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Abstract

For a Gaussian time series with long-memory behavior, we use the
FEXP-model for semi-parametric estimation of the long-memory param-
eter d. The true spectral density f, is assumed to have long-memory
parameter d, and a FEXP-expansion of Sobolev-regularity 5 > 1. We
prove that when k follows a Poisson or geometric prior, or a sieve prior
increasing at rate nﬁ, d converges to d, at a suboptimal rate. When
the sieve prior increases at rate nﬁ however, the minimax rate is almost
obtained. Our results can be seen as a Bayesian equivalent of the result
which Moulines and Soulier obtained for some frequentist estimators.

1 Introduction

Let Xy, t € Z, be a stationary Gaussian time series with zero mean and spectral
density fo(z), © € [—m,n], which takes the form

|1 — et~ 2o M, (), x € [—m, 7], (1.1)
where d, € (f%, %) is called the long-memory parameter, and M is a slowly-
varying bounded function that describes the short-memory behavior of the se-
ries. If d, is positive, this makes the autocorrelation function p(h) decay poly-
nomially, at rate h~(1724) and the time series is said to have long-memory.
When d, = 0, X; has short memory, and the case d, < 0 is referred to as inter-
mediate memory. Long memory time series models are used in a wide range of
applications, such as hydrological or financial time series; see for example Be-
ran (1994) or Robinson (1994). In parametric approaches, a finite dimensional
model is used for the short memory part M,; the most well known example is
the ARFIMA (p,d,q) model. The asymptotic properties of maximum likelihood
estimators (Dahlhaus (1989) or Lieberman et al. (2003)) and Bayesian estima-
tors (Philippe and Rousseau (2002)) have been established in such models and
these estimators are consistent and asymptotically normal with a convergence
rate of order \/n. However when the model for the short memory part is mis-
specified, the estimator for d can be inconsistent, calling for semi-parametric



methods for the estimation of d. A key feature of semi-parametric estimators of
the long-memory parameter is that they converge at a rate which depends on
the smoothness of the short-memory part, and apart from the case where M,
is infinitely smooth, the convergence rate is smaller than y/n. The estimation
of the long-memory parameter d can thus be considered as a non-regular semi-
parametric problem. In Moulines and Soulier (2003) (p. 274) it is shown that

when f, satisfies (1.4), the minimax rate for d is n~%F" . There are frequentist
estimators for d based on the periodogram that achieve this rate (see Hurvich
et al. (2002) and Moulines and Soulier (2003)).

Although Bayesian methods in long-memory models have been widely used
(see for instance Ko et al. (2009), Jensen (2004) or Holan and McElroy (2010)),
the literature on convergence properties of non- and semi-parametric estimators
is sparse. Rousseau et al. (2010) (RCL hereafter) obtain consistency and rates
for the Lo-norm of the log-spectral densities (Theorems 3.1 and 3.2), but for
d they only show consistency (Corollary 1). No results exist on the posterior
concentration rate on d, and thus on the convergence rates of Bayesian semi-
parametric estimators of d. In this paper we aim to fill this gap for a specific
family of semi-parametric priors.

We study Bayesian estimation of d within the FEXP-model (Beran (1993),
Robinson (1995)), that contains densities of the form

k
faro(x) =1— €| exp{ Y 0, cos(jz) ¢, (1.2)
7=0

where d € (—%, %), k is a nonnegative integer and § € RF¥f!. The factor

exp{Z?:O 6; cos(jz)} models the function M, in (1.1). In contrast to the origi-
nal finite-dimensional FEXP-model (Beran (1993)), where k was supposed to be
known, or at least bounded, f, may have an infinite FEXP-expansion, and we
allow k to increase with the number of observations to obtain approximations
f that are increasingly close to f,. Note that the case where the true spectral
density satisfies fo = fa, k,.0,, i considered in Holan and McElroy (2010). In
this paper we will pursue a fully Bayesian semi-parametric estimation of d, the
short memory parameter being considered as an infinite-dimensional nuisance
parameter. We obtain results on the convergence rate and asymptotic distri-
bution of the posterior distribution for d, which we summarize below in section
1.2. These are to our knowledge the first of this kind in the Bayesian literature
on semi-parametric time series. First we state the most important assumptions.

1.1 Asymptotic framework

For observations X = (X1,...,X,,) from a Gaussian stationary time series with
spectral density f, let T,,(f) denote the associated covariance matrix and I, (f)
denote the log-likelihood

() =~ log(2m) — 3 logdet(Tu()) = 3X'T; ()X,



We consider semi-parametric priors on f based on the FEXP-model defined
by (1.2), inducing a parametrization of f in terms of (d, k, ). Assuming priors
mq for d, and, independent of d, m;, for k and 7|, for 0|k, we study the (marginal)
posterior for d, given by

> o Tk (k) fD kaH eln(d7k70)d779lk(e)dﬂd(d)
= )
S 16 (6) [ 2y s €0 drg (O dma(d)

II(d € D|X) = (1.3)

The posterior mean or median can be taken as point-estimates for d, but we
will focuss on the posterior II(d|X) itself.
It is assumed that the true spectral density is of the form

folz) =[1 = €| exp{ > 0,5 cos(jz) ¢,
=0 (1.4)
0, € O(B,L,) = {0 € 1o(N) : Y _07(1+5)* < Lo},

Jj=0

for some known £ > 1.

In particular, we derive bounds on the rate at which II(d € D|X) concen-
trates at d,, together with a Bernstein - von -Mises (BVM) property of this
distribution. The posterior concentration rate for d is defined as the fastest
sequence «,, converging to zero such that

II(|d — do| < Kay|X) 0, for a given fixed K. (1.5)

1.2 Summary of the results

Under the above assumptions we obtain several results for the asymptotic dis-
tribution of II(d € D|X). Our first main result (Theorem 2.1) states that under
the sieve prior k, ~ (n/logn)Y/ (8 TI(d € D|X) is asymptotically Gaussian,
and we give expressions for the posterior mean and the posterior variance. A
consequence (Corollary 2.1) of this result is that the convergence rate for d un-

28—1

der this prior is at least d,, = (n/logn)™ % | ie. in (1.5) v, is bounded by 0y,
Up to a logn term, this is the minimax rate.

By our second main result (Theorem 2.2), the rate for d is suboptimal
when k is given a a Poisson or a Geometric distribution, or a sieve prior
k;l ~ (n/ 1ogn)ﬁ. More precisely, there exists f, such that the posterior
concentration rate «,, is greater than n~(8=1/2)/(28+1) "and thus suboptimal.
Consequently, despite having good frequentist properties for the estimation of
the spectral density f itself (see RCL), these priors are much less suitable for
the estimation of d. This is not a unique phenomenon in (Bayesian) semi-
parametric estimation and is encountered for instance in the estimation of a
linear functional of the signal in white-noise models, see Li and Zhao (2002) or
Arbel (2010).



The BVM property means that asymptotically the posterior distribution of
d behaves like ;1 (d — d) ~ N'(0,1), where d is an estimate whose frequentist
distribution (associated to the parameter d) is N(d,,a?). We prove such a
property on the posterior distribution of d given k = k,,. In regular parametric
long-memory models, the BVM property has been established by Philippe and
Rousseau (2002). It is however much more difficult to establish BVM theorems
in infinite dimensional setups, even for independent and identically distributed
models; see for instance Freedman (1999), Castillo (2010) and Rivoirard and
Rousseau (2010). In particular it has been proved that the BVM property may
not be valid, even for reasonable priors. The BVM property is however very
useful since it induces a strong connection between frequentist and Bayesian
methods. In particular, it implies that Bayesian credible regions are asymptoti-
cally also frequentist confidence regions with the same nominal level. In section
2 we discuss this issue in more detail.

1.3 Overview of the paper

In section 2, we present three families of priors based on the sieve model defined
by (1.2) with either k increasing at the rate (n/logn)*(?#) | k increasing at the
rate (n/logn)/ (2841 or with random k. We study the behavior of the posterior
distribution of d in each case and prove that the former leads to optimal frequen-
tist procedures while the latter two lead to suboptimal procedures. In section 3
we give a decomposition of TI(d € D|X) defined in (1.3), and obtain bounds for
the terms in this decomposition in sections 3.2 and 3.3. Using these results we
prove Theorems 2.1 and 2.2 in respectively sections 4 and 5. Conclusions are
given in section 6. In the appendices we give the proofs of the lemmas in section
3, as well as some additional results on the derivatives of the log-likelihood. The
proofs of various technical results can be found in the supplementary material.
We conclude this introduction with an overview of the notation.

1.4 Notation

The m-dimensional identity matrix is denoted I,,,. We write |A]| for the Frobe-
nius or Hilbert-Schmidt norm of a matrix A4, i.e. |A| = VtrAA!, where A’
denotes the transpose of A. The operator or spectral norm is denoted ||A||? =
supj =1 #' A’ Az. We also use | - || for the Euclidean norm on R* or I?(N). The
inner-product is denoted | - |. We make frequent use of the relations

|AB| = |BA| < ||A[|-|Bl, [AB| < [ All-IBIl, [All <Al < vnllAl,

1.6
(AB)| = [tx(BA)| < |A|-|Bl, |o' Ad] < a'a] A, (16)

see Dahlhaus (1989), p. 1754. For any function h € Ly ([—m, 7)), T, (h) is the
matrix with entries ffﬂ el=mlzh(z)dz, I,m = 1,...,n. For example, T),(f) is
the covariance matrix of observations X = (Xy,..., X,,) from a time series with



spectral density f. If h is square integrable on [—m, ] we note

Ihl2 = /7r h*(z)dz.

—T

The norm [ between spectral densities f and g is defined as

™

17.9) = 5 [ (o2 f(2) ~logg(w))?d.
™ —T

Unless stated otherwise, all expectations and probabilities are with respect to

P,, the law associated with the true spectral density f,. To avoid ambiguous

notation (e.g. 6o versus 0y ) we write 6, instead of 0y. Related quantities such

as f, and d, are also denoted with the o-subscript.

The symbols op and Op have their usual meaning. We use boldface when
they are uniform over a certain parameter range. Given a probability law
P, a family of random variables {W;}4ea and a positive sequence a,, Wy =
op(an, A) means that

r (Sup [Wal/an > e) — 0, (n — 00).
deA

When the parameter set is clear from the context we simply write op(ay).
In a similar fashion, we write o(a,) when the sequence is deterministic. In
conjunction with the op and Op notation we use the letters § and e as follows.
When, for some 7 > 0 and a probability P we write Z = Op(n”~¢), this means
that Z = O(n™*¢) for all ¢ > 0. When, on the other hand, Z = Op(n™~°), we
mean that this is true for some § > 0. If the value of ¢ is of importance it is
given a name, for example §; in Lemma 3.4.
The true spectral density of the process is denoted f,. We denote k-dimensional

Sobolev-balls by

k
Ok(B,L) = ORI 02(1+4)* <L) CRML (1.7)
j=0

For any real number z, let 2 denote max(0,2). The number r; denotes the
SUm ) s g j~2. Let n be the sequence defined by n; = —2/j, 7 > 1 and
no = 0. For an infinite sequence u = (u;);>o0, let ufy) denote the vector of the
first k£ 4 1 elements. In particular, ny = (10, ..., nx). The letter C' denotes any
generic constant independent of L, and L, which are the constants appearing
in the assumptions on f, and the definition of the prior.

2 Main results

Before stating Theorems 2.1 and 2.2 in section 2.3, we state the assumptions on
fo and the prior, and give examples of priors satisfying these assumptions.



2.1 Assumptions on the prior and the true spectral den-
sity
We assume observations X = (Xi,...,X,,) from a stationary Gaussian time
series with law P,, which is a zero mean Gaussian distribution, whose covariance
structure is defined by a spectral density f, satisfying (1.4), for known 8 > 1.
It is assumed that for a small constant ¢t > 0, d, € [f% +t, % —t].
Assumptions on II. We consider different priors, and first state the as-

sumptions that are common to all these priors. The prior on the space of
spectral densities consists of independent priors mg, 7 and, conditional on k,
Tg|x- The prior for d has density w4 which is strictly positive on [—% +1, % — ],
the interval which is assumed to contain d,, and zero elsewhere. The prior for
0 given k has a density g, with respect to Lebesgue measure. This density
satisfies condition Hyp(kC, co, 5, L), by which we mean that for a subset I of
N7

min  inf e%“‘)g’%g‘k(e) > 1,

keK 0€0(B,Lo)
where L, is as in (1.4). The choice of K depends on the prior for k and 6|k. We
consider the following classes of priors.

e Prior A: £ is deterministic and increasing at rate
kyn = |ka(n/ logn)ﬁj, (2.1)

for a constant k4 > 0. The prior density for 6|k satisfies Hyp({kn}, co, 5 —
%, L,) for some ¢y > 0 and has support O(8 — %, L). In addition, for all
0,0 € ©4(B — 3, L) such that [|§ — ¢'|| < L(n/ 10gn)72ii§17

log 7y (0) — log mo . (0") = hi(6 — 6') + o(1), (2.2)

for constants C,py > 0 and vectors hy, satisfying ||h| < C(n/k)i=ro.
Finally, it is assumed that L is sufficiently large compared to L.

e Prior B: £k is deterministic and increasing at rate
by = [k (n/logn) 757 |,

where kp is such that k:;l < ky, for all n. The prior for 0|k has density gy,

with respect to Lebesgue measure which satisfies condition Hyp({k, }, co, 5, Lo)
for some ¢g > 0 and is assumed to have support (5, L). The density
also satisfies

log mg 1, (0) — log g (6) = o(1),

for all 0,0" € ©4(S3, L) such that ||§ — 6’| < L(n/ 1ogn)7%. This condi-
tion is similar to (2.2), but with hy = 0, and support O4(8, L).

e Prior C: k ~ 7, on N with e~¢t*logk < 7, (k) < e~2klogk for L large
enough, where 0 < ¢; < ¢o < 4+00. There exists S; > 1 such that for all



B > Bs, the prior for 0|k has density 7y, with respect to Lebesgue measure
which satisfies condition Hyp({k < ko(n/logn)"/@#+1} ¢, 3,L,), for all
ko > 0 and some ¢y > 0, as soon as n is large enough. It has support
included in ©(S, L) and satisfies

log mg 1, (0) — log g (0) = o(1),

for all 0,0 € ©(8, L) such that |6 — 0’| < L(n/ 1ogn)7%.

Note that prior A is obtained when we take ' = 8 — % in prior B.

2.2 Examples of priors

The Lipschitz conditions on log g, considered for the three types of priors are

satisfied for instance for the uniform prior on O (8 — %,L) (resp. Ok(B,L)),
and for the truncated Gaussian prior, where, for some constants A and « > 0,

k
mok(0) o To, 51,1y (O) exp [ —AD 65
=0

In the case of Prior A, the conditions on log 7|, and hy in (2.2) are satisfied
for e < 483 — 2. To see this, note that for all 8,6 € Onr(B—1/2,L),

k
35107 — (65)2] < LY2||0 — 0'[[k*PHY2 = o((n/k)'~0).
j=0

In the case of Prior B and and Prior C we may choose o < 243, since for some
positive kg

k
S 50162 — (6,7 < L2660k = o(1),
j=0

for all k < ko(n/logn)/+D) and all 0,6 € ©,(B,L) such that ||§ — 0'|| <
(n/logn)=#/(2B+1),
Also a truncated Laplace distribution is possible, in which case

k
o k(0) o Lo, (3—1,1y(0) exp *az |0;]
=0

The condition on 7, in Prior C is satisfied for instance by Poisson distributions.

The restriction of the prior to Sobolev balls is required to obtain a proper
concentration rate or even consistency of the posterior of the spectral density f
itself, which is a necessary step in the proof of our results. This is discussed in
more detail in section 3.1.



2.3 Convergence rates and BVM-results under different
priors

Assuming a Poisson prior for k, RCL (Theorem 4.2) obtain a near-optimal
convergence rate for I(f, f,). In Corollary 3.1 below, we show that the optimal
rate for [ implies that we have at least a suboptimal rate for |d — d,|. Whether
this can be improved to the optimal rate critically depends on the prior on k.
By our first main result the answer is positive under prior A. The proof is given
in section 4.

