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A multilayer anisotropic plate model with warping functions for the study of
vibrations reformulated from Woodcock’s work

A. Loredo®™*, A. Castel®

*DRIVE, Université de Bourgogne, 49 rue Mlle Bourgeois, 58027 Nevers, France

Abstract

In this paper, a plate model suitable for static and dynamic analysis of inhomogeneous anisotropic multilayered
plates is described. This model takes transverse shear variation through the thickness of the plate into account
by means of warping functions. Warping functions are determined by enforcing kinematic and static assumptions
at the interfaces of the layers. This model leads to a 10 x 10 behavior matrix in which membrane strains, bending
and torsion curvatures, and transverse shear x and y—derivatives are coupled to each other, and to a classical
2 x 2 shear behavior matrix. This model has been proven to be very efficient, especially when high ratios —up
to 10°— between the stiffnesses of layers are present.

This work is related to Woodcock’s model, so it can be seen as a reformulation of his work. However, it
propose several enhancements: the displacement field is made explicit; it is reformulated with commonly used
plate notations; laminate equations of motion are fully detailed; the place of this model relatively to other plate
models is now easy to see and is discussed; the link between this formulation and the original one is completely
written with all necessary proofs; misses and errors have been found in the energy coeflicients of the original
work, and then have been corrected; it is now easy to improve or to adapt the model for specific applications
with the choice of refined or specific warping functions.

Keywords: Multilayered, plate, model, laminate, vibration, warping functions

1. Introduction

After the early works of Kirchhoff, Rayleigh, Love, done at the end of the 19th century, followed by Reiss-
ner, Mindlin, Uflyand in the middle of the 20th century, dealing respectively with thin and moderately thick
homogeneous plates, the behavior of anisotropic multilayered plates began to be studied by Leknitskii and
Ambartsumyan.

Since these works, static and dynamic behavior of anisotropic multilayered plates have been extensively
studied. In composite applications, the high ratio between shear and longitudinal stiffnesses and the strong
inhomogeneities between layers make standard models inefficient. It has incited searchers to develop more
refined theories, able to handle the behavior of such structures.

As done by the previously cited early works, these refined theories attempt to describe the displacement
field in the thickness direction by means of kinematic and/or static hypothesis. The difference is that in the
recent works, this description is more refined. In particular, the transverse shear evolution through the thickness
has received many attention. The more recent and pertinent theories have been built using warping functions
that describe this evolution. In these models, first spatial derivatives of the transverse shear are coupled with
membrane and bending terms, leading to a more complex behavior matrix of size 10 x 10 compared to the
classical 6 x 6 behavior matrix of the previous models.

The model presented in this paper belongs to this last category as it will be shown later. It has been first
formulated in an early work of Sun & Whitney [1], it is the second model described in this reference. Even if the
model is presented for the more general case, authors have written equations of the model only for symmetric
isotropic laminate. This model was improved by other researchers [2, 3] to study the dynamic behavior of more
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general multilayered plates and also to simulate the sound transmission through these structures. This model
has been proved to be very efficient for the study of viscoelastic behavior of strongly inhomogeneous structures
like plates damped with viscoelastic PCLD patches [4, 5]. All these works were limited to on-axis orthotropic
plies. Woodcock has extended his first work to laminates including off-axes orthotropic plies [6].

The present work reformulates last Woodcock’s model [6]. This reformulation has been motivated by the
following disadvantages of the original work:

- the displacement field is not made explicit. It is only known implicitly and involves constraints on both
displacement and stress fields;

- the notations used by the author are not the standard notations for plate models, which makes the work
difficult to understand;

- some helpful formulas are not given and missing terms and errors have been found on the given energy
coefficients;

- due to the complexity of the model and its formulas, implementation is difficult;
- links between this model and other plate models are not easy to foresee.
The reformulation of this work leads to the following enhancements:
- the displacement field is now fully explicit. It involves four warping functions p,z(2);

- the global plate behavior is given in terms of classical (membrane / bending / shearing) generalized
displacements, forces, and stiffnesses, using the most common plate theories notations;

- the link between the present model and Woodcock’s model is fully detailed;
- helpful formulas for computing Woodcock’s coefficients 0/;, aﬁy, ﬁﬁ ... are given;

- the corrected list of all the 69 Woodcock’s strain energy coefficients \; is given. It is shown that the list
reduces to 55 independent coefficients in the most general case;

- a corrected and extended list (18 instead of 15) of Woodcock’s coefficients d; for the kinetic energy is
given;

- the place of this model relatively to other plate theories is now easy to see, and it is discussed;

- as the model only involves integrals through the thickness, it is easy to implement;

- the present reformulation makes improvements easy to implement: warping functions may be changed or
enhanced without complicating the model.

2. Model

2.1. Laminate definition
The laminate is composed of n layers. In this study, all the quantities will be related to those of the first
layer, which then plays a central role. Figure 1 helps to visualize the following definitions:

- 2% is the elevation /offsetting of the middle plane of the layer ¢
- the fth layer is located between elevations ¢! and ¢*

With these definitions:
- there is n parameters z° with, by definition, z! = 0,
- there is n + 1 parameters ¢ with i taking values from 0 to n,
- the thickness of the layer ¢ is h® = ¢ — ¢¢71

Plate models take classically as reference plane the laminate middle plane, then the laminate is located
between h/2 and —h/2 where h is the total height of the laminate. This model has been developed in a slightly
different way: the middle plane of the first layer is the reference plane. This is particularly useful, although
not essential, to study plates damped with patches [4, 5]. In this last case, the number of layers can vary from
a point to another and the definition of a middle plane is difficult to precise. Of course one can change the
reference plane in this formulation without changing the behavior of the model, but all formulas have to be
changed in consequence.
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Figure 1: Geometrical parameters of the undeformed laminate on the left side, and its deformed shape with corresponding quantities
on the right side.

2.2. Kinematic and static assumptions of the model

In the following, Greek subscripts takes values 1 or 2 and Latin subscripts takes values 1, 2 or 3. The
2.2.1. Displacement field

Einstein’s summation convention is used for subscripts only. The comma used as a subscript index means the
partial derivative with respect to the following(s) index(ices).

First, kinematic assumptions of Woodcock’s model are reported below after a change of notations in order
to agree with most of plate models notations. They are:

{ ul(v,y,2) = u
£

ﬁl(x,yyze) + (2
US(CC,y, Z) =

(z,9)

2= 2)(wy(2,y) — a3z, y))

(1)
where ¢ € [1..n] is the number of the layer, z°, ufy(x,y,z), 7£3(:c,y) and ug(m,y,z) are respectively the z-
coordinate of the mid plane, the in-plane displacements, the engineering transverse shear strains!, and the

transverse displacement within the layer /, wl(x,y) is the transverse displacement at the mid-plane of the
first layer. We can see that the transverse displacement is equal for all the layers and does not depends on z.

