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Nicolas Dombrowski and Nicolas Raymond
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Abstract

We analyze the 2D magnetic Laplacian in the semiclassical limit in the case when
the magnetic field vanishes along a smooth curve. In particular, we prove local and
micro-local estimates for the eigenfunctions and a complete asymptotic expansion of
the eigenpairs in powers of h'/.

1 Introduction

We consider a vector potential A € C>°(R?,R?) and we consider the self-adjoint
operator defined by:
ﬁh,A = (—ihv + A)2,

where h > 0 is the semiclassical parameter: We are interested in the limit A — 0.
This operator is gauge invariant. Indeed, for a smooth and real-valued function ¢, we
have:

e /MLy A = L arvs

Therefore the spectrum of £}, o only depends on the magnetic field 5 =V x A.
Notation 1.1 We will denote by A\, (h) the n-th eigenvalue of Lp, 4.

The aim of this paper is to give asymptotic expansions of \,,(h) when h — 0. Let
us notice that this regime is equivalent to the high magnetic field limit which is often
involved in applications (superconductivity, Hall regime etc.).

Framework and state of the art There are essentially four motivations to the
present analysis. The first one comes from the theory of superconductivity in which
the magnetic Laplacian appears in the study of the third critical field associated with
the Ginzburg-Landau functional (see [27, 28] and also the book [10] and the references
therein).

The second one is related to the papers of R. Montgomery [30], X-B. Pan and
K-H. Kwek [31] and B. Helffer and Y. Kordyukov [16] (see also [18] and [14]) where
the authors analyze the spectrum of the magnetic Laplacian when the magnetic field



vanishes along a smooth curve. In these papers, the main question is to know if the
cancellation of the magnetic field can be seen on the semiclassical expansion of the
eigenpairs (until now only the first term of the asymptotics is known for A, (h), see
[16, Corollary 1.1] when k£ = 1). Coming from geometrical motivations, Montgomery
was interested by the geometrical aspect of the magnetic field. More precisely, the
magnetic Hamiltonian is the Laplacian associated to a connection whose curvature is
the magnetic field (see [30] for more details). Our results complete these considera-
tions in the sense that the asymtptotics of [30] only gives the leading term whereas our
method will give the complete structure of the spectrum in the semiclassical limit.

The third motivation appears in the recent paper [8] where the authors are con-
cerned with the “magnetic waveguides”. Among other questions they analyze the
case of a magnetic barrier, that is of a piecewise constant magnetic field in R?. In
particular they investigate the case when the field takes two opposite values and en-
lighten the classical “snake orbits” along the jump through the semiclassical limit. It
turns out that the singularity (arising along a line) of the magnetic field in their paper
seems to play the role of a vanishing magnetic field. The main application is related to
new type of semi-conductor devices for which the transport caused by Quantum Hall-
effect (QHE) would be played by such magnetic phenomenons. The important fact
proved in [8] is that such phenomenons are due the QHE intrinsic to the system (in
the sense that the transport is topologically quantized). For the physical counterpart
of these results one refers to [36, 12].

The last motivation is to understand at which point there is an analogy between
the magnetic Laplacian and the Laplacian with electric potential (see for instance the
papers [22, 23, 13]). For instance, it is clear that if we translate the electric potential
by a constant, then the spectrum is translated by a constant ; but if we translate the
magnetic field by a constant, we will see in this paper that the semiclassical analysis is
strongly changed. Moreover this paper also aims at enlightening that, at some point,
the magnetic Laplacian can be reduced to the electric Laplacian thanks to a local and
microlocal analysis and unitary transforms (as it is the case when the magnetic field is
positive in [9, 35]). Part of our analysis will use the Feshbach-Grushin method (also
called Lyapunov-Schmidt reduction and which is a resolvent approximation result)
and an homogenization process involving multiple-scale expansions (see for instance
the recent work [24] where the same philosophy appears in another context).

Let us now recall the nature of the known results concerning the asymptotic ex-
pansion of the eigenvalues of the magnetic Laplacian. When the magnetic field is
constant in 2D, there are many results concerning the two terms asymptotics of the
lowest eigenvalue A; (k) (see [2, 3, 7, 19] in the case of a smooth and bounded domain
with the Neumann condition on the boundary) ; the asymptotics at any order of all the
lowest eigenvalues is proved in [9]. In the Neumann case, when the magnetic field is
generically non constant and positive, the one term asymptotics is given in [27], the
two terms asymptotics in [32] and at any order in [35]. For the Dirichlet case, the com-
plete asymptotics is done in [17]. When the magnetic field cancels, the main results
concern the one term asymptotics of the eigenvalues and the eigenfunctions concen-
tration near the zero locus of the magnetic field (see [30, 31]). In 3D, the two terms
expansion is performed in [20] whereas in the variable case this problem is analyzed



in [33] and [34].

General Assumptions on 5 Let us describe the main frame of this paper. In
order L, A to have compact resolvent, we will assume that:

B(x) — Hoo. (1.1)

|z| =00

Asin [31, 16], we will investigate the case when (3 cancels along a closed and smooth
curve I' in R?. Let us notice that Assumption 1.1 could clearly be relaxed so that
one could also consider a smooth, bounded and simply connected domain of R? with
Dirichlet or Neumann condition on the boundary as far as the magnetic field does not
vanish near the boundary. Nevertheless we do not strive for maximum generality the
present “generic” case giving enough information when the magnetic field “nicely”
cancels (one could also make it to cancel at an higher order as in [16]). We let:

I'={v(s),s € R}.

We assume that (3 is non positive inside I" and non negative outside. We introduce the
standard tubular coordinates (s, ¢) near I':

D(s,t) = 7(s) + tv(s),

where v(s) denotes the inward pointing normal to T" at v(s). We let:

B(s,t) = B(D(s, )

so that:

B(s,0) = 0.

Heuristics and leading operator Let us adopt first a heuristic point of view to
introduce the leading operator of the analysis presented in this paper. We want to
describe the operator £ o near the cancellation line of 3, that is near I'. In a rough
approximation, near (sg,0), we can imagine that the line is straight (¢ = 0) and that
the magnetic field cancels linearly so that we can consider 3(s,t) = &(so)t where
d(sp) is the derivative of 3 with respect to ¢t. Therefore the operator to which it seems
we are reduced at the leading order near sg is:

£2 2
h’>D? + <hDS - 5(30)2> :
1.1 The Montgomery operator
As in [30], [31] and [16], we will be led to investigate the following operator (self-

adjoint realization on R) with parameters € R and § > 0:

o
Hy 5 = Di + (=0 + 5t°)%, (12)

where we have used the notation:



Notation 1.2 Ify is a variable, we let D,, = —i0,,.

We can also refer to [20, Section 2.4] where this operator appears. In fact, this oper-
ator is sometimes called Montgomery operator (see [30]). This operator is a generic
example of the larger class of anharmonic oscillators (see [21]). We will see that it
will be involved in the asymptotics at the first order whereas the second order will be
related to an harmonic oscillator.

The Montgomery operator has clearly compact resolvent and we can consider its
lowest eigenvalue denoted by vs(n). In fact, vy is related to v4. Indeed, we can
perform a rescaling ¢ = 6 /37 so that H,, 5 is unitarily equivalent to:

1
5%/ <D3 +(—nd P 4 27'2)2) = 52/3H,75,1/3,1.
It is known (see [15, 21]) that, for all § > O:

n — v5(n) admits a unique and non-degenerate minimum at a point 7). (1.3)

We may write:

inf v5(n) = 52/31/1(770). (1.4)
nerR

Notation 1.3 We let H,, = H, 1 and we denote by u,, the L?-normalized and positive
eigenfunction associated with v (n).