Theorem 2.1. Under prior A, the posterior distribution has the asymptotic
expansion

il [, [ 52 (d = dy = ba(do) < 21X | = @(2) + op, (1), (2:3)

where, for ry, = Zj>kn+1 77]2 and some small enough 6 > 0,

1 o0
bn(dO) B ; Z Ujeo,j + Y’ﬂ + O(n71/275k5/2)7 Yn = —Zn7
" j=kn+1

Zy, being a sequence of random wvariables converging weakly to a Gaussian vari-
able with mean zero and variance 1.
B7
Corollary 2.1. Under prior A, the convergence rate for d is §, = (n/logn)™ 4 ,
i.e.
lim Eg [II(d : |d — do| > 6,|X)] = 0.
n— o0

Equation (2.3) is a Bernstein-von Mises type of result: the posterior distribu-
tion is asymptotically normal, centered at a point d,+b,,(d,), whose distribution
is normal with mean d, and variance 2/(nry, ). The expressions for the posterior
mean and variance give more insight in how the prior for k affects the posterior
rate for d. The standard deviation of the limiting normal distribution (2.3) is

V2] (re,) = O(n™ "% (logn) ™) and by (d,) equals

1 i 1
— > 0illoj+ Op, (kin?) + o(n™/201 /2,
Tk, .

" j=kn+1

From the definition of 7;, k,, and rj, and the assumption on 6,, it follows that

1 kel 1 gyl
- Z njeo,j < — Z 9313'25 Z j_2’6_2 = O(kn ﬁJr;). (2.4)

Tkn | i 2k 11 Tk \| 15k I>kn
See also (1.9) in the supplement. Hence, when the constant k4 in (2.1) is small
enough,
|bn(do)] < 6, (2.5)



and we obtain the d,,-rate of Corollary 2.1. For smaller k, the standard deviation
is smaller but the bias b, (d,) is larger. In Theorem 2.2 below it is shown that
this indeed leads to a suboptimal rate.

An important consequence of the BVM-result is that posterior credible re-
gions for d (HPD or equal-tails for instance) will also be asymptotic frequentist
confidence regions. Consider for instance one-sided credible intervals for d de-
fined by P7(d < z,(@)|X) = «, so that z,(a) is the a-th quantile of the posterior
distribution of d. Equation (2.3) in Theorem 2.1 then implies that

2%,
n

zn(a) = do + bn(do) + (I)il(a)(l +op,(1)).

As soom as Y-, 2702 ; = o((logn) "), we have that

2n(@) = dy + 2/ (n1k,) Zn + /2/ (g, )@ () (1 + op, (1))

and
PP (dy < zp()) = P (Z, < @ (@) (1 +0(1))) = a+ o(1).

Similar computations can be made on equal - tail credible intervals or HPD
regions for d.

Note that in this paper we assume that the smoothness 3 of f, is greater than
1 instead of 1/2, as is required in Moulines and Soulier (2003). This condition
is used throughout the proof. Actually had we only assumed that 5 > 3/2, the
proof of Theorem 2.1 would have been greatly simplified as many technicalities
in the paper come from controlling terms when 1 < 8 < 3/2. We do not believe
that it is possible to weaken this constraint to S > 1/2 in our setup.

Our second main result states that if k is increasing at a slower rate than
kn, the posterior on d concentrates at a suboptimal rate. The proof is given in
section 5.

Theorem 2.2. Given > 5/2, there exists 0, € O(f, L,) and a constant k, > 0
such that under prior B and C defined above,

TI(|d — do| > kywn(logn) | X) 53 1.

28—1
28

with wy, = Cy(n/ logn)fig% and Cy, = C1(L + Lo)ﬁlo

The constant C,, comes from the suboptimal rate for |d — d,| derived in
Corollary 3.1. Theorem 2.2 is proved by considering the vector 8, defined by
0o,; = coj*(ﬁJr%)(logj)*l, for j > 2. This vector is close to the boundary of the
Sobolev-ball ©(8, L,), in the sense that for all 8" > 8, 3= jw/OEJ = +o00. The
proof consists in showing that conditionally on k, the posterior distribution is
asymptotically normal as in (2.3), with k replacing k,, and that the posterior
distribution concentrates on values of k smaller than O(n!/(?#+1)) so that the
bias by, (d,) becomes of order wy,(logn)~t. The constraint 3 > 5/2 is used to
simplify the computations and is not sharp.



It is interesting to note that similar to the frequentist approach, a key issue
is a bias-variance trade-off, which is optimized when k ~ n!/(2%) This choice
of k depends on the smoothness parameter 3, and since it is not of the same
order as the optimal values of k for the loss I(f, f') on the spectral densities,
the adaptive (near) minimax Bayesian nonparametric procedure proposed in
Rousseau and Kruijer (2011) does not lead to optimal posterior concentration
rate for d. While it is quite natural to obtain an adaptive (nearly) minimax
Bayesian procedure under the loss [(.,.) by choosing a random k, obtaining an
adaptive minimax procedure for d remains an open problem. This dichotomy is
found in other semi-parametric Bayesian problems, see for instance Arbel (2010)
in the case of the white noise model or Rivoirard and Rousseau (2010) for BVM
properties.

3 Decomposing the posterior for d

To prove Theorems 2.1 and 2.2 we need to take a closer look at (1.3), to un-
derstand how the integration over Oy affects the posterior for d. We develop
0 — 1,(d,k,0) in a point 04 ) defined below and decompose the likelihood as

exp{l,(d, k,0)} = exp{l.(d, k) } exp{l.(d, k,0) — 1,,(d, k)},
where [,,(d, k) is short-hand notation for I,,(d, k, f4). Define

L(d,k) = / RO —n@ ) g (), (3.1)
Oy

where ©y, is the generic notation for G4 (8 — %, L) under prior A and O4(3, L)
for priors B and C. The posterior for d given in (1.3) can be written as

oo Tk (k) [ et @R =nlde ) T (d k) dmg(d
11(d € Djx) = im0 k) € (A Rydratd)
Zkzo Tk (k) ff%J’,t eln(dJC)_ln(do’k) In (da k)dﬂd(d)

The factor exp{l,(d, k) —1,(do, k) } is independent of §, and will under certain
conditions dominate the marginal likelihood. In section 3.2 we give a Taylor-
approximation which, for given k, allows for a normal approximation to the
marginal posterior. However, to obtain the convergence rates in Theorems 2.1
and 2.2, it also needs to be shown that the integrals I,,(d, k) with respect to
0 do not vary too much with d. This is the most difficult part of the proof of
Theorem 2.1 and the argument is presented in section 3.3. Since Theorem 2.2 is
essentially a counter-example and it is not aimed to be as general as Theorem
2.1, as far as the range of  is concerned, we can restrict attention to larger 3’s,
ie. > 5/2, for which controlling I,,(d, k) is much easier.

3.1 Preliminaries

First we define the point 64 in which we develop 0 — 1,,(d, k, ). Since the
function log(2 — 2 cos(z)) has Fourier coefficients against cos jz, j € N equal to

10



0,2,%2,2 .. FEXP-spectral densities can be written as

14y 99 3
o0 oo
|1 — e~ exp Z 0 cos(jz) p = exp Z(ﬁj + dnj;) cos(jz)
Jj=0 j=0

Given f = fare and f' = fq i o0 we can therefore express the norm I(f, f/) in
terms of (0 — 6") and (d — d'):

—_

52 —07) +n;(d—d))>?, (3.3)
7=0

where 6; and 9;- are understood to be zero when j is larger than k respectively

E'. Equation (3.3) implies that for given d and k, I(f,, fa,k,0) is minimized by

oo

éd,k i= argmingcgs+1 Z(Qj — 0o+ (d— do)nj)2 = Oopi) + (do — d)1p)-
=0

In particular, 0 = 0, minimizes I(fo, fa,x,9) only when d = d,; when d # d,
we need to add (d, — d)n). The following lemma shows that an upper bound
on I(fo, fa,k,e) leads to upper bounds on |d — d,| and ||0 — 6,]|.

Lemma 3.1. Suppose that 0 € Ok(y, L) and 0, € Ok(8, L,), where y < 3. Also
suppose that for a sequence a, — 0, I(fo, fare) < a2 for all n. Then there are
universal constants Cy,Cy > 0 such that for all n,

2y—1 2771

ld—d,| < CL(L+ Lo)# an”" | 10 = 0] < Co(L + Lo) 7 an ™" .

Proof. For all (d, k,0) such that I(fir.0, fo) < an, we have, using (3.3),

202 > 2(fano, fo) = 2(00,0 — 00)° + D (6o — 0;) + nj(do — d))*
i>1

>Z 0,j —Uj (dido)22n32‘72|d7do| 27732 Z(oo,ji
Jjz21 Jj=1 Jj=1 Jj=1

= (10 = 6o]| — |d = doln]})*

The inequalities remain true if we replace all sums over 5 > 1 by sums over j >
My, for any nondecreasing sequence m,,. Since ||(7j1;5m,, );j>1/|* is of order m,,*
and [[(0=0ol|;1j5m, )j=1 11> <my > Y., (145)%(0;—0,,7)* < 2(L+Lo)my, e

1
setting m,, = ay, 7 gives the desired rate for |d — d,| as well as for |0 — 0,]]. O

The convergence rate for I(fs, fa,k6) required in Lemma 3.1 can be found in
Rousseau and Kruijer (2011). For easy reference we restate it here. Compared
to a similar result in RCL, the logn factor is improved.
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Lemma 3.2. Under prior A, there exists a constant ly depending only on L,
and ka (and not on L) such that

TI((d, . 0) : 1 fako, fo) > 12621X) 55 0,

where 6, = (n/log n)f%. Under priors B and C, this statement holds with

en = (n/log n)fﬁ replacing oy, .

In the proof of Theorem 2.1 (resp. 2.2), this result allows us to restrict attention
to the set of spectral densities f such that I(f, f,) < 362 (resp. [3€2). In
addition, by combination with Lemma 3.1 we can now deduce bounds on |d—d,|
and ||0 — 04||. These bounds, although suboptimal, will be important in the
sequel for obtaining the near-optimal rate in Theorem 2.1.

Corollary 3.1. Under the result of Lemma 3.2 and prior A, we can apply

Lemma 3.1 with o2 = 1362 and v = 8 — , and obtain

y(d: |d—do| > 0, X) 530, TI(|0 = Oar]l > 2106, X) 230,

1 28-2 —1
where v, = C1(L + Lo)™#-21,"""(n/ 10gn)7627. Under priors B and C we
have v = j; the rate for |d — d,| is then w, = Cy(n/log n)_% and the rate
_ 28-1
for |0 —0q k|| is 2lp€n. The constant Cy, = C4 (L—i—Lo)ﬁlO **is as in Theorem
2.2.

Proof. The rate for |d — d,| follows directly from Lemma 3.1. To obtain the
rate for || — 0,41, let o, denote either lod, (the rate for I(f,, f) under prior
A) or lpe,, (the rate under priors B and C). Although Lemma 3.1 suggests that
the Buclidean distance from 6, to 6 (contained in ©x(8,L) or Ox(8 — 3, L))
may be larger than «,,, the distance from 6 to 0,4 is certainly of order «,,. To
see this, note that Lemma 3.2 implies the existence of d, k, 6 in the model with
I(fo, fa.k,0) < . From the definition of 6,4 it follows that I(f,, fanda,) < a?.

The triangle inequality gives [|0 — 04> = I(fa k0, farg,,) < 402. O

The rates v, and w,, obtained in Corollary 3.1 are clearly suboptimal; their
importance however lies in the fact that they narrow down the set for which
we need to prove Theorems 2.1 and 2.2. To prove Theorem 2.2 for example it
suffices to show that the posterior mass on k,w, (logn)~! < |d—d,| < w, tends
to zero. Note that the lower and the upper bound differ only by a factor (logn).
Hence under priors B and C, the combination of Corollary 3.1 and Theorem 2.2
characterizes the posterior concentration rate (up to a logn term) for the given
0,. Another consequence of Corollary 3.1 is that we may neglect the posterior
mass on all (d, k, ) for which || — 64 || is larger than 2y, (under prior A) or
2lp€p, (under priors B and C).

We conclude this section with a result on éd,k and O (8, L). In the definition
of éd, » we minimize over R¥*T1, whereas the support of priors A-C is the Sobolev
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ball © (8, L) or O (8 — 1,L). Under the assumptions of Theorems 2.1 and 2.2
however, 04 1, is contained in O (5 — %, L) respectively O (8, L). Also the ly-ball
of radius 2lpd,, (or 2lpe,) is contained in these Sobolev-balls.

Lemma 3.3. Under the assumptions of Theorem 2.1, Bk(éd,k,Qlo(Sn) 18 con-
tained in O (8 — %,L) for all d € [d, — Up,do + Ty, if L is large enough. In
particular, §d7k € 0,8 — %,L). Similarly, under the assumptions of Theorem
2.2, Br(04.k,2loen) C O(B, L), for all d € [dy — Wy, do + wy].

Proof. Since the constant [y is independent of L, 6 € Bk(éd,k,Qloén) implies
that for n large enough |,

e

k

k
DG HDPT<2Y (0 00x)2G + 1) 42D (0ak)] G + 1)
j=0 j=0 =0

kn
< 80%(Lo)(n/logn) 5 (ky + 1)* 71 44362 ,(j +1)*7
j=0
kn
+16(d—d,)* > 270

=1

<.

The first two terms on the right only depend on L,, and are smaller than L/4
2B-2 1
when L is chosen sufficiently large. Because v, = C1(L+L,) R 15" (n/log n)f%

the last term in the preceding display is at most

)

4B—4

CH(L+ Lo) ™1™ (n/logn) ™7 k3~ (n/ logn) 7",

which, since 3 > 1, is smaller than L/2 when L is large enough. We conclude
that By (04.k, 2l00,,) is contained in O (5 — %, L) provided L is chosen sufficiently
large. The second statement can be proved similarly. O

3.2 A Taylor approximation for [,(d, k)

Provided that the integrals I,,(d, k) have negligible impact on the posterior for
d, the conditional distribution of d given k will only depend on exp{l,(d, k) —

In(do, k)}. Let l,gl)(d,k:), l,@(d,kz) denote the first two derivatives of the map

d — 1,(d, k). There exists a d between d and d, such that

(d—d,)?

Lo(d,k) = 1y(de k) + (d— do)IV(dy, k) + 5

12(d, k). (3.4)

Definin
’ 1(d,, k)

13



which is the b, used in Theorem 2.1, we can rewrite (3.4) as

(1) 2
(s ) — L (do, ) = —+ U (dos )7

1y - .
2 1P(d, k) + 512 (d k) (d = do = bu(d)”. (35)

Note that each derivative l,(f) (d,k), i = 1,2, can be decomposed into a centered
quadratic form denoted S(l,(f) (d,k)) and a deterministic term D(l,(f) (d,k)). In
the following lemma we give expressions for 17(11) (do, k), l,@(d7 k) and b,,, making
explicit their dependence on k and 6,. Since k;z < ky, and w,, < T, (see Corollary
3.1) the result is valid for all priors under consideration. The proof is given in
appendix A.

Lemma 3.4. Given 3> 1, let 0, € O(8, L,). If k < ky, and |d—d,| < vy, then
there exists 61 > 0 such that

(o k) = S (do, k) + DU (do, )
n _ .
- S(l%l)(do,k))+§ Z 0o.m; + o(nf(k=B+3/2 4 n=1/@B)y,
j=k+1
5 ) k1/2 f—2B+1+e 1 5
l;)(dak) = lg)(dmk) <1+n1/2+6+ - ) = 3"k (1+0p0(n7 1))7

where S(l,(zl)(do, k)) is a centered quadratic form with variance

nrg 1
Var(S(IM (dy, k))) 277] (1+o0(1 5 — (14 0(1)) = O(nk™").
J>k
Consequently,
(1) o0
In " (do, k 1 _
bo(d) =~ 2 Uork) _ L™ 1+ op, ()

(2)
W(d k) TR 55 (3.6)

25(1 (d,, k) (1 -0
+ S( ( ) )T)l(r +OPo(n )) +0P0(n€*1k7ﬁ+5/2+n671)
k

)

with @
2 ln do;k —_ = Y
28Un o k) _ o (n-34h).
nr

Remark 3.1. Recall from (2.4) that vt Y250, ) 0,m; is O(k=PT1/2). The
term 28([%1)(d0,k))/(nrk) is Op, (k=P+1/2) whenever k ~ n'/ 8 which is the

case under all priors under consideration.