However, the superscript 1 is kept to show that the reference is, in this model, the middle plane of the first
layer. Note also that this model needs at this time 4n + 1 unknowns functions of the (x,y) coordinates.
The kinematic assumptions of the present formulation are:

{

Ua(®,y,2) = tg(@,y) = 200 (,y) + Pas(2)713s(7, )
ug(z,y,2) = w (z,y)

The main difference is the lack of the ¢ superscript and the consideration of four warping functions @.s(z).
They will be determined with the use of equations (4a) and (4b).

(2)

INote that in formula (2) of Woodcock’s work, there is a plus sign in the term (z° — 2) (w}x (z,y)+ ¢4 (z,y)) which is not coherent
with the definition “the shear” given for the corresponding quantities (denoted ¢} and ‘PZ) These quantities are obviously “the
rotations due to shear”, this explains some sign differences between the formulations which appear in the following.



2.2.2. Additional assumptions
In addition, Woodcock’s model (as the second model of reference [1]) requires the continuity of in-plane
displacements and transverse shear stresses at each of the n — 1 interfaces:

ub (z,y,¢") = ub™ (2, y,¢") (3a)
ols(@,y,¢Y) = ol (2,y,¢") (3b)

where U£3 are the transverse shear stresses in layer £. These 4 x (n — 1) equations permit to eliminate all the
unknowns function of the upper layers as it is shown in references [2, 4, 6]. This is done by means of transfer
matrices and leads to the definition and the computation of coefficients o, aiy, BL ... As the overall process is
quite complicated, it is not reproduced here but it is presented in details in Appendix A. The model reduces
finally to 4n + 1 — (4n — 4) = 5 unknown functions of the first layer: two in-plane displacements ué(x, y,z"), a
transverse displacement w'(x,y), and two transverse shear strains v.;(z,y). These generalized displacements
differentiate from the Mindlin-Reissner plate model in which rotations . (z,y) = w}a(ac,y) — yks(z,y) are
considered. There is another difference: these quantities are those of the first layer, whereas in plate models,
they are generally defined at the mid-plane of the laminate. However it is possible to pass from one description
to another. The former one is particularly suitable to patch problems because the first layer is common to the
entire structure.

For the present formulation, which is already written in function of the above five unknown functions, the
same physical assumptions are done. They are written in a slightly different manner:

lm ue(z,y,2) = lim wu(z,y,2) (4a)
z—(l— z—Cl+

lim ou3(z,y,2) = lim oa3(2, 9, 2) (4b)
z2—(t— z— (4

The advantage of this formulation is that, as shown below, the four warping functions ¢,z(z) are easily obtained
by means of the above conditions, making explicit the displacement field.

2.2.3. Final form
As told before, the elimination of the displacements of the upper layers in Woodcock’s formulation is a quite
complicated process and does not lead to an explicit form for the displacement field. The displacement field is
then written independently for each layer with the help of coeflicients which must be computed for each layer.
For the present model, the use of equations (4a) and (4b) to build the warping functions is presented below.
First, let us compute the strain field from equations (2):

1
eaﬁ(ma Y, Z) = 6;6(x7 y) - Zw,lozﬁ(xa y) + 5 (SO(X’Y(Z)V%/?),B(J:? y) + SO/B’Y(Z)'-Y'#3,(X($7 y)) (53‘)
1
€a3 ('Ia Y, Z) = §<p£xﬁ (2)71133 (ZE, y) (5b)
633(‘r5 Y, Z) =0 (5C)

Note that e}w, w}aﬁ, 'yi& 5 and ves form a set of 12 independent generalized strains to consider in this model.
With the help of equations (5a) and Hooke’s law, the transverse shear stresses can be formulated:

0a3(z,y, 2) = 2Cass3€s3 = Casps(2)@), (2)733(7,y) (6)
On the above formula, the 2 factor comes from the symmetry of the stiffness and strain tensors:
0a3 = Ca3pz€egs + Cozzgesp = 200383683 (7)

The additional conditions (4a) and (4b) can now be written in terms of conditions on the warping functions:

lm @ap(z) = lim @q 8
Jim pap(z) = lim @as() (8a)
Jm Cosps(2)@sy(2) = 1 Casps(2)¢,(2) (8b)



Equations (8a) represent the continuity of the warping functions at the n — 1 interfaces whereas equations (8b)
represent “‘jump” conditions on the derivatives. For a laminate, the simplest way to choose the warping function
is to take their derivatives as step functions, then, the warping functions are continuous piecewise linear functions
of z. For the first layer i. e. for z € [(°, ('], the choice of ¢ 5(z) = (55@ is done, where (55@ is the Kronecker
symbol. This choice corresponds to Woodcock’s model.

This leads to the following expressions for the derivative of the warping functions:

Pnp(2) = 4Sa3+3(2)Chas3(2" )05 = 45a343(2)Cyap3(2") 9)

The warping functions are obtained integrating (9). Integration constants are chosen to give ¢os(0) = 0. That
means that the transverse shear strains have no effect on the displacement of the middle plane of the first layer,
which is normal because it is precisely the reference plane for the model. Hence the warping functions could be
written:

Pap(z) = 4C,383(2") /OZ Sazy3(€)d¢ (10)

2.8. Stresses

The strains obtained in formula (5) permit to compute the stresses:

Tap(@,Y,2) = Qaprs(2) (35(2,y) — 2wi5(2,Y) + Pyu(2)Y3,5(2. ¥)) (11a)
Uag(x,y,Z) = Ca35390?j,u(z)’7;1¢3(x,y) (11b)
o33(2,y,2) =0 (11c)

where Qq+5 are the reduced generalized plane strain stiffnesses. The vanishing of the term % of equation (5a)
into equation (11a) is not evident. Let us demonstrate it, omitting the z, y, and z coordinates:

1 1 1
§Qa5v5 ((JO’YH’}/}LS,& + 906;1’7;{3,7) = §Qaﬁw5@w7}13,6 + gQaﬂwﬁ‘PélﬁiS,v
1 1
= §Qaﬁ~,5wwﬁs,5 + §Qaﬂ6w’w7ﬁ3,5 (12)
= QQB’Y&@’YH’YEL3,6

2.4. Strain energy

It is possible to compute the strain energy density dJ = 1/2¢;;0,; from formulas (5) and (11) and integrate
it over the thickness to obtain a strain energy surface density J(z,y). This is the method followed by Woodcock
and other previous authors. Woodcock has found an expression which is the sum of 69 terms. In fact there is
only 55 independent terms as we shall see below.

