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SEMICLASSICAL ANALYSIS
WITH VANISHING MAGNETIC FIELDS

NICOLAS DOMBROWSKI AND NICOLAS RAYMOND

ABSTRACT. We analyze the 2D magnetic Laplacian in the semiclassical limit in the case when
the magnetic field vanishes along a smooth curve. In particular, we prove local and micro-
local estimates for the eigenfunctions and a complete asymptotic expansion of the eigenpairs
in powers of h1/6.

1. INTRODUCTION

We consider a vector potential A € C*°(R?,R?) and we consider the self-adjoint operator
defined by:
Lua = (—ihV + A)?,
where h > 0 is the semiclassical parameter: We are interested in the limit 4 — 0. This operator
is gauge invariant. Indeed, for a smooth and real-valued function ¢, we have:

—i¢/h ip/h
e ig/ 'Ch,Aezd)/ :Eh,AJrVd)-

Therefore the spectrum of £, 4 only depends on the magnetic field 5 = V x A.
Notation 1.1. We will denote by A, (h) the n-th eigenvalue of L}, 4.

The aim of this paper is to give asymptotic expansions of \,(h) when h — 0. Let us
notice that this regime is equivalent to the strong magnetic field limit which is often involved
in applications (superconductivity, Hall regime etc.).

o Framework and state of the art. There are essentially four motivations to the present analy-
sis. The first one comes from the theory of superconductivity in which the magnetic Laplacian
appears in the study of the third critical field associated with the Ginzburg-Landau functional
(see [27, 28] and also the book [10] and the references therein).

The second one is related to the papers of R. Montgomery [30], X-B. Pan and K-H. Kwek
[31] and B. Helffer and Y. Kordyukov [16] (see also [18] and [14]) where the authors ana-
lyze the spectrum of the magnetic Laplacian when the magnetic field vanishes along a smooth
curve. In these papers, the main question is to know if the cancellation of the magnetic field
can be seen on the semiclassical expansion of the eigenpairs (until now only the first term of
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the asymptotics is known for A, (h), see [16, Corollary 1.1] when k£ = 1). Coming from ge-
ometrical motivations, Montgomery was interested by the geometrical aspect of the magnetic
field. More precisely, the magnetic Hamiltonian is the Laplacian associated to a connection
whose curvature is the magnetic field (see [30] for more details). Our results complete these
considerations in the sense that the asymtptotics of [30] only gives the leading term whereas
our method will give the complete structure of the spectrum in the semiclassical limit.

The third motivation appears in the recent paper [8] where the authors are concerned with the
“magnetic waveguides”. Among other questions they analyze the case of a magnetic barrier,
that is of a piecewise constant magnetic field in R2. In particular they investigate the case
when the field takes two opposite values and enlighten the classical “snake orbits™ along the
jump through the semiclassical limit. It turns out that the singularity (arising along a line) of
the magnetic field in their paper seems to play the role of a vanishing magnetic field. The main
application is related to new type of semi-conductor devices for which the transport caused by
Quantum Hall-effect (QHE) would be played by such magnetic phenomenons. The important
fact proved in [8] is that such phenomenons are due the QHE intrinsic to the system (in the
sense that the transport is topologically quantized). For the physical counterpart of these results
one refers to [36, 12].

The last motivation is to understand at which point there is an analogy between the magnetic
Laplacian and the Laplacian with electric potential (see for instance the papers [22, 23, 13]).
For instance, it is clear that if we translate the electric potential by a constant, then the spectrum
is translated by a constant ; but if we translate the magnetic field by a constant, we will see in
this paper that the semiclassical analysis is strongly changed. Moreover this paper also aims at
enlightening that, at some point, the magnetic Laplacian can be reduced to the electric Lapla-
cian thanks to a local and microlocal analysis and unitary transforms (as it is the case when
the magnetic field is positive in [9, 35]). Part of our analysis will use the Feshbach-Grushin
method (also called Lyapunov-Schmidt reduction and which is a resolvent approximation re-
sult) and an homogenization process involving multiple-scale expansions (see for instance the
recent work [24] where the same philosophy appears in another context).

Let us now recall the nature of the known results concerning the asymptotic expansion of
the eigenvalues of the magnetic Laplacian. When the magnetic field is constant in 2D, there
are many results concerning the two terms asymptotics of the lowest eigenvalue \;(h) (see
[2, 3,7, 19] in the case of a smooth and bounded domain with the Neumann condition on the
boundary) ; the asymptotics at any order of all the lowest eigenvalues is proved in [9]. In the
Neumann case, when the magnetic field is generically non constant and positive, the one term
asymptotics is given in [27], the two terms asymptotics in [32] and at any order in [35]. For
the Dirichlet case, the complete asymptotics is done in [17]. When the magnetic field cancels,
the main results concern the one term asymptotics of the eigenvalues and the eigenfunctions
concentration near the zero locus of the magnetic field (see [30, 31]). In 3D, the two terms
expansion is performed in [20] whereas in the variable case this problem is analyzed in [33]
and [34].
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o General Assumptions on [3. Let us describe the main frame of this paper. In order £, 5 to
have compact resolvent, we will assume that:
(1.1) flx) — oo

|z| =400
As in [31, 16], we will investigate the case when (3 cancels along a closed and smooth curve
I in R2. Let us notice that Assumption 1.1 could clearly be relaxed so that one could also
consider a smooth, bounded and simply connected domain of R? with Dirichlet or Neumann
condition on the boundary as far as the magnetic field does not vanish near the boundary. Nev-
ertheless we do not strive for maximum generality the present “generic” case giving enough
information when the magnetic field “nicely” cancels (one could also make it to cancel at an
higher order as in [16]). We let:

['={v(s),s € R}.
We assume that /3 is non positive inside I" and non negative outside. We introduce the standard
tubular coordinates (s, t) near I':

O(s, 1) = 7(s) + tw(s),

where v(s) denotes the inward pointing normal to I" at y(s). We let:

5(3’ t) = B(®<S7 t))

so that:

B(s,0) = 0.
e Heuristics and leading operator. Let us adopt first a heuristic point of view to introduce the
leading operator of the analysis presented in this paper. We want to describe the operator L, o
near the cancellation line of 3, that is near I'. In a rough approximation, near (sg,0), we can
imagine that the line is straight (t+ = 0) and that the magnetic field cancels linearly so that we
can consider 3(s,t) = &(so)t where §(s) is the derivative of 3 with respect to ¢. Therefore
the operator to which it seems we are reduced at the leading order near s is:

2 N2 t? ?
WD} + ( hD, = d(s0)5 ) -

1.1. The Montgomery operator. As in [30], [31] and [16], we will be led to investigate the
following operator (self-adjoint realization on R) with parameters n € R and § > 0:

5 2
(1.2) H,s= D; + (—77 + §t2) ,

where we have used the notation:

Notation 1.2. If y is a variable, we let D, = —i0,.

We can also refer to [20, Section 2.4] where this operator appears. In fact, this operator
is sometimes called Montgomery operator (see [30]). This operator is a generic example of
the larger class of anharmonic oscillators (see [21]). We will see that it will be involved in the
asymptotics at the first order whereas the second order will be related to an harmonic oscillator.
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The Montgomery operator has clearly compact resolvent and we can consider its lowest
eigenvalue denoted by vs(n). In fact, vs is related to 1. Indeed, we can perform a rescaling
t = 07137 so that H, 5 is unitarily equivalent to:

1
52/3 (D?. + (—77(5_1/3 + 57'2)2) = 52/3]‘1 5-1/3,1-

n

It is known (see [15, 21]) that, for all 6 > 0:
(1.3) 1 — vs(n) admits a unique and non-degenerate minimum at a point 7.

