azq, Axs, ... ).

An algebra R and an element A € R define an R-point Spec(R) — A!. The pullbacks of a?
and A : WA — W along this point give a morphism of R-group schemes which we will denote
ar: G o G,, and a morphism of R-schemes in W-modules which we will denote A : WA = W.

Proof: We treat only case (2), since case (1) is similar and even simpler. The scheme W* and the
map A : WA — W are defined in the statement. These fit into an exact sequence, functorial in the
flat Z[A]-algebra R:

0— WAR) 2 W(R) — (i,W)(R) = W(R/AR) — 0.

Thus the map A identifies WA(R) with the ideal of W (R) of vectors all whose components are
multiples of A. Tt follows that for all u,v € WA (R) and a € W(R), the sum u + v and the product
au, computed in W(R), again lie in this ideal. By taking for R the function ring of W*, we see
that the universal polynomials giving Witt vector addition and multiplication

So(Au, Aw), S1(Au, Aw), So(Au,Aw),... , Py(Aa,Aw), Pi(Aa,Av), Po(A.a,Av),...

are divisible by A, that is S;(A.u, A.w) = AS}(u,v) and P;(A.a, A.w) = AP/(a,u). By flatness, the
polynomials S/ and P/ are uniquely determined and they define the W-module structure on the

scheme WA. O

2.3.2 Remark. We could also define W and G* as dilatations of W and G,,, along the respective
unit sections of the special fibre A = 0. When the base ring is a discrete valuation ring R, the
dilatation of an R-scheme X along a closed subscheme of the special fibre is defined in Chapter 3 of
[BLR]. The same construction works in the following more general setting. Consider a base scheme
S, a Cartier divisor Sy = V(J), an S-scheme X, and a closed subscheme Y; of Xy = X xg Sp.
Then there exists a morphism of S-schemes u : X’ — X where X’ is an S-scheme without J-torsion
such that u(X() C Yy, and which is universal with these properties. The scheme X’ is called the
dilatation of X along Yj.

We close the section with a lemma that plays a key role in the development of the theory.

2.3.3 Lemma. Let W be the ring scheme of Witt vectors over the affine line A' = Spec(Z[A]).
Then, the additive endomorphism F» := F — [AP71) : W — W s faithfully flat.

Of course, here again, for an algebra R and an element A\ € R we obtain a faithfully flat
endomorphism F* : Wr — Wh.

Proof: See [SS1], Proposition 1.6 and Corollaries 1.7-1.8, and [S52], Lemma 4.5. O



3 Formal theory

In Subsection 3.1, we introduce the deformed Artin-Hasse exponentials studied by Sekiguchi and
Suwa. These power series satisfy important identities that allow to construct formal filtered group
schemes by successive extensions. This is explained in 3.2, with Theorem 3.2.9 summarizing the
main properties of the construction.

3.1 Deformed Artin-Hasse exponentials

In order to describe the homomorphisms from formal filtered group schemes (introduced in Sub-
section 4.3) to the formal multiplicative group G, we will need some deformations of Artin-Hasse
exponentials. For simplicity, we will call them deformed exponentials. In the non-formal case, we
will also need some truncations of these series. We introduce all these objects here.

Given indeterminates A, U and T, we define a formal power series in 1" with coefficients in

Q[A, U] by ) .
o0 (Yo (uyt
E,(U,AT) = (1 +AT)R H (1+ APPTP )P ((A) (%) ) .
k=1
It satisfies basic properties such as E,(0,A,T) = 1 and E,(MU, MA,T) = E,(U,A, MT), where
M is another indeterminate. It is a deformation of the classical Artin-Hasse exponential E,(T") =
I, exp(T?" /p*) in the sense that E,(1,0,T) = E,(T). Given a vector of indeterminates U =

(Up, Uy, ...), we define a power series in T" with coefficients in Q[A, Uy, Uy, ...] by

Ep(U,AT) = [ Ep(Us, A, T7). (1)
/=0

It is proven in [SS1], Corollary 2.5 that the series E,(U, A, T') and E,(U, A, T) are integral at p, that
is, they have their coefficients in Z,,)[A, U] and Z,[A, Uy, Uy, . . . | respectively. It follows that given
a Zy-algebra A, elements \,a € A and a = (ag,a1,...) € AN we have specializations E,(a, \,T)
and E,(a,\,T) which are power series in 7" with coefficients in A. We usually consider a as a Witt
vector, i.e. as an element in W(A). One must however be aware that since W(A) has the extra
structure of a ring, this introduces the slight ambiguity that E,(a,\,T") might be interpreted as
the result of specializing U to a in the series E,(U, A, T), resulting in a series with coefficients in
W (A) (note that if A is a Z,)-algebra then so is W(A)). However, in Sekiguchi-Suwa theory the
symbol E,(a,,T) always denotes a specialization of E,(U, A,T") so that no confusion can come
up.
Now we borrow some terminology from Fourier analysis.

3.1.1 Definition. Let A be a Z,-algebra, A € A an element and k > 1 a prime-to-p integer.
A series of the form Ej(a, ), T%) is called a k-th harmonic and a 1-st harmonic is also called a
fundamental. A morphism G* — Gy, defined by a fundamental is called a fundamental morphism.

The significance of this terminology is explained by the following easy lemma.

3.1.2 Lemma. Let A be a Zy,)-algebra and X € A. Then every formal power series G € A[[T]]
such that G(0) = 1 may be decomposed uniquely as a product of harmonics. More precisely, there
exist unique vectors ay = (ako,ak1,...) € W(A) for all prime-to-p integers k, such that G(T) =

[Ty Ep(ax, A, TF).



Proof: (See Remark 2.10 of [SS1].) The claim will follow simply from the fact that E,(U,A,T) =
1+ UT mod T?. Write G(T) = 1+ 1T + g2T? + ... and let v : N\ {0} — N be the p-adic
valuation. We prove by induction on n > 1 that there exist unique elements by,...,b, in A such
that

v(1)

G(T)Ey(by, \7"  T) L, (by, A"

T2 By (b, X, T =1 mod T

For n = 1 we have G(T) =1+ ¢;7 mod T? and then it is necessary and sufficient to put b; = g;.
If the claim is proven for n > 1, then we have

G [] Ep(bi, \D, 7)™ =1+ ¢ T™ mod T2
=1

for some c¢,4+1 € A, and it is necessary and sufficient to put b,+1 = ¢;,+1. Finally we obtain
o
G(T) = H Ep(bi,)\p“(”,Ti)
i=1
and the claim follows by defining ay, := (by, bip, byp2, - - - )- O

Let Al = Spec(Z,)[A]) be the affine line over the p-integers. We finally remark that, generalizing
what happens for the classical rtin-Hasse exponential (see [SS1], Corollary 2.9.1), the exponential
E,(U,A,T) gives a homomorphism

Wy — AAl,
where Ay = Spec(Zy,) [A, X1,...,Xn,...]) is the Al-group scheme whose group of R-points, for
any Zp)[A]-algebra R, is the abelian multiplicative group 1+ T'R[[T]]. The above homomorphism
is in fact a closed immersion, and by the above lemma there is an isomorphism

[TWa = Aw.
plk

3.2 Construction of framed formal groups

Let R be a Z)-algebra and let A1, Ag,... be elements of R.