In this paper, this method was also reproduced to find Woodcock’s coefficients given in Appendix B but in
the following lines, a different approach is presented. Let us start with the strain energy surface density:

1 [Sn 1 [Sn
J = 5/ EijCTide = 5/ (Eaﬁaaﬁ + 2€43003 + 633033) dz
Co o
1 [ 1 1 1 1 1 1, 1
=3 : Cap = FWap T 5 (Par (2)733,8 + 87 (2)133.0) | Tap + 2§<Paﬂ(2)7530a3 dz
0
1o 1 1 1 / 1
=3 ; [(Eaﬁ —2W g T Waw(z)%:s,ﬂ) Oap + Sﬁaﬁ(z)’Yg:sUaS] dz (13)
0

It can also be written

1



naturally introducing the following quantities which are the generalized forces,
C’Vl
(Nug, Mag, Ps} = /{ (1,2, 9ar (2)}ous(2)dz (15a)

o
Qp = /C . Pup(2)0as(2)dz (15b)

each associated with a corresponding generalized displacement in the strain energy formula(14).

Interpretation:. Nog and M,p are respectively the classical plate membrane forces and bending moments, and
P,3 and @, are special moments associated with the warping functions, ¢. e. associated with the transverse
shear behavior. Note that P,g # Pg. in the general case, leading to a set of 12 generalized forces.

Let us follow the computation of these generalized forces with the help of equations (11) and (15). They are
(some explanations are given below):

Nop = Aaméelﬂs + Baﬁ'ﬂ?(_w}ws) + Eagﬂg’)’ig,a

Map = Baprs€hs + Daprs(—wls) + FapusVis.s
Pag = E'yéaﬁe}/é + Fvéaﬁ(—w’{ﬂ;) + Gaguéwlb:s,é
Qo = HaspsVhs

where the following generalized stiffnesses have been introduced:

I
{A(X,B’yév Ba,@’yéa Daﬁ’y&a Eoe,l?/usv Faﬂuéa Guﬁué} = /0 Q(xB’y&{la 2 2’2, Qa’yu(z)a Z@’yu(z)a (pau(z)<ﬂ’yu(z)}dz (173)
¢

Hasps = [ @ha(2)Craahs(2)d: (1)
¢

The N,3 and M, computation is straightforward but special attention must be paid to the computation of
the P,g, revealing some uncommon symmetries:

.
Pap = /< | Gua(2)us(2)de
< 1 1 1
= [, PuelQuina(e) (s — 0L + o (e)ika,s)

= Eysap6hs + Froap(—whs) + Gapustys s (18)

In this last expression, the E, 505 and F,sq3 are identified with the help of the major symmetry of the @ ,z,5(2)
tensor.

The A, B and D tensors inherits the symmetries of Hooke’s tensor, a symmetry for each pair of indices,
called the minor symmetries and the major symmetry which permits the swap of the two pairs of indices, this
last one being related to the existence of a strain energy. The E and F tensors loose the symmetry on the last
pair of indices, forcing the major symmetry to disappear. The G tensor looses the symmetry on the two pairs
of indices, but keep the major symmetry:

for the A, B, D tensors: Agays = Aapys = Avsas = Ayspa
for the E, F tensors: Ega~rs = Eapys # Evsap # Evspa (19)
for the G tensor: Ggavs 7 Gapys = Grsap 7 Gsvpa

Hence there is 6 independent components for A, B and D, 12 for E and F, 10 for G, and 3 for H. So this plate
model has a total of 55 independent stiffness coefficients in the most general case.



2.5. Static laminate behavior

The generalized forces are set, by type, into vectors:

P
N My P 0
N = { Nas M = M2, P={." Q{ 1} (20)
N M Py Q2
12 12 P
21
and the same is done for the corresponding generalized strains:
1
6%1 *win 1%3’1 A1
€ = 4§ €22 K =94 —Wa2 I'= 213’2 Y= { %3} (21)
1 —owl V13,2 Y23
€12 W12 1
V23,1

Generalized forces are linked with the generalized strains by the 10 x 10 and 2 x 2 following behavior matrices:

N A B E] (e
My=|B D F|!{k {Q} = [H] {~} (22)
P ETFT G| |T

2.6. Kinetic energy

The kinetic energy surface density E.(x,y) of the structure is:

Cn

1 . .
Ec(may) = 5/0 p(xayaZ)ui($7y7z)ui<xay7z)dz
1 ¢ .1 .1 .1 .1 .1 .1 - 1\2
= 5 o p(Z) (ua —RW + (Pa,(i'(z)’}/ﬁ?,) (uoz —RW o + (Paﬁ(z)')/ﬁg) + (w ) dz

1<
3 [, o) ikl = 22k + 2kan ()i + i

220 s ()i + o (2 e (2T + (ml)ﬂ a: (23)

for concision x and y have been omitted for the last two lines of this formula.
Let us now introduce the following generalized mass:

o
{R’ S, T, Uaﬁvvaﬁvwaﬂ} = ~/C° p(z){LZ’Z2’@aﬁ('z)»Sﬁaﬁ('z)z,@#a('z)@uﬁ(z)}dz (24)

Note that the U,g and V,g are antisymmetric tensors but W,z is symmetrical. Then, there is 14 independent
mass coefficients to consider. The kinetic energy surface density can now be written:

1
E(w,y) = 5 (Ru;u; — 25U}, + 2Uaptil Vps + Tl i,
- 2Vaﬂw}aﬁé3 + Waﬁﬁﬂ,}as + R(w')?|dz (25)

2.7. Laminate equations of motion

Let us recall the equilibrium conditions within a solid. Without loss of generality, body forces are neglected
here, and the previous convention on indices is kept:

{Uaﬁﬁ + 0a3,3 = plia (26a)
Oa3,a + 0333 = pu3 (26Db)



Integrating the equations of equilibrium (26) over the thickness, with the help of formulas (2), (15) and (24)
leads to:

Nag,p + [0as(2)]e0 = Rill, = S, + Uas¥hs (27a)
Q5 o + [033(2)]%0 = R (27D)

where the )¢, are the classical shear forces. In order to get more equations, weighted integrals over the thickness
of equation (26a) are computed. Weight functions are z and ¢q~(2). It gives four more equations:

Mg g + [03(2)21S) — Q5 = Siil, — Tk, + Vagiky (28a)
Pygp+ [‘Pow(z)aod%(z)]go - Q= avﬂa - Vcwﬂ’,la + Wwﬁ’%s (28b)
Let denote ¢ = [033(2)]22 the value of the transverse loading and suppose there is no tangential forces on

the top and bottom of the plate, so g43(—h/2) = ga3(h/2) = 0. We shall note that there is no generalized
strains corresponding to the classical shear forces QY. They must be eliminated. It is done setting values of Q¢
obtained from formula (28a) into equation (27b). This leads to the plate equilibrium system of equations:

Nog, = Riig, — Sw,la + Uaﬁﬁag (29a)
Maﬁ,ﬁa +tq= Rip' + Sﬁzll,oz - Tﬂ),loza + Vaﬁ;ﬂl?&a (29b)
Pag,s — Qa = Upaliy — Vaatdyg + Wapips (29¢)

2.8. Link with Woodcock’s model
2.8.1. Strain energy

The behavior matrices of equation (22) can be formulated using Woodcock’s 69 \; energy coefficients.
Computation of these coefficients is detailed in Appendix A and Appendix B and the proof of the link with
stiffnesses of formulas 17 is given in Appendix C. The two matrices of equation (22) can be written:

207 2X62 4das | —2Ma1 —2X56 —Aog|—2Aa4 —2X59 —2A30 —2A3y

E
F _ L =205 =2M01 —2Xs6) 2013 4A7 Asa | 2A6 0 2A10 2A55 2A63 (30)
G

4| —Aas —Aeo —A2o | A39 Asa Aaa | Aaa A5t Aar Asg
—2X46 —2X61 —2A32| 2A40  2As55 A2z | 2Aa3 2As8 423 2As3;
| —2X52 —2X67 —2A34| 2M48  2X63  Aag | 2A50  2Xe5  2A31  4Aos

and:
1 | 4X37 269
H| = -
[H] 4 [2)\69 4Ass B
with:
A5 = Aig
a5 = Aog = A36/2
A29 = A3
Az2 = A33
A34 = A3s
a1 = Mg = Ay5/2 (32)
Aag = As1
A7 = As3



As6 = Aea = Aeo/2
As9 = Ae6
A62 = Aes

These above 14 equalities show that only 69 — 14 = 55 strain energy coefficients are independent, which is the
number previously announced after the examination of symmetries of tensors done in section 2.4 starting from
formula (19).

The presence of minus sign in the blocs corresponding to B and E blocs is not easy to understand because it
is due to two sign differences between the two formulations: —wqg are used here instead of w,s in Woodcock’s
work, and .3 are used here instead of @o = —743 (hence ¢, g = —7va3,3) in Woodcock’s work. The combination
of these two sign changes gives explanation to this point.

2.8.2. Kinetic energy
Let us put the generalized speeds into a vector:

T .1 -1 .1 .1 .1 .1 -1
Q= {ul Uy W —W7p —Wo 713 ’723} (33)
which permits to define a generalized mass matrix =:

1
Ee(w,y) = ;0T EQ (34)

Identifying equation (25) with formula (18) of Woodcock’s work? shows that the expression of the generalized
mass matrix can be put in the two alternative forms:

R 0 0|S 0 |Up;y U] [ 265 0 0 |=65 0 |—=6¢ —di1g]
0 R 0|0 S |Uxn Uy 0 209 O | 0O —011|—017 —0O12
0O 0 RO O] O 0 1 0 0 2613] 0 0 0 0
== |5 0 0[T 0Va Viz|=5| =0 0 0|20 0|8 g (35)
0 S 0|0 T |Vor Voo 0 —611 0| 0 257| d1g O10
Uir Ua1 0|Viq Vor|[Wiy Who —0¢ —017 0 | 64 016 | 200 O14
| Uiz Usa 0|Vig Vag|[Wip Way | | 018 =012 0 |d15 10 | 014 205 |
Note that:
03 = dg = 013
55 =011 (36)
5 = br

These above 4 equalities show that only 13 — 4 = 9 coefficients were independent in Woodcock’s work (that can
be verified in Appendix A. of reference [6]), but with the 5 missing coefficients, this lead to the announced 14
independent generalized mass coefficients. Complete proof of this relationship, including the missing coefficients,
is given in Appendix C.

3. Place of this model relatively to other plate models

The present model is more general than the Love-Kirchoff, Mindlin-Reissner and Reddy’s models because
it integrates additional information on the laminate behavior. Setting ¢,3(z) = 0 in the present model gives
the Love-Kirchoff model. Matrices E, F, G and H are null, so the system (22) can be reduced to the classical

2The terms §; for 14 < i < 18 are missing in Woodcock’s formula (18) and also in the list of §; he produced. They are introduced
here, but the corrected formula (18) is not given: one can easily obtain it with the present mass matrix or following Woodcock’s
procedure.



6 x 6 four-block membrane-bending behavior matrix. The shear matrix H is null. Mass terms Uag, Vag, Wag
are also null, so the motion equations reduces to three equations:

Nop,p = Riil, — S, (37a)
Mag po +q = Ri* + Su}“JZ — T (37b)

Ne%e?
Setting pap(z) = zéfﬂ (where 5& is the Kronecker symbol) in the present model gives the Mindlin-Reissner
model. P,g becomes symmetric and equals M, and @, are now the classical shear forces (previously denoted
Q¢ in this document). If v13 2 and 712 3 are summed, matrices E, F and G can be reduced to 3 x 3 matrices, and
doing this, E = A, F = B and G = D so that the —w o3 and the 7,33 can be combined to give the classical
symmetrical part Yo = 1/2(¢a,p + ¢8,o) of the gradient of rotations ¢, = —w o + a3 of the Mindlin-Reissner
model and the classical 6 x 6 four-block membrane-bending behavior matrix. The shear matrix H is not null,
and it can be enhanced by shear correction factors. The rotations time second derivative (,50‘ = —W,q + Yoz Will
also appear. Note also that U,g = Séfﬂ, Vap = T(Sfﬂ and Wy = T(Sfﬁ. The system (22) can then be reduced,
in a slightly different manner than for the previous case, with the help of (27b), leading to 5 equations:

Nog,p = Riiy, + Soa (3%a)
Mag g — Qo = Siiy, + Tdq (38b)
Qoo +q = R’ (38c)

Reddy’s original third-order theory [7] is very efficient for a single layer plate because the kinematic assumption
is very close to the three-dimensional elasticity solution. In can be simulated setting ¢as(2) = (z — 4/ 323)555
in the present model. This will work perfectly with the present formulation, but the link with Woodcock’s work
is not valid anymore, due to the presence of cubic terms in z. But this model is not adapted to high modulus
ratio between adjacent layers because the warping functions are those of an homogeneous plate.

More sophisticated models with refined warping functions have been proposed. We shall pay attention only
on those for which the number of unknowns does not depend on the number of layers. Among these models,
we can cite the references [8, 9]. These authors obtain warping functions for the general case, starting from
undetermined cubic functions in each layer. Then they develop a (different) method to combine the layer
polynomial functions into 4 laminate warping functions. It is also evident at this point that these warping
functions can be put into our model, but it was not the purpose of this paper.