We may write:

(1.4) inf vs(n) = 6% 2vy(np).

neR

Notation 1.3. We let H,, = H, ; and we denote by u, the L?*-normalized and positive eigen-
function associated with v;(n).

For fixed § > 0, the family (H,, 5),cr is an analytic family of type (B) so that the eigenpair
(1(n), uy) has an analytic dependence on 7) (see [26]).

Numerical computations of the 7y and v,,, are performed by Virginie Bonnaillie-Noél (see
[21, Table 1]) and give 19 ~ 0.35 and v (ng) ~ 0, 57. It also proved that:

lim v(n) = +o0.
In| =00

o Feynman-Hellmann Theorem. Let us recall a few formulas justified by the perturbation
theory of Kato and known as “Feynman-Hellmann” formulas.

Lemma 1.4. We have:

(Hno - V(UO))UUO = _(aan)M:nouno’

with vy, = (Oyty)n=n,- Moreover, it holds:
vi(mo) = 0.

Proof. We write:

We have:
(1.5) (Hy, —v(n))0yu, = (V'(n) — Oy Hy)uy.

For n = 7, this becomes:

(Hno - V(nﬂ))(anuﬁ)M:ﬁo = _(aan)|7i=770uT]0‘

The next lemma is sometimes called “effective mass theorem” (see [24]).
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Lemma 1.5. We have:
(Hno - V(UO))wno = (V"(??o) - 2)“?70 - Q(aan)|n=noUno>

; (92 .
with wy, = (0;ty)y=y,- Moreover, we have:

V(o) — 2
<(aan)|n=novno7uno> = OT-

Proof. Taking the derivative of (1.5) with respect to 7, we obtain:

(Hyo — V(%))(&?“n)n:no = (V" (o) — 2)up, — Q(aan)|n=novn0'
Then, we take the scalar product with . [

1.2. Local coordinates (s,t). Before stating the main result of this paper, we shall intro-
duce some notation related to the geometry of the zero locus of 5. We use the local coordi-
nates (s,t), where t(x) = d(x,I") and s(x) is the tangential coordinate of x. We choose a
parametrization of I':

v:R/(|0OQZ) — T.
We choose the orientation of the parametrization 7y to be counter-clockwise, so that:

det(v'(s),v(s)) = L.
The curvature k(s) at the point 7y(s) is given in this parametrization by:

7" (s) = k(s)v(s).
The map ¢ defined by:
®:R/(|T|Z) x (—to, to) — R?
(1.6) (s,t) = v(s) + tr(s),
is clearly a diffeomorphism, when ¢, is sufficently small, with image
O(R/(IT|Z) x (—to, to)) = {z € Qld(z,T) <to} = .

We let:

Ay(s.1) = (1= th(s)A(D(s,6)) - 7'(s),  An(s,t) = A(D(s,1)) - v(s),
Bls,t) = B(O(s, 1),

and we get:
DAy — 0 AL = (1 — tk(s))f(s,1).
The quadratic form becomes:

Qna(th) = /(1 — th(s))|(—=ihd; + A + (1 — th(s)) " (—ihd, + A1)ep|* dsdt.

In a (simply connected) neighborhood of (0, 0), we can choose a gauge such that:

(1.7) Ay(s,t) = — /t(l —t'k(s)B(s, t)dt', Ay =0.
0
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1.3. Assumptions and main result. We consider the normal derivative of 5 on I', i.e. the
function 0 : s — 0,5(s,0). We will assume that:

(1.8) 0 admits a unique, non-degenerate and positive minimum at x.

We let 69 = §(0) and assume without loss of generality that o = (0, 0). Let us state the main
result of this paper:

Theorem 1.6. We assume Assumption 1.8. For all n > 1, there exist a sequence (07 ) ;>0 and
ho > 0 such that for h € (0, hy), we have:
An(h) ~ B3N " grni/
J=0
where:
2/3 2/3 2/3 av(no)v" (M) 12
0y =6y " vi(no), 67 =0, 605 =20,"Co+3dy (2n—1) — 3 ,

where we have let:

1
(1.9) o= 550—15”(0) >0
and:
(110) OO = <Lu7707 u770>%7
where:
7:2 7:2 2
L = 2k(0)5(0)~%/3 (3 - 770) 72 4+ 276(0)"Y3k(0) (—770 + 7) ,
and: ) (0)
K(0) = 65?3(0,0) - T(;o-

Let us make a few remarks concerning our main theorem and give perspectives.

Remark 1.7. This theorem is mainly motivated by the paper of B. Helffer and Y. Kordyukov
[16] (see also [14, Section 5.2] where the result of this paper is presented as a conjecture and
the paper [ 18] where the case of discrete wells is analyzed) where the authors prove a one term
asymptotics for all the eigenvalues (see [16, Corollary 1.1]). Moreover, they also prove an
accurate upper bound in [16, Theorem 1.4] thanks to a Grushin type method (see [11]). In the
present case (dimension 2 and the order of cancellation is £ = 1), our result is stronger in the
sense that we get a complete asymptotics (in the same spirit as [9]).

Remark 1.8. As mentioned in the previous remark, in comparison with [16], we only deal
with the case of dimension 2, £ = 1 and when the metrics is flat. Nevertheless, the different
generalizations are technical adaptations. Indeed, when k£ = 1, in the case of higher dimension
and with a Riemannian metrics, the only additional (and technical) point is the introduction of
normal coordinates related to the Riemannian structure. After such a choice (using the expo-
nential map), we are essentially reduced to the flat case (modulo error terms which are lower
order) and our normal form technique can be implemented exactly in the same way. For the
case k > 1, the difference is only the leading operator which is an higher order anharmonic
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oscillator (see [21]) and our method can again be used under the same kind of generic assump-
tions (see (1.8) where § has to be replaced by s — 9% 3(s,0)). Let us finally mention that the
case k > 2 and the cancellation along an hypersurface in dimension greater than 2 are maybe
not the most generic situations (one could imagine that, in 3D, the magnetic field cancels along
a smooth curve for instance).

In order to prove Theorem 1.6, it is enough to prove the two following theorems.

Theorem 1.9. We assume Assumption 1.8. For all n > 1, there exist a sequence (07 );>o such
that, for all J > 0, there exists ho > 0 such that for h € (0, hy), we have:

J
d <h4/3 > oS, a(chA)) < CRYBRIHD/S,
j=0

Moreover, we have:

o) () ) v

0 =6 (o), 07 =0, 67 =062Co+02%2n—1) (

The second theorem provides the spectral gap between the eigenvalues.

Theorem 1.10. We assume Assumption 1.8. For all n > 1, there exists hy > 0 such that for
h € (0, hy), we have:
An(h) > B30 + hY363) + o(h°/?).