For fixed 0 > 0, the family (H,, s5),ecr is an analytic family of type (5) so that the
eigenpair (v1(n), uy) has an analytic dependence on 7 (see [26]).

Numerical computations of the 79 and v, are performed by Virginie Bonnaillie-
Noél (see [21, Table 1]) and give 79 ~ 0.35 and v (n9) =~ 0, 57. It also proved that:

lim vi(n) = +oo.
In|—+o00

Feynman-Hellmann Theorem Let us recall a few formulas justified by the per-
turbation theory of Kato and known as “Feynman-Hellmann” formulas.

Lemma 1.4 We have:

(Hpo — v(n0))vng, = _(aan)\n:nounoa

with vy, = (Oyun)|y=n,- Moreover, it holds:

vi(no) = 0.
Proof: We write:
Hyu, = v(n)uy.
We have:
(Hy —v(n))Oyu, = (V' (n) — OnHy)uy. (1.5)



For 1 = nqg, this becomes:

(Hno - V(no))(anun)ln=no = _(aan)\nznouno'

d
The next lemma is sometimes called “effective mass theorem” (see [24]).
Lemma 1.5 We have:
(Hno - V(no))wno = (V”(WO) - 2)u770 - 2(8UH77)|7]=7IOU710’
with wy, = (03, )y=n,- Moreover, we have:
v"(10) — 2
<(877H77)\77:no”noauno> =T 5
Proof: Taking the derivative of (1.5) with respect to 7, we obtain:
(Hno - V(UO))(agun)n=no = (VN(UO) - 2)“no - Q(Oan)ln:noUno-
Then, we take the scalar product with . O

1.2 Local coordinates (s, t)

Before stating the main result of this paper, we shall introduce some notation related to
the geometry of the zero locus of 3. We use the local coordinates (s, t), where t(z) =
d(z,T") and s(x) is the tangential coordinate of x. We choose a parametrization of I":

v:R/(]0QZ) — T.
We choose the orientation of the parametrization ~ to be counter-clockwise, so that:
det(y/(s), v(s)) = 1.

The curvature k(s) at the point () is given in this parametrization by:

The map & defined by:

®:R/(|T|Z) x (—tg, to) — R?
(s,t) — y(s) + tv(s), (1.6)

is clearly a diffeomorphism, when ¢y is sufficently small, with image

B(R/(T|Z) x (~to,to)) = {x € Qd(z,T) < to} = L.



ﬁ(svt) = ﬁ(@(s,t)),

and we get: . . )
0sAy — 04 A1 = (1 — tk(s))[(s,t).

The quadratic form becomes:
Qna() = /(1 — th($))|(=ihdy + A2)u* + (1 — th(s)) ™! (~ihds + A1)o|* dsdt.

In a (simply connected) neighborhood of (0, 0), we can choose a gauge such that:

Ay(s,t) = — /t(1 —t'k(s))B(s,t")dt!, Ay =0. (1.7)
0

1.3 Assumptions and main result

We consider the normal derivative of 3 on I', i.e. the function § : s +— 8t5 (s,0). We
will assume that:

0 admits a unique, non-degenerate and positive minimum at . (1.8)

We let 5o = §(0) and assume without loss of generality that zo = (0, 0). Let us state
the main result of this paper:

Theorem 1.6 We assume Assumption 1.8. For all n > 1, there exist a sequence
(07)j>0 and ho > 0 such that for h € (0, ho), we have:

An(h) ~ B*3N " gnRI/

j=0
where:
v ! 1/2
05 = 05 i(m), 07 =0, 05 =065/ °Co+5"(2n — 1) (W) ,

where we have let: .

o= 20;6"(0) >0 (1.9)
and:

Co = (Lutyy , g )7, (1.10)
where:

R 21 2
L = 2r(0)5(0)*/? <2 - no) # +275(0)/*k(0) (—no + 2) ,
and: ) o
w(0) = 023(0,0) "y



Let us make a few remarks concerning our main theorem and give perspectives.

Remark 1.7 This theorem is mainly motivated by the paper of B. Helffer and Y.
Kordyukov [16] (see also [14, Section 5.2] where the result of this paper is presented
as a conjecture and the paper [18] where the case of discrete wells is analyzed) where
the authors prove a one term asymptotics for all the eigenvalues (see [16, Corollary
1.1]). Moreover, they also prove an accurate upper bound in [16, Theorem 1.4] thanks
to a Grushin type method (see [11]). In the present case (dimension 2 and the order
of cancellation is £ = 1), our result is stronger in the sense that we get a complete
asymptotics (in the same spirit as [9]).

Remark 1.8 As mentioned in the previous remark, in comparison with [16], we only
deal with the case of dimension 2, £ = 1 and when the metrics is flat. Nevertheless, the
different generalizations are technical adaptations. Indeed, when k£ = 1, in the case of
higher dimension and with a Riemannian metrics, the only additional (and technical)
point is the introduction of normal coordinates related to the Riemannian structure.
After such a choice (using the exponential map), we are essentially reduced to the flat
case (modulo error terms which are lower order) and our normal form technique can
be implemented exactly in the same way. For the case k£ > 1, the difference is only
the leading operator which is an higher order anharmonic oscillator (see [21]) and our
method can again be used under the same kind of generic assumptions (see (1.8)). Let
us finally mention that the case £ > 2 and the cancellation along an hypersurface in
dimension greater than 2 are maybe not the most generic situations (one could imagine
that, in 3D, the magnetic field cancels along a smooth curve for instance).

In order to prove Theorem 1.6, it is enough to prove the two following theorems.

Theorem 1.9 We assume Assumption 1.8. For all n > 1, there exist a sequence
(07)j>0 such that, for all J > 0, there exists ho > 0 such that for h € (0, ho), we
have:

J
d [ 73 " 07h0 o (Lha) | < CRYBRIHNIG,
=0

Moreover, we have:

n_ <2/3 n n_ <2/3 2/3 av (o) (o) \ /2
Oy =0y "vi(no), 07 =0, 65 =20,"Co+6y"(2n—1) — 5 .

The second theorem provides the spectral gap between the eigenvalues.

Theorem 1.10 We assume Assumption 1.8. For all n > 1, there exists hg > 0 such
that for h € (0, hg), we have:

An(R) > B3O8 + hY/305) + o(RP/3).



1.4 Organization of the paper

In Section 2, we prove Theorem 1.9. The main ingredient of the analysis are the
Feynman-Hellmann theorem, the reduction of L}, o to a “normal form” and an expan-
sion of the operator in power series which is an alternative to the so-called Grushin
procedure (see [11, 14, 9]). In Section 3, we prove localization and micro-localization
estimates for the true eigenfunctions thanks to the Agmon estimates and a repeated use
of the IMS formula. More precisely we will prove estimates of the eigenfunctions with
respect to s and D; in order to reduce the symbol of the operator when acting on the
eigenfunctions. In Section 4, we use the localization results of Section 3 to estimate
the Feshbach-Grushin projection and reduce the operator to a Schrédinger operator
with electric potential which is in the Born-Oppenheimer form. Finally, we use the
Born-Oppenheimer theory to estimate the spectral gap between the eigenvalues and
prove the optimality of the quasimode construction of Section 2.