4. Conclusion

In this work, a multilayered plate model has been reformulated from Woodcock’s work [6]. First, the
pertinence of this model, especially when there is high modulus ratios between the layers, has been proved by
comparing to the literature and to three-dimensional finite element studies [4, 5]. The reformulation has been
motivated by several reasons. First, in the original work, there are missing terms in formulas for the energy
coefficients, leading to an erroneous list of those coefficients. It is problematic because these energy coefficients
are precisely the core of the method. Second, this work is not presented with the standard notations of plate
models, that makes it very difficult to understand and to situate relatively to other known models. For example,
the displacement field, which is not explicit in the original work, has been made explicit in the present paper
by means of warping functions.

A mechanical behavior law involving a 10 x 10 matrix for the membrane / bending / shear warping behavior
and their respective coupling, and a 2 x 2 matrix for the shear behavior, is given. This is suitable for static
analysis. Complete equations of motion with generalized mass are also given. It has been proven that 55
generalized stiffnesses components (or strain energy coefficients) and 15 generalized mass (or kinetic energy
coefficients) are independent.

A complete link has been established between the original model and its new formulation, with all necessary
proofs. In addition, the original work of Woodcock has been completed by additional formulas and detailed
procedures to implement it in numerical simulations. It is ready to use in analytical works or in numerical
simulations with Rayleigh-Ritz or finite element discretization for example.

The place of the model amongst all multilayered plate models is now easy to see. That permits to understand
why the model is pertinent in the cases discussed above, and also to understand its limits, especially the one
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due to the hypothesis of constant transverse shear stresses, which is a poor hypothesis for thick plates without
shear correction coeflicients. This limit is not so problematic, because the present model can be, without effort,
enhanced by a choice of more refined warping functions. Results of interesting works like [8] can be easily
implemented for dynamic studies with the help of this work, which was definitely not the case from initial
formulation.
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Appendix A. Computation of Woodcock’s layer coefficients ai, aiy, ﬁi ce

In this section, the computation of the transfer matrix given in Woodcock’s work at formula (14) is made.
The notations used are those of section 2.2.1.

Appendiz A.1. Link between the layer £ + 1 and the layer ¢

We start with the kinematic and “static” assumptions of formulas (3a) and (3b). Let us consider that x and
y are fixed, hence they can be omitted in the terms. Enforcing condition (3a) into (1) leads to:

et () + (= ) (wly = 7o) = ug () + (F = ) (wly — 76s) (A1)

Let [C!] be the transverse shear stiffness matrix of layer ¢ defined as:

Clyys CF
Cﬁ — |: 1313 1323:| A2
C.] Cf323 05323 (4.2)

Hence, with the “static” assumption (3b):

W’fzs“ _ [t+1-1 0%1 _ [+ -1 Ufs _ o1 et W’fs
) (e [ o)
Let us define:
(AT = [CH) e (A.4)
hence:
(i e ) =

For clarity we denote @", the mid-layer membrane displacements u’, (2¢). Equation (A.1) can then be written:

o= {E) e oo fblsem-auwn bl we

2 W o Y23 Y23
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And finally (minus signs are left to fit Woodcock’s formulas):

041 —0 1 1
Up Uy o+17 ) —713 +17 ) W
N =[I]{_}+—[D + B ;

{ungl} [ ]{ué} [ ]{_753} [ ]{w}Q}

with:
ht htt
B = (' (1] and (D] = Dpr) 4 M

Equations (A.4) and (A.7) can be written :

a{

41 —

_u,jeﬂ I —pttt gttt _1;22

=0 AT 0 g P

Y23 0 0 I Y23
w€1+ ! wﬁ
wt wh

(A7)

Let Y* denote the vector involved in the right side of equation (A.9) and Q! the corresponding block matrix:

T@—‘rl _ Qe+1 T@

Appendiz A.2. Link between the layer £ and the layer 1 (for £ > 1)

Let us try to compute a matrix which links the layer ¢ and the layer 1:
= Qo 2 = Q!

N
It is shown in the following lines that the matrix 2 can be written:

L, [T ot
Q=10 2 o0
0 0 I
where:

A = [Cl]'[Cl]

hl -1 hé
e _ " ool mem > 14
= +m§::2h A+

Bl = (21 - 21 = 21
Let us make the proof by recurrence. Setting ¢ = 1 into equations (A.4) and (A.8) leads to:

o2 = (42 = [ '[CY)

=2

B = [B%] = (20 — 27)[1] = —2"[I]

A L41 L
Computing €2 10" leads to:

I -9 — Dyt Bt 4 Bt
Q=0 ay 0
0 0 I
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(A.10)

(A.11)

(A.12)

(A.13a)
(A.13b)

(A.13¢)

(A.14a)

(A.14b)
(A.14c)

(A.15)



Computation of the three non trivial blocks shows that the formulas (A.13) work also for the layer ¢+ 1,

QUFL — glHlg(t
= [ciedied ey

= [ci ey (A.16a)
©€+1 _ ©Z+D€+1Ql€
hl 1 — meo(m hz l hé h£+1 +1 ¢
=52 +n;h2l + 5 +<21+2A )Ql
hl L ¢ h£+1 P
= — RmY™ 4 ——— 9ttt A.16b
52 +mz::2 A+ (A.16b)

%5-&-1 _ %é + Bé-‘rl
= (P =2HT +(F =T
= (2 =21 = T (A.16¢)

that ends the proof.

N
The € matrix contains terms which are here denoted in a slightly different manner than in Woodcock’s
work:

10 6%, o5, B°

I _of gt 015;;95 5§y0
a—lo o ol= 00 ay, ag, 0 0
00 I 00al, o, 00

10

01

~

0
B
(A.17)

vy
00 0 O

00 0 O

This notation permits to write generic formulas like (C.6) for example. The correspondence with Woodcock’s
notation and the matrix in formula (14) of Woodcock’s article [6] can be obtained following the rules:

- replace superscripts £ by n — 1 (n would have been a more judicious choice),

- replace 67, by 4"~ and 5;‘;1 by 'y;‘_l,

- replace o’ by ! and a;}y_l by ozZ_l,
- makes appear a 87! and a 6;“1 instead of the two (identical) 8",

- swap rows and columns of matrix following (1,2,3,4,5,6) — (5,3,1,6,4,2)

Appendix B. Corrected lists of Woodcock’s energies coeflicients

Appendiz B.1. Important note

Below are listed the corrected 69 Woodcock’s strain energy coeflicients and the corrected 18 kinetic energy
coefficients as they were defined in the article [6].