1.4. Organization of the paper. In Section 2, we prove Theorem 1.9. The main ingredient of
the analysis are the Feynman-Hellmann theorem, the reduction of £, 4 to a “normal form” and
an expansion of the operator in power series which is an alternative to the so-called Grushin
procedure (see [11, 14, 9]). In Section 3, we prove localization and micro-localization esti-
mates for the true eigenfunctions thanks to the Agmon estimates and a repeated use of the
IMS formula. More precisely we will prove estimates of the eigenfunctions with respect to
s and Dy in order to reduce the symbol of the operator when acting on the eigenfunctions.
In Section 4, we use the localization results of Section 3 to estimate the Feshbach-Grushin
projection and reduce the operator to a Schrodinger operator with electric potential which is
in the Born-Oppenheimer form. Finally, we use the Born-Oppenheimer theory to estimate the
spectral gap between the eigenvalues and prove the optimality of the quasimode construction
of Section 2.

2. CONSTRUCTION OF QUASIMODES

This section is devoted to the proof of Theorem 1.9.

2.1. Reduction to a normal form. Before starting the analysis, we shall use a few unitary
transformations to normalize £, 5. Let us notice that these transformations do not appear in
[16] (or in the context of [9]) and permit to strongly simplify the analysis.

We can write the operator near the cancellation line in the coordinates (s, ¢):

Eh,A = h2(1 — th(s)) ' Dy(1 — th(s)) Dy + (1 — th(s)) ' P(1 — th(s)) "' P,
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where . )
P =ih0s+ A(s, t)
with:

A(s,t) = /0 (1 —k(s)t)B(s,t")dt'.

In terms of the quadratic form, we can write:

Qua(¥) = / (Ithw\2 +(1- tk(s))*2|pz/1\2) m(s,t)dsdt,

with:
m(s,t) = (1 —tk(s)).
We consider the following operator on L?(dsdt) which is unitarily equivalent to E,% A (see [25,
Theorem 18.5.9 and below]):
h2k(s)?

roew o 1/2p 0 =12 p2 4 p2
hA h,A 1T 15 FINCI

with P, = m~Y/2(=hD, + A(s,t))m~"/? and P, = hD;.

We wish to use a system of coordinates more adapted to the magnetic situation. Let us
perform a Taylor expansion near ¢ = 0. We have:

B(s,t) = 6(s)t + 0B(s, O)ﬁ +O(t%).

2
This provides:
i _0(s) 3 4
A(s,t) = 5 t°+ k(s)t° + O(t"),
with:
1.5~ k(s
w(s) = L023(.0) ~ ")

This suggests, as for the model operator, to introduce the new magnetic coordinates in a fixed
neighborhood of (0, 0):

T=0(s)"3, o=s.

The change of coordinates for the derivatives is given by:
1
D, =6(0)*D,, D,=D,+ 55’5‘17&.

The space L?(dsdt) becomes L?(6(c)~*/3dodr). In the same way as previously, we shall
conjugate L;°Y. We introduce the self-adjoint operator on L?(dodr):

Lya=0""0Lieys0.
We deduce:
EhyA = h25(o)2/3D3 + P2,
where:
P = Yop1/2 <—hDg + Ao, 1) — h%5’517D7> /2818,
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with:
Ao, 1) = A(0,8(0)37).

A straight forward computation provides:
- - 1
P =m 12 (—hDU + A(O’, 7_) B h65,5_1(TDT + DTT)) m—l/Z’

where we make the generator of dilations 7D, + D, to appear (and which is related to the
virial theorem). Up to a change of gauge, we can replace P by:

12 (—hDa — 770(5(0))1/3h2/3 + Ao, 1) — héé’é_l(TDT + DTT)) m 2.

e Normal form. Therefore, the operator takes the form “a la Hérmander™:

2.1) L(h) = Pi(h)? + Py(h)* — 4m(: (?((5))1/37)2’

where:
Py(h) =m~1/? (—hDU —no(8(a))3R*3 4 Ao, 1) — héé’él(TDT + DTT)> 2,
Py(h) = hé(0)?D,.
Computing a commutator, we can rewrite P;(h):
(2.2) Py(h) =m™* (—hDg —no(8(a))3n*3 4 A(o, 1) — hé5/(51<7DT + D;)) + O,
where:

ho'6!

Cp = —hm V3D~ 1?) — i Y3(D V).

Remark 2.1. As we will see in the analysis, the “normal form” given by (2.1) will spare us
many technical considerations (see [9, 16]) involved in the construction of quasimodes and
also in the microlocal estimates.

2.2. Construction of quasimodes. We now enter in the proof of Theorem 1.9. The main
ingredient for the proof is to homogenize the operator £ and to use a formal power series
expansion.

2.2.1. The homogenized operator L. We perform the scaling:
(2.3) =0 o=h"%.

The operator »~*/3L will be denoted by L in these new coordinates. We expand the new
operator in powers of 1'/% in the sense of formal power series:

0o PL(R) ~ Y L0,

320
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with

2 1/\2 ?
;CO:D{_—F _770+§T ;

1
Ly =—-2D; (—770 + §7A'2) ,

2
/;2 - D?T + 5066'25() + L,

where a = 16,"6”(0) > 0 and:

~

L = 2k(0)5(0)~4/3 (% - no) 73+ 276(0)V3K(0) (—no - %2)2 .

We look for quasi eigenpairs in the form:
A~ BMEN 0,00,

720
)~ Z Wb Ji/6
j=0
so that, in the sense of formal power series:
(2.4) L(h) ~ X

2.2.2. Solving the formal system. Considering (2.4), we are led to solve an infinite formal
system of PDE’s which we will solve thanks a compatibility condition known as the Fredholm
alternative.

e Term in h°. We solve the equation:

Loho = boto.
This provides:
b0 = v1(no)
and
Yo(0,7) = go(6)un, (7).
e Term in h'/5. We solve the equation:

(Lo — 00)1 = (01 — L1)bo.
Using Lemma 1.4, we have:
(Lo — 00) (Y1 + D5 go(6)vy, (7)) = O1¢bo.
The Fredholm alternative (the r. h. s. is orthogonal to u,,, for each &) implies:
91 - O

and:

~

1+ Dsgo(6)vn (T) = 91(6 )ty (7),
where g; shall be determined in a next step.
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e Term in h?/5. We solve the equation:

(2.5) (Lo = 00)tp = (02 — L))o — Lat1.

Using Lemmas 1.4 and 1.5, this equation rewrites:

w 0
(Lo —0o) <¢2 + Dsgr1vy, — D2go 277 )

V” 2 . .
= (9290 - @Dggo - §OéV1(770)0290 - goL(Ta 8%)) Ung -

The Fredholm condition implies that, for all 5

(H + Co)go = 290,

where ( is defined in (1.10) and where H denotes the effective harmonic oscillator (we recall
(1.9) and that v (19) > 0 by (1.3)):

/!
2
(2.6) H = %Dﬁ + Zad”

If we denote by (u,),>1 the non decreasing sequence of the eigenvalues of H, we have by
scaling:

o= o) (240)

Anyway we choose
92 = ln + C’0

and for go, we take g, a corresponding L*-normalized eigenfunction. With theses choices,
we determine a unique function 13- which is solution of (2.5) and satisfying (¢, u,,)+ = 0 so
that 1), can be written as:

w N ~
Yo =Py — Dsgrvg, + D?,g()% + 92(6)uny (7),

where g- has to be determined in a next step.

o Further terms (“Grushin procedure”). Let J > 2. Let us assume that vy, ---1;_o are
determined as functions in the Schwartz class, that ¢, - - - , 0 are determined and that v;_;
and v are in the form:

U = Y — Dogh1Vny + Gy, k=J —1,J,

where ;- is a determined function in the Schwartz class which satisfies, (;5, u,,)+ = 0 for
all 6. Let us write the equation of order .J + 1:

J+1

J
(Lo = 00)Yyi1 = 051100 + Z Ohy1-5 — Z Lityii—j.
= =1

This equation can be put in the form:

(Lo —00)yi1 = 014100 + 0201 — Ly — Lopy_1 + Fy,
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where F'; is a determined function in the Schwartz class by recursion. We now use the explicit
form of 1/;_; and 1 and, using Lemmas 1.4 and 1.5, we deduce:

v (o)
2

Taking the scalar product with w,,, with respect to the variable 7, we find the equation:
(H+Co)gy—1 — 2951 = 07419mn) + <FJ> Upy )7

where H is given in (2.6). The Fredholm condition determines a unique pair (61, g;_1) with
gy—1 in the Schwartz class and such that (g;_1, g(n))& =0.