2 Construction of quasimodes

This section is devoted to the proof of Theorem 1.9.

2.1 Reduction to a normal form

Before starting the analysis, we shall use a few unitary transformations to normalize
Ly a. Let us notice that these transformations do not appear in [16] (or in the context
of [9]) and permit to strongly simplify the analysis.

We can write the operator near the cancellation line in the coordinates (s, ¢):

Lna=h2(1 = th(s)) " De(1 — th(s))Ds + (1 — th(s)) " P(1 — tk(s)) "' P,

where

P = ihds + A(s, 1)
with:

A(s,t) —/0 (1 — k(s)t" (s, t')dt'.

In terms of the quadratic form, we can write:

Qna() = [ (IRDwP + (1= th(s)) 2 Pu) s, st
with:
m(s,t) = (1 —tk(s)).

We consider the following operator on L?(dsdt) which is unitarily equivalent to Zh, A
(see [25, Theorem 18.5.9 and below]):

h2k(s)?
4m?

Lpey =m!2Lyam™V? = PP+ P} —

with P, = m~Y2(—hD, + A(s,t))m~'/? and P, = hD;.



We wish to use a system of coordinates more adapted to the magnetic situation.
Let us perform a Taylor expansion near ¢ = (0. We have:

B(s,t) = 8(s)t + 02 5(s, O)t22 +O(t).

This provides:
A(s, t) = 5(28)752 + K(s)t® + O(th),
with:
(s) = 02 3(5,0) — W2 s(e)

This suggests, as for the model operator, to introduce the new magnetic coordinates in
a fixed neighborhood of (0, 0):

r=0(s)"%, o=s.

The change of coordinates for the derivatives is given by:
1
Dy =06(c)'3D,;, Dy=Dy+ g5'5*17@.

The space L?(dsdt) becomes L?(5(c)~'/3dodr). In the same way as previously, we
shall conjugate £3y'. We introduce the self-adjoint operator on L?(dodr):

Ly =00Lpst/s.

We deduce:
Caa = h25(c)*/3D2 + P?,

where:
P =512 <—hD(, + A(o,7) — h;(s’alTDT) o 1/251/6

with:
Ao, 7) = A(o,6(0) "V /37).

A straight forward computation provides:

x 1
P = <—hDg + Ao, 7) = ho 867 (7D + DH’)) m 12,

where we make the generator of dilations 7D + D7 to appear (and which is related
to the virial theorem). Up to a change of gauge, we can replace P by:

12 <—hDU —no(8(c)3h*3 4+ A(o,7) — héé’d‘l(TDT + DT7)> m 12,



Normal form Therefore, the operator takes the form “a la Hormander”:

. h2k(o)?
L(h) = Pi(h)* + Py(h)* - 4m(0’5((0))1/37)2’

(2.1)

. 1
Pi(h) =m~/? (—hDg —no(8(c) PR3 + A(o,7) — h65'5—1(7DT + DTT)> m2,
Py(h) = hé (o) 3D,

Computing a commutator, we can rewrite P (h):

Py(h) =m! (—hDU — o (8(0) 3023 4+ A(o,7) — h%é’é*l(rm + DTT)) + Cy,
(2.2)
where:

ho'§t

Cp = —him Y2 (Dym~1/?) — i V2D ).

Remark 2.1 As we will see in the analysis, the “normal form” given by (2.1) will
spare us many technical considerations (see [9, 16]) involved in the construction of
quasimodes and also in the microlocal estimates.

2.2 Construction of quasimodes

We now enter in the proof of Theorem 1.9. The main ingredient for the proof is to
homogenize the operator £ and to use a formal power series expansion.

2.2.1 The homogenized operator L

We perform the scaling:
r=hn3%  o=hn%. (2.3)

The operator h~*/3 £ will be denoted by £ in these new coordinates. We expand the
new operator in powers of h'/6 in the sense of formal power series:

00 PL(h)y ~ > ihdlS,

>0

with

2 ]‘AQ ?
E():D,;.+ _770+§7' s



where a = 35;16”(0) > 0 and:

) A2\ 2
L = 2k(0)6(0)~%/3 <T2 - no) 73 4+ 276(0)"/3k(0) (—na + 72> .
We look for quasi eigenpairs in the form:
A~ B3N 01716,
Jj=0
Wy Ul

Jj=0

so that, in the sense of formal power series:
L(h) ~ M. (2.4)

2.2.2 Solving the formal system

Considering (2.4), we are led to solve an infinite formal system of PDE’s which we
will solve thanks a compatibility condition known as the Fredholm alternative.

Term in h° We solve the equation:

Loo = Opi)y.

This provides:
0o = v1(no)

and

N

Y0(6,7) = g0(6 )t (7).
Term in 7'/  We solve the equation:
(Lo — b0)1 = (61 — L1)vo.
Using Lemma 1.4, we have:
(Lo = 00)(¥1 + Dsgo(6)vne (7)) = O14b0.
The Fredholm alternative (the r. h. s. is orthogonal to w,,, for each &) implies:
01 =0

and:
U1+ Dago(6)vn (F) = g1(6)un, (7),

where g; shall be determined in a next step.

11



Term in 7%/  We solve the equation:

(Lo — 00)h2 = (02 — L2)1po — L1t (2.5)

Using Lemmas 1.4 and 1.5, this equation rewrites:

w.
(Lo — 6o) (1?2 + Dsg1vy, — D%Qo%)
I/// 2 A A
= <9290 - (2770)172—90 —zoM (10)6%g0 — goL(%, 3+)) Uyg -

The Fredholm condition implies that, for all &:

(H + Co)go = 6290,

where () is defined in (1.10) and where H denotes the effective harmonic oscillator
(we recall (1.9) and that 1 (r) > 0 by (1.3)):

1"
2
) 2y 206 (2.6)

H=—"Ds+3

If we denote by (i, )n>1 the non decreasing sequence of the eigenvalues of H, we

have by scaling:
" 1/2
Mn:@n—m(aﬁﬁ“) .

Anyway we choose
‘92 = pn + CO

and for go, we take g(,,) a corresponding L?-normalized eigenfunction. With theses
choices, we determine a unique function 1/12L which is solution of (2.5) and satisfying
(13, uny )+ = 0 so that 1, can be written as:

w ~ ~
V2 =5 — Dygivn, + D3g0—" + 92(6) g (),

where g2 has to be determined in a next step.

Further terms (“‘Grushin procedure”) Let.J > 2. Letus assume that v, -1 o
are determined as functions in the Schwartz class, that 0, - - - , 8y are determined and
that v y_1 and v ; are in the form:

Y = %L — Dsgr—1vn, + grtln,, k=J—1,J,

where wkl is a determined function in the Schwartz class which satisfies, for all &,
<w,ﬂ:, Un,)+ = 0. Let us write the equation of order J + 1:

7 J+1
(Lo = 00) 41 = 074190 + Z Oiby1—j — Z Liyi1j.
=

=2

12



This equation can be put in the form:

(Lo — 00)Yy1 = 04100 + 02051 — L1y — Lo 1 + Fy,

where Fy is a determined function in the Schwartz class by recursion. We now use
the explicit form of ¢;_; and ¢; and, using Lemmas 1.4 and 1.5, we deduce:

w
(Lo — 6o) (¢J+1 + D5gvy, — D2gy—1 %)
74 2 . .
= 071190 + (02971 — (2770)D29J1 - 501029]71 — 97-1L(7,02) )uy, + Fy.