3.2.1 Definition. A filtered formal R-group of type (A1,...,A\,) is a sequence
€0 =0,81,...,8&,

of affine smooth commutative formal group schemes such that for each ¢ = 1,...,n the formal
group &; is an extension of &,_; by G.

We now indicate a procedure due to Sekiguchi and Suwa for constructing filtered formal groups.
It works under the following;:

3.2.2 Assumption. The elements A, Ao, ... are not zero divisors in R.

The procedure involves some choices which we take into account by introducing notions of
frames and framed formal groups. In this way, the refined procedure becomes universal. We adapt
the construction of [SS52] accordingly.

Let W be the R-group scheme of infinite Witt vectors. For each A\ € R, we have the morphisms
of R-group schemes a* : §* — G,, and A : W* — W introduced in Subsection 2.3. For each integer
n > 1, we have a product morphism A x --- x X : (W)™ — W™ which by abuse we again denote
by the symbol A.

10



3.2.3 Description of the procedure. Before we define all the objects more precisely, it may
help the reader to have a loose description of the construction. We will define by induction a
sequence of quadruples (e", Dy,_1,E,,U"™) for n > 1, where:

e " = (a",b") is a frame, that is, a point of a certain closed subscheme Fr,_; of a certain
fibred product W"—1 x (W)‘)"_l. Frames are the parameters of the construction, to be chosen
at each step.

e D, q: én_l — Gm is a morphism of formal R-schemes which mod ), induces a morphism
of formal (R/\, R)-groups.

e &, is a commutative formal group extension of én_l by 9)‘” such that the map a; : &, —

(G,)™ defined on the points by
(331, - ,xn) — (D() + )\1%1, D1 + )\2%2, - 7Dn—1 + )\nxn)

is a morphism of formal groups, where D; = D;(z1,...,z;) for the natural coordinates
T1,...,2; on &;.

o U™ : W™ — W™ is a morphism of R-group schemes.

3.2.4 Initializa‘gion. AThe induction js ini‘Eialized at n = 1. Let WY = 0 and é’o = 0. We set
e =(0,0), Dp: &) — Gy equalto 1, & =GN and U = FM : W — W,

3.2.5 Induction. For the inductive step of the construction, we assume that (e, D;_1, éi, U*) has

been constructed for 1 < i < n and we explain how to produce (e"!, D, én“, U1, For this,
we introduce frames. Let A € R be a nonzerodivisor and consider the morphism

U= X:W" x (W™ = wn
taking an element (@1, b"+1) € W™ x (WM™ to U™ (a"t1) — A.b"FL.

3.2.6 Definition. A \-frame (relative to ,) is an R-point "™ = (a"*!, b"*1) of the kernel of
U™ — X. The scheme of frames of dimension n is Fr,, = ker(U"™ — \).

Now the induction goes in four steps A-B-C-D.
A. Choose a A\, 1-frame e" ™! = (@™t b7 ) € Fr,,(R).
B. It is in the definition and properties of D,, that lies the main input of Sekiguchi-Suwa theory.

Let A be an R-algebra. Let us extend the terminology of Definition 3.1.1 by calling a morphism of
formal A-schemes €, 4 — G, 4 fundamental if it is a product of Artin-Hasse exponentials

E,(a"™ N, X1/Do) Ey(a3™ Xy, Xo/D1) ... Ep(al™ M\, X0/ Dy1)
for some n-tuple of Witt vectors a™*! = (a}*!,..., a’*!) € W(A)". Then, we have:

3.2.7 Theorem. Denote by FS/R the category of formal R-schemes and by FG/R the category
of formal R-groups. Then with the above notation we have:

11



(1) The deformed Artin-Hasse exponentials define a monomorphism of R-group functors
Fund : W" — HomFS/R(én,@m)

taking an n-tuple of Witt vectors a™' = (a}™,... al*') € W(A)" to the corresponding funda-

mental morphism [[;, Ep(a;”rl, Xi, Xi/Di—1). Here, the group law on the target is induced by the
group law of Gy,.
(2) The map Fund induces an isomorphism of R-group functors

ker(U™ : W™ — W") HOIHF(;/R(én, Gm)-
In particular, any morphism of formal R-groups & — G is fundamental.

Proof: Point (1) is [SS1], Corollary 2.9 and point (2) is [552], Theorem 5.1. O

It follows from the definition of a frame and from point (2) of the theorem that if we take for
a"*! the first component of the frame e"*! = (a"*!, b"*!) chosen in Step A, then a"*! lies in
the kernel of U™ modulo A\,+1 and the fundamental morphism of formal R-schemes

n
Dy, = H Ey(al™ A, Xi/Di_1)
i=1

induces modulo A, 41 a morphism of formal (R/A,41R)-groups.
C. We now build én+1. Since D,, gives a morphism of formal (R/\,, 11 R)-groups, then the expression

D (X)D,(Y)Dy (X Y )™t —1 vanishes mod A1, where X Y denotes the group law in &,,. Since
An+1 IS a nonzerodivisor, this implies that

1 [(Du(X)Dy(Y)
Ha(X,Y) = Ant1 < Dp(X +Y) _1>

is well-defined. It is a symmetric 2-cocycle én X én — QA i.e. an element of the Hochschild
cohomology group H%(SH,S)‘) of symmetric 2-cocycles. From a 2-cocycle we can construct an
extension of &, by G* in the usual way: this is E,,1.

D. Define U™+ : WWnH+l — Wnt! by the matrix
~ Ty

Un+1: un
_TbﬁJﬁl
0 ... 0 FMt

With the following definition and theorem, we point out that this construction is universal:
3.2.8 Definition. A framed formal R-group of type (A1, ..., A\,) is a sequence
Eo=0,(E1,el),...,(En, €M)

of pairs composed of an affine smooth commutative formal group scheme and a frame, such that
for each i = 1,...,n the formal group scheme &, is the extension of €;_; by G determined by the
Ai-frame e*. We often write &,, as a shortcut for this data.
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3.2.9 Theorem. Let A" = Spec(Z,)[A1,...,Ay]) be affine n-space over Z,. Then there exists
an affine flat A"-scheme 7, = Spec(%y,) and a framed formal %, -group &, of type (A1,...,Ap)
with the following universal property : for any Z,-algebra R, any nonzerodivisors A1, ..., A\, € R

and any framed formal R-group &n of type (A1,...,\n), there exists a unique map %, — R taking
A; to i such that €, ~ &, ®4, R.

Proof: The proof is almost tautological, because framed formal groups are more or less by con-
struction pullback of a universal one. Let us however sketch it. What we have to do is to carry out
the induction as before, in a universal way. Let W° = 0 and é’o = 0.

For n =1 we put %1 = Z,)[A1], e! = (0,0), Do =1, S =G6MandU'=FM W = W.