9 A 5
= 071190 + (0295-1 — D3gj 1 — ga029j—1 — 971 L(7,0:))uy, + F.

e Proof of Theorem 1.9. Let us introduce a smooth cutoff function x, supported in a fixed
neighborhood of (0,0). For J > 0 and n > 1, we let:

J
][LJ,n} = Yo ij(h_l/GS, h_l/gt)hj/G,
=0

and:

J
)‘LJM _ 53/3}14/3 Z thj/ﬁ,

§=0
Using the fact the v; are in the Schwartz class, we deduce that:

[(£0h) = Xy < C(T)n*H R 0/0

and the spectral theorem provides the conclusion.
3. LOCAL AND MICROLOCAL ESTIMATES

This section deals with a priori estimates satisfied by the eigenfunctions of £}, .

3.1. A rough estimate for the eigenvalues. Let us first state an elementary lemma the proof
of which can be found in [30, Theorem 5].

Lemma 3.1. For all ¢ € C5°(R?), we have:

Qnale) >

JRCERE

Proposition 3.2. For all n > 1, there exists hg > 0 such that, for h € (0, hg):
Aa(h) > 65 n (10) Y2 — CRA/3H2/15,

Proof. We use a partition of unity with balls of size h”:

YoxGa=1
7
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and such that:
D IVxgalP < Ch.
We will denote:
Bj,h = SUppx;n-
We have the IMS formula (cf. [6]):

> Qualxin) = W1Vl = Allxsml|.
j

We distinguish between the balls which intersect ¢ = 0 and the others so that we introduce:
Ji(h) ={j:BjnNT #£0}, Jo(h)={j:B;nNT =0}
If j € Jy(h) , we use the inequality of Lemma 3.1:

/ B() xsnf? da

Qnalxiny) = h > ch"™||x; 0|7

If j € Ji(h), we write:

Qnalxintt) = (1= CH?) / 110, (gt + (iR, + A) () ? dst,

where we have: ,
N d(s;)t
[Als t) = == S O + s = 5, t°).
We infer, for all € € (0,1):

Qna(Xjn?) =

(= cn) (1-0) [ h0utxno? + 10, + ) s st —

6

’ 2
vl ) |

and we deduce, with (1.4):
Qnaligat) = (1= Ch) (1= )01 (10)0} I | = e Ch¥ | )

Optimizing with respect to €, we choose: ¢ = h3¢=3 . Then, we take psuch that: 2—2p = 3p—|—§
and we deduce: p = %. O

Corollary 3.3. For all n > 1,we have:
An(R) = 65 01 (o) h47® + O(RH/3+2/15),
3.2. Normal estimates of Agmon. In this subsection, we aim at proving localization esti-

mates of Agmon type (cf. [1] and also [18, Section 5], [20, Section 7] where the same ideas
are used).

Proposition 3.4. Let (\, 1)) be an eigenpair of L a. There exist hy > 0, C > 0 and gy > 0
such that, for h € (0, ho):

(3.1) /BZeolt(x)|h1/3|¢|2 dr < O||¢||2
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and.:

3.2) Qpa (21O Py < O3y ||2.

Proof. Let us consider an eigenpair (A, ¢)) of P, 4. We begin to write the IMS formula:
(3.3) Qnale™¥) = A[W[* + K[|V e |,

We use a partition of unity with balls of size Rh'/3:
2 X =1
J
and such that:

> VXl < CR2hE,

We may assume that the balls which intersect the line ¢ = 0 have their centers on it. Using
again the IMS formula, we get the decomposition into local ’energies’:

> Qnalxine®®) = Mlxgne®bl* = B[ x;n Ve P||* — B[ Vxjne®y||* =

We distinguish between the balls which intersect ¢ = 0 and the others:
Jih) = {5 : Bin 0T # 0}, Jo(h) = {5 : BjpnNT = 0}.

If j € Jo(h), we use Lemma 3.1 combined with the non-degeneracy of the cancellation of /3
(see (1.8) in which we just use the positivity of the minimum). We get the existence of ¢ > 0
and hy > 0 such that, for h € (0, hy):

JECTEE
If j € J1(h), we write, in the same way as in the proof of Proposition 3.2:
Qualiine™) = (1= CRAY) (1= )0 ()3 — e CR2[x;ne 6 12)

We take ¢ = h'/3. We use Corollary 3.3 to get an upper bound on \. We are led to choose
®(z) = eo|t(x)|h~Y/? so that:

Qua(xjne*V) > h > cRIY | x;ne® ||

W’|Vo* < n'e.
Taking €, small enough and R large enough, we infer the existence of ¢ > 0,C > 0and hy > 0
such that, for h € (0, hy):

DY / i dr < CHY Y / X .
JjeJi(h jE€J2(h
Then, due to the support of y; , when j € J5(h) ,we infer:

3 / 2 bdr <O Y /rx]hzm dz.

jeJa(h j€J2(h

We deduce (3.1). Finally, (3.2) follows from (3.1) and (3.3).
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3.3. Rough localization. This subsection is devoted to the proof of localization estimates
near and on the cancellation line of the magnetic field.

Proposition 3.5. Let (A, 1)) be an eigenpair of Ly, . There exist hy > 0, C > 0 and g9 > 0
such that, for h € (0, hg):

(3.4) /62X(t($))|5(z)|h1/15|¢|2 do < OHI/}H2
and:
(3.5) Qua (XHD@IN sy < Cpaf3| |2,

where X is a fixed smooth cutoff function being 1 near 0.

Proof. Let us consider an eigenpair (), 1)) of P, ». We begin to write the IMS formula:
(3.6) Qna(€V) = A[¢* + B[V DeTy|.

We use a partition of unity with balls of size h*/'°:
> X =1
J

and such that:
D IVxgal? < ChTH,
We take: ® = x(t(z))|s(x)|h~/'°. In particular, we have: [V®| < Ch~'/15. We write:

> Qnalxine®®) = Allxgne®dl* — B2 x;n Ve P> — B[ Vxjne® s[> = 0.
J
Let us defined the two subsets of index:
Ji(h) ={j: BinNT # 0}, Jo(h) ={j: BjnNT = 0}.
As previously, we can write, for the balls with index j € J(h):
Qualisac®s) = b [ H0)nevl do
For the balls of index j € .J;(h), we have:
Qnalxne®v) > <h4/ 01 (n0)d; " — ChAE+ 15) I ne 01,

where §; = (s;) ((s;,0) is the center of the ball). Gathering the estimates, we deduce:

> ch Y x ey

(37) (Ch1+4/15 _h4/3yl(770)5§/3) Z HXj,he(I)w‘P
jeJ2(h)
+ Z (h4/31/1(770)(5]2'/3 . 63/3) . Ch4/3+2/15> HXj,he(I)w”z <0.
Jj€J1(h)

Then, we fix ¢g > 0 and D > 0 and we write:
Ji(h) = Ji1(h) U Jia(h) U Jys(h),
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where:
Jia(h) = {j € Ji(h) : |s;| < D'/},
Jio(h) = {j € Ji(h) : DRV < |s;| < &0},
Jiz(h) ={j € Ji(h) : |s;| = €o}-
For j € Jy 5(h), there exist ¢(g9) > 0 and hy > 0 such that, for h € (0, hy):
h4/3V1(770)(5]2-/3 . 53/3) . Ch4/3+2/15 > c(so)h4/3.