Substituting the above results on l(l) 1Y and by, in (3.5), we can give the
following informal argument leading to Theorems 2.1 and Theorem 2.2. If we
consider k to be fixed and I,,(d, k) constant in d, then (3.5) implies that the
posterior distribution for d is asymptotically normal with mean d, + b,,(d,) and

variance of order k/n.
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3.3 Integration of the short memory parameter

A key ingredient in the proofs of both Theorems 2.1 and 2.2 is the control of the
integral I, (d, k) appearing in (1.3), whose dependence on d should be negligible
with respect to exp{l,(d, k) — l,,(do, k)}. In Lemma 3.5 below we prove this to
be the case under the assumptions of Theorems 2.1 and 2.2. For the case of
Theorem 2.2 this is fairly simple: the conditional posterior distribution of 6 given
(d, k) can be proved to be asymptotically Gaussian by a Laplace-approximation.
For smaller 8 and larger k the control is technically more demanding. In both
cases the proof is based on the following Taylor expansion of 1,,(d, k, 8) around
Oa,r:

L0 = 04.0) VIl (d, k)

In(d, k,0) — 1, (d, k) = z; T + Ryy1.a(0), (3.7)
=
where
. . _

o _ ~ 991, (d, k,Bar)
0 —0,:) DV, (d k) = 0—0 (0= 04 p),
( ak) V1, (d, k) l Zl 0( ak) - ( k)i, a0, ...00,,

1seeey i=
. _
1 _ _ 7, (d, k, 0
Ryi1.a() = > (0= 0ak), - (0—0a) 0" l(d, k,9)

VB0, .00,

(3.8)
The above expressions are used to derive the following lemma, which gives
control of the term I,,(d, k).

Lemma 3.5. Under the conditions of Theorem 2.1, the integral I,,(d, k) defined
in (3.1) equals

d — dylnt 52 ( ”5>
I,(do,k)expqop, (1) +op, | ——— | +op, | (d—d, ,
(do,) p{P<> p< o . (- d)2"

for some 92 > 0. Under the conditions of Theorem 2.2,
I,(d,k) =1I,(do, k) exp{op,(1)}.

The proof is given in Appendix C, and relies on the expressions for the
derivatives V71, given in Appendix B. Lemma 3.5 should be seen in relation to
Lemma 3.4 and the expressions for II(d|X) and I,,(d, k) — I,,(do, k) in equations
(3.2) and (3.4). Lemma 3.5 then shows that the dependence on the integrals
I,,(d, k) on d is asymptotically negligible with respect to l,,(d, k) —1,,(d,, k). This
is made rigorous in the following section.

(J +1)!

I, ly41=0

4 Proof of Theorem 2.1

By Lemma 3.2 we may assume posterior convergence of [(fo, fa.r.¢) at rate [362,
and, by Corollary 3.1, also convergence of |d — d,| at rate 7,,. By Lemma 3.3,
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we may restrict the integration over 6 to By (04r,2l00,). Let T',(2) = {d :
"5 (d—do—b,(ds)) < z}. Under prior A, it suffices to show that for k = k,,

Ny Jr @D [ gs €O D dmg (0)dra(d)

D, Saca, <o, €GPk [ G atgsny € RO TR g (0)dra (d)
S, oy € (d, ) = Ln(do, k) + og L (d, k) }dma(d) B02) 4 op (1)
= = y4 (o) .
Jcay <o, ©D{n(d, k) = 1.(do, k) +log I,,(d, k) }dma(d) Po

(4.1)

Using the results for ,,(d, k) — ,,(do, k) and I,,(d, k) given by Lemmas 3.4 and
3.5, we show that for A, C R™ defined below such that P)'(4,) — 1,

g—z < ®(2) + o(1), g—z > () +o(1), VX € An. (4.2)

Since P?(A;,) — 1 this implies the last equality in (4.1).

Note that Lemmas 3.4 and 3.5 also hold for all §; < §; and 65 < J2. In the
remainder of the proof, let 0 < 6 < min(dy,d2). For notational simplicity, let
D = D(l,(ll)(do, k), the deterministic part of l%l)(do, k). For a sufficiently large
constant C7 and arbitrary e; > 0, let A,, be the set of X € R" such that

[log I (d, k) —log In(do, K)| < €1 + (d — do)?k 0!~ 4 |d — do|k~bnd =
15 (do, k) = D| < Crnk~3logm,  |I(d, k) + Ly | < n' 0k

for all |d — d,| < ¥,. Since k = k, and 8 > 1, Lemmas 3.4 and 3.5 imply
that P*(A%) — 0. We prove the first inequality in (4.2); the second one can be
obtained in the same way. Using (3.4) and the definition of A,,, it follows that
for all X € A,

n176

k

Ln(d, k) — 1,,(do, k) +log I,,(d, k) — log I,(do, k) < €1 + (d — d,)?

1
=4 nri

1 = ol (d = A (g, R) = (A = d)?(1 =)
2

2
§261%<1—

N

(1) 2 15 (1) 2
(ddo (2zn (dy, k) ) g (1 (dy, k)

— 2 )y k (1-3)nre

no

(4.3)

The third inequality follows from (2.5) and Remark 3.1, by which b,(d,) =
O(k=P*2) = O(6,). This implies that |b,(d,)|k~2n2~% < €1, again for large
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enough n. Similar to the preceding display, we have the lower-bound
In(d, k) = 1n(do, k) 4+ log I, (d, k) — log I, (do, k)

2
nry, _5 b (do, k)
> 3¢ — —E (142 d—d, — ot
2 —3a——(l+2n )< (1+2n=9)

(1) 2
—|d = do o bn(do’ k) k*% %*5 4 (ln (d07 k’)) .
(1+2n-9) (14 2n=9)nry

Note that

(U (do k) (13 (do, k))?
_ = 1 4.5
&P { (1—=2n"%nr, (14 2n=%)nry explo(1)}, (4.5)
which follows from the expression for 17(11) (do, k) in Lemma 3.4, the definition of
A, and the assumption that X € A,. Therefore, substituting (4.3) in N,, and
(1) 2
(4.4) in D,,, the terms (s igj;k)) cancel out and by (4.5) we can neglect the

. 1D (d,,k))? 1D (d,,k))?
difference between Uy, (,; ) and Uy " (do, k)7
(1£2n=9)nry nri

To conclude the proof that N,,/D,, < ®(z)+o(1) for each X € A,,, we make
the change of variables

nri bn(do)
= JEE Q200 (d—d, — —2lel
“ y (1270 (d o= T3 97 )

where we take 4+ in the lower bound for D, and — in the upper-bound for
N,,. Using once more that b,(d,) = O(d,), we find that for large enough n,
lu| < Z\/nry; implies |d — do| < v,. Hence we may integrate over |u| < 2\ /nry,
in the lower-bound for D,,. In the upper-bound for N,, we may integrate over
u<z-+e€.

Combining (4.3)-(4.5), it follows that for all ¢; and all X € 4,,

1 _

& < 6761 1+ 2n=0\ 2 fu<z+e1 eXp{—%uQ +Cn 6|u|}du
D, — 1—2n—9 f\u|<’5—" e exp{—3u? — Cn~%|u|}du
Juczve, @p{=3u" + Cn”’ful}du
f‘ulg%\/wkexp{f%u2 — Cn=%u|}du

< 6861

— P(z+ €1)eder,

Similarly we prove that for all €;, N, /D, > ®(z — €1)e 81, when n is large
enough, which terminates the proof of Theorem 2.1.

5 Proof of Theorem 2.2

Let 8 > 5/2 and 6, ; = coj~P*2)(logj)~'. When the constant ¢ is chosen
small enough, 0, € ©(f, L,). In view of Corollary 3.1, the posterior mass on the
events {(d, k,0) : |0 —04.x|| > 2loe,} and {(d, %, 0) : |d—d,| > wy} tends to zero
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in probability, and may be neglected. Moreover Lemma 3.1 implies that with
posterior probability going to 1, |0 — 6g|| < (n/logn)~(#=1/2)/26+1) However,
within the (k + 1)-dimensional FEXP-model, ||§ — 6,|| is minimized by setting
0;=0,; (j=0,...,k), and for this choice of # we have

10— 001> =D 02, 2 k> (log k) .
1>k

Consequently, the fact that || — 6| < (n/logn)~(F=1/2)/(26+1) implies that
k> K = k(n/logn)B-1/2/(BE+1D)(1ogn)=1/# for some constant k;. We
conclude that

I (k < k| X) = op, (1),

and we can restrict our attention to k > k..
We decompose I14(|d — do| < kyw,(logn)~t k > k| X) as

> (| — do| < kywn(logn) ™!,k =m|X)
m>k/!
= > (k= m|X)y(|d — do| < kyw,(logn) ' X),

m>k!!

where IL,,, (|d — d,| < kyw, (logn) =1 X) is the posterior for d within the FEXP-
model of dimension m + 1, i.e. I1,,,(|d — d,| < kyw,(logn) =Y X) :=TI(|d — d,| <
kyw, (logn) =tk = m, X).

To prove Theorem 2.2 it now suffices to show that

ST Nk =mlX) =Tk, < k < k| X) 5351, (5.1)
ki Sm<k;,
EMIL(|d — do| < kywy(logn) V|1 X) 530, VK <k<k, (52
The convergence in (5.1) is a by-product of Theorem 1 in Rousseau and Kruijer

(2011). In the remainder we prove (5.2). For every k < k,, we can write, using
the notation of (4.1),

=

n,k
D,

k
Sttt gy EXPUn(d, K) = 1 (do, k) + log I (d, k) Ydma(d)  (>-3)
Ja—a, <, ©P{n(d, k) = Ln(do, k) + log I, (d, k) }dra(d)

. (|d — do| < kywy,(logn) ™ X) <

Let 02 > 0 and A,, be the set of X € R" such that
|10g In(da k) - 1OgIn(doa k)| S €1,
189 (do, 1) = DU (do, )| < 212 VIog,
12(d, k) — DUP (do, k))’ < eyn(2+62)/(26+1)




for all |d — d,| < wy, and k] < k < k. Compared to the definition of A,
in the proof of Theorem 2.1, the constraints on 12 (d, k) and I,, are different.
For the latter, recall from Lemma 3.5 that log I,,(d, k) = log I,(do, k) + op_ (1),
uniformly over d € (d, — wy, d, + wy). As in the proof of Theorem 2.1, it now
follows from Lemmas 3.4 and 3.5 that P"(AS%) — 0. We can write

Nn k Nn k
By | 2R < prias) + By |2t
0 |:Dn,k:| = o( n) + 0 |:Dn,k An:| ’
and bound N, /D, ;; pointwise for X € A,,. Since when k € (k/, k;),

1
o, )P (3 a41) _

) n =o(1)
2|ln (do, k)|

on A,, for all 63 > 0, analogous to (4.3) and (4.4), we find that for all X € A4,
by definition of b, (d,),

12 (do, )|
2

12 (d, k)|

(15 (do, k))?
2117 (do, k)|
(1" (do, k))?
21 (do, k)|

In(d, k) = Un(doy k) +log I, (d, k) < 2€1 — (d—d, — bn(do))2 +

Lo(d, k) = Ln(do, k) + log Iy (d, k) > —2€; — (d—dy — by (dy))* +
when n is large enough since k > k. We now lower-bound by, (d,) by bounding
the terms on the right in (3.6) in Lemma 3.4. By construction of 6, it follows

that
ety i e = cory P Y 573 (log ) > ekt 3 (log k)Y,
i>k i>k

for some ¢ > 0. Since X € Ay, 2515 (do, k))/(nr) < 21/k/ny/Iogn. Since
k < k! this bound is o(k~#*2 (logk)~1). The last term in (3.6) is o(nc~!) when
B > 5/2, and hence this term is also o(k=5~2 (log k) ~1). Therefore, the last two
terms in (3.6) are negligible with respect to r; ' Zj>kj_1907j. We deduce that
bn(dy) > ck™PTz(logh)™t > en=(F-1/(46+2) (1og n)~(2643)/(48+2) for p large
enough.

Consequently, when the constant k, is chosen sufficiently small, | /7y, (bn(do) —
Eow,(logn) ™) > (¢ — ky)n'/4B8+2) (logn)~B+D/CB+D) .= 5 5 00, We now
substitute the above bounds on [, (d, k) — l,,(do, k) + log I,,(d, k) in the right
hand side of (5.3), make the change of variables u = d — d, — b,,(d,) and obtain

2
Nn,k < ha fug—kuwn(logn)*l—bn(do) eXp{_nTZu }du
Dy — f|u‘<wn/2 eXp{——”’”Z“2 +du
2
exp{—% }dv
< 6551 ‘f'U>Zn p{ 2 } _ Opo(l).

v? -
f|v\<wn\/nrk/8 eXp{_T}dv

This achieves the proof of Theorem 2.2.
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6 Conclusion

In this paper we have derived conditions leading to a BVM type of result for
the long memory parameter d € (—%, %) of a stationary Gaussian process, for
the class of FEXP-priors. To our knowledge such a result has not been obtained
before. The result implies in particular that asymptotically credible intervals
for d have good frequentist coverage.

A by-product of our results is that the most natural prior (Prior C) from
a Bayesian perspective, which is also the prior leading to adaptive minimax
rates under the loss function ! on f, leads to sub-optimal estimators in terms
of d. Prior A leads to optimal estimators for d however it is not adaptive. An
interesting direction for future work would be to define an adaptive- minimax
estimation procedure for d.

More broadly speaking, the approach considered here to derive the asymp-
totic posterior distribution of a finite dimensional parameter of interest in a
semi-parametric problems could be used in other non - regular models, hence
completing (not exhaustively) the recent works of Castillo (2010) and Bickel
and Kleijn (2010).
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A Proof of Lemma 3.4

We decompose the first derivative of [,,(d, k) as l;l)(d,k:) = S(l;l)(d,k:)) +
D(lg)(d, k)), S( 511)(d, k)) being a centered quadratic form and D( 511)(d, k)) the
remaining deterministic term. To simplify notations, in this proof we write
S= S(l,(ll)(do,k:)) and D = D(l,gl)(do, k)). Using (1.6) (supplement) and defin-
ing A= Tn_l(fdo,k)Tn(kado,k)Tn_l(fdo,k)7 we find that

D= Lt (Tulfas) - Tulf)Al 8= 3 (X'AX — tr[T,(£,)A]) .

From (1.4) and (1.8) in the supplement it follows that

1
fo = Faok = fam(e®r —1) = (Mg, x + §eEA30,k)fdo,k

= fa, kO™ PT2) €€ (0,(Adyk)+))-

Consequently, we have

(A1)

D = 21 [Tofa, b(Ba + 0T, T i )T (St T ()]

n T

o | Hy(x)(Ag, x(x) + O(Aio,k(x)))d:c + error

g Z 1005 + O(nk=2°~1) + error.
j=k+1

The last equality follows from (1.9) and (1.11) in the supplement. We bound
the error term using Lemma 2.4 (supplement) applied to Hyfq, r and fq, k,
whose Lipschitz constants are bounded by O(k) and O(k(/2=8+  respectively
(see Lemma 3.1 in the supplement). Using that ||Ag, x[lc = O(E7+1/2) (see
(1.8) in the the supplement) we then find that the error is O(k3/2=#n¢).