Once .%;, €', D;_1, & and U’ have been constructed for 1 < i < n, we find %, 11, e"t1, D,
cg"nﬂ and U™ as follows. We take as a base ring the ring R := %, ® L) [An+1]. We define .7, 4
as the scheme of frames Fr, = ker(U™ — A,1), and we set ™! equal to the universal point of
#"F1 Note that since U™ is given by a triangular matrix whose diagonal entries are flat morphisms
by Lemma 2.3.3, it follows immediately that it is a flat morphism. By the definition of .%,11 as
the fibred product

yn—l—l — (WA”+1)H

l lAnJrl
Un

wn wn

we see that it is flat over (W»»+1)" hence flat over A"*!. Tt follows that A, is not a zerodivisor
in the function ring %, .1 of .%,41. Now the coefficient a”*' of the frame e"t! determines a

fundamental morphism
n

Dy, = H Ey(af*!, A, Xi/Di ),
i=1

a 2-cocyle

B V) = L <Dn(X)Dn(Y)_1>

A \ Dyp(X *Y)

and then an extension cg"nﬂ in the same way as before. The coefficient b"*! of the frame determines
a matrix U1 by the same formula as in Step D of the induction. Once the construction is over,
the verification of the universal property is immediate. O

4 Algebraic theory

In this section, we show how to adapt the formal constructions in order to provide (algebraic)
filtered group schemes. This is done by truncating the power series and the Witt vector coefficient
in a suitable way. We give some preliminaries on truncations in Subsections 4.1 and 4.2. Then we
proceed to construct filtered group schemes in 4.3, with Theorem 4.3.8 as the final point.

4.1 Truncation of deformed Artin-Hasse exponentials

In order to produce non-formal group schemes, we will need the deformed exponentials to be poly-
nomials. We can achieve this either by letting enough coefficients specialize to nilpotent elements,
or by truncating. We know from [SS2], Prop. 2.11 that if A, Uy, Uy,... specialize to nilpotent
elements, only finitely many of them nonzero, then E,(U, A,T) specializes to a polynomial. In the
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following lemma, we give an exact bound for the degree of this polynomial, in terms of bounds on
the number of nonzero coefficients and the nilpotency indices.

4.1.1 Lemma. Let L, M, N > 1 be integers. Then if we reduce the coefficients of the deformed
exzponential E,(U, A, T) modulo the ideal generated by

AU (O, (Un—1)Y Ut Ungsa,y - -

then the series E,(U,A,T) is a polynomial of degree at most (N — 1)”;__11 + (L —1).

Proof: For each ¢, we have E,(Uy, Ape, Tpe) = Ep(Unge, ApeTpe, 1). It follows that the latter series
is a sum of monomials of the form (Unge)i(AplT pl)j for varying i, j. Now let us take images in the
indicated quotient ring. There, for all £ > M we have U, = 0 and Ep(Ug,Ape,Tpe) = 1. It follows
that only the first M factors show up in the product defining E,(U,A,T’). A typical monomial in

this series is obtained by picking a monomial of index iy, j, in each factor; the result is the product
of

(UO)iO(Ul)il L (UM—l)iMfl % Ti0+7:1p+"'+iM—1P]\/171

by
Aj0+j1p+“‘+j1\/171pM71 % Tj0+j1p+“‘+j1\/171PM71'

For this to be nonzero, we must have i, < N — 1 for each ¢ and
Jo+jip+- +im—pMt < L—1
for each (jo,...,jam—1). Thereby the T-degree of the monomial is less than
(N=D@+p+-+p" )+ (L -1,

which is what the lemma claims. O

4.1.2 Definition. Let L, M, N > 1 be integers and let 77,y v be the truncation map of power

p;\,l__ll + (L — 1) + 1. Then the polynomial

series in degrees > (N — 1)

Eé’vaN([U7 A, T) g TL,M,NEP(U7 A, T) S Z(p) [A7 U07 U17 e ][T]

is called the truncated (deformed) exponential of level (L, M, N).

4.2 Truncation of Witt vectors

We will make big use of the functorA W and its pushforward W by the closed immersion i :
Spec(Z) < Al = Spec(Z[A]). Since W is naturally filtered, this leads to consider various trunca-
tions of W and W, over Spec(Z) and over Al. In order to define them, we fix integers M, N > 1.

4.2.1 Truncation by the length.

(1) Wiy is the Z-subfunctor of W defined by Wy, (A) = {a € W(A),a; = 0fori > M}. We
emphasize that it is of course not a subgroup functor; it should not be confused with the quotient
ring of Witt vectors of length IV, which will not appear in the present paper.

(2) W4 is the Al-subfunctor of WA defined by Wiy (A) = {a € WA(A), a; = 0 for i > M}.
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(3) War = W N Wy is a Z-subfunctor of .
4.2.2 Truncation by the nilpotency index.

(4) Warna C Wy is the Al-subfunctor defined by
Warna(A) ={a € Wy(A), (a;) =0 mod A for all i}.
(5) WM, N=WunoC WM is the Z-subfunctor of WM introduced in the proof of Lemma 2.2.1.

We view all these functors as sheaves over the small flat sites Spec(Z)q and A}j. Then Wy, and
Wz\[} are representable by M-dimensional affine spaces over Spec(Z), WM7 N is representable by a
finite flat Z-scheme, and Wy, n A is representable by a scheme which is a finite flat [NV M _gheeted
cover of an M-dimensional affine space over A'. Of these statements, only the last deserves a
comment. The basic observation is that the sheaf F' on A} defined by F(A) = {a € A4, a" =
mod A} is represented by the scheme Spec(Z[A][u,v]/(u” — Av)), and then Wy y A is obviously
represented by the M-fold product of F.

4.3 Construction of framed group schemes

Let R be a Z,y-algebra and Aj, Ag, ... elements of R. Filtered R-group schemes are defined just
like their formal analogues in Definition 3.2.1.

4.3.1 Definition. A filtered R-group scheme of type (A1,...,\,) is a sequence
Eo=0,E1,..., &,

of affine smooth commutative group schemes such that for each ¢ = 1,...,n the group scheme &;
is an extension of &;_; by GM.

4.3.2 Assumption. The elements A, A9, ... are not zero divisors in R, and J); is nilpotent modulo
Aiy1 for each ¢ > 1.

We will see that under this assumption, and provided we make suitable truncations, the proce-
dure described in Subsection 3.2 in the formal case gives filtered group schemes. In order to carry
out the construction, we fix positive integers L1, Lo, ... such that (\;)* € \;;1R for all i > 1. We
also fix a pair of positive integers (M, N) serving as a truncation level.