For j € Jy5(h), from Assumption 1.8, there exists () > 0 such that:

h4/37/1<770)(6]2'/3 . 5(2)/3) i Ch4/3+2/15 Z h4/36(€0)8? . Ch4/3+2/15.

We notice that:
h4/35(€0)85 . Crh4/3+2/15 > h4/3(5(80)D2 . C)h2/15.
We choose D so that: é(go) D? — C' > 0. We notice that, for j € J; 1(h):

Ixj e[l < Clly.
We now deduce from (3.7):
> Ixrel? < Cllel?
jEJLQ(}Z)

and then:

o s lIP < Clol® Y Iaae®dl® < Cllvl”

Jj€J1,3(h) jeJ2(h)
This provides (3.4) and the identity (3.6) implies (3.5).

O

e [Introduction of cutoff functions. From Propositions 3.4 and 3.5, we are led to introduce a

cutoff function living near x,. We take v > 0 and we let:

X (@) = x (R0t ()) x (11 s(2))

where y is a fixed smooth cutoff function supported near 0. Moreover, we will denote by )

the function x, ,(x)1(x) in the coordinates (o, 7). In particular, we have:

12l = (1 + O(h=)|[ll.

As a consequence of Proposition 3.4 we have the following corollary.

Corollary 3.6. Let (), 1) be an eigenpair of Ly 4. For all n € N, there exist hg > 0, C' > 0

and £y > 0 such that, for h € (0, hg):
[ it dods < e,

/T”(thTzLP + |hD,a)|?) dodr < Ch2/2hY3 4|2
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3.4. Order of the second term. From the normal estimates of Agmon, we deduce the propo-
sition:

Proposition 3.7. For all n > 1, there exist ho > 0 and C > 0 s. t., for h € (0, hy):
An(h) > 62301 (o) WP — CRO/3,

Proof. We consider an eigenpair (\,,(h), 1, ;) and we use the IMS formula:

Q(Wnp) = Aa(M)[tnnll? + O(h) [t n .
We have (cf. (2.1)):

Q(&n,h) Z

fr
+ W23 Doty | — OB ([ .

Let us deal with the terms involving C}, in the double product produced by the expansion of
the square. We have to estimate:

h |%<5,5_1(T‘D7‘ + DTT)@Z)n,hy ChQLn,h> ‘

2

. h .
(—hDC, — o0 BR*3 4 A — 65'5*1(707 + D7)+ Ch) Unp| dodr

We have :
|Crtbnnll = o(h)|¥nnll

and, with the estimates of Agmon (and the fact that O is a critical point of 9):
16'6 (7 Dr + D7)l = 0(1) [ -
Moreover, we have in the same way:
B | R(AGp, Cothn )| = o(h™) ][>
Then, we have the control:

| R(AD o, Crth )| = o(h*®)||thn ],
where we have used the rough estimate:
1hDothnpll < CH*2|[4hp ).
We have:
(3.8)  Qthnn) >

/v—2

+ 12652 | Detbun|” + o(B7) [l
We now deal with the term involving 7D, + D, 7. With the estimates of Agmon, we have:

h|R(S'6 (T Dr + Dy )y p, (—hDy — 08 20?2 + A)ihy )| = o(BY?)|[ 0.

2

dodt

( — 1032 4 A — %6’5‘1(7DT + DTT)) V.
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This implies:
QW p) >0 h2|| Dot ]| + / 2 |(=hDy — no8 20?3 + A) | dodr
+0(h*) [l

We the same arguments, it follows:

2 2
(3.9) Q(Unp) =h25 2| Dyt n|)? + / 2 (—hDU — 1o /3n3 +51/3%> Gnn| dodr
+ O(R) [t 1
and
2 2
(3.10) Qi) =h20"% | Db ||? + / ‘ (—hDU — 16" PRP + 51/3%) Unp| dodr
+ OB [l
We get:
2 2
QW n) Zh20)%|| Dot + / 52/ (—hd‘l/gDU —oh?? %) G| dodr
+ OB [l
Then, we write:
571/3DJ — 571/6D0571/6 + i(571/6>/.
and deduce:
2 2
Q(dn,h) 2h25(2)/3”D‘r¢n,hH2 + /5(2)/3 (_h61/6D061/6 - 770h2/3 + %) 2Ln,h dodr

+ OB [thn .

We can apply the functional calculus to the self-adjoint operator 6~/ D,§~/6 and the follow-
ing lower bound follows:

Q(bnn) >hY385 1 (110) + O(h) [ I
]

From this analysis, we infer that, for all n > 1, there exist hy > 0 and C' > 0 such that, for
all h € (0, ho) :

(3.11) An(R) = 627301 (o) W23 < CRA/3.
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e [ntroduction the space generated by the truncated eigenfunctions. For all N > 1, let us
consider L?-normalized eigenpairs (A, (h), ¥y 1)1<n<n such that (¥, p, ¥ p) = 0if n # m.
We consider the N dimensional space defined by:

&xn(h) = span QLmh.

1<n<N
Remark 3.8. The estimates of Agmon of Corollary 3.6 are satisfied by all the elements of
En(h).

3.5. Localization with respect to ¢ and D,. This subsection is devoted the analysis of the
behavior of the eigenfunctions with respect to o and D,. In particular the crucial propositions
that we prove are Propositions 3.9 and 3.12. We will see that these local and microlocal
controls will be enough to estimate the spectral gap between the eigenvalues (we do not need
higher order controls, i.e. estimates of ¢ and D", even if they could be proved).

3.5.1. Localization with respect to o. This subsection deals with the proof of the following
proposition:

Proposition 3.9. There exist hy > 0, C' > 0 such that, for h € (0, ho) and for all ) € € 5 (h):
lodbll < CRYE ).

Proof. We only have to prove the wished inequality for ¢) = 1/},17 »» the extension to ¢ € & ~n(h)
being an easy consequence. We consider (A, ) an eigenpair of £, . We can write:

QW) = AlY|I” + O(h>)l|9*.
We have:
QW) = [PL(R)DI + [ Po(R)DII* + O(R*) [ ]]*.
We can write:
1Py ()
= i (D, = wo(5(0)*H2/* + Ao, 7) — he ™ (7D, + D)+ Gl

with:

ho'
Cn = ihim™20,m™* — Zlr Dr + Doy V2]

Let us first erase the term involving C'(h). From the estimates of Agmon, it follows:
312 [Ah)yl?
> i (~hDy — m(3(0)) P + Ao, 7) ~ h5 887 (rD; + Do)
— Cn?[|]*.
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Then, we use again the normal Agmon estimates to replace 7 by 1:

(3.13) | PRy
> (=D, = wo(5(0) 12 + Afo,7) — hgd67 (D, + D)
— CR*P|J.