The term S is a centered quadratic form with variance 3|72 (f,) AT B
Applying once more (A.1), we find that

0 (T (o) 4] = b0 (T (i )T (Hi )] (1 -+ OB, 1]10))

— % H}?(x)d.f —+ O(nek —+ ||Ado,k||oo> — nTk(l + 0(n76>>,

—T

where the term nk comes from Lemma 2.4 in the supplement, associated to
fa,x and fq, rHj. This proves the first equality in Lemma 3.4.
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Similar to the decomposition of 1 (do, k), we decompose the second deriva-
tive as 12 (d, k) = DD (d, k) — 285,182 (d, k) + So (1P (d, k), where

51 (d) = XtALdX — tI‘[Tn(fO)ALd], 82 (d) = XtAZdX — tr[Tn(fo)AZd],
Dy(d) := D(IP(d, k)

n

= *%tr (Tn(far)Ara] + tr {(Tn(fd,k) = T(faor)) (Al,d - %Azdﬂ

10 (T a0 = T £) (Ara = 52 )]
(A.2)
Ava =T (fase) (T (Hi fa) Tyt (Far))?s Aza = T (far) T (HE fas) Tyt (Fak)-

To control Dy(d) we use a first order Taylor expansion around d,, implying
that D (d) = Da(do) + O(|d — do) SUp g/ _g, <5, |Ps(d")]. First we study Dz (d,).
At d = d,, the right-hand side of (A.2) equals

- 43 H2(2) (14 (€A% — 1)) da + O(kne)
T —r (A.3)

—Nnrg

= -2 (1 O k2 ).

The O(kn®) term is obtained from Lemma 2.4 (supplement), applied to fo; =
Hyfa,r and faj—1 = fa,x, with Lipschitz constants O(k) for the former and
O(kB/2=P)+) for the latter, together with the bound ||Ag, kllee = O(K™#F1/2).
Using
_ 3,
Va==3(T, (far)Tn(Hefar) Tp'(far)
+ 2T, (fa)Tn(HE fas) Ty (fas) Tn(Hi fa )Ty ' (fak)

and a similar expression for the derivative of d — A 4, it follows that

1D (d)| < tr [(To(fa, )Ty (far i) + L) (To(|Hi | far )T (far )]
A+t [(To(fao k) Ty (far k) + Ln) (Lo (| Hiel far i) Ty (Far i) T (HE far )T (far )]
+t1 (T (fao )Ty (fare) + L) To( | Hi [P far i) Tt (Far )]

We control the first term of the right hand side of the above inequality, the
second and third terms are controlled similarly. Note first that

tr [T (fa,6) T ' (far ) (T (| Hil far k)T (Far 1))
— T (fao )T (Far ) T i e )T (Far )T (| H | far )
<NTE (fau ) T * (fir )2
< T2 (Far )T (Hil far ) 11T * (Far i) T Hl far ) T ® (far i)
S ”€|T{%(fd/,k)Tn(|Hk|fdf,k)T{%(fdf,k)|2,
(A.5)
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where the last inequality comes from Lemma 2.3 in the supplement. Note also
that

o Y S far(@) S |2l and T (1Hl fark) S To( Hillel %) Tl farg) 2 Tall2~>")

and replace fo by |z|72% in (A.5), then

T2 (far i) T (| Hiel far i) T 2 (Far i) P S (% + O(k))

using Lemma 2.4 in the supplement associated to | Hy||z|~2¢ which has Lipschitz
constant k. This leads to Da(d") = O (n‘%) , which implies that for all 5 > 1,

(1+0(n™2)).

nr

Da(d) = Da(do) + o(|d — dofn k1) = —=

For the stochastic terms in l,@(d,k) we need a chaining argument to control
the supremum over d € (d, — Un,d, + Up,). We show that for all ¢ > 0 and

1

1 /
Tn = nzte k==,

Pf( sup ISl(d)|>7n> = o(1), (A.6)

ld—do|<tn

i.e. that S1(d) = op, (v5). The same can be shown for Sz(d) using exactly the
same arguments. Consider a covering of (d, — ¥, d, + ¥y, ) by balls of radius n~*
centered at d;, j =1,...,J, with J, <2v,n. Then

sup  [S1(d)] <max|Si(d;)|+ sup  [Si(d) — Si(d)],
|d—do|<Up J |d—d'|<n—1

and

ld—do|<Bn ld—d/|<n—1 2

Py ( sup  [81(d)] > vn> < P ( sup |8:(d) - Su(d)] > %n)
(A7)

n 1
+ Jn 1;1}2%)571 P <|81(dj)| > §7n> .

To control the first term on the right in (A.7), note that for a standard normal
vector Z and some d* € (d,d’),

§1(d) — 8u(d') = (d — &) (2T (1) Ay 0o T ()2 — b [Tu( o) A1 00])

with A} ; asin (A.4). Using Lemma 2.3 (supplement) and the fact that [|AB|| <
|A[[| B| for all matrices A and B, it follows that | T2 (f.) A% .. T2 (f.)]| = O(n¢),
and hence Z'T32 (f,) AL . T (f)Z < Z'Z|T3 (f) A} 0. T3 (£,)]| = O(n)2!Z.
Similarly, it follows that tr [Tn (fo)A d*} < n. Counsequently, when ¢ = ¢ /2 we

have
S1(d) — Su(d)| Sn™' (Z'Zn +n) ,
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uniformly over all d,d’ such that |d —d'| <n~!. Since 1 = o(yy),

1
Py ( sup  [Si(d) — Si(d)| > 5771) <P(Z2'Z> nl—g%/ll) — o(1).
|d—d’|<n-1
To bound the last term in (A.7), we apply Lemma 1.3 (supplement) to
(ZtAZ — tr[A])|A]7, with A = T2 (f,)A1.4T2 (f,) since as seen previously
|A]> = O(n/k) = o(72n~2%) for a small enough, it follows that

1 o
P (Sl(d) > §7n> <e /8,

Since J,, increases only polynomially with n, this finishes the proof of (A.6).

B Control of the derivatives in 6 on the log-likelihood

Before stating Lemma B.1 we first give a general expression for the derivatives
of 1,,(d, k, ) with respect to 0. For all j > 1 and [ = (l1,...,1;) € {0,1,...,k}7,
let o = (o(1),...,0(]o])) be a partition of {1,...,5}. Let |o| be the number of
subsets in this partition and o(¢) the ith subset of {1,...,;} in the partition o.
Denoting I, ;) the vector (I¢,t € o(i)), we can write

Vi, fare(T) = H cos(ltx) fa,k,0(7).

teo(i)

31, (d,k,0)

For notational ease we write Vg(i)fd7k79 = vla‘(i) fa.k,0. The derivative 201,001,

can now be written in terms of the matrices

o]

Bo(d,0) = [[ Boi)(d.0),  Bogi)(d,0) = T (Vo) faro)Tn ' (fare). (B.1)
i=1

There exist constants b,, ¢, and d, such that

&l (d, K, 0)
00y, ...00,
= > b (XTI (fano) Bo(d, 0)X — tr [Ta(fo) T (fano) Bo (d,0)]) (5 )
o€ES;
+ 3 cotr[Bo(d,0)] + Y dotr [(Tn(fo)Ty ' (fams) — In)Bo(d,0)]
oES; oES;
where S; is the set of partitions of {1,...,7}. For the first two derivatives

(j = 1,2) the values of the constants b,, ¢, and d, are given below in Lemmas
B.4 and B.5. For the higher order derivatives these values are not important
for our purpose; we will only need that for any j > 1, the constant ¢, is zero if
lo] = 1.
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The following lemma states that 1, (d, k,0) — 1,,(d, k) is the sum of a Taylor-
(0—0a, k)mvn (do,k)

approximation Z =1 and terms whose dependence on d can
be negligible. Since the proof is involved, some of the technical details are
treated in Lemmas B.2 and B.3.

Lemma B.1. Given 8 > 1, let k < ky, and let d and 6 be such that [ fo, far0) <
136%2. Then there exists an integer J and a constant € > 0 such that uniformly
over d € (dy — U, do + Up) and 0 € Bi(04.5, 210y,

i (0 — 04 <J>vu (do, k)

In(d, k,0)

J=1 (B.3)

1

Z—|gn]9 edk)JrS()
im
where, for u =0 — édyk,
k
Gusl) = 32wy 3 CotrlTra (oK) + datr T (do b)) (B.A)
l1,...,05=0 oES;

lo|
T o(do, k) = Z (HTn(Vo—(z)fdo,k)Tn1(fdo,k)> X

i=1 \I<i

[T (Vo iy fao ke Hi) = To(Hi fag )Ty (Faok) Tn (Vo) fao k)] %

Ty (fao ke (HT Vo fa, )T, (fa, k))

1>

To.o(doy k) = —To(Hyfay )Ty (fa, k) Bo(do, 0, 1),

and Sy, (d) denotes any term of order

B |d — donz° ,nt™o
Sn(d) = Opo(l) + op,, (T) + op, ((d —dy) B ) . (B.5)

When 8 > 5/2 and k < k], we can choose J =2, and (B.3) simplifies to

n’

(0 —0ar) (J)VJZ (do, k)

2
Lo(d, k,0) — L (d, k) = +op,(1). (B.6)
Jj=1
Proof. Recall that by (3.7),
J -— . .
x> (0= 000) IV, (dy, k)
Ln(d,k,0) — 1, (d, k) = z; i
T 09— )O‘;vj(z (d, k) — 1o (do, k) (B0
+ Z d,k n\“% n\“%o» + R‘]J,_l,d(e)-

=1 J
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To prove (B.3) we first show that, writing u = 0 — 04 1,

L DVI (1, (d k) — 1n(do, k)

4!

k ] ] j )
B 1 P lp(d ke, 04)  0n(do, K, 0a, 1)
= Z i Z Wy - - U ( 20y, ...00;, 00, ...00, (B8

j=1 J: l1,...,l;=0 J

This result is combined with (B.7) and Lemma B.3 below, by which g, 1(u) =
O(Sy(d)). Tt then follows that I,,(d, k, 8) — 1,(d, k) equals

l'gnj )+ Ryt1,a(0) + O(Sn(d)).

i (0 — Bax) <J>vu (dosk)

j=1 J:2

MM )

The final step is to prove that Rjyy1,4(6) is op, (1) and hence O(S,,(d)); to this
end J needs to be sufficiently large. _ _

First we prove (B.8). For the factors g—;ln(d, k,0q%) — g—;ln(d, k,04,.1) we
substitute (B.2). In Lemma B.2 below we give expressions for each of the terms
therein, which we substitute in (B.8). The main terms are (d — d,)tr[T1,,(do, k)]
and (d — do)tr[T2 »(do, k)] in (G 2) and (G.3), which after substitution in (B.8)
give the term (d — d )ZJ] 1 ],gn j(u) on the right. The other terms in (G.1)-

(G.3) that enter (B.8) through (B.2) are O(S,,(d)). This is due to the summation
over uy,, ..., u,; in (B.8), and the Cauchy-Schwarz inequality by which

S wy | < (VE[ul)) < (210VES) = o(n™), (B.9)

for some 0 > 0, as |Ju|| < 2{pd,, and (B.8) is proved. We now control R ;i1 4(0).
Combining (3.8) and the first inequality in (B.9), we obtain

07, (d, k6
#(@ .
90y, ...00,, .,

(\/_5 T max sup

|Ry41,a(0)] <
(J 1! Bl g1 152G, 4 <2006,

We give a direct bound on this derivative using (B.2). For all partitions o of
{li,...,ly41} and all (ll,.. Jdyr) € {1,...,k} T we bound || By (d,0)],

using  {| Bo(y)(d, 0)|| < 175 (V ooy fao) T (fdk9)||2 (see (1.6)). We bound

||T (Voiiyfare)Tn (fd k,0)| by application of Lemma 2.3 (supplement) with
[ = fare and g = V() fare. The constant M in this lemma is bounded by

k k k
D161 <Y 1 Oaw)il + Y165 = Bar);| < 2VL+ VE[0 — 0a k]| = O(1),
=0 =0

Jj=0
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since 3% |(Aax)i] < 2V (by Lemma 3.3) and || — f,44]| < 6,. Consequently,
Lemma 2.3 (supplement) implies that

HBa(z)(d59>H <K, (BlO)

where K depends only on L, L, and not on n, d nor . From the relations in
(1.6) and the definition of B, it follows that for any o, d, 0,

X1 By (d, 0)X| < X'T (f) X KT ()T (fas) | < XD (1) XK1,

o [Bo (d,0)] | < nK ' T (£o) T * (fai)||® < n' K17,
Therefore we have the bound
[Ry1(d.0)] < CK/ 0t (VEO — Bai)” (XTI ()X +n). (B.AD)

Since k < ky, |0 — 04.1|| < 6, and the term X7 (f,)X in (B.11) is the sum
of n independent standard normal variables, there is a constant ¢ > 0 such that

Po < sup sup |R-]+1(da 9>| > n_€> < e—cn,
ld—do|<Tn |0—B4 ]| <2l06n
provided we choose J such that (J+1)(1 —1/3) > 2. This concludes the proof
of (B.3).
To prove (B.6) we first show that for J = 2, [R;41(d, 0)| = op,(1). Since k <
k!, B>5/2and [|0 — 04| < 2loe,, we can choose J+1 =3 > (28+1)/(8— 1),
and the preceding inequality becomes

P, sup sup |R3(d,0)| >n~c| <e "
|[d—do|<wn ||0—04,k]|<2loen

Combining this result with (B.8), it only remains to be shown that (d—d,)gn,1(u)

and (d — dy)gn,2(u) are op_(1). Recall from Corollary 3.1 that |d — d,| =

o(ne=(B=1/2)/2B+1)) for all € > 0. Consequently,

|d_d0|n%k_% = 0(n6+1/(25+1)k/’_%) = 0((\/E6n)_1)a (d_d0)2% - 0((\/E€n)_1)

for all 5 > 2. This implies that S,(d) = op,(1) and that, by Lemma B.3,
(d —dy)gn.1(u) = o(1). Also, for all (I1,12) € {1,...,k}/ and all partitions o of
(I1,12), the limiting integral of tr [T} ] is equal to 0. Since 8 > 5/2 the Lipschitz
constants of the functions fq, » or f, are O(1), so that Lemma 2.4 (supplement)
implies tr [T} »(do, k)] = O(nk). Similarly,

n ™

tr (T2 o (do, k)] = Py Hy(z) cos(lhix) cos(ljz)dx + O(nk).

—T

Thus we have

k 7
(d—do)gna(u) = n(dT;do) Z wp, U, Hy(z) cos(lhz) cos(ljx)dx + o(1),

11,l2=0 -

which is o(1). This completes the proof of Lemma B.1. O
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The proof of the following lemma is given in section 4 of the supplement.

Lemma B.2. Let W, (d) denote any of the quadratic forms

T (fak)Bo(dy 0a,6)X — tr [T (fo) T ' (Fa6) Bo(d, Oar)]
n (B.2). For any j <J, (l1,...,1;) € {0,...,k} and o € S, we have

(W (d) — Wo(do)| = 0p, (|d — do|n> k™), (B.12)
tr[Bo(d, 0ax)] — tr [Bo(do, ba,)]
= (d — do)tr[T} 5 (do, k)] + (d — dy)?0(n T2 k=2 T(1=5/2)1) (B.13)
= (d = do)tr{T o (do, k)] + (d — do)? (“‘Vkr,
tr (T (fo) T (fae) — In)Bo(d, 0ar)] — tr[(Tn(fo) T (faok) — In)Bo(do, Oa, k)]
= (d = do) [T o (do, k)] + (d — do)*0(n/k) + ( do)o(n“ T2k,
(B.14)

Lemma B.3. For all 8 > 1 there exists a constant 6 > 0 such that uniformly
over |0 — Oq. || < 0n,

|9n1(0 = Ba.)| = o(n'/272k 12,

Proof. For u =60 — éd,k, we have

1
gn () = =50 [Ta(Hifa, 0., )T iy g, )TV a0, )T Fana, )] -

This follows from (B.4) and Lemma below, by which b, = d, = 3 and ¢, =0

(the only partition for j = 1 being o = ({i})). By Lemma 2.4 (supplement)
gn.1(u) converges to zero, but at a rate slower than n'/2=01=1/2 To obtain the
o(n'/?=0k=1/2) term, we write

gn1(u) = A1+ Ao + Ag,

and bound the terms on the right using the other lemmas in section 2 of the
supplement. We first prove that

Ay = tr [T fa, i) TF )T 0!V fa, ) TalF1 )| =
(167 )tr [T,,(Hy) T (u'cos)] = o(1),
where cos(z) = (1, cos(z), ..., cos(kx)). We then prove that
Ay = tr[Tn(Hy)Ta(u'cos)| =0,
and finally that
As = tr [To(Hifa, k)T (fao k) Tn (W'Y fa, 1) T (faok)]

T oo T (2228 ) 7009 0,0, (2
n kJdo,k)Ln 47‘(‘2 n\U do,k)Ln 471'2

_ 0(n1/2_6k_1/2).