4.3.3 Description of the procedure. Contrary to the formal situation, here the polynomials
giving the fundamental morphisms D; will not be invertible over R but only over R/\;+1. Because
the inductive definition of the D; requires lifts of the inverses, we have to consider such lifts to be
part of the data that we need to produce. So this time, the n-th step of the induction will produce

5-tuples (e", Dy,—1, ;El, En, U™) where, more precisely:

e " = (a",b") is a frame, that is, a point of a certain closed subscheme Fr,_; of a certain
fibred product of (Wys n.a, )" ! by (WA)Z}:L)”_l. Frames are the parameters of the construction,
to be chosen at each step.

e D, 1, ;}1 : €,-1 — Al are truncated deformed exponentials, that is morphisms of R-
schemes which mod A, induce mutually inverse morphisms of (R/\, R)-group schemes &,,_1 —
G-
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e &, is a commutative R-group scheme extension of &,_; by G, with underlying scheme

1 1
€ = X1 X ,
Spec <R { ! Do+ M X, D, 1 +AanD

such that the map ag, : €, — (G,,)" defined on the points by
(xl, - ,a;n) — (DO + )\1331, Dl + )\2332, - 7Dn—1 + )\nxn)
is a morphism of R-group schemes.

o U : (WyNait)" = (Wi Noyrnsa)" is a morphism of R-schemes represented by a square
matrix of size n, where M,,, N, are integers.

4.3.4 Initialization. We set W° = (WMJV)O = 0 and gy = 0. The induction is initialized at
n = 1 by setting e! = (0,0), Dy = DO_1 : & — G, C Al equal to 1, and &; = G*M. Tt follows
from Lemmas 2.2.1 and 2.2.3 that the endomorphism F* : W ® (R/X2) — W @ (R/\2) leaves
W ® (R/)Ag) stable, so it maps Wy y @ (R/A2) into Wiz, n, @ (R/A2) for some integers My, Nj.
It follows that the composition of F! : Whar,n.x, — W with the truncation map 7>p7, : W — Wy,
factors through Wy, n x,. The result is a morphism Ul = ph . War,nxo — War Ny -

4.3.5 Induction. For the inductive step of the construction, we assume that
(e, Di—1, D2, &, UY)

has been constructed for 1 < i < n and we explain how to produce (e"*!, D,,, Dt &,.1,U" ).
We do this in four steps A-B-C-D.

A. To start with, we choose "™ = (a"*1, b"!) such that U"(a™*1) = \,11.6" L. To be more
formal, this is a section over R of the scheme of frames Fr,, defined as the fibred product of the
morphisms

U™ s (Warnps)” = Wity Nansn)” € (Wag,)™  and Ay s (Wapt)™ — (War,)",

that is: .
Fr, = (WM7N,)\n+1)n X(WMn)" (WMn+1)n'

n

The choice of ™! will determine the other four objects in the 5-tuple.

B. Using the first component a™*! of the frame, we define:
L;,M;,N; -
D, = [I-, E» (a7t \i, DL XG)
_ Li,M;,N; 1 —1
Dt = TIL, By (—al™' X, D X).

Note that this is where the D, L are useful, since they are involved in the definition of the D;. Tt
follows from the choice of the truncations (involved in the choice of a"*! and in the truncated
exponentials, see Lemma 4.1.1 and Definition 4.1.2) and from Theorem 5.1 of [SS2] (in the case of
nilpotent coefficients), that D,, and D, ! induce morphisms of (R/\,,+1 R)-group schemes &,, — G,
inverse to each other.

C. Now we define €,,11. At this step, the strategy differs from the formal case because the truncated
deformed exponentials are not invertible and do not give rise to 2-cocycles like in the formal case.
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In fact, the Hochschild cohomology group H%(Sn, GM+1) is usually very small. Instead, we use the
exact sequence of sheaves on the small flat site

0— GMH 5 G,y — 0Gyy — 0

where i : Spec(R/A+1R) — Spec(R) is the closed immersion. There is a coboundary map
Hom(&,,i,G,,) — Ext!(€,,3 1) and the extension &€,,; is the image of D, : &, — .G,
under this map. (Note that all the cohomology groups may be computed in the big flat site,
by Milne [Mi], III, Remark 3.2.) It is the extension obtained by pulling back the extension
0 — §M+1 — G, — i+G,, — 0 along D,,. Thus for each flat R-algebra A, we have:

Ent1(A) ={(v,w) € E4(A) x A* | Dp(v) =w mod N\yq1}
= {(v,w) € £,(A4) x A%, Dy,(v) + A1z = w for some x € A}
={(v,x) € E,(A) X A, Dp(v) + Apy1x € A%}

This sheaf is represented by the scheme &, 41 = Spec(R[E,][ Xy, m]) As far as the group

law is concerned, note that by the assumption on D,, there exists a unique function K = K(X,Y)
on &, x &, such that D, (X)D,(Y) = D,(X *Y) + \11 K(X,Y), where X xY denotes the group
law in €,. Then it is easy to see that the group law in &, is given on the points by:

(’Ul, 1’1) */ (Ug, 1’2) = (Ul * V9, xan(Ug) + LZ'QDn(’Ul) + )\n+1a;1x2 + K(Ul, 1)2)).
Equivalently, the group law is the only one such that the map

8n+1 — (Gm)n+1
(@1, s Tpg1) = (Do + M1, D1 4+ Xaxa, ..., Dy + App1n41)

agn+1 :

is a morphism of R-group schemes.
D. Finally, using the second component b"*! of the frame, we consider the matrix:
~Tynts
Un+l — UTL
b
0 ... 0 FAn

Let A € R be a nonzerodivisor such that A,y is nilpotent modulo A. If we reduce modulo A, then
according to Lemmas 2.2.1, 2.2.3, 2.2.4, the endomorphism

U @ (R/AR) : W' @ (R/AR) — W™ @ (R/AR)

leaves WnT! @ (ﬁ/ AR) stable. It follows that there exist integers M, 11, N,41 such that U ®
(R/AR) maps (War,n)" ™! into (Was,,; N,y)" ! Therefore the composition of

U™t (Wan )"t c wrtt — it

with the truncation map W™ — (Wyy,, )" factors through (Was,,, n,.,2)" " Fixing A =
Ant2, the result is a morphism of R-schemes

1 1 1
U Wt N )" = Wty Nt dnge) ™

This is the last object in our sought-for 5-tuple.
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4.3.6 Remark. A priori, the integers M,,, N,, depend on the particular frames involved in the ma-
trices U™. However, considering the universal case (see Theorem 4.3.8), it is seen that in fact, once
(M, N) is fixed then (M,, N,,) may be chosen uniform, minimal and hence completely determined
by M1, Ny and n.

4.3.7 Definition. A framed R-group scheme of type (A1,...,\,) is a sequence
80 = 07 (817 81)7 sy (Env en)

of pairs composed of an affine smooth commutative group scheme and a frame, such that for each
i =1,...,n the group scheme &; is the extension of &_; by G determined by the frame e’. We
often write &,, as a shortcut for this data.

In order to state the analogue of Theorem 3.2.9 in the algebraic context, we must make sure
that the coefficients \; satisfy Assumption 4.3.2. This means that for some integer v > 1 they are
points of the space

Zin AL, ... Ay, Ms, ..., M,
B, = Spec DI 2 ] .
Ay — MaAg, ..., AV, — M,A,

This is a finite flat cover of the affine space A" = Spec(Z,) [Ma, ..., M,,A,]). Moreover, there are
obvious projections B?T! — B” given by the inclusion of function rings. Below, we denote by A
the product of the A;.

