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ABSTRACT

Using ergodic theory and a variational process, we study the macroscopic behavior of a thin

body with micro high stiffness fibers randomly distributed according to a stationary point

process. The thickness of the body, the stiffness and the size of the cross sections of the fibers

depend on a small parameter ε. The variational limit functional energy obtained as ε tends to

0 is deterministic and depends on two variables: one is the deformation of a two dimensional

body, which describes the behavior of the medium in the matrix, and the other captures the

limit behavior of deformations in the fibers when the thickness, the stiffness and the size

section become increasingly thiner.

Figure 1: A slice of randomly fibered body of thikness h(ε)

We proposed a deterministic model of a randomly reinforced material with reference config-

uration (Figure 1), an open O = Ô × (0, h), Ô ⊂ R
2 including randomly distributed thin

rigid fibers Tε(ω) = εD(ω) × (0, h) where D(ω) are disks randomly distributed in R
2 fol-

lowing a stochastic point process ω = (ωi)i∈N ⊂ R
2 associated with a suitable probability

space (Ω,A,P). Our objective as to provide a simplified, but accurate model of the slices of

the geomaterial TexSolTM [2, 4, 5]. Let us recall that this soil reinforcement process mixes the

soil with a wire and that the obtained material has a better mechanical resistance than the sand

without wire. Note that the randomly process of fibers distribution is supposed to be ergodic.

The parameter h, that depends on ε and is assumed to go to zero with ε. Then, we obtain a two

dimensional deterministic model which is a first attempt in the scope of non linear elasticity

at obtaining a variational equivalent model of a very thin slices of randomly reinforced mate-

rials like TexsolTM , with unidirectional orientation of fibers. Indeed, the fibers are considered

vertical for slice thin enough.

Thanks to variational convergence method (related to the Γ-convergence [1, 3]) the total en-

ergy

Eε(ω, u) :=

ˆ

O\Tε

f(∇u) dx+
1

εa

ˆ

O∩Tε

g(∇u) dx−

ˆ

O

Lε.u dx−

ˆ

Ô∩εD

lε.u(x̂, h(ε)) dx̂



converges to the effective total energy E0.

E0(u, v) :=

ˆ

Ô

f0(u) dx̂+ θ1−p

ˆ

O

g0(
∂v

∂x3

) dx−

ˆ

O

L.u dx−

ˆ

Ô

l.vdx̂

Remark this limit energy depending only u and not ∇u. The energy density f0 is the limit

energy in the matrix, g0 is the limit energy in fibers and θ is the volume fraction of fibers basis

in Ŷ := [0, 1]2. And the constant p is the dimension of space and a > 0 a costing depending

to the thickness of fibers.

The first functional Eε is the energy in the matrix, the second the energy in the fibers and Lε,

lε are the loading in the matrix and the fibers respectively.

In order to validate this convergence result, we calculate the evolution of a suitable error

between the solution of inf
u∈W 1,p

ε (O,R3)
Eε(ω, u) and inf

(u,v)∈Lp(O,R3)×V0

E0(u, v) when ε decreases

where

W 1,p
ε (O,R3) :=

{

u ∈ W 1,p(O,R3) : u = 0 on Ô ∩ εD(ω)
}

,

V0(O,R3) :=

{

v ∈ Lp(O,R3) :
∂v

∂x3

∈ Lp(O,R3), v(x̂, 0) = 0

}

.

We approximate these solutions with the software cast3Mr in the particularly case of the

random chessboard-like, and, for simplicity we choose g = f = |.|2
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Figure 2: The random ”chessboad-like” and error’s convergence of result on the matrix
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