Taking the scalar product with w,,, with respect to the variable 7, we find the equation:

(H+ Co)gs—1— 02971 = O5419(n) + (Fr, o) 7,

where H is given in (2.6). The Fredholm condition determines a unique pair (6741, gj—1)
with ;1 in the Schwartz class and such that (g1, g(n))s = 0.

Proof of Theorem 1.9 Let us introduce a smooth cutoff function o supported in
a fixed neighborhood of (0,0). For J > 0 and n > 1, we let:

J
G =0 D0 i (s, T B,
j=0

and:

J
A = 65PN g mdlo,
j=0
Using the fact the 1; are in the Schwartz class, we deduce that:

1) = A;™hywi ™) < C)nt/e R0/

and the spectral theorem provides the conclusion.

3 Local and microlocal estimates

This section deals with a priori estimates satisfied by the eigenfunctions of Ly, 4.

3.1 A rough estimate for the eigenvalues

Let us first state an elementary lemma the proof of which can be found in [30, Theorem
5]

Lemma 3.1 For all ¢ € C5°(R?), we have:

Qna(p) > ‘/Rz B(x)|¢|* d

13



Proposition 3.2 For all n > 1, there exists hg > 0 such that, for h € (0, hy):
An(h) > 5(2)/3V1 (no)h4/3 _ CRA/3+2/15

Proof: We use a partition of unity with balls of size h*:
D Xn=1
J

and such that:
Y IVxal? < on.
We will denote:
Bjn = suppx;h-
We have the IMS formula (cf. [6]):

D Qnalxgnt) = W IVxatll* = Allxg a1
J

We distinguish between the balls which intersect ¢ = 0 and the others so that we
introduce:

Jl(h)Z{jiBj,hﬂF#Q)}, JQ(h)Z{jiBjﬁﬂFZ@}.

If j € Jo(h) , we use the inequality of Lemma 3.1:

> ch x|

Qualint) > h ] JE R

If j € Ji(h), we write:

Qnalxjny) > (1 —ChP) / |h0i (X n )| + | (ihds + A) (xjn¥)|? dsdt,

where we have: ( ) )
~ o0(si)t
|A(s, t) — #\ < Ot +|s — s5]t?).
We infer, for all € € (0, 1):
Qna(xjn) >
5(Sj)t2 Chﬁp

(1= (1= [ 1ol + 10, + L5 i dsde - o).

and we deduce, with (1.4):
Qnaliint) = (1= C?) (1= )0 (10)3 g w12 = e CHO?|x ]

Optimizing with respect to €, we choose: € = h3p=3. Then, we take p such that:
2—2p:3p+%andwededuce:p:%. O

Corollary 3.3 Forall n > 1,we have:

An(h) = 05 1 (o) 43 + O(RY/3+2/19),

14



3.2 Normal estimates of Agmon

In this subsection, we aim at proving localization estimates of Agmon type (cf. [1]
and also [18, Section 5], [20, Section 7] where the same ideas are used).

Proposition 3.4 Let (X, 1) be an eigenpair of Ly, 4. There exist hg > 0, C > 0 and
g0 > 0 such that, for h € (0, hg):
/6250|t(£6)h1/3|,¢’2 dr < C||¢||2 (31)
and: "
Qna (eI ) < ORY |2, (3.2)

Proof: Let us consider an eigenpair (X)) of P, 4. We begin to write the IMS
formula:
Qna(e®™) = Ay [|? + h?[[Vee®y . (3.3)

We use a partition of unity with balls of size Rh'/3:
DG =1
J
and such that:

> IVxjal? < CR2RT5,

We may assume that the balls which intersect the line ¢ = 0 have their centers on it.
Using again the IMS formula, we get the decomposition into local ’energies”:

Y Qnalgne®®) = Mxgne®dlI? = B2 |xjn Ve y|® — 2|V xjne®y|* = 0.
J

We distinguish between the balls which intersect £ = 0 and the others:
Jl(h)Z{jiBj,hﬂF#(b}, Jg(h):{j:Bj’hﬁFZ(b}.

If j € Ja(h), we use Lemma 3.1 combined with the non-degeneracy of the cancella-
tion of 3 (see (1.8) in which we just use the positivity of the minimum). We get the
existence of ¢ > 0 and hy > 0 such that, for h € (0, ho):

Qnalxjne®) > h ‘/ﬁ(m)’Xj,heq)deﬂC > cRRY3||xjne® |

If j € Ji(h), we write, in the same way as in the proof of Proposition 3.2:
Qualine®s) = (1= CRRM?) (1= )h* 0 ()83 = 7 O Pjnew1?)

We take ¢ = h'/3. We use Corollary 3.3 to get an upper bound on A. We are led to
choose ®(x) = eot(z)|h /3 so that:

W2V < h*/3eg.
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Taking £y small enough and R large enough, we infer the existence of ¢ > 0,C > 0
and ho > 0 such that, for h € (0, ho):

cht? N / P de < CHAY3 N / e xj ] da.
jeJi(h) jeJa(h)
Then, due to the support of x; 5, when j € Jo(h) ,we infer:
> / P nfPde < C > /yxjhw\ dz.
JjeJa(h Jj€J2(h

We deduce (3.1). Finally, (3.2) follows from (3.1) and (3.3).

3.3 Rough localization

This subsection is devoted to the proof of localization estimates near and on the can-
cellation line of the magnetic field.

Proposition 3.5 Let (), 1) be an eigenpair of L, 4. There exist hg > 0, C > 0 and
€0 > 0 such that, for h € (0, ho):
and:

Qna(XIENR@INTTE ) < CRYS |2, (35)
where x is a fixed smooth cutoff function being 1 near 0.

Proof: Let us consider an eigenpair (1)) of P, Ao. We begin to write the IMS
formula:

Qna(e®) = Ao|* + h2(|V D>, (3.6)

We use a partition of unity with balls of size h*/1°:
D Gn=1
J

and such that:
> Vgl < Ch¥,

We take: ® = x(t(z))|s(z)|h~ /1%, In particular, we have: |V®| < Ch~/15. We
write:

> Qnalgne®®) = Mxgne® 1> = h?|[x;n Ve p||* — 12| Vxjne®|* =

Let us defined the two subsets of index:
Ji(h) ={j : BinNT #0},  Jo(h) ={j: BjnNT = 0}.