4.3.8 Theorem. Let B} be the finite flat covers of affine space A™ defined above. Then there exists
a sequence indexed by v > 1 of affine B} -schemes .} = Spec(ZY) of finite type, without A-torsion,
and framed XY -group schemes &Y of type (A1, ..., A,) with the following universal property : for
any Z(p)—algebm R, any nonzerodivisors Ai,..., A\, € R such that \; is nilpotent modulo \jy1 for
each i, and any framed R-group scheme &, of type (A1,...,\,), there exists v and a unique map
Ky, — R taking A; to N\; such that &, ~ &7 Qv R.

Proof: For a fixed v > 1, we first give .7 — B}, and & — .}Y. The construction is by induction
on n and follows the proof of Theorem 3.2.9, with minor differences which we indicate. The main
difference is that in the present case, the function ring of the schemes of frames in dimension n
is bound to play the role of the coefficient ring in dimensions > n 4+ 1 and so needs to be free of
A-torsion. Thus we have to kill torsion in the adequate fibred product.

We set L = M = N = v. In order to keep the notation light, we will sometimes omit the symbol
v in the indices and exponents. We initialize by &, = 0, ., = B!, e! = (0,0), Dy = DO_1 =1,& =
G gver A, and Ul = F Ar War,n.A, — Waiy Ny A, 1S the morphism of B2-schemes constructed
like in 4.3.4. Now assuming that for 1 < i < n we have objects .7, ei,Di_l,Di__ll,é"i, U’ here is
how to construct .7, 1, "4, D,,, D1, &, 1, UL

Consider the morphisms of ., xg» B"!-schemes

Un : (WV7V,An+1)n — (WMn+17N7L+17A7L+1 )n C (WMn)n and A’fl+1 : (WZI\}Z+1)7L — (WMn)n

Call .41 the closed subscheme of the fibred product of U™ and A,4; defined by the ideal of
A-torsion, where A = Ay ... A, 1. Let e"™! = (a™!, ") be the universal point of .%, 1. Then
Dy, Db, 8,1, U™ are constructed as in steps B, C, D of 4.3.5 and we do not repeat the details.

If €, is a framed group scheme of type (A1,...,\,) over a ring R, then there exists L such that
(/\Z-)L € A\i+1R. Moreover &, is described by Witt vectors with a number of nonzero coefficients
bounded by some M and nilpotency indices bounded by some N. For v = max(L, M, N) it is clear
that €, is uniquely a pullback of &. This proves the universality property of the statement of the
theorem. O
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4.3.9 Proposition. Let R be a Z,)-algebra which is a unique factorization domain. Then, any
filtered group scheme is induced by a framed group scheme.

Proof: By induction, it is enough to prove that given a filtered group scheme & of some type
(A,...,A,) and a nonzero element \ € R, any extension of & by G* may be defined by a frame.
Consider the long exact sequence

oo = Hom(Eg/x, G ryn) o Ext!(€,5%) — Ext!(€,Gpn) — ...

derived from the exact sequence (1) in Proposition 2.3.1. It is enough to prove that the coboundary
0 is surjective. But this follows from the fact that Ext!(&,G,,) = 0, proven as in [SS2], Proposi-
tion 3.1. 0

5 Kummer subschemes

Let R be a Z,)-algebra and let (A1,...,Ap) be as in Assumption 4.3.2. We call A the product of the
Ai and we write K = R[1/)\]. For an R-scheme X, it will be a convenient abuse of terminology to
call the restriction Xy the generic fibre of X. Let € be a framed group scheme of type (A1, ..., \,).
By construction € comes with a map ag : € — (G,,)" which is an isomorphism over K. Let
0" : (Gp)™ = (Gy)™ be the morphism defined by

O™(ty,. .. ty) = (h,tht o e,

y'nn—1

The kernel of ©" is a subgroup isomorphic to j,» g which we call the Kummer p,» of G},,. Via the
map o, we can see the Kummer p,» g as a closed subgroup scheme of €. We define the Kummer
subscheme as the scheme-theoretic closure of p,» ¢ in €. Note that in general the multiplication of
G need not extend to G. The main question we want to address in this section is : when is the
Kummer subscheme G finite locally free over Spec(R) 7 When this happens, then the multiplication
extends and accordingly, we shall prefer to call G the Kummer subgroup. In order to study this
question, we first study the one-dimensional case in 5.1. Then, we consider extensions and we
sketch the usual inductive procedure producing isogenies between filtered group schemes, in 5.2.

Before we start, let us make a couple of easy remarks. First, note that GG is the smallest closed
subscheme of & with generic fibre isomorphic to py» . It is also the only closed subscheme of
€ without A-torsion with generic fibre isomorphic to p,» . In particular, if there exists a closed
subscheme of € which is finite locally free over R and has generic fibre isomorphic to p,» g, then
this subscheme is equal to G.

5.1 Dimension 1

If \»~! divides p in R, then the polynomial A= ((Az+1)P —1) has coefficients in R and the morphism
Y G — G defined by 1 (x) = A7P((Az + 1)P — 1) is an isogeny. Following the notation in [To],
we put Gy = ker(z)).

5.1.1 Lemma. Let A\ € R be a nonzerodivisor and & = G*.

(1) The Kummer subscheme G is finite locally free over R if and only if \P~1 divides p in R.

(2) If G is finite locally free, its ideal sheaf in O¢ is generated by the polynomial A™P((Ax+1)P —1),
and the quotient & — €/G is isomorphic to the isogeny ¢ : G* — G,
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Proof: We begin with a couple of remarks. Let us introduce the polynomial P = (Az + 1)P — 1.
If s := max {t < p, A'"! divides p}, there exists u € R such that p = uA*~!. Then we can write
P = A\*(Q) where:

p—1

Q=XN"2"+> (Plur"1a’
i=1
with (f) = {’Z.’}p for 1 <7< p-—1;and Q is not divisible by A. The ideal of G is:

I={FeRz,(Ax+1)"",3In>03F € Rz, \x + 1) '],\"F = QF'}.

Note that because Az+1 is invertible modulo P and also modulo @, we may always choose I’ € R|[x]
above. Now let R[z] — R[x,(Az + 1)~!] be the natural inclusion and let .J be the preimage of I.
We have J = {F € R[z], 3n > 0, 3F’ € R[z], \"F = QF'} and it is clear that the natural map
R[z]/J — R[z,(Ax + 1)7']/I is an isomorphism. We now prove (1) and (2).

(1) We have to prove that the algebra R[x]/J is finite locally free over R if and only if AP~! divides
p. If AP~ divides p, that is if s = p, then @ is monic and we claim that J = (Q). Consider F € J
and n, F’ such that \"F = QF’. We assume n is minimal, i.e. A does not divide F’. If n > 0
then QF’ = 0 mod X hence F” = 0 mod \ since @ is monic hence a nonzerodivisor. This is a
contradiction, so n = 0 and F € (Q). Thus J = (Q) and R[z]/J is finite free over R.