—tr
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To bound A; we use Lemma 2.5 (supplement) with by (z) = Hy(z), be(x) =
utcos and L = k3/2~F. Equation (2.6) then implies that

1A < OVE|u|n® (1 + k3/27ﬁk’71/2) = o(1).

To bound Deltas note that for [ =0,...,k and all ji,j2 < n,

(Tn(COS(ll‘)))th‘Q = H|j1*j2|:l’ (T J11J2 = Z 77] J=1j1—j2|
Jj=k+1

Therefore

tr [T, (Hy )T (cos(l Z Z Z Nilj=1j1golUjr—jol=t = 0,

J1=1j2=1j5=k+1

since | < k and 57 > k. We now turn to As. Following Lieberman et al.

(2011), we consider separately the positive and negative parts of Hjy and of

ufcos. Hence we may treat these functions as if they were positive. We first

deﬁne, for fdo,k = (47T2fdo,k)_1;
Ay = To(Hy fa, )T (faok)s By = To(H fap 1) Tn(fao ),
Ay = T ('Y fa, )Ty (fak)s Ba = To(u'V fa, 1) To(fa, ),
A= E(kado,k) Y(fao )Tk (U V fao k)
1 L
B=Tg (kado,k) n(ﬁio,k)Tn2 (u'V fa, k),
A = Iy = To(fap 1) Tn(fa, )-
Using the same computations as in Lieberman et al. (2011), we find that
et - 1
A3 < [tr[BiB2A] |+ |A = BT (Hi fao k) Tn(fao ) AT (u'V fa, 1)
+APVE|u||n€
< VE||u||nk*?~F + |tr [BiBoA] |
The first term on the right is 0(n1/2_‘5k:_1/2). We bound the last term using
Lemma 2.5 (supplement) with by = Hy, by = u’cos and bz = 1, which implies

that tr [B; BoA] = 0+ O(VE|Ju||nk®/2=F+) = o(1). This achieves the proof of
Lemma B.3. O

Lemma B.4. Suppose that k < k, and that I(fo, fa,x) < 1362. Then all
elements of Vil,(do, k) (1=0,...,k) are the sum of a centered quadratic form,
S(Viln(do, k) with a variance equal to 5 (1 + o(1)) and a deterministic term,
D(Viln(do, k) which is o(kB3/2=H+ne).

Proof. For alll =0,...,k, we have

vlln(doa k) = S(Vlln(doa k)) + D(vlln(doa k)),
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where

S(Vila(do, ) = 5 X Ty (fa, ) (Vi fa )Ty (it ) X

1

-t (T (fo) T (fa k)T (Vifap k)T (fa )]

D(Viln(do, k) = %tr (T fo) Ty (faok) = In) Tu(Vifap k)T (fan )] -

Note that this is a special case of (B.2), with j =1, b, = d, = % and ¢, = 0,
the only partition being o = ({I}). The variance of S(V,l,,(d,, k)) is equal to

te[(To (fo) Ty (fao ) T (Vifan )T (fa, 1))

_n [T/ fo o, .
=0 | (fdo,k (ac)) cos®(lz)dx + O(n‘k),

since Lemma 2.4 (supplement) implies that the approximation error of the trace

by its limiting integral is of order O(n®(k+k2(3/2=)V0) = O(n°k). Since ff"k =

ePdok (see (A.1)), the integral in the preceding equation is

n s
o (142404, 5 + O(AZ, 1)) cos®(lz)da

—T

= 2+ 2naz(d,) + O(nd2) = 5 (1 + (1)),

where q; is defined at the beginning of the supplement. Lemma 1.3 (supplement)
then implies that the centered quadratic form is of order op,_ (nt1/2). Similarly,
Lemma 2.4 (supplement) implies that

D(Viln(do, k) = o[ M(x) cos(lz)dx + O(n||Aq, k|1 k)

2m -7 fdo,k

= 2£ cos(1z)Ag, x(z)dx + O(nk~2%) + O(nk3/27F)
T

—T

— O(nek(g/Qfﬁ”)
which completes the proof of Lemma B.4. O

Lemma B.5. Let A(d) be the (k+ 1) x (k + 1) matriz with entries Ay, 1,(d) =
ai, +1, (d), where a;(d) = 1=, (0,1 — 217 (do — d)). Suppose that k < k,, and that
U(for far) <1262, Then Jo(d, k) = —V21y(d, , 9)‘9 . satisfies
=04,k
Vi, lo <k, |(Jnld, k) = Jn(do, k))iy 10| = 0P, (|d— do|n“k+ Sn(d)) = op, (n/k)
(B.15)
uniformly over d € (dy — Up,do + 0y,) and k < k,,. We also have for all 11,15

n

n
[Jn(dm k) - EIkJrl - EA(do)]ll,lg = n(RZS)ll,lz + n(RQd)ll,lw (B16)
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where (Ras )1, .1, is a centered quadratic form of order op, (n~?%¢) and (Raa)i, 1,
is a deterministic term of order o(kn®~1). For the matriz A, we have |A(d,)| =

o(1) and |A(d,)| = O(1).
In particular, (B.16) implies that |J,, (do, k) — 2 Ij1 — 2 A(do)| = op, (kn'/>T€)+
o(k?nc).

Proof. Let d and k < kj, be such that I(fo, fa.r) <[22 so that d € (d, — Uy, do+
Un) (see Corollary 3.1). Lemma B.1 implies that for all Iy,ly < k,

(‘]n(da k))ll,lz - (Jn(doa k))ll,lz

=—(d—do) Y (cotr[T1o(do, k)] + dotr[Ts o (do, k)]) + Op, (Sn(d)).
oceS(l1,l2)

Lemma 2.4 (supplement) implies that
tr (15,0 (do, k)] = O(kn®), i=1,2

so that (B.15) is satisfied since this term is op, (n'~°/k). We then use expression
(B.2), with o € {({1},{2}), ({1,2})} and we denote o1 and o2 the first and
the second partition respectively. Note that ¢y, = d,, = 1/2, ¢,, = 0 and
dy, = 1. From Lemma 2.4 (supplement), the quadratic form in (J,,(do, k))1, .1
is associated to a matrix whose Frobenius-norm is O(y/n) and whose spectral
norm is O(n¢). Hence, this quadratic form is op, (n'/?%€). Also by Lemma 2.4
(supplement), the deterministic terms can be written as

T

i cos(l1x) cos(lox) (1 4+ Ay, k) (x)dz + o(kn®)

ar J_,
n €
= 5 (]Ih:lz + a4, (do)) + O(kn )’
and Lemma B.5 is proved. O

C Proof of Lemma 3.5

Under the conditions of Theorem 2.1 we have k = k,, and § > 1, and we may
assume (by Lemma 3.2) that I(f,, far,e) < [§07. Fixing d and k, we develop
0 — ln(d,k,0) in 04 . From Lemma B.1 in Appendix B it follows that

(0 — 04.6) DV, (dy, k)
I

<.
i Mu
I,

; i
+(d—do) Y 90 — B.5) - bi) 4 5, (a),

i=2 S
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where Sy, (d) is as in (B.5). Substituting (C.1) in the definition of I,,(d, k) in
(3.1), we obtain

Lk = [ el @B gy (0)
10—04 k]| <2106

_ e (u)
= 5Dy (04 k)/ e =1 J1u VIl (do k) +(d—do) 37— = thru gy,
" lull <2108,
= 5Dy (0 k)/ X 3D VL (o R (A=) Sy 22 i g,
© <2106,
(C.2)

The first equality follows from the definition of I,,(d, k) and Lemma 3.3, by which
we may replace the domain of integration by {6 : ||0—04.1| < 2005, }. The second
equality follows from the assumptions on 7g|;, in prior A, the transformation
u =0 — 04 and substitution of (C.1). Also the third equality follows from the
assumptions on 7|y these imply that

[10g 71 (Bak) — 10g 711 (B, )| = |do—d||Rmg|+0(1) = O(|d—do|(n/k)? =) +o(1),

for some ¢ > 0. Thus the factor eIy (0q,) on the second line of (C.2)
may be replaced by eSn(? )w@‘k(Od k). Because Sy, (d,) = op,(1), (C.2) implies
that

(A vz
I, (do, k) = (1 +Opo(1))/ exp ¢ hyu+ Z %'(dmk) du. (C.3)

lull <2105, et

The most involved part of the proof is to establish the bounds

. uld Vl (do, k
7r9|k(9dmk)/ exp hku+z u VIl (do, k) du
llull<lodn
<I.(d,k)= es"(d)ﬁelk(édo,k)/ eXi=1 uO Vo (dook)+(d—do) 27— gnﬂj‘( )Jrhk“du
llull <2106,

w1, (dy, k)

du.
4!

< 770|k(édo,k)/ exp { hrpu + Z

lull <3lod =

(C.4)

Since the posterior distribution of # conditional on k = k,, and d = d, concen-
trates at édm « at a rate bounded by lpd,, (this follows from Lemma 3.2, with the
restriction to d = d,), the left- and right-hand side of (C.4) are asymptotically
equal, up to a factor (1 + op_(1)). By (C.3), the left- and right-hand side are
actually equal to I,,(d,, k). This implies that I,,(d, k) = (4, (d,, k), which
is the required result.
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In the remainder we prove (C.4). To do so we construct below a change of
variables v = ¢ (u), which satisfies

(J)val (do, k Wvig, do, k
e 3T 5 T )
j=1 '

J
,do)z gnjy'( )

=2

for all ||ul| < 21pd,,. We first define the notation required in the definition of ¢ in
(C.8) below. Recall from (B.4) in Lemma B.1 that g, j(u) can be decomposed

as
k
gn] fnz Z Uy, ulgl(f,) A J=2,...J,
O’ES l1,..., 1;=0
where g(] ) ., depends on o. For ease of presentation however we omit this de-

vvvvvv

pendence in the notation. Using Lemma 2.4 (supplement) and (B.4) in Lemma
B.1, it follows that for all j > 2 and (I1,...,l;) € {0,...,k}/,

gl(f? A *71(1],) S T ) (C.6)

LEF

1
71(5,)...,11 =9 | Hk( )cos(lyx) - - - cos(ljx)d.

Let G denote the matrix with elements 71(12)12’ and G® the matrix with ele-
(2 )

ments g, . By direct calculation it follows that
OIS A S (C.7)
7l17l2 =l +ia>k 2(11 + 12) . .

Similarly, for all j > 3 and {1,...,1; € {0,1,...,k} we define
(G(]) Nirge = Z gl(f?,,,,ljulg S, (G(j Niy i = Z 'yl(i)m,ljulg 7T

In contrast to G and G®), GU)(u) and GY)(u) depend on u. For notational
convenience we will also write G (u) and G (u). Finally, let I = J,,(d,, k)/n
be the normalized Fisher information.

We now define the transformation :

Y(u) = (Ip41 — (d — do)D(u))u,  with (C.8)
J
D) = (B + L)' 6' (), Glw) =305 3 (er — dr)G(w)
j=2"" o€S;
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J

k
(L)), 1y = _2;1) S gy, Vi la(dos K. (C9)
=3

-0

The construction of G(u) is such that

J
u)u = Zgn](u) (C.10)

Analogous to G(u) and D(u) we define G(u) = 23;2 % Zoesj (co —dy)GY) (u)
and D(u) = (I 4+ L(u))"'G*(u). After substitution of v = t(u), and using

(C.25) in Lemma C.1 it follows that

z‘]: (D — u)Vil, (dy, k) B
j! B

J k
S@-d)Y Y (D, u%f)“’ 0(5,(d)).
The definitions of D(u) and L(u) and (C.10) imply that
—n(v — u) Tyu = n(d — do)u' D' (u) Iu = n(d — do)u'G(u)(Ix + L(uw)) ™ hu
= n(d — do)u'G(u) (z,m — (Io + L(u))’lL(u)) u

j=2
J k
1 vl17 Sl l (dO’k)
= (d_do)Zan’J d d Z llul2 Ui, (j _1)'
j=2 7=3l1,..., l;=0

At the same time, the definition of I, implies that

n(v—u)t (v —u)
5 .

% (v(Q) — u(Q)) V2, (do, k) = —n(v — u)t Tyu —

Combining the preceding results, we find that

J
hkv—i—z d”’k) (hku Z—Vé(d"’k (d—d,) Z ’J )

j=1

n(v —u) I (v — u)
2

= hr(v —u) + (v —u)'Vi,(dy k) —
= (v —u)'Vi,(do, k) + O(S,(d)),

+0(Sn(d))

where the last equality follows from (C.24) below in Lemma C.1, together with
the assumption on hy in prior A in (2.2).
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Apart from the term (v—u)'V1,(d,, k) on the last line, the preceding display
implies (C.5). Hence, to complete the proof of (C.5) it suffices to show that

(v —u)'Vi,(do, k) = —(d — dp)u' D' () Vi, (do, k) = O(Sn(d)). (C.11)
The proof of (C.11) consists of the following steps:

luf(D(u) — D(u))'Vin(do, k)| = op,(n? 0k 2), (C.12)
(d - dO)UtDt (U)D (VZn (doa k)) = O(Sn (d))a (013)
(d - do)utDt (U)S (VZn (dm k)) - O(Sn (d))a (014)

where S (Vi,,(do, k)) denotes the centered quadratic form in Vi, (d,, k), and
D (Vl,(d,, k)) the remaining deterministic term. We will use the same notation
below for L(u).

Equation (C.12) follows from Lemma B.4 and (C.22) in Lemma C.1 be-
low, which imply that the left-hand side equals op, ((Vk||u|)?n= ' ¢ky/n) =
op,(n? %k~ %), for some § > 0. For the proof of (C.13), note that Lemma B.4
implies

|u* D' (w)D(Vin(do, k)| S |[D(w)ul| V2D,
Combined with Lemma C.1, this implies that the left-hand side is O(\/Ek5/2_25+€),
which is O(S,(d)). The proof of (C.14) is more involved. Recall that D(u) is
defined as D(u) = (I, + L(u))"'G*(u). Using (B.16) in Lemma B.5, we obtain

(i ()™ = 20sr — (A(do) + Rau + Rou + L(w))(1 + op, (1))].