16



As previously, we can write, for the balls with index j € Ja(h):

Qnalxjne®v) > h ‘/ﬁ(ﬂf)’Xj,he@WZ dz| > ch' 15|y ey ||

For the balls of index j € J;(h), we have:

Qua(xjne®) > <h4/31/1(770)5j2-/3 - Ch4/3+2/15> Ix;ne®))?,

where 0; = 0(s;) ((sj,0) is the center of the ball). Gathering the estimates, we

deduce:

(15— B (o)) 3 eyl
j€J2(h)

i Z (h4/3 52/3 B 58/3) _ Ch4/3+2/15) ||Xj,he¢¢||2 <.

jeJdi(h)
Then, we fix eg > 0 and D > 0 and we write:
Ji(h) = J11(h) U Ji12(h) U J13(h),

where:

Jia(h) = {j € Ji(h) : |s;| < DRV/1%},

Jia(h) = {j € Ji(h) : DhYY < |s;] < &0},

Ji3(h) ={j € Ji(h) : [s;] = eo}-
For j € Jy3(h), there exist ¢(g9) > 0 and hy > 0 such that, for h € (0, ho):

h4/31/1(770)(5]2-/3 _ 53/3) — CRA3F2/15 > () RA/3,

For j € Jy 2(h), from Assumption 1.8, there exists ¢(gp) > 0 such that:

h4/3V1(U0)(5J2/3 _ 53/3) CRA3+215 > pa/3; (50) _ OpA/3+2/15

We notice that:
h4/35(€0)5? _ Ch4/3+2/15 h4/3( (50)D2 C)h2/15.
We choose D so that: é(eg)D? — C' > 0. We notice that, for j € Jy 1(h):

Ixjne® v < Ol
We now deduce from (3.7):
> Iae®Dl? < Cllyl?
jGJl,z(h)
and then:
> bgre®el> <Clelr, Y el < Clly)*.
j€J1,3(h) j€J2(h)

This provides (3.4) and the identity (3.6) implies (3.5).
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Introduction of cutoff functions From Propositions 3.4 and 3.5, we are led to
introduce a cutoff function living near zy. We take v > 0 and we let:

Xh(T) =X (h_1/3+7t(m)> X (h_1/15+75(x)> .

where Y is a fixed smooth cutoff function supported near 0. Moreover, we will denote
by 1) the function xy, ()t () in the coordinates (o, 7). In particular, we have:

Il = (1 +Oh=)]l.
As a consequence of Proposition 3.4 we have the following corollary.

Corollary 3.6 Let (X, 1) be an eigenpair of Ly, 4. For all n € N, there exist hy > 0,
C > 0and o > 0 such that, for h € (0, hp):

/ 1|2 dodr < CRZ3|||2,

/T”(mDTqLF FIhD2) dodr < CRE3RA3 || 2.

3.4 Order of the second term

From the normal estimates of Agmon, we deduce the proposition:

Proposition 3.7 For all n > 1, there exist ho > 0 and C' > 0 s. t., for h € (0, hg):
An(h) > 62301 (o) h*/3 — CHA/3,
Proof: We consider an eigenpair (A, (h), 1y, ) and we use the IMS formula:
Q) = Ma(W)l|thnn]|* + O(h>) [ nl>.
We have (cf. (2.1)):
Q1) >

[

+ h252/3HDT1LTL,h”2 - Ch2”¢n,hH2'

2
dodt

(hDU — 77051/3]12/3 + A - %6/5_1(TDT + DTT) + Ch) 1[}n,h

Let us deal with the terms involving C}, in the double product produced by the expan-
sion of the square. We have to estimate:

h ‘%<6/6_1(TDT + DTT>’(7LTLJZ7 Ch@n,h)‘

‘We have :
[Crtbnnll = o(h) |t nl|

and, with the estimates of Agmon (and the fact that 0 is a critical point of ¢):

16'6= (7 D+ + D7 )thupll = o(1) [ n,nll

18



Moreover, we have in the same way:
I |R(AYp Cithnp)| = o(h*) |G
Then, we have the control:
h R Dothn s Crthn )| = o(h®3) [0 |2,
where we have used the rough estimate:

WDt || < CH2 || nll-

‘We have:

Qo) > (3.8)

2

dodr
+ W25 | Db |1 + 0(RO/3) [ |-

(—hDU —nd3h¥ 4 A — %5/5*1(71)7 - DTT)> U

We now deal with the term involving 7D, + D 7. With the estimates of Agmon, we
have:

B[RS (7 Dy + Dyr)din, (~hDy — o0 3B + ) )| = o)l

This implies:

.~ . A\ - 2
Q) 202 B2 Dyl + / 2| (<hDy = o0 ¥ 02 + A) | dodr
+ o(h™)|[dhn >

We the same arguments, it follows:

2

Qb n) =128 Dby l? + / 2 dodr

2
<—hDg — o8 /3h?/3 + 51/372) Unh
3.9)

+ O(h) [ Gnnll?

and

2
dodr

(3.10)

2
Q(@Ln,h) 2h25(2)/3||D77Ln,h”2 + / ’ <—hDU o "7051/3h2/3 + 51/37-2> @n,h

+ O(R2) || |-

We get:

2

Q(nn) =h25 | Dothy > + / 52/ dodr

+ O(h5/3) Hq/v}n,h 2-

2
<h5_1/3Do' - 770h2/3 + 7-2> ¢n,h
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Then, we write:
6_1/3D0' _ 6_1/6D0'5_1/6 + i(5_1/6)/.

and deduce:

2

2
Q(nn) =h262 2| Dothy |2 + / 52/ <—h61/6D061/6 — noh?? + ;) Unp| dodr

+ O(h) |G n*.

We can apply the functional calculus to the self-adjoint operator 6~1/D,6~1/6 and
the following lower bound follows:

QW) =h362 %01 () + O(B®3) || >
]

From this analysis, we infer that, for all n > 1, there exist hg > 0 and C' > 0 such
that, for all h € (0, h) :

An(h) — 65 *v1(no) %3] < CRO2. (3.11)

Introduction the space generated by the truncated eigenfunctions For
all N > 1, let us consider L2-normalized eigenpairs (\,(h), Yn.h)1<n<n such that
(¥, hs ¥m.n) = 0 when n # m. We consider the N dimensional space defined by:

eN(h) = Span Jjn,h-
1<n<N

Remark 3.8 The estimates of Agmon of Corollary 3.6 are satisfied by all the elements
of €n(h).

3.5 Localization with respect to o and D,,

This subsection is devoted the analysis of the behavior of the eigenfunctions with re-
spect to o and D,,. In particular the crucial propositions that we prove are Propositions
3.9 and 3.12. We will see that these local and microlocal controls will be enough to es-
timate the spectral gap between the eigenvalues (we do not need higher order controls,
i.e. estimates of o' and D", even if they could be proved).

3.5.1 Localization with respect to o

This subsection deals with the proof of the following proposition:

Proposition 3.9 There exist ho > 0, C > 0 such that, for h € (0, ho) and for all
(NS @N(h).' 5 3
lowb ]| < CRMC|l4].
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Proof- We only have to prove the wished inequality for 1) = Q/VJn’h, the extension to
1) € €n(h) being an easy consequence. We consider (A, 1) an eigenpair of Ly, 5. We
can write:

Q) = AlP? + O(h>)|[]|.
We have:
Q) = |PL(h)P|1* + | P2(R)D[* + O(h?) |||
We can write:

1P
= [ (=R Dy — m(6(0))*h + A(o,7) ~ hed'5 (rDy + Dyr) 4 G

with:

Ch, = ihin~Y29,m~1/% — }é‘g [rD; + D7, m /2,

Let us first erase the term involving C'(h). From the estimates of Agmon, it follows:
|21 (R)PI* (3.12)
> i (=D, — mo(5(0)) 02 + Al ) — b5 (D + Do)y
- CP?l9]%.

Then, we use again the normal Agmon estimates to replace m by 1:
1P (h))1* (3.13)
> [[(~hDy — mo (o)) 2 + Ao, ) — hd'57 (rDr + Do) P
— CHP||d||2.