Conversely, assume that R[x]/J is finite locally free. We will prove that @ is monic and
generates J. It is enough to prove these properties locally over Spec(R), hence we may assume that
R[z]/J is finite free over R. Then there is a monic polynomial G that generates J, see Eisenbud
[Ei], Prop. 4.1. From the fact that @ € (G) and \"G € (Q) we see that deg(G) = deg(Q) = p.
Writing \*G = QF" we see that I/ = \""P%$ 50 that Q = N\’ ~5G. Since \ does not divide @ this
is possible only if s = p, that is AP~ divides p.

(2) The isogeny 1 : &€ = §* — G is G-invariant and induces a morphism /G — G which is
finite flat of degree 1, hence an isomorphism. O

If € is an n-dimensional framed group scheme, then what we have just proved gives some ”one-
dimensional” necessary conditions for the Kummer subscheme G to be finite locally free over R, as
we shall now see. Indeed if G is finite locally free over R, then the quotient F = £/G is a smooth
affine n-dimensional R-group scheme and the quotient map v : & — F is an isogeny (smoothness
follows from [FGA], Chap. 0 (préliminaires), 17.3.3.(i)). Consider the subgroup G* C &, its
scheme-theoretic image G under v and the restriction v/ : GAn 5 G of v. In the fibre over some
point s € Spec(R), the scheme Gy is the quotient of £, by the equivalence relation induced by Gj,
that is, it is the quotient of €4 by the stabilizer

H={g€eGs, g(S") C G}

In particular G is a quotient of a smooth k(s)-group scheme by a finite flat subgroup scheme, hence
it is a smooth k(s)-group scheme and the map G2 — G, is flat. By the criterion of flatness in fibres,
it follows that ¢/ is flat and that G is smooth. Then the kernel H,, = ker(v') is flat of degree p,
with generic fibre equal to the Kummer p, x inside G. Moreover § is isomorphic to 9)‘15 and v/ is
isomorphic to the isogeny G* — G by Lemma 5.1.1. Set G,,—1 = G/H,, and F,,_; = ?/9)‘1’1.
Then we have exact sequences

0—H, —G—G,_1—0,
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and
0—GPM 5 F 5 F, | —0.

By induction we see immediately that G and F have filtrations Gog = 0,Gy,...,G, = G and
Jo = 0,91,...,9, = T where G; C J; is finite locally free of rank p’ and F;/F; | ~ GN. In
particular JF is a filtered group scheme of type (AY,...,\h) and G is a successive extensions of the
groups G, 1,...,Gx, 1. Another consequence of our discussion is that the scheme-theoretic closure
of u, k inside GM is H, and in particular is finite locally free over R. Similarly, by induction the
scheme-theoretic closure of ji, i inside GNi is equal to the kernel of G; — G;_; and is finite locally
free. By Lemma 5.1.1, this proves that the following reinforcement of Assumption 4.3.2 is satisfied.

5.1.2 Assumption. For each 7 > 1 we have: )\; is not a zero divisor in R, \; is nilpotent modulo
Ai+1, and )\f_l divides p.

5.2 Construction of Kummer group schemes

From now on, we work under Assumption 5.1.2. Because filtered group schemes are defined by
successive extensions, the condition that the Kummer subscheme be finite locally free is also nat-
urally expressed at each extension step. Assume that we have a filtered group scheme &, of
dimension n with finite locally free Kummer subgroup G,,. Then, there is a quotient morphism
U, : &, = F, =E&,/G, and for each A\ € R a pullback

(\I/n)* : HomR/)\R—Gr(S:nv Gm) — HomR/)\R—Gr(g’ny Gm)

If &,41 is an extension of &, by G determined by a frame e, then we shall see that the condition

for the Kummer subscheme G, 1 to be finite locally free is expressed in terms of (¥")* and e"*!.
This will be integrated in an inductive construction where we build at the same time the group
schemes &,,, F,, and the isogeny between them, by making compatible choices of frames. We explain
how to do this, along the same lines as before but giving a little less details.

We start with a well-known fact.

5.2.1 Lemma. In the Witt ring W(Z) we have

p=(p,1 —p" eap’ espP epP )

where €9, €3, €4, ... are principal p-adic units, if p > 3, and
n—2
2=(2,—1,62% €323, €42%, ..., €, 22" L )
where €9, €3,€4,... are 2-adic units, if p = 2.

Proof: We start by proving that for ¢ > 1 we have:
; _ pitp—1 L PP=Lit2(p—1) -
(1—pp_1)p= 1—p +5==p +... %fp>2,
1 if p=2.
If p = 2 this is clear and we assume p > 3. Now (1 —pP™ )P =1 — 2 + 29 — -+ + (—1)pi$pi
where z; = (Z;Z)pj(p_l) has valuation v(z;) =i — v(j) + j(p — 1) whenever 1 < j < p’. Let us write
Jj = up® with u > 1 prime to p and a > 0. Then v(z;) = i — a + up®(p — 1) which is increasing
both as a function of @ and as a function of u. If j > 2, then either v > 2 or a > 1. In the first
case we have v(z;) > ¢ + 2(p — 1) and we have equality for j = 2. In the second case we have
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v(z;) =2 i—1+p(p—1) > i+2(p—1) since p > 3. The claim follows. Now we come to the statement
of the lemma itself. The proof for p = 2 is similar and we focus on the case p > 3. The Witt vector
p = (ag,a1,az,...) is determined by the equalities

agn +pa€n +... +pn—1afl_1 +pnan =p

for all n > 0. In particular ap = p and a1 =1 — pP~1. By the computation of the p-adic first terms
of (1 —pP~1)P" which we started with, if n > 2 we have

pnt n—1+p—1
— pa + ... -
P pa _P =pP .

pn pn—l

For n > 2, by induction using the equality

pnfl
p — pal _ n 2 n—2 1
an =y e ),
we see that the p-adic leading term of a,, is p?~ L. O

5.2.2 Corollary. Let O = Z[C,A]/(p — CAP™1) and let ¢, A € O be the images of C,A. There
exists a unique d = (dy,dy,da,...) = (¢,1 —pP~ L dy,...) in W' (O) such that

PN = N(d) = (Ndo, NPdy, NPds, ...

Proof: From the lemma we deduce p[\] = (cAP, (1 — p”_l))\p,egpp_lAp2,63p”_1)\p3,...). The
coefficients of this vector are divisible by AP, thus dy,dq,ds, ... exist. They are unique since A\ is
not a zero divisor in O. U

Thus for any Z-algebra R’ and any elements ¢, \' € R satisfying p = ¢/ \P~! there is a well-
determined @’ € WA"(R') such that p[N] = (NPdj), N?d}, NPd},...). In particular, our choice of
elements \; € R satisfying Assumption 5.1.2 determines elements d; = (d;o,dj1,...) € W)‘f(R)
such that

p[)\z] == (/\fdz(], Afdily )\?dig, e )

These are the elements denoted pA;/X in [S52] and p[\;]/AP in [MRT].