Substituting this in D(u), it follows that (C.14) can be proved by controlling
GUIS(Vin(dy)), GD A(do)S(Vin(do)), GY) RaaS(Vin(do)), GOD(L(w))S(Vin(ds)),
GY) Ry S(Vly(d,)) and GYWS(L(u))S(Vi,(d,)) for all j = 3,...,J. To do so,
first note that Lemma B.5 implies that ||GY) Ry, S(Vi,(d,))| = op, (nVE).
Hence,

(WG9 Ry S(Vin(do)| = o, (K217) = op, (1),
which clearly is O(S,(d)). The terms GYS(Vi,(dy)), GY) A(d,)S(Vl,(d,)),
GY) RygS(Vl,(dy)) and GUD(L(u))S(Vl,(d,)) can be written as quadratic
forms Z'MZ — tr[M], where, for a sequence (b))}, and a function g with
lglloo < 00, M is of the form

T (Fo) T (fa,0) T < ) fa, k(T sz cos(lx) ) T (fa, ) T2 (fo),

Z being a vector of n independent standard Gaussian random variables. Using
Lemma 2.4 (supplement) it can be seen that |M|* < n(3,b? + k/n). Lemma
1.3 (supplement) with o = € 4+ 1/2 then implies that

1
2
P, [12'MZ — tr[M]| > n* (Zzﬂ ) < emen' (C.15)

Forall j € {3,...,J}, the four terms above can now be bounded for a particular
choice of g and b;.
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o Bound on GWS(Viy(d,)). Forallly, ..., l; €{0,... .k}, setby =+,
and g(x) = 1. Then we have

k 3
> BS(Via(d)), = op, (né“ <Z b%) ) .
1=0 1

By induction it can be shown that
1 ™
Py / cos(lox) cos(lyx) cos(lax) - - - cos(ljz)dx
T™J)_—x

—9-J )
=2 Z HloJrZﬁ:l €il;=0
€1,...,e;€{—1,1}

(C.16)

Consequently, >, b7 = O(k™') for all Iy, ly,...,1; € {0,...,k}. Us
ing the fact that >, |w| = o(1), we obtain that (GWS(Vi,(d,))), =
op, (n'/?*<k=1/2) for all I € {0,...,k}. This implies that

IGDS(Vin(do))|| = 0p, (n'/*T€) = O(S,(d)). (C.17)
e Bound on A(d,)S(Vi,(do)). Set by = Ly, >00,1+1, and g(x) = 1, then
(A(do)S(Vin(do)))i, = op, (n'/*Tk™7), Viy €10,... k}.
Combined with Lemma C.1 this implies that
IGD A(do)S(Vin(do))|| = 0p, (n'/ 2T k1),

e Bound on GV R9yS(Vli,(d,). Set b = (R2q)i,; and g(z) = 1, for all
l1=0,...,k, then Lemmas B.5 and C.1 lead to

G RyyS(Vin(dy))| = op, (n'/?>Tk*n™1) = op, (n~Y/?Fk?).

e Bound on GYD(L(u))S(Vi,(d,)). For auzl,lg,...,lj,z;,,...,z;, € {0,...,k},
set

1
bl = —tr
n

<Z 7l(lj)lZ 1, Cos(laz) g (x )fdo(ZE)) X

12=0

o (fa,)Tu(cos(lz)ga (@) fa, () - T (fa,) Ta g () fa, ()]

where g1(x), ..., gr(z) are products of functions of the form cos(l;z) and
91(2)....gr(z) = cos(llgx)...cos(l;,z). Lemmas 2.1 and 2.6 in the supple-
ment, together with (C.16), imply that

Db =0k, and [GOD(Lw)S(Vin(do))]| = op, (n/2).
| (C.18)

37



Consequently, the contribution to all these terms in (v — u)'V1i,(d,, k) is of
order O(S,,(d)).

We control u!GUS(L(u))S(Vli,(do, k)), by bounding ||GYS(L(u))| using
a similar idea. Indeed, for all Iyl < k, (GYWS(L(u))), 1, can be written as a
sum of terms of the form (Z'M;, ;,Z — tr(My, 1,))/n, where Z is a vector of n
independent standard Gaussian random variables, and M;, ;, has the form

T2 (fo) Ty (i (HT () fao k) nl(fdmk)> X

1<19
k
T, (Z%(jz,l%,,ljl COS(Zx)VU(iO)—{l}fdo,k> T (fao o H Tn(Vo(i) fa, k)T (fo)-
=0 1<10

We can use the same argument as in (C.15) since for all l1,1la,...,l;_1

k
1 -
| Miy o] S 1T 2(fdo,an(Z%(,Jl)l,lz,,,,,lj,l cos(12) Vo (i) — {1} o 1) T 2 (fa, )]
= O(n'/2FeE=1/2),
Hence, it follows that n='[Z'M,, ;,Z — tr(M), 1,)] = op, (n~/?*k~1/2) and
W GS(L(w))S (Vi (dy, k) = op, (||ul|nk) = op, (n'/2~°k~1/2). (C.19)
Combining (C.19) and (C.17)-(C.18), we obtain (C.14). This in turn finishes
the proof of (C.11), since
(v =)'V, (do, k) = 0p, (|d — do|n2 k™ 7) = O(S,(d)).

We now prove that ¢(u) is a one-to-one transformation. First note that
¥(u) is continuously differentiable for all ||u|| < 2lpd,. This follows from the
definition 1 (u) = (Iy41 — (d — do)(Ix + L(u))~*G*(u))u, the fact that G(u) and
L(u) are polynomial in « and Lemma C.1, by which ||L(u)|| = op,(1). To prove
that t(u) is also one-to-one, we bound the spectral norm of the Jacobian

¥ () = Inpr = (d = do)D(u) — (d — do) (D' (w)u),
where (D'(u)u) is the (k+ 1) x (k + 1) matrix with elements

k

Zuliaw(“))“, I,y =0,... .,k

ou
=0 b2

For ¢ (u) to be one-to-one, it suffices to have ¢’ (u) = I+1(1 + op_(1)).

By (C.24) in Lemma C.1 below, we have |d — d,l|||D(u)|| = Op,(|d — d,|).
Therefore we only need to control the spectral norm of D’(u)u. For all Iy, 13, we
have

(D@ = [+ 200 E G+ 0 G+ G+ ) E ]
(C.20) '
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Both (G(w))i, 1, and (L(u))i,,1, can be written as
k

Fyy 0, (u;7,0) E 7 E P T T P O

Jj=2  l3,...,l;=0

where the constants 7;,b;, ..., are different for G and L, and b is symmetric in

its indices. In particular, 75 = 0 in the case of L. Using this generic notation
for G(u) and L(u), we find that for all v € R¥*! and all I1,ly < k,

OF (u;T,b)v k
( Ouy, )l1 ZT] (7 -3+1) Z ViUt - U0 1y = F(v,u;7',b),

j=3 l3,..,1;=0

where 77 = 7;(j =3+ 1), j = 3,...,J. It therefore has the same form as
F(u;7',b), with v replacing one of the u’s. Applying this to the first term of
(C.20), with v = (I + L(u))"'G*(u)u, we find that

|(Ix + L(u) "L F (v, u; 7', 0)| < | F(v,u; 7', )| = O(1),

where we used (C.21) and (C.24) from Lemma C.1. The second term of (C.20)
is treated similarly with v = u so that we finally obtain

|D'(uu] = O(1),

and 1) is one-to-one on {u : ||ul]] < 2l4d,}. Using the above bounds we also
deduce that the Jacobian is equal to exp(O(S,(d))), since
)

log det[Jac] = logdet [Ix+1 — (d — do)D(u) — (d — do) D’ (u)u]
= 0[(d — do)(Jtr[D(w)]| + tr[D' (uw)u]) + (d — do)*(| D(w)|* + | D' (w)ul*))]
= O(Vk(d — d,) + k(d — d,)*) = O(S,(d)).

This finishes the proof of (C.4), and hence the proof of Lemma 3.5.

Lemma C.1. Let v = v¢(u), with ¢ as in (C.8). Under the conditions of Lemma
3.5, we have

|L(u)] = op,(n"?*k) = op, (1), (C.21)
|G-G| = op,(n"Y?* k) =op,(1), (C.22)
|D(u)] = Op,(1), (C.23)
lu—vy@) < |d—do|Op,([ull), (C.24)
and
T (0 — DYV, (d,, k
e
j=3
J k
=—(d=d)} Y, (Dwwyu, uzjvh"("il_l"fd‘”k) O(Su(d)),
7=311,...,1;=0 J )'
(C.25)

uniformly over |lu|l < 2lpd,.
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Proof. We first prove (C.21). From (B.2), we recall that V;, _; 1,(do, k) is the
sum of a centered quadratic form S(Vy, .. 1,1n(do, k)) and a deterministic term
D(Vi,,..1;ln(do, k). For all ly,...,1;, S(Vi,,..1;ln(do, k)) equals

X! Tgl(fdo,k) Z bGBU(dO) X —tr [T, (fo fdo,k Z by B )

0ES; oES;
with B, (d,) := By (dy, 04, 1) as defined in (B.1). Using Lemma 1.3 (supplement)
together with (B.10) we obtain that for all I1,...,1;, S(Vi, . 1,ln(do, k) =

op, (n2*¢), and its contribution to |L(u)| is op, (k(vVE|u|| ) "2n~2 7€) = op,_ (n~1/279k).
The deterministic term in (B.2) is

,,,,, Lin(do k) =Y cotr (B, +Zd tr [ " N(faok) — In)Bo(do)] -

o

We bound the contribution of the first term to |L(u)[; the second term can be

treated similarly. Let L(u) be the matrix when in (C.9) we replace V;, .. 1;0n(do, k)
by >, ¢otr[By(d,)]. Hence,
J
) tr [By (do)]
(L)1 = = Z i 7D o Z Tl (C26)
Jj= 3 0ES; 3,...,1;=0
1 1 ("
where —tr[B,(d,)] = e / cos(liz) ... cos(l;x)dx + E,, (C.27)
n T )

Es being the approximation error. For each o and j > 4, the contribution of
the integral in (C.27) to (L(u)), 1, is O |utcos|?=2(z)dz) = O(||u|?); hence
its contribution to |L(u)| is k|lu||?> = o(n~/?>~%k). For j = 3, we have

(s 41 L=ty 415 + W1y —t Lia= 1, —12])

l\D|>—‘

e Zuld/ cos(lyx) cos(lax) cos(lzx)dx =
7r

I3=1

and the contribution of this term t0~|l~/(u)| is of order vk|u| = o(n='/?*<k).
Next we bound the contribution to |L(u)| of the error term E, in (C.27). Note
that we can write the last sum in (C.26) as

k P
tr [ By (d, 1 _
Z uzg,---uljw =_tr HTn (bi(@) fa,6) Ty (faok) | (C.28)
l3 ..... lj:O 1=1
where
bi(z) = (ulcos(x))l7 D=1 D=0200) ¢og(1, )01 ¢og(l,-)%2(0) (C.29)

01(1) = Lico(i), 02(i) = laeoy and p = |o|. If p < 3, then Lemma 2.4 (supple-
ment) implies that

Ey = O(V|lul Y720 [R2*/2P 1 k]) = o(n ™" k). (C.30)

40



If p > 4, then Lemma 2.6 (supplement) together with (C.28), with
[ =faoks [f2i =bifa, i <ol

L =kG2=8+ M m™ =0(1), MO = 0((\/EHUH)\a(i)l—él(i)—éz(i) and L =
O(k(VE|u||)le@1=01()=02(1)) "eads to the bound

lo|
Z Ul ---UZjM - %tr HTn(bifdo,k)Tn <#>

n 1 47T2fdo,k
= oK/ Y2y (VE ) = o™/,
Using Lemma 2.1 (supplement) we finally obtain that

o]

%tr HTn(bifdo’k) o /Tr (u'cos)’~?(z) cos(lyz) cos(lpx)dx = o(n™"~°k).
=1

2 J_

Therefore the contribution of the approximation error E, in |L(u)| is of or-
der o(n_l/ 2=9k). Using a similar argument we control the terms in the form
tr [T0(fo) (T *(do, k) — 1) B+ (d,)] and (C.21) is proved.

We now prove (C.22) and bound

k

1 )
i Z (co = do) Z Tl(f,)...,ljulg S UL,

J: 0ES; l3,..., 1;=0

J
(G - 0)11712 = Z
=2

.....

replacing +tr[T1,4(do, k)] and Ltr[T% ;(do, k)] by their limiting integrals (see also
(B.4)). Therefore, for each o € S, ZZ ;=0 rl(f)n_ 1, Uis - - - U1, 1s a combination
of terms of the form

1 | 1 (7 :
Etr ;E[l Ty (bi(x) fa, k) Tnl(fdmk)] ~5 /77r(utcos(z))]*2Hk(z) cos(lyx) cos(laz)dx,
with p € {]o|,|o| + 1} and the functions b; defined as in (C.29) apart from
bi(z) = Hk(x)(zgczo uy cos(lx))leMI=01(1)=02(1) cog(71;.)%1 (D) cos(15.)%2 (1), There-
fore, using the same construction as in (C.28)-(C.30), we obtain that

(G = G = O(n™2), |G =Gl = O(n~/**<k) = o(1).

To prove (C.23), we use the just obtained bound on |G — G|, and in addition
establish a bound |G|. We treat each term GU) in G(u) = Z'j]:2 J—l, Zaesj (co —
dy)GY) (u) separately. First we show that |G(?)| = O(1), which follows from
definition (C.7), by which

k

wfer]- 3 g

l1,l2,l1+12>k
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Consequently, |G(?)| < 1. For j > 3, note that for all 0 < Iy,1, < k,

’Gl(f,)lg )’ Z 'Yl(l],)zg,...,zjuls---ulj
l3,...,
k
< Z |ul4...ulj| |Hk Zcos lsz)uy, | d
Layo ;=0 I5=0
< (VElu j-sllull _ VEY A (llull -2
< (VE[ul) /> (VE) 7 ([Jull)
Therefore, |GV (u)] < k(VE) =4 (|[ul])’=2 = (VE|ul|)=2 = o(1), for all j >

3. Hence |G(u)| = O(1), which combined with |(I;"L(u))—1|| = Op,(1) (see
Lemma B.5) and (C.21)), imply that

|D(w)] = [(I + L(u) "' G (u)| = O(1),
uniformly over ||u|| < 2lyd,,. It follows that
|D()| < [|(Zx + L)) | (IG] + |G = G]) = O, (1).

This concludes the proof of (C.23); (C.24) directly follows from this result since
llu —(u)|| < |d— do||D(u)|||u||l. Finally, we prove (C.25). We have

T () — @YV L o)
( )'V In (dmk) —_ *(d*do)z Z (D(U)U)llulz ...UQW
= J: §=3l1,...,1;=0 Y )
J . k
2 J w
+a- S () D e
k
+... 4+ (=17 Z (D(u)u), (D(uw)u), - . . (D(u)u)lz%q()d,mk)
I yeosly=0

Using the same argument as in the proof of (C.21), we find that for all for all
j=3

k
S (D, (Dl .y, s or )
l1y.ey 1;=0 4!
i [ (D onta) s

+ (VE[[ul) T O/mnt (VE|ul]) + k + V/nl[ul|kH/23/270+)
=o(n'%k7Y), for some § > 0.
- . . . J (WD —uY9)VIL, (dy K
Similarly, the higher-order terms in the above expression for Zj:3 ( ) (do.k)

7!
can be shown to be O(S,(d)), which terminates the proof of Lemma C.1. O

The rest of the paper corresponds to the suppelmentary material
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D Technical results

Let 17; = —1;502/j and recall that 0,5 = Ooix) + (do — d)njz)- Let the sequence
{a;} be defined as a; = 0, ; + (do — d)n; when j > k and a; = 0 when j < k.
In addition, define

[ k
Hy(x) > mjcos(jz),  Gr(z) =Y n;cos(jx), (D.1)
j=k+1 j=1
Agr(z) > (0o + (do — d)mj) cos(jz) = Y ajcos(jz). (D.2)
j=k+1 j=k+1

Using this notation we can write

—2log |l — | = —log(2 — 2cos(z)) = Gi(x) + Hy(z), (D.3)
far(@) = fapg., (€)= folz)exp —j:zk;rl a; cos(jz) (D.4)

= fo(x)e—Ad,k(Z) - fo(l.)e(d—do)Hk(z)_Ado,k(w).

Given d, k and 0,, the sequence {a;} represents the closest possible distance
between f, and fq 1,9, since

1 ™
l(foafd,k) = l(fmfd,k,éd,k) = Gy A?l,k(x)dw = Zaf. (D.5)
- >k
From (D.4) it also follows that for all d,
O fux = Hef (D.6)
aq’ k= Atk :

Lemma D.1. When 0, € ©(8,L,), there exist constants such that for any
positive integer k,

T

EU < | HE(x)dx

Soal = OG™F2), 3|0 = 0(1), (D.8)

A

k1, (D.7)

I>k 1>0
" _1+28
Au, k(@) Hy(@)dz = 3 00,5 = 0 (k5 (D.9)
o >k
/ A7 p(@)de = 29311:0(1{—25), (D.10)
o 1>k
A} @) Hy(x)de = O (k=271 (D.11)
Hi()dz < —lo;‘jk. (D.12)

—T
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When k — oo, the big-O in (D.8)-(D.11) may be replaced by a small-o, since
Dok Hngw then tends to zero.