From the non-degeneracy assumption on §, we infer that there exist ¢ > 0 and hg > 0
such that, for h € (0, ho):

QW) = & i)W || + el| kDo (3.14)
+c/a2 ((iha—l/?’a + noh?? + r + Ry, — L‘SI(TD +D T)) Y 2 dodr
o 170 5 h ™ 65473 T T

- CR2|9|?,

with
Ry, = k()33 + O(r%).
We must analyze:
2 o s—1/3 2/3 LQ _ Ly |
/0’ ((Zh(5 Oy + noh”'” + 5 + Ry R (TDT—i-DTT)) Y| dodr

/ 2

2
_ 7 c—1/3 2/3 | T~ .
—/‘((zhé /30y +moh?/3 + 5+ B 65473

(tD; + D-,-T)) o) — z'hé_l/?’q/}

21
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We shall estimate the double product:

!

2 ~
2 / R {z ((ihé‘l/?’@g + noh?3 + % + Ry, — égf/g(wf + DTT)> mzhél/%} dodr

/!
=2h / R {z (ihél/?’ag ~ 6’;5/3 (tD; + DTT)) a¢5—1/3¢} dodr

We have:

o / R {57150, (00)8} dadr = O() ] - h2/5_1/3&,|1ﬁ|2 dodr
= O(h?)||]]*.

Then, we write, thanks to the estimates of Agmon:

5138 v ]
o [ S R {50+ 0.1) 00} dodr = O(1)]

We infer that:

2
dodt

(3.15)

!/

2
2 ( (i s—1/3 2/3 , T~ _ho -
/O’ <(zh5 Os + noh*'”> + 5 + Ry, 65473 (tD; + Dﬂ')) P

2
dodr

/

2 ho -
= / <(ih(5_1/380 +noh?/3 + % + Ry — W(TDT + DTT>) o

+ Ol

We have to control the following double product:

%m { / 1630, (a0))6—4/38' (1 Dy 4+ Drr)i) dadT}

We use the rough control (see Corollary 3.6):
1hdo Pl < B22|j3)]

and the estimates of Agmon to get:

h2R { / i07 /30, (04p)6—4/35' (T Dy + Dy7)0) dm} = o(h*3) |||

The other terms in the double product can be estimated in the same way so that:

2
dodr

/

2
2 c—1/3 2/3 , T

(tD; + DTT)> o

2
dodr + o(h°3)||9||2.

2
= / ’ ((z’hd—l/i”&, + noh?/? + % + m(0)73> ot
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We can also erase the term in 7°:

/ ((ih5_1/380 + noh?3 + T; + Ry — Zf/s (tD; + D, T)> op| dodr
= [| (=0, o+ ;) 00| dodr + O
Finally, one will need a last technical detail. We write:
/‘< (ihd=Y/38, + noh?/® + )w dodr (3.16)
= / ‘<(ih51/68051/6—ih(6 16y 4 noh?/3 + )w dodr

so that we make the self-adjoint operator 6 /6 D,61/ to appear. We deal with the
double products as previously to deduce:

/ ‘ <(ih6‘1/6606‘1/6 — ih(67Y8Y 4 b3 4 )m/)

2
/’(ma 160,671/6 4 noh?/3 + 2>mp

We have now a nicer lower bound. There exist ¢ > 0 and hg > 0 such that, for
h € (0, hy):

Q) =65 v (o) 3 ||d|| + c|| kD, o) |2
2
+c/‘< (ihd /60,676 + moh?/® + 2>0¢

Using the functional calculus applied to ¢ —1/6 D, 6~1/6, we infer that:

Q) > 8 v (o) W31 + cvr (o) 3o |2 + OB |[ ]|,

Jointly with the upper bound on A, we deduce the result. U

dodt

dodr + o(h°/3)||]%.

dodr 4+ O(h°3) |||

Proposition 3.10 There exist hy > 0, C > 0 such that, for h € (0, ho) and for all
€ En(h): o §
Qo) < CR¥P].

In particular, we have:
1hDr(e)|I* < CR¥P(IPI2,  [|hDo(09)|* < CHYP|[)*.
Proof: Let (X, 1) be an eigenpair of L}, 5. By the IMS formula, we can write:
Qo) = Mlow||* + [[Pa(h), ol .
An immediate computation provides:
I[P2(h), o]i||* < CR? [,

It remains to use Proposition 3.9. (]
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3.5.2 An improved lower bound

As a consequence of the localization estimates with respect to 7 and of the localization
with respect to o given by Proposition 3.9, we have a lower bound for Q:

Proposition 3.11 There exists ho > 0 such that for h € (0, hg) and 1) € € (h):
2
Q) >5" / (L+ 2ko7dy /) |(/%ihD,5 % 4 moh*’® 4 - 4 65 w(0) %) dodr
. 2 . .
b [ P ID P dodr -+ 253w (| + o) 3

Proof: The proof is essentially based on the same estimates as in the proof of Propo-
sition 3.7. Let us recall (3.8):

Q) 2li(~hDy — mo(B(0) P12/ + Ao, 7) — b5 (2D, + D)
+ IR 4+ 0l ]

We transform a little bit (3.9):

2

Q) z/mz dodr

+ 1282 De |+ o(h°) [

2
(—hDU T R<o>50—173> b

We improve now (3.10) by replacing m by 1 — koéé/ ®7 thanks to the estimates of

Agmon with respect to 7 and using the support of ) with respect to o:

Q) > /(1 + 27<305(1)/37') <_hD0' — o8 /323 4 51/37; + m(O)éong) P 2 dodr
+ B2[|6Y2DP|1* + o(h°2) |97
It follows:
Q) >
/52/3(1 + 2kody/7) <—h51/3DJ — noh?/® + T; + 55“%(0)#) e 2 dodr

+ 1282 De |+ o(h) [

We use now the Taylor expansion:
2/3 2/3 2 5 3
52 =4, 1+§aa + O(07).
One of the terms which we can neglect is:
[ oD dodr < Ch21° [ loP D dodr = ofh* )12,
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where we have used Proposition 3.10. In the same way, we can write:

2

3 1/3 —-1/3 2/3 4 4/3 3\ .7
0 o
/|0| [(1 + 2kod, T)|‘(—h5 D, — noh +5 k(0)T >¢) dodr
= o(K) |9
It remains to analyze:
2

2 .
5o / o (—ha—l/i”D — o 4 o (0 )T3>¢ dodr.

This can be done in the same way as in the proof of Proposition 3.9, see (3.15):

3 (52/5/02
2
2/3/'( h5 1/3D n0h2/3 2>0_77b

‘We deduce:
QW) >
/58/3 <|hDT1L|2+(1+2/<:o7'50_1/3)|(51/3ih(%+770h2/3 = (o )73)15\2) dodr

2
dodt

<—h51/3DJ oh?/3 + 2 +5 4/3 (0)73)1/3

dodr + o(h°/3)||]%.

2 - .
+ 205 Pavn (mo)h 3 o | + o(h) |4

We replace 6~1/38, by 6/69,6=1/6 as in (3.16) and the conclusion follows. O

3.5.3 Localization with respect to D,

In this subsection, we investigate a micro localization property with respect to D,,:

Proposition 3.12 There exist ho > 0, C > 0 such that, for h € (0, ho) and for all
Y € En(h): ) )
| DoPll < CHOI).

0'200'1/30'.
) /06<> d

The space L?(dodr) becomes L?(6~1/3dsdr). We can write:

We introduce a new coordinate:

0y = 6Y3(0)0,.