5.2.3 Description of the procedure. As in 4.3, we fix positive integers L; such that ()% €
Ai+1 R for all 4 > 1 and positive integers M, N. The n-th step of the induction produces data:

e h' = (a", b™ u" v™, 2z") is a big frame including two frames of definition e = (a™, b™) and
" = (u",v") of filtered group schemes and a compatibility between them given by 2",

° (e",D_1 D,,—1,&,,U") is a framed group scheme of type (A1,..., Ant1),

n—1°

(f",Eg_ll,En_l, Fn, U") is a framed group scheme of type (A1, ... AP )

o U": &, — F, is an isogeny commuting with the morphism O7,

T (War,Nas)” = (Wana,0)" is a matrix of operators (made precise below) describing
(wr)*.
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The condition that U™ commutes with ©™ involves implicitly the maps ag, : &, — (G,)" and
By, : Fn — (G)" provided by the construction of framed group schemes, and may be pictured by
the commutative diagramme:

&y —— >,
agnl \Lﬁ’fn
n ®n n
(Gm) — (Gm) .

Since By, is an isomorphism on the generic fibre, there is in any case a rational map &, --+ J),.
The morphism W is determined as the unique morphism extending this rational map. In fact, the
choice of the big frame h™ will guarantee that W"” exists and we may as well remove it from the list
above; we included it for clarity of the picture.

5.2.4 Initialization. We set W0 = (W, y)? =0, & = Fy = 0 and
e h' =(0,0,0,0,0),
e Dy=Djl=1,¢& =gM,
o By=E;l =1, 9 =9M,
o Ul =FM . WanN e = W Ny s
o U' = FN . Warnae = War Ny a2,
e T = Ty, : WM,N)\IQJ — WM. N2

where My, Ny are suitable integers whose existence comes from Lemmas 2.2.1 and 2.2.3.

5.2.5 Induction. As usual, we assume that objects in dimension ¢ have been constructed for
1 < i < n and we explain how to produce h"T! = (@™t p" 1 4u"*! v+ 27+1) and the related
data.

A. In order to define the big scheme of frames, first we introduce an n + 1-dimensional vector
c"t! = (a", [Ap11]). We recall that Assumption 5.1.2 is supposed to be satisfied. The fundamental
ingredient of the induction is given by the following result.

5.2.6 Theorem. Let &,41,F 41 be framed group schemes of types (A1, ..., A1), (A, AL ).
Let (@™t b"+Y) and (u"t, v"*) be the defining frames. Assume that the Kummer subscheme
G, C &, s finite locally free and that the rational map &, --+ F,, extends to an isogeny with kernel
Gy. Then, the following conditions are equivalent:

(1) the Kummer subscheme Gp+1 C En1 i finite locally free and the rational map Epp1 --» Fppy
extends to an isogeny with kernel Gy,

(2) there exists 2't1 € (W nt1)"(R) such that pa™*! — ¢+l — Yryntl = AP (2.

Proof: This is proven in [MRT], Theorem 7.1.1, in the case where the ring R is a discrete valuation
ring, with uniformizer m. The proof uses general power series computations and it is clear while
reading it that it works for an arbitrary Z,-algebra R satisfying our assumptions. We indicate
the necessary changes of notation: \; has to be replaced by 7%, and AP Jrl(z?“) has to be replaced

by TZ;L+1 ([Fpln+1])’ where z"t! = (z?*‘l, o ,ZZ'H), o
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Given this theorem, we can choose a big frame

hn—i—l — (an—i-l’ bn—i—l7 n+1l , n+1 Zn-‘,—l)

u , U )

living in a big scheme of frames whose heavy but obvious definition we omit.

B. Using the components a”*! and u"! of the frame, we define:
D, = [y, Ezgi’MhNi(a?—H’)‘i’Di_—llXi)
Dt =TIk By (et N, DL XG)
E, = I B" (e AL ELLY)
E;t = I, BN (—u AL ELLY)).

C. At this step, we define €,41 and F, 11 in the same way as in 4.3.5, Step C.
D. At this step, we define morphisms

n+1 77n+1 . n+1 n+1
U U : (WM,N,An+2) — (WMn+17Nn+17)\n+2)

like in 4.3.5, Step D, and the operator Y™™ : (Wasnv .. 0)" ™ = (Warna,..)™ T by the matrix

_TZ;L+1

rrtl T :
—ng+1
0 ... 0 Ty

n+1

This concludes the inductive construction.

5.2.7 Theorem. Let B} be the finite flat covers of affine space A™ defined in 4.5.8. There exists a
sequence indexed by v > 1 of affine Bl'-schemes ;Y = Spec(.#}) of finite type, without A-torsion,
framed MY -group schemes & of type (A1,...,\n) and FY of type (AY,...,AL), and an isogeny
&Y — FY with finite locally free kernel 4Y compatible with the maps to (Gp,)™. This isogeny is
universal in the same sense as in 4.5.8.

Proof: Omitted. U

The family ¢, = (¢4 ),>1 is a finite flat group scheme over the ind-scheme (.%#,”),>1. We call it
the universal Kummer group scheme.

We conclude with a remark on the operator Y". By construction, it represents the pullback
(U™)*, which implies that modulo A, it maps the subspace ker(U™) into the subspace ker(U™).
In fact, we can do better: it is possible to include in the induction the construction of a matrix Q"
such that U™ Y™ = Q" U™. This is a reflection of the fact that among the morphisms from a filtered
group to G, not only the group morphisms (represented by ker(U™)) but also the fundamental
morphisms (represented by the ambient W") are meaningful. On the diagonal, the entries of the
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matrix Q" should be operators T} (see below) satisfying FrioTy = Ty o FA. 1In fact, these
matrices are defined by Q! = Tél and

Qn+1— Qn
*
0 ... 0 T

n+1

We do not want to go into the full details of the construction of 2. We simply note that the
essential task is to define the diagonal entries T él_. We end the paper with the proof of existence
and unicity of these endomorphisms.

5.2.8 Lemma. Let O = Z[C,A]/(p — CAP™Y) and let ¢, A € O be the images of C,A. Let d =
(e, 1—pP~t ...) be the unique vector such that p[\] = (\Pdo, \Pdy, . ..), as in Corollary 5.2.2. Then
there exists a unique endomorphism T} : W — W such that FAoTy;= T)o F' as endomorphisms
of the O-group scheme W.

Proof: Since F** is an epimorphism, then T’ " is unique and we only have to prove that it exists. Let
®: W — (G,)N be the Witt morphism of O-ring schemes. Given that the schemes Spec(Q) and W
have no p-torsion, the morphism ® is a monomorphism and it is enough to look for T, : W — W
such that o F} o Ty = ® o T)oF M. Let f and tg be the endomorphisms of (G,)Y such that
PoF =fodand PoTy=t;0®. They are defined by:

o f(xo,z1,29,...) = (21,22, 23,...),
o ty(xo,x1,29,...) = (Y0,Y1,Y2,...) With y,, = dgna:n —i—pd’fnilxn_l + - 4 p"dy .
We first construct ¢, : (Go) — (G,)Y such that
(f—®(N\"NId) oty =tho (f — d(AP~IP)Id).
Let y = (yo, 91,2, ..) be a Witt vector of indeterminates and let us write

([f =N ota) (v) = (a0, 1, 2,...),

[f = @(AP=DP)] (y) = (Bo. B, Ba - ).