From the non-degeneracy assumption on ¢, we infer that there exist ¢ > 0 and hy > 0 such
that, for h € (0, ho):

(3.14) QW) > & vi(no) B3| + c|h Do

2

. 72 hé' .
+ 0/02 <(zh5 130, + noh®3 + 5 + Ry — W<TDT + DTT)) Y| dodr
- Cr?[9)1%,
with
Ry = k(0)d37% 1 O(T4).
We must analyze:
e 72 ho' 2
/02 ((ma Y30, + noh?3 + 5 + B - W(TDT + DTT)) Y| dodr
72 ho’ . |
— / ‘ ((z’hé‘l/?’&, + noh?3 + o+ Bu— s (TD- + DTT)) ot —ihd 39| dodr

We shall estimate the double product:

/

2 ~
2 / R { ((z‘hé—l/?’a, b+ T+ Ry - %wf + Dm)) a@z?hé-l/w} dodr

. ho' : _
=2h / R {z (zhé 139, — e (tD, + DTT)) 0¢51/3¢} dodr

We have:

—2h2/§R{5_1/3&,(0@L)¢} dodr = O(h)||4|* — h2/6_1/380|@[)|2d0d7
= O(h*)|[9]1%.

Then, we write, thanks to the estimates of Agmon:

5—1/35/ — .
_op? / U&W% {((787 +,7)) W} dodr = O(h?)|[¢]*.
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We infer that:

(3.15) / o2

2 he' |2
= / ‘ ((ihd—l/sa, + noh?® + % + Ry — I (tD.+ D r)) o

2

dodt

(ih6~120, + h2/3+T—2+R ho (7Dy + D.7) |
o T 1o B h~ G5A/3 T

dodr

+O(?)|[9].
We have to control the following double product:
2 . -
6/123? {/ 16 Y30,(00p)6=4/38' (1D, + Do1)ep dO’dT}

We use the rough control (see Corollary 3.6):
1hOs )| < B*2||4)|

and the estimates of Agmon to get:

h*R { / 1630, (o0))6=4/38' (1D + D7) dadr} = o(R*3) |92
The other terms in the double product can be estimated in the same way so that:

2 ! 2
/ ‘ ((ih5‘1/380 + noh?? + Ty Ry, — ho (tD; + D, )) op| dodr

2 664/3
2
= / ((z‘hé—l/?’a, + noh?/® + % + 5(0)73) o1

We can also erase the term in 7°:
2 54/3

2
/‘( (ihé6 =120, 4+ noh®* + )w

Finally, one will need a last technical detail. We write:

(3.16) /‘( (ihd =30, + noh?® + )02/1

]

so that we make the self-adjoint operator 6~'/9D,6~/6 to appear. We deal with the double
products as previously to deduce:

/ ‘((ihél/ﬁagél/ﬁ—z’h(é V6Y 1o + )aw

2
/‘(Zhé 169 6~ 1/6—1—77 h?/® + 2>0¢

2

dodr + o(h°3) |42

2 ! 2
((ih5_1/380 + noh?? + Ty Ry, — ho (tD; + D, )) op| dodr

dodr + O(R*3) |42

dodr

dodr

((ih5‘1/68(,5‘1/6 — ih(6Y8Y 4 moh?3 4 ) ot

dodt

dodr + o(h*) ]|,
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We have now a nicer lower bound. There exist ¢ > 0 and hy > 0 such that, for h € (0, hy):

Q) 265" v1 (o) W2 ||| + || kD, o) |

2
+c / ‘ ((ma-l/ﬁa,a—l/ﬁ + noh?® + %) o)

1/6

2
dodr + O(R*®) |92

Using the functional calculus applied to §~/D,6'/6, we infer that:

QD) > &5 v (no) kP[> + cva (mo)h*2 | P[> + O(R™/3) ||,

Jointly with the upper bound on A\, we deduce the result. 0
Proposition 3.10. There exist hg > 0, C' > 0 such that, for h € (0, ho) and for all ) € €y (h):
Qo) < ChP||3].

In particular, we have:

IhD-(o)|I> < CR¥P I, [|hDo(ad)II* < CH2 |1,

Proof. Let (), 1) be an eigenpair of £, o. By the IMS formula, we can write:
Qo)) = Aoy || + [[Po(h), o]
An immediate computation provides:
[P (), o191 < CR?[[9]*.

It remains to use Proposition 3.9. 0J

| 2

3.5.2. An improved lower bound. As a consequence of the localization estimates with respect
to 7 and of the localization with respect to o given by Proposition 3.9, we have a lower bound
for Q:

Proposition 3.11. There exists ho > 0 such that for h € (0, hy) and 1 € &y (h):

2
Q) =8 / (L4 2kor, )] (670,00 4 oh®* + -+ 67 P (0)7) | dordr
- 2 . .
+ [ 8RO dodr + 203 () b + o) [

Proof. The proof is essentially based on the same estimates as in the proof of Proposition 3.7.
Let us recall (3.8):

Q) 2l(~hDy — m(5(0)*h + Alo,7) ~ hed5™(rD; + Do)
+ (18P hD|1? + o(h*) [0,
We transform a little bit (3.9):
Q) = [
+ W28 D) 4 o(h¥) |12

2

2
(—hDU — o0 3R + 51/3% + H(O)(So_lTS) Y| dodr
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We improve now (3.10) by replacing i by 1 — koéé/ %7 thanks to the estimates of Agmon with
respect to 7 and using the support of ¢) with respect to o

Q) > / (1 + 2kody 7) <—hDg — o3P 51/3%2 + K(O)(solf?’) Y 2 dodr
+ 202D || + o) 197
It follows:
QW) >
/ %3 (1 + 2kody °7) <—h5‘1/3D0 — o+ syt (0)73) V) dodr
+ 2|02 D |* + o(R) |||
We use now the Taylor expansion:
§2/3 = §2/* (1 + gaoz) +O(c).
One of the terms which we can neglect is:
/|o—\3|hDTz/3\2dadT < Cn / (o PIhD, 4 dodr = o).
where we have used Proposition 3.10. In the same way, we can write:
/ o |(1 + 2kod, 5/ 7)| <—h5_1/3Da —noh?? + 5 —|— 5_4/3 0 )7'3) ) 2 dodr
o(h**) ||,
It remains to analyze:
52/3/ 2 (—h5_1/3DU — noh?? + 5 —l— 5_4/3 (0 )T3> | dodr.
This can be done in the same way as in the proof of Proposition 3.9, see (3.15):
: 52/3/ <—h51/3DJ . 770h2/3 2 + 5y 4/3 ( )73) 1/; 2 o

dodr + o(h*)||]*.

2/3/‘( he™ 1/3D 770h2/3 2) U¢
2

We deduce:
Q) >

/ i (|hDTzL|2 (1 -+ 2kordy )| (67 2ihd +moh®* + =

+5_4/3 (0 )7'3)77/VJ|2> dodr
2 . .
+ 500 o ()|l + ok )]

We replace 6 /20, by §~1/90,,6~1/6 as in (3.16) and the conclusion follows. O
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3.5.3. Localization with respect to D,. In this subsection, we investigate a micro localization
property with respect to D,:

Proposition 3.12. There exist hy > 0, C' > 0 such that, for h € (0, hy) and for all ) € €y (h):
1Dl < Ch™Y0||3)].