We will denote by ¢ the function 1 in these new coordinates.
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Fourier transform We are led to introduce a weighted Fourier transform:
Fs(@) () = F(5/°9). (3.17)
A straight forward computation provides:
F5((6"%ihd670)§) (1) = —nFs(d)(p)
and: ) }
Dy F5(9) (1) = =Fs(s0)(1)-
Using the Parseval formula, we see that F is unitary from L?(6~/3dsdr) to L?(dudr).

We can now prove a microlocal estimate with respect to 6 /6D ,6~1/6 which implies
Proposition 3.12.

Proposition 3.13 There exist ho > 0, C' > 0 such that, for h € (0, ho) and for all
€ En(h): 3 5
16478 D503 12513057 < Ch™HOI.

Proof: We will need the following lemma:
Lemma 3.14 We have:
1hD7 (500,67 0)) 1> < ChY3([(67/90,6 1/ 0)b|I> + CRYP 12, (3.18)
1hDo (675056~ /0))|1> < CRY3|| (67 /00,6 /) ||> + CRY3|1 1>, (3.19)
Proof: Let (X, ) be an eigenpair of L}, 5. We use the IMS formula and we get:
QUOY00,57/0)d) = All(67/00,6 /%) |1?
—1Pi(R), (6750, 0N |1* = [I[Pa(h), (5708561 /O) || + O(h%) ||
A computation of the commutators provides:
1[Pr(R), (571/°0,67/O)d||* < CRY2||)?
1[Pa(h), (571/°0,6/O)PI* < Y|4
This implies:
QUOY90,67 /%)) < M(57/00,610)i |1 + ChP | d2.
We immediately deduce (3.18). For the proof of (3.19), we write:
1Py (R) (600,67 /) dII* < AI(57 100567 /O)d||* + CR*2 ).

It remains to investigate the sizes of the different terms appearing in P;(h). We ob-
serve that (see Corollary 3.6):

17267 /50,67 /%) ||> < CRYP[(67 00,67 0)||* + ChA3 | .
and:
|hd" (7Dy + D7) (6~ 00,6~ 1/6)3)||?
< C||hD7(57%0,60)p||* 4 C||nd' (67 1/50,67/%)||?
< CRYP|[(57 100,67 /0)||* + Ch* |17,
where we have used (3.18). O
Let (A, 1)) be an eigenpair of Lj, a.
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Microlocal estimate near the minimum We have (see Proposition 3.11 jointly
with Corollary 3.6):

Q) 2/53/3 (\hDTzLQ + (67 Y0h8,671/6 4 noh?/3 + 7'22)15‘2) dodr
— CHP||d|2.
This becomes:
QW) > /53/3 (hDTzW +[(=hp + noh®® + T;)fa(ciﬂ?) dpdr — CROP |2,
We infer:

Q) > / W362 301 (ng — W3 )| Fs ()7 dpdr — CRY3|1)).

Let us fix g > 0 small enough to have, for |h'/3 | < eq:

V" (10) R332,

vi(no — hY3u) > vi (o) + A

For this value of g, there exists ¢y > 0 such that, for |h1/ 3u| > eo:

vi(no — BM3u) > v1(10) + co.

Let us recall that Q()) < (A + O(h>))||¢||? and that X satisfies (3.11). Then, it
remains to split the integrals on [h'/3 | < &g and |RY/3p| > £y and we infer:

e O dpr < R, (3.20)

pl>e0

Lo SO dudr < CHG Ga1)
pl<eo

Microlocal estimate away from the minimum Then, we want to obtain a con-
trol of:

[ o IO dudr
|ht/3p>e0
For that purpose, we will use Lemma 3.14. Let us first write:

QU™ 100,67 %)) = Pr(h) (6700, /0)d|1* + h?||6"2 Do (67/%0,6 /%)
— CR2|[(57/%0,6~ /%) 2.

We have immediately:
h2”51/3DT(571/680571/6)1LH2 > 5(2]/3h2HDT((Sfl/Gagéfl/ﬁ)@LH%
Then, we write:

1Py () (80056 /O)DI> > (| (M~ P+ Ci) (600,60,
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where:
y h
P = —hDy —no(6(0)/2h2/3 + A(0,7) — 85’5—1(TDT + D.7).
Expanding the square, we are led to estimate the following term:

R PO Y00,6 Y0, Cp(67 169,57 1/6)ap)

We have: ) )
ICw (6750567 1/8)ih|| < Ch|(6700,07 /%)
and: ; )
i P57 /60,6 /6| < || P(6750,671/%)i|.
We get:
IP(67 15056 /%)|| < Ch||§' (D7 + D7) (570,67 1/))|
and:

16'( D + Do) (660,67 1/%)p|| (3.22)
< Ch||(6760,67 /0| + C||6'TD- (608,67 1/%)y|.

Using the support of 1, we deduce:
167D (571/50,67 /%)l < CRM3| Do (600,67 /O) gl (3.23)
Therefore, with (3.18), we infer:

1Py (R) (500,86~ /O)dI> 2||(m " P) (5~ 00,6~/ %)d|?
— ChOP(67 50,5 /0)g|1* — ChOPP14 |12,

We write:
G0 ) 50,6~ 102 = o/l m 62 P) (57 50,571/
We shall again expand the square and control the term:
172 (600,67 0) gl < CR*P((57 00,61 0)i || + (|-
With (3.22), (3.23), (3.18) and (3.19), it follows that:
1Py () (800,60

A .
> 05/ |0 (<00 Dy — ol <) (670,07 P

— O350, 10) 1> — O[]
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With the same arguments and using the Taylor expansion of A, we find:
1Py (R) (60056~ 1/0) ||
> 00| (i (—ho ™2 Dy — b’ f)(awaaal/%nz
= OB (67 H00,6" O ||* — OO .

Let us notice that (see (3.19)):
2
/ I7]|(=hé 3Dy — noh?/3 + %)(6‘1/6&,6‘1/6)@2 dodr (3.24)

< O3 / |(=hd~ 3Dy — noh?/3 + 722)(5‘1/6806‘1/6)1L]2 dodr
< O3 (550,81 /0)|12 + CH |
Using the Taylor expansion of 7 and (3.24), we find:
Q650,67 1/%)4))

2
> /53/3 <|hD71])|2 + (67 Y3ihdy + noh?/® +

r
2
— CROP(5708,6710)p |12 — CRP |41

)(5—1/6805—1/6)¢|2> dodr

Replacing 6~1/39, by 6=1/69,6~1/6 (modulo error terms which can be controlled
with the same arguments), we deduce:

Q(571/%0,67 /%))

> /53/3 (thTW + (67 0iho,67 10 4 moh?/? + 722)(5—1/6305—1/6)@2) dodr

— CRO3[(57 50,671 0) 1> — CRYE 7|3 2.

We infer:

Q) > / B350 i (g — W2 )| uFs (@) dpudr — CHY=7/(67/50,6 /%)) 2
— CRY3 1|7,

It follows:

o SO < RV G O
pl>eo

Combining this last estimate with (3.21) , we get the conclusion. O
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4 Approximation by tensor products

We can now prove an approximation result for the eigenfunctions. Let us recall the
rescaled coordinates (see (2.3)):

o=h'%, 1=nl/3 (4.1)

We recall that EA(hA) denotes £(h) in the coordinates (&, 7). We will use the notation
€& (h) to denote &y (h) after rescaling. We introduce the Feshbach-Grushin projec-
tion:

g = <¢7 uno)f'uno (72)
We will need to consider the quadratic form:

2

N ~2
Qo(9) = 63/3 / |D:¢|? + ‘ (—770 + T2> é| dédr.