Given that ®([a]) = (a,a?,aP”,...) and that addition and multiplication in (G4)N are component-
wise, we compute:

n+1 n
an =(dy  yni1+pd yn + -+ dbyr + p " dny1yo)
M (0 T n—1 _
— AP (P=1) (dg Yn + pdll) Yp—1+ -+ pn ld‘fl_lyl + pndnyo)

and 8, = Yn41 — )\pn+1(p_1)yn for all n > 0. The existence of ¢/, means that «, is a polynomial with

coefficients in O in the variables (g, 51, 82, ... for each n. Since the «a,, and ,, are linear in y, this
in turn means that we get a,, = 0 under the specializations

_ 20 i1,
1 = N0 Dyg gy = APy gy = ATy
This amounts to y; = )\p(pi_l)yo for each i. Now

Qp (y(b )\p(p—l)yo’ )\p(p2—1)y0, )\p(p?’—l)yo, cee )
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is equal to yo times

(dg”“)\p(p"“—l) + pdii’")\p(p”—l) 4o p @2 AP P i)
— NP (g AP pdll?”’l)\p(p”’l—l) doe "N AP 4,

If we recall that p)\pi = )\piﬂd‘gl + p)\pid‘f%l + -+« 4 p'APd; for all ¢ by definition of d, then we
indeed find that this quantity vanishes. This proves the existence of ¢/, as required. In order to
find a morphism 77, such that ® o T}, = t/, o ®, we use Bourbaki [B], § 1, no. 2, Prop. 2, applied to
t!, 0 @, viewed as a sequence of elements in the ring H*(W, Ow) = 0[Zy, Z1, .. .] endowed with the
endomorphism raising each variable to the p-th power. O

A Appendix: errata for the paper [SS2]

This is a list of typographical slips that we are aware of in the preprint On the unified Kummer-
Artin-Schreier- Witt theory [SS2] by T. Sekiguchi and N. Suwa. We thank heartily Guillaume Pagot
and Michel Matignon who communicated to us their personal list of errata, which is included here.
Notation ”p. x 1. y” means page z, line y from the top (not counting running headers) and "p. z
l. —y” means page z, line y from the bottom (counting equations as one line).

(1) p. 4, L. -7: replace A\, by A.
(2) p. 4, L. -1: replace A\, by A,+1, two times.
(3) p. 5, L. 3: replace A\, by A11, two times.

(4) p. 13, 1. 8: slight conflict of notation between a¥) : & — (G, 4)" and o™ : VN — G,,,.

(5) p. 14, Lemma 3.4: replace % by % two times in the statement, three times in the proof.

(6) p. 18, 1. -7: replace W, (A) by W(A).

(7) in various places, functors (or morphisms between functors) are defined by one of the following
two procedures: define the functor on elements a € A for varying coefficient rings A, or define the
functor in the universal case. These procedures are of course equivalent, but the reader should be a
little careful because several times the definition is given in terms of one procedure while the actual
occurrence of the functor in the text is in terms of the other procedure. Here are some examples:

(i) p. 19 the morphism [p] : W — W is defined for a vector b € W (A) but its first apparition on
p. 25 is [p]U for some indeterminate vector U.

(ii) p. 20 the map  — Tyx is defined on p. 20 for a,x € W(A) but later on p. 26 there is TyW
for indeterminate vectors V, W.

(iii) p. 20 the notation a/A is introduced for @ € W(A) but on p. 25 there is A%U

(iv) p. 23 the deformed exponential E,(a, A, X) is defined for a € W(A) and A € A, but on p. 25
there is E,(U, A, X).
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(8) p. 22, Lemma 4.7: read o(f) = fP mod pA.

(9) p. 23 the deformed exponential E,(a, ), X) is defined for @ € W(A) and X € A, but on p. 25
there is E,(U, A, X).

(10) p. 25, Lemma 4.10: the symbol U®") is defined on page 8.

Wi
N ;p'rq)'rfl(F(Al)U) le
(11) p. 26, 1. 11: the second factor should be | [],-; (1 + A} XP )P”‘l .

r+k

(12) p. 26 1. -7: replace A’l)HkXp by AFXP.

. 1 1

(14) p. 30 1. -7: replace d; by dp.

(15) p. 37 1. 3: replace ”definition (51)” by ”definition (45)”.
(16) p. 40 1. -7: replace Y =Y by Y! =Y.

(17) p. 42 1. 11: read b3 = )\%F(}‘l)a%.

(18) p. 43, definition of Dyy1: in order to define the group scheme &,, one needs polynomials, but
the Dy, as defined are power series since the Witt vectors af“ have coefficients in A. In fact, the
good way to proceed is to first consider

k1
TP
palet ' Di—1(Xo, ..., Xi-1)

as a polynomial with coefficients in A/, 2 and then lift it to a polynomial Dy of the same degree
with coefficients in A.

(19) p. 46 1. 1: replace X by X. Note that of course U! is relative to \,, not Aj.
(20) p. 47, lines 3 to 6: Proposition 3.5 requires B to be a discrete valuation ring.
(21) p. 50, in the statement and proof of Lemma 6.2: replace MP?" by Mr

(22) p. 52 1. 5: replace X;_1 + Y;_1 by Xp_1 + Yi_1.

(23) p. 59 1. -4: replace D1(co) + A1y = C2 by Di(co) + Ayer = Ca.

(24) p. 62 1. 5: replace F"a} by FMa”.

(25) p. 64 1. 3: replace L,(U) by L, n(U).

(26) p. 64 1. -4: replace F()‘)Ez_l by FMG”.

(27) p. 67: there are some incompatibilities between «y in Definition 8.1 and aq, g at the beginning
of p. 67. Same thing on p. 80.
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(28) p. 70 1. 4: In the formula (89) replace o (Y0)1+ Yo by 1 /\leO. And moreover the D,, should be

a polynomial and not a series: see comment (17).

(29) p. 71 1. 7: replace tht, ! by thtt.

(30) p. 72, 1. 3: replace A% by Ayp, two times.

(31) p. 74 1. 1: replace End(W (A)) by End(W (A)™).

(32) p. 74 1. 8: replace W (A)" ! by W (A/\P)" 1.

(33) p. 74 1. 11: in the second component of the vector T(,qn_cn—1_1nyny/rv, replace af by ay.

—~ Wo/N
(34) p. 74 1. -1: replace K, N by K, o/

(35) p. 74 1. -1 and p. 75 1. 2: Ep was defined in (32), p. 26 and G, was defined in (34), p. 29.
(36) p. 75: in the statement of Theorem 9.4, the target of the map Y™ is ker(U").

(37) p. 83 1. 6: read = (paz — a1, (1 — pP~tah) — v + C1(pag, —a1)).

(38) p. 83 1. 9: read 6 := (1 — pP~H)ab — v + Ci(paz, —aq).

(39) p. 83 1. 10: replace v(a?) by = v(ab).
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