Computation has been done with the help of a symbolic computation software. The coefficients have been
computed following Woodcock’s procedure: once established that the transfer matrix of equation (A.17) could
link each layer to the first one, strain and kinetic energies are expressed in function of the first layer displace-
ment field. Integration of these strain and kinetic energies over the thickness of the plate leads to functionals
given in reference [6] at formulas (24) and (18), and in Appendix B. Woodcock found that these functional
has respectively 69 and 13 coefficients, some of them being equal. Reproducing Woodcock’s procedure, the
computation shows that mistakes occur in the given lists. A rapid examen of these lists shows that none of the
coefficients exhibit a d,, or a oy, term which are present in the transfer matrix of formula (14) of reference [6].

Another proof is given in this work, mainly in Appendix C, in which these same coefficients are computed
from a different method involving the warping functions of formula (10).
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Appendiz B.2. Preliminary remarks

Some preliminary remarks must be done at this time:

1. Energy coeflicients has been given in Woodcock’s work using the two index Voigt’s notation for the fourth
order stiffness tensor, so we choose to keep here this index convention. We shall recall here that the change
is made according to the well known rule (11,22, 33,23,13,12) + (1,2,3,4,5,6).

2. Note that in this document a £ superscript has been chosen for the layer index instead of the n superscript
in Woodcock’s formulas. Note also that an awkward choice of numbering in Woodcock’s work has lead
to a mix of n and n — 1 superscript which hides the true nature of inner terms of coefficients, which are
simply “weights” for each layer into generalized stiffnesses or mass.

3. The density ™ of the nth layer in Woodcock’s work has been changed with p’ in the following formulas.

Some equalities between coefficients are listed in equations (32) and (36). It can be verified that these
relations obtained by symmetry considerations on the energies are confirmed in the lists below. Note that there
remain only 55 and 15 independent coefficients for respectively strain and kinetic energies, in the most general
case.

Appendiz B.3. Definition of coefficients \;
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{=1
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Aa=> (6 of, (n')° +2yyh%‘> +<6 L, )’ +25§;yh454) {6]
=1

As =) Qheﬁng
£=1 =
2 X

Mo =) <6a§; (hf)3+2v£h%f> €2+< s () +25§;th5@) Qg6]
{=1 "
n r 1 1

AT =Y (6 abal (W) + 241 wehe) +(6 abal, (h')" + 2486 he)
(=1

1 1
+( 50y (h")" +24L5L, h2> Q6 + (6 alyal, (hf)° +25§y5§gghf) QgG]
N = 30 | 1R Qs + 280,10k
)\1922 thﬂlez}

AQO:Z 2%/% 5 + 205, hQ] ]

=1
Aot = ont {2]
=1t
)\22 = Z <;) (he) + 4hl (ﬁ() > 66:|
=1t

) (1 + (05" 1) @+ ( Gt (1) + 20060,0 ) Qg
(@) ()" + () ") @l

(@) () + (8)° 1) @+ (et (0)° + 281" ) @4
(@) ()" + (4)7 1) @i

—

o=
A
Qﬁ(’\

>
&
I
N
—

X

n

o

(=1

+(

n -

)\2512

(=1 =

B\H B\H

[\.)}—‘

>=
~
O
(o250
(o2}
[

n

s =3 |14

A7 = ( ; oty (h9)” + 46§wh%e> Qb6 + (; ol (h)” + 479/&@) Q§6]

&~
M: I
I
.

(=1

15



n -

1 1 -
Aos = Y <3 o, ()’ + 45ﬁyh’555> {6 + <3a§ (n")° + 475}%5@) Qg6]

(=1 =

=3 15|

/=1
Ao =Y 41#54%4

Azl = Z (éaiyayz (he) + 255;955“’#) 2+ ((13 Qg zy (he) + 2'7555:th) 16
1 1
T (6 00ty (he) + 27.5551]1[) Qo6 + (Gaﬁaf, (he) + 2%7th> }

Aaz =) |20, h Q5 + 27,0 Qe
=1t .

n r

Asg = D |20, h Qb + 275 h Qg
Aag =) 255 Q1 +27yheQ66

Ags = ) 25f h'Qfs + 2751 Qs
|

Agg = ) —QhZQ&]
— |

Agr = zn: —( L) CL +20kal W Cls + (a )thcgs}
— |

Ass = Zn: _ (al)? nCly +2akal W Cls + (at,) hfcgs}
— |

Asy = En: - (:1), (hl) +4h* (»Be) > 16}

{=1 "~

Ao=)_ <éo¢§x (n')* + 25@}/5@) QL+ (éai (n')” + 275;}#55) QfG]

£=1
Mi=) 2hfﬁ’“’Q§6}
/=1 *
Mo = — [ 1 hé 4 @he 14 4 he 46€ hé 14 14
42 Z 31( )+’Yz 6 16+ 3ya:( )+ yx ﬁ QGG
£=1

v = | (Gatae (0 + 2ot ) @fy + (5 (00 (1) +2(60° 0
+ (1 (aln)* (n)" +2 (5 )2h5> S + (1&0/ (h")° + 2426 h4> Q! }
6 yx yT 26 6 rovT T 66
A=) {Q%h@ 6 + 20, th%]
/=1

Ais = [471@56@?6}
1

=

16



Mg = 25§Ihf O+ 29Eht QY ]

2h* ’{6]

(=1 *

n r

(éagy (n")” + zaﬁyhfﬁ‘f) Qfy + (é ot (h') + 27yh€ﬂe) Q! ]

1L

Ao = Z 2h65€Q§6:|

Aso = Z ((13 aga iy (hz) + 27,0, he) 1t <éa£a§ (hz) + éo‘ryaym (hg)g

1
¢ TNV ¢ 050 30
—&—Q%ﬂyh + 25xy5ymh > 6+ (6 Q) yz (h ) + 2'7y5yxh ) ]

Qs + 20,1
=1 "

Az = 255 hQf, + 29, QY ]

2h¢ {6]
|

(509 + 0 ()" ) Q5
=1t

_ [ 1 4 4 Ll 4 l AN YA 4
)\55—2 (6 Ay (h) + 20, h ﬁ)Qgg—F (6 w(h ) + 2y, h ﬁ)Q%]
A = _21#34@56}
Asr = (; al, (nt)’ +4wyh%f> Q6 + < ; ‘ (hf) +45§;yh554> gﬁ]

n 1 1 1
o= 2 (ot (0 2000 @+ (ot (04" Gl (0

1
+2myhf+265;y5§mh4>62§6+ (6 alal, (')’ +2v£55;yh‘) Qéﬁ]

= 3[04k + 288,11k
{=1 "

)\60 = Z 4hlﬁéQgG:|

(=1
Aot =Y |20L,h'Q%, + 275}%@56]
n

=1
A2 = QhZan]
=1 "~
~[/1 3 1
Xes =D (Gagy (h")" + zaﬁyhfﬁ‘f) Qs + ( 5% AR zyf;hf,@f) Q§6]
=1 "