Proposition 4.1 There exist hy > 0 and C' > 0 such that for h € (0, ho) and for all
peé N(h).‘

0< Qo) — 62" v (mo)||d]|> < CRYO ||| (4.2)
and:
Tlo) — || < ChY 2|4 (4.3)

| D+ (Iotp — )| < ChY12||4|,
17%(Toh — )| < CRY22|1).

Proof: Let us consider 1& €¢ ~(h) which is associated with a rescaled eigenvalue A
We have:

Q) < (A+O(h™))|lp|I*.
We have: R X R X X
IPL (BN + |P2(R)1* < (va(no) + CRM?)|[35]|.

We now use Proposition 3.11 to get (the term in 73 and the term associated with 7
are controlled by the estimates of Agmon):

A n . N A 22 o .
mwz/%“0m¢ﬂw6Wm“%é“—m+2ﬁW)MW+dM%ww

We wish to make the term 6 ~1/611/69,6~1/6 to disappear modulo some error term.
Expanding the square, we are led to estimate the double product:

~2
2R < <—n0 + ;) ), 61/6ih1/68&51/6¢> .
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We have:
72\ - -
|(-m+5) 9] <crin
and, with Proposition 3.12:
H571/6Z-h1/686571/6¢H < Ch1/6||a&371/61[}” < Ch1/6||1&||

It follows:

~ ~

Q) = Qo(¢) — CRMO||4.
We deduce (4.2). We get (4.3) as a consequence of (4.2) in a standard way. O

Proposition 4.2 There exist hg > 0 and C' > 0 such that for h € (0, ho) and for all
Y € En(h):

~2
Q) = / i <|D+w|2 + (0700056710 — 1o + ;w) dodr

2 . . )
+ 283 Ban (o) |591 + Coh [ + o(h3) [,

where Cy is defined in (1.10).
Proof: We use Proposition 3.11 to write:
Q) > (4.4)
~ ~ ~ A2 ~
5/ / <|th¢;|2 + (671 /0in 09,571® — g 4+ - + 554/%(0)111/3%3)@2) dod?
~2
2oy [ (G054 T by V(O dor
2 - R
+ 200 2o (m0) |6 |12 + o(nV/2) |61

3

With the estimates of Agmon and Proposition 3.12, we get on the one hand:

A A A2 A
/ F1(67Y0in 08,6 71/6 — g + % + 65 PR (0)R333) 2 dodr 4.5)

= [ (oo 5 16 dsa ot
and on the other hand:
/ (67 Y/6in' /60,6716 — g +- T; + 63 PR(0)R33Y )2 deds (4.6)
= / |(67Y/6in1 /00,616 — o + 7;2)@E|2d6d%

— 712 7 ) o) b
+ 24, 4/3/-@(0)111/3/ <_no + 2) P2 odr + o(h'/?)|1] 2.
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It remains to approximate the quantities:

AQ ~2
/ ( no + 2) || dédr, /(—7704—7—2) 7304)|? 6dr.

Let us analyze the first one. We consider:

A2\ 2 R R
‘ [ (m+ 5 ) 0 - 1) doas

<|f %<—770+T2> (161 — o161 + MLyt dird

. T
(ome 2)
< 14 - Tod)| ( / 72

A S A2 4 ~ ~
< V2|p — gy (/ 72 <—7]0 + ;) (J9|* + \H0¢|2)d&d%>

= ([t — o)) (|9| + |To)|) dGd7

1/2

AQ 4
- ) (1] + Mo ))? d&d%)

1/2

We infer:

Nt ) 1/2
( [#(-m+ %) <|¢12+rnow>d&d%>

< (/ ( mo + 2>4|¢|2d0d7—>1/2+</ < no+A2> |H0¢|2dad7)

Using the fact that u,, is in the Schwartz class, we get:

22
/ (no+ >H0¢\2d0d7<c/"¢aum ds < C|l9)>.

With the estimates of Agmon, we get:

2\4 . R
[#(-m+ 5) (98 + Moy sar < e

We deduce:
722 2 R R A
|/ f(‘”” 2 ) (19 — Tol?) dod#| < ChY 2|2

In the same way, we get:

22
] / ( o + ) 30 - Tod?) dodz| < CRY 2|92
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Then, we can write:

A9\ 2 R A9\ 2 .
[ (-m+ 5 ) madp daar = ( [#(-w+%) |um|2d+> ([tunzan).
We get:
/ (1, g )26 = / / W2, (w25 d = [Thod||? = (1 -+ (1)) [
We infer:

2\ #2\? )
[ (mm+ 5 ) i doar = ( [#(-m+ %) umFdf) (o))

@.7
In the same way, we get:

~9 ~2
/ 73 (—no - ;) Mo |? dod? = < / 73 (—no - g) |un0|2d%> (1+o(1)) ],

4.8)
Gathering (4.4), (4.5), (4.6), (4.7) and (4.8) and the definition of Cj in (1.10), we get
the lower bound. Il

After rescaling, we deduce the corollary:

Corollary 4.3 There exist hg > 0, C > 0 such that, for h € (0, ho) and ¢ € € (h):
2
Q) > /53/3 (thsz? +[(67Y0ihd,6~ 16 — noh?/3 + 72)1/312) dodr
2 . . .
+ 265 S (no)h o Bl? + Coh® 3|92 + o(h™/%) 6]

We use the weighted Fourier transform defined in (3.17) and we infer:

Corollary 4.4 There exist hg > 0, C > 0 such that, for h € (0, ho) and 1 € &y (h):
<y 2/3 712 2/3 2 2
Q) = [ 6" { |hDrgl" + |(=hp —moh™" + —-)¢I" | dudr
2 - . .
+ 205 (n)h*3| Dud|> + Coh™3|3]1> 4 o(h*/%) 6]
with ¢ = Fyi).
Conclusion: Proof of Theorem 1.10 Let us introduce the operator on L?(R?, dodr):

2 2\?
=0 S (o) h'/ D, + 65 <h2DZ - (—hﬂ — noh?/® + ;) ) +Coh®?. (4.9)

We denote by Xn(h) its n-th eigenvalue. From Corollary 4.4 and the min-max princi-
ple, we deduce: .
An(h) > An(h) 4 o(R2/3). (4.10)
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The Born-Oppenheimer approximation (see [29]) provides the following estimate for
An(h): .
An(R) = B23(08 + h*¥305) + o(RP/3). (4.11)

The estimates (4.10) and (4.11) provide the conclusion. Let us recall the spirit of the
Born-Oppenheimer approximation (see the historical reference [5]) without going into
the details. The principle consists of replacing, for fixed u, the Montgomery operator

. 2 .
h?D2 + (—hu — noh?/3 + %) by its lowest eigenvalue h*/3v (g + ph'/%) and to
analyze the spectrum of the “Born-Oppenheimer approximation” defined by:

2 X
h350° <304V1(?70)D,3 + v1(mo + Mh1/6)> :

This (semiclassical) analysis can be done through standard techniques (see [22, 23]
and [13]). We can also refer two our recent works [4] and [35] where this idea appears.
It can be proved (through Agmon estimates with respect to i and a Feshbach-Grushin
type argument) that the investigation reduces to the harmonic oscillator:

2 o
h4/3(5§/3 <3a1/1(770)Di + v1(no) + hl/Sl(;]O),uQ>

and the estimate (4.11) follows.
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