We introduce a new coordinate:
s = f(o) :/ (5(0)1/3(10.
0

The space L?(dodr) becomes L?(6~'/3dsdr). We can write:
Dy = 63(0)0,.
We will denote by ¢ the function ¢ in these new coordinates.
e Fourier transform. We are led to introduce a weighted Fourier transform:
(3.17) Fs(9) () = F(6~%9).
A straight forward computation provides:

Fs((65ih067Y0)d) (1) = —puFs(d) (1)

and:

D, Fs(9) (1) = —Fs(sd)(n)-
Using the Parseval formula, we see that F is unitary from L?(6~'/3dcdr) to L?(dudr). We

can now prove a microlocal estimate with respect to 6~ /6D,6~'/6 which implies Proposition
3.12.

Proposition 3.13. There exist hy > 0, C' > 0 such that, for h € (0, ho) and for allp € € 5 (h):
H51/6D<5_1/6¢3||L2(5—1/3d<d7) < Ch™814)).

Proof. We will need the following lemma:

Lemma 3.14. We have:

(3.18) 1hD-((071°0,6= 1)) < CRY2|[(671/°0,6O)||* + ChY2 [,
(3.19) 1hDo((671/°0,0 1)) < CRY2|[(671/°0,6 V)| + CRY2 | |2,

Proof. Let (), 1)) be an eigenpair of £, o. We use the IMS formula and we get:
QUE00,6 /%)) = A||(67/°0,6 /) ?
— |[Pu(h), (570, 6 /O DI> — [|[Pa(h), (60,6 O)J|1* + O(R?)|[]|*.
A computation of the commutators provides:
I[P1(R), (6 1°0,0~1O)]0|* < ChY2 1|2
I[P2(R), (50,6 O)J0|* < ChYP|[4].
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This implies:
Q100,07 1/%)p) < A[[(671°0,6- /) ||* + ChY 21|
We immediately deduce (3.18). For the proof of (3.19), we write:
1P (R)(871/50,6/) 1> < [I(87 100,610 )p||* + R[],

It remains to investigate the sizes of the different terms appearing in P;(h). We observe that
(see Corollary 3.6):

172574 °0,0 1)l < ChY2||(67 00,0~ YO)1* + CRYP 19

and:
1h8' (7 Dy + Do7)(6~ 00,07 1/°) |
< ClIhD7 (600,67 0)||* + C|hd' (670,86 |*
< CH||(57/50,5710) G| + O,
where we have used (3.18). O

Let (A, 1) be an eigenpair of Ly, 4.

e Microlocal estimate near the minimum. We have (see Proposition 3.11 jointly with Corol-
lary 3.6):

Q) > / 52/ <|hDTz/3|2 + (67 Y8ihd,07 0 4 noh?/® 4 %2)1/3|2) dodr
— CRP |97,
This becomes:
Q) 2 [ 8 (WD + (-t + >+ IR ) ddr — O
We infer:

QW) > / B35 0y (o — W3 12)| F3(8) 2 dpudr — CRP3 ).

Let us fix ¢ > 0 small enough to have, for |h!/3 | < &q:

V" (o) hz/?’uz.

vi(no — h*3u) > vi(ng) + 4

For this value of ¢, there exists ¢y > 0 such that, for |h'/3pu| > &

vi(no — h*3u) > vi(no) + co.
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Let us recall that Q(v)) < (A + O(h™))||1||> and that \ satisfies (3.11). Then, it remains to
split the integrals on |hY/3u| < gy and |hY/?u| > ¢ and we infer:

(3.20) / | Fs5(d)|> dudr < ChY3|19|?,
|RY/3p|>e0

(3.21) / |uFs(d)| dudr < Ch™3|||12.
|R1/3p|<eo
e Microlocal estimate away from the minimum. Then, we want to obtain a control of:

/ 1 F5(0)[? dudr.
|h1/3p|>e0

For that purpose, we will use Lemma 3.14. Let us first write:
QI7Y°0,01/0)) || Pr(R)(67Y/°0,6Y0) || + h2(|6Y° D (571°0,0 1)) |
— CR2||(57 /50,6 1/6)|12.

We have immediately:

B(16Y2 D (671°0,6~HO)B|P 2 85 2| D (57008 ) |
Then, we write:

1P(R)(67 00,6 ) d> > (| P + Co) (6710056 /°) |2,
where:

P = —hD, —no(6(a))2h?*3 + A(o,7) — gafal(TDT + D.7).
Expanding the square, we are led to estimate the following term:
R P(6700,6 ), Cp (67 1/00,6/0)e)

We have:
ICH(671°0,6=/0)|| < Chl|(67°0,60)b||
and:
[ P(6 00,07 /0) || < O P(6~ 00,07 /%)i|.
We get:
1P(6=%0,610)|| < Ch||8'(Dy + Dor)(6 00,07 /)|
and:
(3.22) 16" (7Dy + D7) (67Y%0,671/6)4)||

< Ch||(6750,6 )| + C||6'T D (659,67 1/)y|.
Using the support of ¢, we deduce:
(3.23) 16" D (6769,67/%)b|| < ChY3|| Dy (57100, /6y
Therefore, with (3.18), we infer:
1P (R) (50,6 /O)p|* = (= P)(5~1/°0,6 /)|
— CROP||(67%0,6 /) d|1* — CRP (1),
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We write:
17 P) (690,67 /O) |1 = 6 (™6 2 P) (650,67 /0) .
We shall again expand the square and control the term:
17267 108,610) || < CRPP(||(07Y/°0,0~1°)l| + [|])-
With (3.22), (3.23), (3.18) and (3.19), it follows that:
1P (R) (600,67 1/%)|?

. - AL —1/6y,7
> 03l (=R~ 2Dy — ol + 57 (07100,57 1)

— CRP(|(67°0,6 /) |1> — CR ||
With the same arguments and using the Taylor expansion of A, we find:
1Py (R)(67 100,61
> 680 —hs D, — k¥ + T) (600,87
Ch2)| (67 1°0,67YO) P> — ChPP 1],
Let us notice that (see (3.19)):

(3.24) / I7||(=hé 3D, — noh*? + 2)(5*1/6305*1/6)¢|2dod7

< Ch'/3= / |(—hd™Y3D, — noh®? + %2)(5—1/6&,5—1/6)@2 dodr
< CRYP|(07Y00,07VO)p||2 + ChY 7|,
Using the Taylor expansion of 72 and (3.24), we find:
QUaY°0,6710 )
> / 52/ <|hDT@Z3|2 + (67 Y38, + noh®® + %2)(5—1/6505—1/6)@&2) dodr
— CRYS | (87150,870)|12 — Ch/

Replacing 6~/20, by 6~/°9,,6 /6 (modulo error terms which can be controlled with the same
arguments), we deduce:

Q((67%0,671/)4))
2
> / 52/ (\hDT7,Z3|2+ [(67Y0ihD,0~ 16 4 neh?/? 4 %)(5—1/6005—1/6)@2) dodr

— OB (500,67 0| — ChPl g
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We infer:

Q) > / 36520 (110 — W3 ) |uFs(B) 2 dudr — ChA/37||(67 60,6 /6)3p |2

— R[],
It follows:
uFsoPdpdr < OB || uFsd||? + CRYP =[],
|R1/3 | >e0
Combining this last estimate with (3.21) , we get the conclusion. 0J

4. APPROXIMATION BY TENSOR PRODUCTS
We can now prove an approximation result for the eigenfunctions. Let us recall the rescaled
coordinates (see (2.3)):
4.1) o="h'%6, 7=hn*

We recall that £ (1) denotes £(h) in the coordinates (6, 7). We will use the notation &y (h) to
denote &y (h) after rescaling. We introduce the Feshbach-Grushin projection:

H0¢ = <¢a u?70>7°u710 <7A->

We will need to consider the quadratic form:

X -2
) =" [10s0k + |(-=m+ 5 ) 0

2
dodr.