Proof. The result for [ Hi(x)dz follows directly from the definition of Hy. The
assumption that 6, € @(ﬂ, ) and the Cauchy-Schwarz inequality imply that

Z [00.1] < \/Z 93111%\/2[—25 — O(k*ﬁJr%),

>k >k >k

proving the first result in (D.8). Similarly, one can prove (D.9). For (D.10), note
that >, , 02, < k7273, 62 ,1%". For the other bounds we omit the details
of the proof. They follow from the fact that for all sequences a, b and c,

2 Z albmcn/ cos(lx) cos(max) cos(nx)dx

Im,n>k
Z bmCn Z a / cos(lz) (cos((m + n)x) + cos((m — n)x)) dx
m,n>k >k -
Z aernbmcn + Z amfnbmcn-
m,n>k m,n>k;m—n>k

O

Before stating the next lemma we give bounds for the functions Hy and Gj.
Since —2log |1 — €| = —log(x? + O(a?)), there exist positive constants ¢, By,
By and By such that

|Hy(x)| > Bo|logz|, |z| <ck™?, (D.13)
|Hi(x)| < By|logz| 4+ Balogk, « € [—m,n]. (D.14)
Lemma D.2. Let aj = (0, — (d — do)nj) 15k, as in (D.2). Then for p > 1

or
and q = 2,3,4 there exist constants c(p, q) such that for all d € (—1,1) an
k < exp(ld —do| ™),

" (Lelz) ’ Ux)de = M
/—” <fd’k(f”)) e O< k > (D.15)
+ O((log k)a+PB2ld=dol|g _ g |~ ¢=ld—dol 1)7

j>k

16)
17)

- (fiok( ) — 1) cos(ix) cos(jr)dx = %ai+j1i+j>k +0 Za?) ’
(D
(D

L (" S _
= <f‘:k(z)1) H2(2)dz = O(|d — d,|k~ " log k),

where the constant By in (D.15) is as in (D.14), and the constants in (D.16)
and (D.17) are uniform in d. The constant c(p,q) in (D.15) equals 0,1, 1 when
respectively q = 2,3,4.

)20
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Proof. When d = d,, (D.15) directly follows from (D.7) and (D.12), because
of the boundedness of (f,/fa,r)? = exp{pAa, r}. Now suppose d # d,. Let
Cr = MAXpe[—r,7] exp{|Aaq, x(z)} and by, = maxgepm . |(d — do)Hy(z)|, for

m = e T4l < e~!. Since > 720 100,51 < o0, the sequence Cj is bounded by
some constant C'. To prove (D. 15) we write

o[ () o
o G e (e i

We first bound the last integral in the preceding display, by substitution of
(fo/ far)P = exp{pAgr} = exp{—p(d—do)Hr +pAg, r}. From (D.14) it follows
that

(D.18)

b < |d — do|(B1|d — do|™* + Bylogk) < By + B,

as k < exp(|d—d,|~!). Hence we obtain (f,/fi.r)? < Ce’ on (m, ). For ¢ = 2
and g = 4 the bound on the last integral in (D.18) therefore follows from (D.7)
and (D.12); for ¢ = 3 the bound follows from the Cauchy-Schwarz inequality.

Next we bound the first integral in (D.18). Because the function z!?~%/(log )2
has a local maximum of 4|d—d,| 2e~2 at z = e~ 2/l9=%l (log x)? < 4a~ 4= del|d—
do|72e7? for all z € [0, m]. Again using (D.14) we find that

" fo(SC) Kl m ; e
/0 <f (:v)) | Hy|%(z)dz < Z( >/ (By|log z|)? (Bylog k)4~ e~ Pld=do) Hi(2) gy

Jj=0

() log k)47 +pBzld=do ‘/ (Bi|log z|)? &~ PB1ld=dol gy
0

282 \! ™
( ) log k)?—dFpB2ld=do| (71) / o= (/24pB1)|d—do g,
j=0 eld — do| 0

J
(log k)1tPB2ld=dol|g _ g |3 ¢=1/ld—do|

7 zma

A

We now prove (D.16).

= ( fo(, )1) cos(iz) cos(ja)dz

fak
_ 1 " Ag k() ; ;
= 5 (e 1) cos(ix) cos(jx)dx
1 (7 1
< o <Ad7k(:c) + §A31k(x)e(Ad”‘(m))+) cos(ix) cos(jx)da.

45



The linear term equals

1 ™
7 Ag i (x) cos(iz) cos(jz)dx
™) —m

- % m <Z a cos(l:c)) (cos((i 4 j)z) + cos((i — j)z)) dx = %ai+j1i+j>k_
TNk

For the quadratic term we have

1 (7 1 ("
— A%, (z)elPar@)+ cos(iz) cos(jz)dz| < — A2, (z)ePar@D+dy
2 J_. 7 2 J_. @
1 1+ Cebm) [T
< — A2 (z)eAar@)dy 4 d+Ce) A2, (x)dx.
2T 0 ’ ™ - ’

(D.19)

1

This is O3~y a?), which follows from (D.5) and integration over (0,e” o)
and (e_%n,w) as above.

To prove (D.17), write exp(Agx) — 1 = Agx + AikeE with Agp = —(d —
do)Hy(z) + Ag, 1(x) and |d — d,| < ¥y, substitute (D.14) and proceed as in the
proof of (D.15) above. The biggest term is a multiple of |[d—d,| ["_ |Hy(z)[*dx,
which is O(v,k~1). This is larger than the approximation error when 3 >

1(1+V2). O

Lemma D.3. Let A be a symmetric matriz matriz such that |A] = 1 and let
Y = (Y3,...,Y,) be a vector of independent standard normal random variables.
Then for any a > 0,

P (YTAY — tr(A) > n®) < exp{—n®/8}.
Proof. Note that ||A|| < |A|] =1 so that for all s < 1/4, sy'Ay < soy'y|| 4] <
yly/4 and exp{sY'AY} has finite expectation. Choose s = 1/4, then by
Markov’s inequality,
P (YtAY - tr(A) > na) S e*na/ﬁlEe(YtAthr(A))/ﬁl
1
= exp {—no‘/4 ~5 logdet[I, — A/2] — tr(A)/4}

exp {—n®/4+ tr(A%)/4} .

IN

The last inequality follows from the fact that A(I, — 7A/2)~! has eigenvalues
Aj(1—7X;/2)71, where \; are the eigenvalues of A for all 7 € (0,1). Hence,
tr(A2(I, — 7A/2)72) is bounded by 4tr(A?). The result follows from the fact
that when n is large enough n® > 2tr(A4?%) = 2. O
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E Convergence of the trace of a product of Toeplitz
matrices

Suppose T),(f;) ( = 1,...,p) are covariance matrices associated with spectral
densities f;. According to a classical result by Grenander and Szég6 (Grenander
and Szegd (1958)),

%tr ﬁTn(fj) — (2m)?P~1 /7r ﬁfj(ac)dac.
j=1 - =1

In this section we give a series of related results. We first recall a result from
Rousseau et al. (2010).

Lemma E.1. Let 1/2 > t > 0 and L0, M® > 0, p; € (0,1], d; € [-1/2 +
t,1/2—t] for alli = 1,...,2p and let f;, (i < 2p) be functions on [—m, 7] satisfying

M@ |y — .
M+L(Z)|x_y|m
|z Ayl
(E.1)
and assume that Y 0 | (doi—1 + do;) < % Then for all € > 0 there exists a
constant K depending only on €,t and q = Z?Zl(dgj_l + daj)+ such that

|fi(@)] = la| 7% gs(2), |gi(x)| < MWD, |gi(2)—gi(y)| <

p T 2p
%tr 170 (o) T f25) | - (277)2]”71/ [ fi(x)da
j=1 =1

2p 2p
< KZ HM(i) L) p—pitet2q | KHM(i)nflJqurél
=2 \i#j i=1

To prove a similar result involving also inverses of matrices, we need the
following two lemmas. They can be found elsewhere, but as we make frequent
use of them they are included for easy reference and are formulated in a way
better suited to our purpose. The first lemma can be found on p.19 of Rousseau
et al. (2010), and is an extension of Lemma 5.2 in Dahlhaus (1989).

Lemma E.2. Suppose that for 0 <t <1/2 and d € [-1/2+t,1/2 — ]

[f(@)] = |z]*g(x), m<|g(x)| <M, |g(z)—gy) <Llz—yl” (E2)

and assume that 0 <m <1< M < +oo and L > 1. Then, for all ¢ > 0, there
exists a constant K depending on t and € only such that

1 1 1 M?
|1, — Tné (T (m) Tn; (f)|2 < KL—27L17P+€.
7T m
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Proof. By Lemma E.1,

1 =TT, (g ) RO = {1 = 2mb (0T (25 ) T )

4r2 f 42 f
3 ! L\ g
I (7 ) 0T (7 ) THO |

converges to zero, the approximation error being bounded by K[L(1+M?2/m?)+
M?/m?. O

The next result can be found as Lemma 3 in Lieberman et al. (2011), and
is an extension of Lemma 5.3 in Dahlhaus (1989).

Lemma E.3. Suppose that fi and f2 are such that | f1(z)| > mlz|=2D and

|f2(x)| < M|z|=2% for constants d1,d> € (—%,3) and m,M > 0. Then

1T 2 (ST (f2)Il < C nldzmdite,

Proof. In the proof of Lemma 5.3 on p. 1761 in Dahlhaus (1989), the first
inequality only depends on the upper and lower bounds m and M. O

Using the preceding lemmas, the approximation result given in Lemma E.1 for
traces of matrix products can be extended to include matrix inverses.

Lemma E.4. Suppose that [ satisfies (E.2) with constants d, p, L, m and M.
For fa;, j =1,...,p, assume that (E.1) holds with constants dsj, p2;, L) and
M@ (j=1,...,p). For convenience, we denote M21=1) =m=1  py; 1 =p
and L®*=Y =L (j=1,...,p). Suppose in addition that d,ds; € [~ +t,3 —1]
satisfy 3 30_1 (doj — d)+ < 1p—13), and let g = > _1(d2j —d)4. Then for all
€ > 0 there exists a constant K such that

_tr HT T, (f2y) —%/Wli[lf;iiﬁ)d

2p
K> HM LOn=Pi 4=t T M©) | net2e (E.3)
Jj=2 \i#j i<2p

(p+1)

HM(QJ) (L%) ’ n(l—p)@—wewq’
m

and setting f = 1/

(4m
p p
H 1 f2j —ir H T,
j=1 j=1
(p+1)

p 2
H A2 M p(1=p) Y —1tet2q
e m
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Proof. Without loss of generality, we consider the fa;’s to be nonnegative When
this is not the case, we write fy; = f;j — f5; and treat the positive and negative
part separately; see also Dahlhaus (1989) , p. 1755-56. To prove (E.4), we use
the construction of Lemma 5 from Lieberman et al. (2011), who treat the case
p =1 and dy; = d'. Inspection of their proof shows that this extends to p # 1
and dy; that differ with j. To prove (E.3), we use the construction of Dahlhaus’
Theorem 5.1 (see also the remark on p. 744 of L1eberman and Phillips (2004),
after (28)), and apply Lemma E.1 with fo; 1 = f = 7r2f’ j=1,...,p. This
gives the first term on the right in (E.3). The last term in (E.3) follows from
(E.4). O

Although the bound provided by Lemma E.4 is sufficiently tight for most
purposes, certain applications require sharper bounds. These can only be ob-
tained if we exploit specific properties of f and f3;. In Lemma E.5 below we
improve on the first term on the right in (E.3). This is useful when for example
bi(x) = cos(jx); the Lipschitz constant L is then of order O(k), but the bound-
edness of b; actually allows a better result. In Lemma E.6 we improve on the
last term of (E.3).

Lemma E.5. Let f(x) = |z|~24g(x) with —1/2 < d < 1/2 and g a bounded
Lipschitz function satisfying m < g < M, with Lipschitz constant L.

o Let by,...,b, be bounded functions and let ||b||c denote a common upper
bound for these functions. Then for all e > 0,

M\? . -
<on (50) ez Hole + 23 1
i=1

p

. HTn(bif)Tn(fl)] ~ @2nPir

i=1

P

H Tn (bz)

=1

o Letbj (j > 2) be bounded functions. Let by be such that ||bi]|2 < 400, and
assume that for all a > 0 there exists M'(a) > 0 such that

/ by () |2~ dz < M'(a).
Then for all a >0
p

H 1)] — (2m)Ptr

.
( )H|b||oo (n¥ 0 (a) + L(log )2 [b]2)

1>2

Proof. We prove (E.5); the proof of (E.6) follows exactly the same lines. We
define A,,(z) = € and L, () = n A |z#|~! where the latter is an upper bound
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of the former. Using the decomposition as on p. 1761 in Dahlhaus (1989) or as
in the proof of we find that

p P
tr | [ 7 (bi )T fl)] = @mtr ([ Tn () |
=1 =1
£ f L2i 1
S C / H $21 i <H xz ) An(l'l —.Z'g)...An(l‘gp —xl)dx
[—m,m]2P i1 i—1 21
<C’/ f[b-(z- )g(x% ) HMfl Ap(ry —x2) ... Ay (22 — 21)dx
=~ . 1 1\ L2¢—1 g(x%) 1 |$2i|_2d n\+1 2) - =2n\L2p 1
- 9(@2i-1)
+C / Hbz T2;—1 (Hﬁl) An(1'17$2)...An(ZE2p7$1)d$
[ i—1 21

—m,m|?P

M b - p P J i1 — Z1 3a
e < 11 > Z/ Tt e Lo — ) Ly )

LL (|| A |m2i-1])
=1

Ml "
+ CL T Z |bj($2j71)||1'2j71 — $2j|Ln($1 — $2) . -Ln($2p — $1)d$

j=1[=mm]?P

P —1 P
M b o p M b [e’) P
e ( [ ) e < / |x|1+adx> +CL(L10gn) logm) 1S by
m [—m,7] m

j=1
O

Lemma E.6. Let f = 1/(4x%f), and let p > 1/2 and L > 1, then under the
conditions of Lemma E.4 we have the following alternative bound for (E.4):

H T ()Tl f25) H To(F)Ta(f2;)

p—1 p—1 w 2 2
< VIn(-r/2)+20+e Mz, H MED | « / |fap ()] H f—22l(ac)dac
2 AL L U

p T £2 %
+ H M3D ( %(m)dm) + error}
1=2

—T

where

error < L3/4n1= 3”)/4HM(2l) +Z \ L2 p=r25 M (2) HM(Ql)
l#5

Remark E.1. The constant appearing on the right hand side of (E.7) depends

on M and m, but in all our applications of Lemma E.6, the constants M and
m will be bounded and of no consequence.
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Proof. Following the construction of Dahlhaus (1989), equation (13), we write

{15 —y T (A Tu(f25)} — tr{l 15—y Tu(f)Tu(f25)}] s

P P
A; - 1] B
1 j=1

tr
J

= [tr (Al—Bl)HAl—f—Z(HBl) (4, - By) I[ 4 ¢l
l

1=2 j=2 \i=1 =j+1

1 1 1 ~ 1
Where Aj = Tna (.]PQJ_Q)T‘,”_I(f)jjn5 (fgj), Bj = Tna (fQJ_Q)Tn(f)TnE (fgj) and fO =
fap (similarly for pg, L(® and M(?). When j = p, the factor [T A is
understood to be the identity. Without loss of generality, the functions f,; are
assumed to be positive (it suffices to write fo; = faj4 — f2j—). Lemma E.3
implies that for each j,

_1 1 M (25)
T ()T ()| S S, (E9)

~

Using the relations in (1.6) (main paper) it then follows that

| I 4 < T1 it e

I=j+1 I=j+1
p—1
< H Mm@ | 2 S (Ao —d) y+(d2y—d) 4 +(dop—d) 4 / M(2p) M (24)
1=j+1

(E.10)

First we treat the term (A; — B1) [[}_, A; on the right in (E.8). Writing R =
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:M\b—‘

T3 (fop) T 2 (F)RT  (F)To(f2)T * (F)To * ()T,

(o] 4
=3

<RI (Tl T (DT Fa) T (OINT T Gll| TT A
=3

1 1 d g fQ(.T) %
< L2n(=p)/24et5+2q HM(ZZ) ( f22( )dx + error)
x
1=2 -

P
LEn(—p)/2+et5+2q H M@
1=2

us 2
( ?28 dz + e+ (L3/ 2 (M<2>)2 n(=30/2 4 M(2)L(2)n_”2>)
(E.11)

A

The first inequality follows from the relations in (1.6) (main paper). The second
inequality follows after writing |1}, 2 (f)T(f2)Tn 2 (f)| as the sum of a limiting
integral and an approximation error; in addition we use (E.9) and Lemma E.2,
by which

|R|> < KL(M/m)*n'=rte < Lnt=rte, (E.12)

This follows from Lemma E.4, which we use to bound the approximation error.