17



=> {Qh%@%}
=1

zﬂ@zgw gt o (08 09" +200°0)

(=1

1 2 1

(5 0 0 w200 0) @ (ot 09+ it
Aes = Z 2y h' Qb + 205, h° f;6]
{=1 *~
At = 25f h'Qf +27yth26]
{=1 =
Aes = Z 2h£Q§6:|

£=1 =
Ao = D 2000l hCly + (205050 + 208, 0l h") Cls + 2050l W' CE;
(=1 =

Appendiz B.4. Definition of coefficients ;

" 1
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012 = Z 275}%,05}
=1"
n -

013 = Z hepe}
=L

n -

1 3 1 3
=3 <6agagy ()" + Satal, () +27ﬁ6ﬁyhf+27§6£whe) pf}

Si5= (éaﬁy (n")° + 25§yhfﬂf) p€:|
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018 = Z 25£yhepe}
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(B.2)

Appendix C. Proof of the link between behavior and mass matrices and Woodcock’s coefficients

Appendiz C.1. Preliminary results

We recall here that the height of each layer is written A = ¢‘—¢*~! and that with the help of formulas (A.16¢)
and (A.17) it can be seen that (¢*+¢*71)/2 = 2* = — 3% is the layer mid-plane elevation. Let us first compute:

C[,
/ dz = ht (C.1a)
((C)? = (¢ = n'2" = ' (-5 (C.1b)

1
2
/ " a2 L @ = L - @ e - e
. 3 12 1

= (= T )~ (T (T = )
1 1
= DR = D0 Y (C10)
These above three formulas help to compute:
C[
/ (z—29dz=nb(z" - 25 =0 (C.2a)
<£—1
¢t ¢ Loea aeo ez o2 Lo
/e_l(zfz)zdz:ﬁ(h) + ho(2%)° = h(2Y) :ﬁ(h) (C.2b)
C@
/ (2 — 2%z = - (B3 4 hE(21)2 — 2B ()2 + (1)2RE = —= (ht)3 (C.20)
cer 12 12

Another important preliminary result consists in the transformation of the following integral on a sum over the
layers, written in a particular manner which leads to easier calculus on the following steps:

z /—1
/0 Ssns ()A€ = Skg g1 = 0) + 3 ST 4(¢™ — ¢ 1) 8y y(= — ¢Y)
m=2
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1 h‘l — h é
= SozSA/B D) + Z S;ndw?)h + Sa373 + Sa373( ) (C?))

Appendiz C.2. Warping function integrals

In this section, for clarity, the notations of equation (A.17) for Woodcock’s coefficients are used. The link
with Woodcock’s notations is explained just after equation (A.17).

Computation of the E,gys. It requires the calculus of:

/< ilwaﬁ( 2)dz = 4C3p3(2 /C . ( / Suzya(C dg) (C.4)

according to preliminary results of formulas (C.1a), (C.2a) and (C.3):

Ce 1 h
/ Pap(z)dz = 4C,3p3(z") ( a3y3 o + Z Sasysh™ + Sa3'y3 5 ) ht (C.5)

One can see now with the help of Appendix A that the integrals of the warping functions over the layer ¢
are linked with Woodcock’s coefficients &%, 3

£—1

(Z
/C pap(2)dz = —6,5h" (C.6)

Computation of the F3,5. It requires the calculus of:

Cl
/441 Yap(z)zdz = 407353( /Cz 1 (/ Sasvs(C d§> zdz (C.7)

according to preliminary results of formulas (C.1b), (C.2b) and (C.3):

Ce hé hl 3
/C ‘paﬁ(Z)Zdz = 4073ﬁ3(21) ( a3vy3 o 2 + Z Sad’ydhm + Sadv3 2 ) (_hlﬁe) + Si373(12)‘| (0.8)

£—1

One can see now with the help of Appendlx A that the first moments of the warping functions over the layer
¢ are linked with Woodcock’s coefficients 5aﬁ, B¢ and o/;ﬁ:

¢t (hé):s
/ Yap(z)zdz = 65[355}/ + ozaﬁ 1 (C.9)
CZ*I

Computation of the Gapgys. It requires the calculus of:
gl
/Z lwag(z)cpw;(z)dz = 16Cx3p3(2")Cpuzsz (2 /E ) (/ Sa3rz(C dC/ Sy3u3(C d() (C.10)
¢ ¢

according to preliminary results of formulas (C.1a), (C.2a), (C.2¢) and (C.3):
CZ

-1

( 3>\32 ZSQB)\Sh +S£3,\32>< 313 Z 5ush +S’€/3,u,32>

h o ht
+ (Sész\:’,z + Z Sazxsh™ + 55;3,\32> 553;13(3 -2
m=2

CZ
[ paalE)ens @)z <16Cs (= Crsss (1) |
! ¢
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1 hl — m m 14 he 14 V4
+1S 313 + Z STsush™ + 8 Y313 Saars(z —2)

+S€3HSS£3)\3(Z - Z€>2 dz (Cll)

One can see now with the help of Appendix A that this integral over the layer £ is linked with Woodcock’s
coeflicients 5&5 and afm:

C[ hé
[ perEIersedts = st + anpas B (C.12)

Appendiz C.3. Computation of matrices [A], [B], [D], [E], [F], [G], [H] and [E]

Matrices [A], [B] and [D]. The computation of components of these matrices is classical. Formula (17) shows
that results can be written directly in a matrix form:

e n
(AL LI = [ 1112 2)as = YlQant, -5t S ) (©13)

One can see that these formulas corresponds to Woodcock’s coefficients \; with ¢ € (3,9, 21, 25,47, 62) for [A],
to —A; with i € (5,11,15,29,45,60) for [B] and to A; with ¢ € (1,7,13,22,39,54) for [D]. Note that some
Woodcock’s coefficients must be divided by 2 or by 4 according to the correspondence shown in formula (30).