Proposition 4.1. There exist hy > 0 and C' > 0 such that for h € (0, ho) and 1) € &y (h):

4.2) 0 < Qo(¥h) — 8" v (mo) [ < CRYO||?
and:
4.3) o) — || < ChY™2|19)||

1D+(ot> — )| < CRYP|J]
172 (Mot) — )| < ORI

Proof. Let us consider 1[1 ce ~(h) which is associated with a rescaled eigenvalue A. We have:

~

Q) < (A +O(h™)) 1|
We have:
IPL(RYD I + ([ Pa(R)DI < (v (o) + CRY) [
We now use Proposition 3.11 to get (the term in 73 and the term associated with 77 are con-
trolled by the estimates of Agmon):

" . e . 72 o .
Q)2 [ 6" (e + 1670 00,510 — g+ DI ) dode + ol
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We wish to make the term 6~'/6i41/69,61/6 to disappear modulo some error term. Expanding
the square, we are led to estimate the double product:

23%<( o+ )w 0~ %inM %056 1/6¢>
We have:
72\ - -
[(-m+5)é| < cnin
and, with Proposition 3.12:
Hgfl/fiihl/Gaﬁgfl/G@H < CRY9)|0,6- V50| < CRYO|| |-

It follows:
Q) > Qo(th) — ChMO||3p .
We deduce (4.2). We get (4.3) as a consequence of (4.2) in a standard way. ]

Proposition 4.2. There exist hy > 0 and C' > 0 such that for h € (0, hy) and VeE ~n(h):
Aos 52/3 72
QW) 2 [0 (1Dl 41670k 0,370 — o + )0 ) dot
P . ) )
+ 30 () [66* + Con' P> + o(n) ||
where Cy is defined in (1.10).

Proof. We use Proposition 3.11 to write:
44) QW)=
53/3/ (|hD )+ |(67/0iRM 00,0710 — o + % +0, "k (0)h1/3%3)z@|2> dod7

~2
+ 20 ka2 / #I(6YOR 00,6710 g + -+ 8y P R(0)15) I dodr

2 . .
+ 500 (m)l|avI + ok )[4

With the estimates of Agmon and Proposition 3.12, we get on the one hand:

(4.5) / (00095615 — ng +5+5 Pr(0) B3| dedr

2
i [+ (W ) D12 dod7 + ok 4



30

NICOLAS DOMBROWSKI AND NICOLAS RAYMOND

and on the other hand:

(4.6)

A A A2 ~
/ (6718315056 71° — g + % + 8y PR(0)RYP#2) ) dgd?

A A A2 ~
= / (07 1/6in 6056716 — o + %)W dod?

~2

+ 26, P r(0)RMP / (—no +—

) IO s + ofn 1P

It remains to approximate the quantities:

AQ ~2 N
/ < No + ) |2/J\2dad7 /(—7)0—1—%) #2ap|? 6dr.

Let us analyze the first one. We consider:

/7 ("0?2) (1912 — [Migi?) dod?
( ’7”%) (1] — 1Mo (1] + [To¥h|) drd
(770+ )
< 19— ( [+

7A_2 4 R . 1/2
< V2|Y — o) (/r (—no+ ) (|¢!2+|How|2)d&d%>

2

<

<

(I — T ) ([9] + |Teb|) dodr

w|ﬂ>

~

1/2
- ) (1] + 1)) d&d%)

1\3|\1

We infer:

~o\ 4
(/722 <—770 + %) (W|2 + !Hozﬁ\z)dﬁdf)

<

1/2

1/2

(/ < o+ 2) ¢2dad7>1/2+</ ( o + AQ) Tt dadr)

Using the fact that u,,, is in the Schwartz class, we get:

With the

A2
/# ( "o + ) Mdf dodi < C [ (G246 < I

estimates of Agmon, we get:

. \" AN
7 (-m0+ 5 ) 008 + o) doar <l
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We deduce:

[# (ot D) o ity ar| < onoe
In the same way, we get:

[ (-m+5) #002 - madpydoas | < o

Then, we can write:

/% (—no n %2>2 o)) dod = (/T (_7,0 n %2>2 ‘un0|2d%> (/@,unogd&) .
We get:
[tbvunzas = [ [ (d.wn)2doar = ol = 1+ o)
We infer:

Ao\ 2 R
@n [#(owe D) i doar - ( [#(-w+%) |um|2d%> (1 + o)

In the same way, we get:

/\2 R
as) [ (-m+ 5 ) mipasar = ([ (-m+ T ) lunar) 0ol

Gathering (4.4), (4.5), (4.6), (4.7) and (4.8) and the definition of Cj in (1.10), we get the lower
bound. O

After rescaling, we deduce the corollary:

Corollary 4.3. There exist hy > 0, C' > 0 such that, for h € (0, ho) and ¢ € €y (h):
2
QW) > /53/3 (\hDTwQ + (67 Y55hD,6 Y6 — noh®? + %)W) dodr
2 ; ) _
508 S (o) b0+ ol I + o(h ) [

We use the weighted Fourier transform defined in (3.17) and we infer:
Corollary 4.4. There exist hy > 0, C' > 0 such that, for h € (0, ho) and ¢ € €y (h):
2
Q) = [ 8" (WDed + =t = >+ D)3 ) dyar
2 . . .
+ 300 ann (m) P Dud|* + Coh® |l911° + o(h*2) 6],
with ¢ = Fs.
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e Conclusion: Proof of Theorem 1.10. Let us introduce the operator on L*(R?, dodr):
2 2\?
4.9) 558/304% (no)h4/3DZ + 5(2]/3 h*D? + <—h,u — noh*? + %) + Coh®/3,

We denote by A, (h) its n-th eigenvalue. From Corollary 4.4 and the min-max principle, we
deduce:

(4.10) An(h) > An(h) 4+ o(h*/3).
The Born-Oppenheimer approximation (see [29]) provides the following estimate for A, (h):
(4.11) An(R) = W30 + h*203) + o(R/3).

The estimates (4.10) and (4.11) provide the conclusion. Let us recall the spirit of the Born-
Oppenheimer approximation (see the historical reference [5]) without going into the details.

2
The principle consists of replacing, for fixed y, the operator h? D? + (—h,u — noh?/3 + é) by

its lowest eigenvalue h*/3v; (ny+ph'/%) and to analyze the spectrum of the “Born-Oppenheimer
approximation” defined by:

2
35y (gaVI(UO)Di +vi(no + uhl/G)) :

This (semiclassical) analysis can be done through standard techniques (see [22, 23] and [13]).
We can also refer two our recent works [4] and [35] where this idea appears. It can be proved
(through Agmon estimates with respect to ;2 and a Feshbach-Grushin type argument) that the
investigation reduces to the harmonic oscillator:

2 V//
h4/352/° (gam(%)Di + (o) + A (2770)#2)

and the estimate (4.11) follows.
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