The second term within the brackets in (E.11) constitutes part of the term

error.
Next we bound the term (H{;ll Bi)(A; — Bj) [11=41 A in (E.8) for j = 2.
Similar to the preceding decomposition, we have

p 1 1 _1 1 P
tr | Bi(As — Bo) [T Ar|| = |t | BiTiE (f2) T * (f)RT 2 ()2 (f) [ [ A
1=3 =3
< BT (f2) T (DIRINT ()T () ||HHAIH
The terms |R)|, ||TJ%( HNT, n%(f4 )|l and || TT;_5 Ai|| are bounded as in (E.9), (E.10)
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N

and (E.12). For the term |B,T:? (f2)T * (f)] we have the decomposition
BT (R)T* (D) =t [T ()T (F2) BUBTR ()T ()]
= tr [BIBITE (F2)T7 (P)TE (f2)] = tr [ BIBVTE () T(F)TE ()]
+ o [BUBTE ()T * (F)RT: ()T <f2>]

< BT (S)Ti (D + | BLBRITE (£2)T* ()]

Using again Lemmas E.1, E.2 and E.3, we find that the first term on the right
is bounded by

T 2
" { / WW o M0 B e =) 2y =k (1D L0y [ G2
N A €

and the second term by

2
fQP( ) f3(z )dx + M) py(2)pAlde—d) 4 +2(d2p—d)+e o

@)

% ((M@))z(M(zp))anH (M2 @ @ pt-pe (M<2>)2M<2p>L<2p>n17pzp)} 2

nz—5+(dz=d)+e /T 1 (2)

Consequently,
P
tr | By (A2 — Bo) [ A
1=3
p—1 T £2
< L3p3t=p)/24e+2q,/ pr(2p) H M 2D { 3 (95)3!{21;($)|dx +M(2p)(M(2))2Ln—p
- P A €

fH(x)

1
+(LL(2))1/2M(2P)(M(Q))3/2n—(p+pz)/2 + (LL(QP)M(QP))UQ(M(Q))Qn—(P'f‘PZp)/Q} 2

s 2 2 %
Pl ()12 M(z)( de> L 1@ 3@ e e

Note that )
T £2 2 2
( /3 (96)4f2p(96) dm) < M),
[
(LL(2)M(2P))1/2(M(2))3/2n—(/3+92)/2 < L(M(2))2n_” + L@ a2 pr2p) =2
and Ln—" < L3/2p(1=30)/2 Therefore the terms on the right are of the same

order as the right hand side of (E.11). A similar argument applies to the term
(LLGP) M CPYL/2(M ()Y 20— (ptp20)/2,

Finally, we bound the term (Hf:_l1 B))(A; —Bj) Hf:jJrl A; in (E.8) for j > 3.
For j > 3, Lemma E.1 implies that

|HBl| —n</ fop( f2j 2@ >l1_[1§221((x))d$+errorj>,

8]
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where

. i1
error; S net2 i a=ad) TT a0 =2 ( " 4 Z ) ) ,

=1
Consequently, we have for all j > 2

(ﬁBl> (4;,-B) ] 4

I=j+1

<|HBI||R| H AT (Fo3) T 2 HINTE (Frog—2) T 2 (F)]

l=7+1

L%n%ﬂl p/2+2q+6\/—2p H M©ED (/ fop( fZJ )Jl_[l?zl((z))dererrorj-)
1=1

€z
l=75+1

for all 5 > 3, which finishes the proof of Lemma E.6. O

F Holder constants of various functions

Lemma F.1. Let 0, € ©(8,L,). Then f, satisfies condition (E.2) with p =1
when [ > %, and with any p < B — % when B < % The Holder-constant
only depends on L,. When 0 € ©y(B,L), fare satisfies (E.2) with p = 1,
regardless of B. The Hdélder-constant is of order k2=B. The function —log(2 —
2cos(x)) fako satisfies condition (E.1) with p =1 and Hélder-constant of order
k38, The functions Gy fa k.0 and Hy fa 1,0, with Gy, and Hy, as in (D.1), satisfy
(E.1) with p =1 and Hoélder-constant of order k.

Proof. The function 3272 0, cos(jac) (i.e. the logarithm of the short-memory
part of f,), has smoothness p < 5 — 3, since

ZI(%;IICOS(J:C)*COS 7y)| ZI%JIJ lz =yl
7=0

1 1

o oo 2
D0 DT el
j=0 j=0

which is finite only when p < 8 — . Since 3272 |6;| < VL when 6 € (3 —
1/2,L) and B > 1, the functions 72 0; cos(jx) and exp{> 7", 0; cos(jx)} have
the same smoothness; only the values of L and M differ. The same calculation
can be made when the FEXP-expansion is finite: when 6 € O (8, L), then for
all x,y € [—m, 7],

IN

k

k
> 0;(cos(jz) — cos(jy))| < |z =yl > jlo;] SVIE*Plo -yl (F1)

=0 =0

o4
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Since

k
|Gr(x) = Gr(y)] <2 njl cos(jz) — cos(jy)| = O(k)|x — yl, (F.2)

j=1

G fa ke has Holder-smoothness p = 1, its Holder-constant being O(k). The
same result holds for Hy, fq 5.0, since Hi(z) = —log(2 — 2cos(x)) — Gi(x) (see
(D.3)) and k2 ~# = o(k) for all 3 > 1. O

G  Proof of Lemma B.2

For easy reference we first restate the result. Let W, (d) denote any of the
quadratic forms

"I (fan) Bo(d, 0a) X — tr [T (fo) Ty ' (fae) Bo(d, 0a,k)]
n (B.2) (in the main paper). Then for any j < J, (l1,...,l;) € {0,...,k}’ and
o€ S(,...,1;), we have
Wo (d) = Wo(do)| = 0p, (|d — do|n? k™ 2), (G.1)
[ d Gd k)} — tr [Bg(do, éd )]
= (d — do)tr[T1.o (do, k)] + (d — do)?0(nct3 k2 H1=0/2)+) (G.2)
= (d — do)tr[T1o(do, k)] + (d — 0)20( =0 /k),
[( (fO) (fd k) In)Ba d edk } [ )T 1(f ) In)Ba(dmédo,k)]
= (d — do)tr[T3,6(do, k)] + (d — do)?0(n/k) + ( do)o(n“F2k™2).
(G.3)
Proof of Lemma B.2. We first prove (G.2). Developing the left-hand side in d
we obtain, for all j, (I1,...,l;) € {0,...,k} and 0 € S,
tr [Ba (d, éd,k)] —tr [Ba (dOa édo)]

) (G.4)
— (d — do)tr [B.(do, 04, )] +

(@) (B d.5)]

where d € (d,d,), and B’ and B” denote the first and second derivative with
respect to d, respectively. Writing

Bo(iy(d, k) = T (HiV o iy fase) Ty (fak)
= T(Vo(iyfar) Ty (fae)To(Hi far) Ty (far),

it follows that B, (d,04) equals

lo|

o (d,04) ZHT (Vo) fan) Tt (fan)Bo (d, k HT (Vo) far) T (far)-

=1 j5<1 Jj>1

5%3)



We recall the definition of T , in Lemma B.1 (main paper), and conclude that
B (d,04%) = T1o(d, k). Consequently, the first term on the right in (G.4)
equals (d — do)tr[Th,5(do, k)]

The second derivative B, (d,04.) equals

L

23 ] Ta(Voi) far) Ty (far) By (k) ] To(Voiy) far) T (Far)

i1 <tz J<i1 11 <j<iz
X By(iy)(d. k) H (Vo) far) T (far)
i2<J
|o]

+ZHT Vo) far)Tn (far)B (”) (d, k) HT Vo) far) Ty (far)-

i=1 j<i 1<j

We now show that tr [B; (d, édyk)} = o(nt2k~2t(1=5/2)+) From Lemma E.4

and the above expression for B (d,f4), it can be seen that tr [B; (d, éd,k)]
converges to zero. To bound the approximation error, we cannot use directly
Lemma E.4 because the bound in (E.4) becomes too large when 3 < 2 and |o|
is larger than 1. We therefore use Lemmas E.1 and E.6. Let A, (d,04%) be the
matrix obtained after replacing every factor T, *(fa.x) in B, (d, 0a.1) by Tn(fa.r),
for for = f;é/(élﬁ?). We recall from Lemma F.1 that the Lipschitz constant
of fq is O(k(Q_’ﬁ)*), and for H;gfd,k and H]zvg(m)fd,k (m < |O’|7 j=1,2)itis
O(klogk). Consequently, Lemma E.1 implies that

tr |:A:7/'(d7 éd,k)” = O(kn®) = o(n”%k*%*(l*ﬁ/mﬂ
when k < k,, and § > 1. It follows from Lemma E.6 that

tr [A;;(d, (m)} —tr [B; d, éd,k)} \ = O(n!/2+ep(1=8/2)+) ( H,f(z)dz)

= o(nt2gzt(1-F/2),

Note that in the case where B, (d,f4) contains a Toeplitz matrix of the form
T(HE far) or Tn(HV y(m) fax) then it contains no other Toeplitz matrix in-
volving Hj and we can set fo = H,ffdyk or fo = H,fv,,(m)fd,k and use Remark
2.1; this leads to the above error rate. Combining the preceding results for
|tr[A} (d,04.1)]] and [tr[A (d,q1)] — tr[B. (d,04)]| We obtain that

tr |:B:,/ (d, éd,k)i| ‘ = 0(n€+%k_%+(1_5/2)+) — 0(711_6//{3),

which completes the proof of (G.2).
Next, we prove (Gg) Writing fo — far = fo— fa, .k + fd,.k — fak, it follows

o6



that the left-hand side of (G.3) equals

tr [Tn(fo — fae)Ty (far)Bo(d, Oar)] — tv [Tn(fo — faok) Ty ' (faok) Bo(do, Oa, k)]
=t [T0(fo = faok) {T0 " (fak)Bo(d, 0a) — Tpy ' (fa,.6)Bo(do, 0a, 1) }]

+tr [T (faok — far) Ty (far)Bo(d, O0ak)]

= C1 + Os.

Using (D.4) we write far = fd_mke(d*d")Hk and f, = fa, pe"do+, and we develop
Cg (d, Qdﬁk) = T{l(fd1k>Bg (d, 9d,k> around d = do. It follows that

Cy = tr [To(fo — fao) {T5 " (fak)Bo(d Oai) — Ty ' (faok) Bo(do, Oa, k) }]
= (d = do)tr [Tu(fo = fa,4)C)(doy O )

+ (d —d,)? /01(1 —u)tr [ n(fo = fa,.x)C. (duaédu,k)} du

with d, = ud + (1 — u)d,. For the first term on the right, we write, using
Lemmas E.1 and E.6,

tr [Tn(fo ~ Fa,)Cy (o B )]

" fo—da, k

7 = Hy(x) cos(l1x) . ..cos(l|,x)dx + error,
—T doak

7271'

where o is a partition of {1,...,j} and the error term is
n 3
(nAd lloon (k o+ KOO/ ﬂ”“f;w““/? D (5 + kAl )

which is o(k~1/?n'/2=%). Similarly, Lemmas E.1 and E.6 imply that there exists
¢ € R such that for al d € (d, — Up,dp + Uy,)

tr [Tn(fo — fao1)Cor (d, O )

" fo—da,k

7 Hi(z)cos(l1z) . .. cos(l|,x)dx + error,
—n Jdok

27r
where the error term is of order

1-6
Lo—g), VN 2-8); (1 1y _ (n
o(||Ad alloon(k + k3 >+¢E+k: T (55 + Kl Ad, il o) )—o( 2 )

This implies that C; = O(S,,(d)). B
Using a Taylor expansion of Cy(d,f04) and of e~(4=%)Hr around d,, it
follows that

Co = —(d —do)tr [Ty (fa, e He)Tyy  (fao.k) Bo(do, 04, 1))
f%(dfdo)% { o (fao i H2e @ =Ty O (! G )+2Tn(fdmka)C;(d’,éd,,k)},
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for some d between d and d,. The first term equals tr[T%,,|. The second equals

1 -— / / —
- §(d — do)*tr {Tn(fd',kHzf)Ca(d', Oar k) + 2T (fa, .k Hy)Cy (d ﬁd/,k)}

d—d,)?
= —71(27) H}(z) cos(lz) . .. cos(l|5z)dx + error,
™

—T

where the error term is O (n€ (k + k*°Z=9+ (nk=! + kn)1/2)) = o(k~1n!~9).
Therefore
Co = (d— do)tr[TQ,(,] +Om/k).

Finally, to prove (G. ) let Z =T, (fo)X andlet Ay = (fo) Y(fax)Bo(d, éd,k)Tn% (fo)-

Then for any |d — d,| < ¥, we have
W, (d) — W,o(dy) = Z'(Ag — Ag,)Z —tr (Ag — Ag,) -
Writing A/, for the derivative of Ag with respect to d, it follows that
g~ Ag, = (d — do) 4 (G5)

for some d between d and d,. Using (D.6), we find that

Ay = T )T ) T He fa T ) T (B (ds B ) T (1)
+ T (Fo) T (fa) B (A, 0i) T (f):

Therefore, Lemma 2 of Lieberman et al. (2011) and the inequalities in (1.6)
(main paper) imply that

|Ag — Aq,| < |d—do||A’g|

o]

< Cld— do|| T (f)T; |2H||T (Fi) Botsy ([ B, T2 (Fa)l

+ T (fdk) (Hkva(z)fdk) (fdk)|

= |d = doln®O (1T * (Fau) Ta(Hifa i) T * (Fai)| + 1T * (o) Tn(Hi Vot fa) T (fa)l)
(G.6)

where o (i) can also be the empty set, in which case V, ;) f7, = fz.- We bound
the terms between brackets using Lemma EA4, withp=2, f = fd,k and g1 = go
equalling either Hy f;, or HxV, ;) fz - The Holder constants of these functions
are given by Lemma F.1. Hence we find that

T (fdk) w(Hr fq6)Tn (fdk)| :tr[( ") T (kadk))}

n [T (G.7)
=5 H(x)dz + O(nf(k + k>~P)) = O(n*=Y/ 28 (log n)'/ M),

28



The last inequality follows from equation (D.7) in Lemma D.1 and the fact that
k =k, and § > 1. Similarly, it follows that

T2 (fa i) T (HV o iy fa i) T * (fa)l = O(n' =D (log )/ C9). (G.8)

Inserting (G.6), (G.7) and (G.8) in (G.5), we find that |4y — Ag,| < |d —
do|nt/?=1/4B)*< for all |d — d,| < T, and all € > 0, when n is large enough.
Consequently, we can apply Lemma 1.3 with A = (A4 — Ag4,)/|Aa — Aa,|, so
that when n is large enough

sup PO(|W,,(d)—W,,(dO)|>|d—do|n26+%*ﬁ)ge—"%. (G.9)

|d_do|§"7n
Using the above computations with |d — d’'| < n~2, we obtain
(Wo(d) = We(d)| <n T (n+2'Z).

Hence, for all € < % and ¢ > 0,

P, ( sup Wy (d) — Wy (d")| > n_6> <P, (ZtZ > n2_2€) <e ", (G.10)
[/

—d|<n—2
provided n is large enough. Hence, we obtain (G.1) by combining (G.9) and

(G.10) in a simple chaining argument over the interval (dy, — Uy, do + Up).
O
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