Matriz [E]. Formulas (17) and (C.6) gives:

aﬁ;us - / Qaﬁ’ﬂ;@’yl—t dZ - ZQaﬂfyd(se hé (014)

This formula gives Woodcock’s coefficients —\; with i € (6, 12,18, 20, 32,34, 44, 46, 52,59,61,67). Let us finish
the demonstration for some of them, changing the notations on the fly to fit Woodcock’s coefficients:

n n
A
Eyn =- Z( 1111071 + Q11210510 = — Z( 117s + Qi60y. )" = _?6 (C.15a)
=1 =1
n n A
Eoon = — Z(ngu‘sﬁ + Q§2215§1)h€ == Z( gﬂf« + Qgefsix)he = _%8 (C.15Db)
=1 =1
S S A20
FEri22 = — Z( 1112‘%2 + Q1122552)hé = Z( {65€ Q12 y) _7 (C.15¢)
=1 =1
n n )\
Erg01 = — Z(Qﬁzn(%z + Q221 032)h" = — Z( {655234 + Qgs%i)he = *% (C.15d)
=1 =1
Matriz [F]. Formulas (17) and (C.9) gives:
< o e, o (B)?
Fopus = /(0 QaprysPyu(z)zdz = ZQQBW ( WBIhT+ ozw 1 > (C.16)
=1

This formula gives Woodcock’s coefficients A; with ¢ € (4,10, 14, 16,27, 28, 40,42, 48,55,57,63). Let us finish
the demonstration for some of them, changing the notations on the fly to fit Woodcock’s coefficients:

6@ Ehé ¢ (h€)3 6@ th 'l (h@)S
2212 12870 + ajy 12 +Q2222 208" h" + gy 12

>
gj[ ( SO+ (hé)g) +Q§2< C8°h" + o, (he)g)] = Mo (C.17a)

t AT Y12 2

Fy999 =
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~ [ ¢ ptpe, o (AP ¢ atpe, o (AP
Fii22 :Z Tz | 6128°0° + afy 2 + Q122 05280 + 0y 19
=1t
N 0 (h)? ¢ (eaere o (BPN] _ A
—; _ ( yB Nl +04w 12 + Q12 | B0 +ayv = (C.17b)
L ht)3 he)3
Pz = Z Qfin1 (‘%25%@ + 04?2(12)) + Q5o <5§2ﬂehz +ag2(12) )}
=1t
RSP tht 4ot () cqepe o (MPN] _ Aas
_;_ ( B 4ol 12)+Q (ﬁh o) =2 (C.17¢)
nor hé 3 hf 3
Fogz = Z Q212 (%15%[ +a§1(12) ) + Qo (5515€hz+0‘51(12) ﬂ
=1t
e (egepe o (B 0 (n*)? Ass
= = — 1
;_ 26(%% +ag o | + Qe (B + oy, 5 (C.17d)
Matriz [G]. Formulas (17) and (C.12) gives:
¢ (h)?
Gopus = / QaprysPor(2)pyu(z dz_ZQaM Sawdyuh’ + a0y == (C.18)
=1

This formula gives Woodcock’s coefficients A; with ¢ € (2,8,17,23,24,31,43,50,58,65). Let us finish the
demonstration for some of them, changing the notations on the fly to fit Woodcock’s coeflicients:

G _ . ¥4 5@ 52 hZ l l (h[) hé l (hf)3
1111—2 Q111 | 6110517 + ofy0fy 2= | + Qfian + ol oy 2

=t 12
h[ 3 hé 3
+Q5111 <5§15f1hz + abyaf, (12)> + Q%1 (5515§1h£ + a0y (12)> }

— - 14 L 2h€ AV (hE)S ) 14 E(SZ hé 0 1 (hé)?)
- Z 11 (’Yz) + (az) 12 + QlG Yz yx + amay$ 12
=1

4 6@ th { \2 (h£)3 =\ C.19
+6266 ( ym) + (ayz) 19 — N2 ( . a)
n hé hZ 3
G212 = Z [ 1212 (5 18110 + a0t ( 12) ) + Qlaz ( S51h" + a0, ( 12) )
=1

4 6@ 62 h@ L 4 (h[) 6@ 68 hé L l hZ)S
+Q3012 | 0210111 + a5ya7y D + Q909 | 05,05, 1" + abyaby 2

=3 [ai (wﬁfhu(ai)?(hz)?’)+2Q26( i+ atad, L)

—~

Sy
— 12 12
+Q5, <( 2)2hE+ )] (C.19D)
G _ . 4 5@ 5 h( 6@ hé Y/ l (hi)?)
1221—2 Q1211 | 011 +0‘110412 12 + Qlan 22l a5y
(=1
0 sl 10 VANVAY ¢ (he)
+Q2211 0910720 +0‘210412 2221 091090h +a21a22 12
n h h@ 3
=3 [t (ot +atat, B8 )+Q66 (ntain + atat 537
=1
o (hF)? (h*)? A1
+Q€2 <5§x6ﬁyhz + aymazy 12 + Qéﬁ mwyh‘] ylai 1 =5 (C.19¢)
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S ¢ 0 st 1t ¢ o (BY)? ¢ VY ¢ o (BY)?
G121 = E 1111 | 0110720° + a7, 9 + Q1101 | 0110220 + @ 2
=1

¢ 0 st 1t ¢ o (9P ¢ 0 st 1t ¢ o (BY?
+Q3111 | 0216120 +0‘210‘12? + Q3191 | 0210220 + Qa9

12

n ht)3 hé)S

= [t (ot + atal, ) + Qo (statn + atag
=1

62 6@ hé (AN (h€>3 0 6@ Zhé l é(he)s _ @ C.19d
+ yrlxy +ayxazy 12 +Q66 ya:’Yy +ayzay 12 - 2 ( . )

Note the specific structure of these coefficients, some of them involving 3 different stiffness tensor components
(with also different coefficients structures) like Aoz and Asp, and some of them involving 4 different stiffness
tensor components, like Ag;.

Matriz [H]. Equations (17), (9) and (A.16a) gives:

C" n
Husss = | #ha(=)Crasshp(2)dz = 3~ Clasaol (c:20)
(=1

This formula gives Woodcock’s coefficients A; with i € (37,38,69). Let us finish the demonstration for the Ago:

n

Higo3 = Z {Cf:ng (af1aiah’) + Cha13 (a51a15h") + Clgg (af10ab5h") + Chgoy (3ab5h")

=1
- A69
_ {cgsagagyhf + Cly(ab,al, +alal)ht + Chyal,abh| = 202 (C.21)
=1
Matriz [E]. Equations (24), (C.1a), (C.1b), (C.1c), (C.6), (C.9) and (C.12) permits to write:
C" n
R= / ,D(Z)dZ = Zpehé = 53 = 59 = (;13 (022)
¢ =1
Cn n
S = / p(2)zdz = =" p'B'h' = —65 = —on (C.23)
¢ =1
<" n 1
T = / p(2)Pdz = pf (12(#)3 + hf(ﬁé)Q) =6, =207 (C.24)
¢ =1
¢ n 5
Uap = / p(2)papdz = — Zpeéiﬁhl are the — — for i € {6,12,17,18} (C.25)
< =1 2
Vap = /C" p(2)papzdz = ipe 6LaBtht 4 @ are the % for ¢ € {4,10, 15,16} (C.26)
af ¢ af o af af 192 ) 9 ’ ) .

¢" n ht)3
Wap = / p(2)puapupdz = pr <5W5Wgh4 + a,moz“g(lg) are the ¢; for i € {2,8} and % (c.27)
¢ £=1
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