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Abstract

The goal of this note is to give a new moment inequality for sums of some weakly
dependent random fields. Our result extends moment bounds given by Wu (2007) [14]
or Liu & Lin (2008) [11] for causal autoregressive processes and follows using recursive
applications of the Burkholder inequality for martingales.

AMS subject classification: Primary: 60G60, secondary: 60F99.
Keywords: random fields, weak dependence, moment inequalities.

1 Introduction

In this paper, we consider random fields X indexed by Z%, d > 1 and which can be written
as a Bernoulli shift, e.g
Xy = H ((-j)jena) , tEZ, (1)

where £ is an independent and identically distribued F—valued random field and H is a
real-valued measurable function. We consider here E = R* with k& € N* U {oco} but a more
general measurable space can be considered. A random field of the form (1) is strictly
stationary. The most well-known examples of such random fields are linear random fields,
ie

Xy= Y a&j, teZv (2)

jezZa

Spatial AR processes which write as linear random fields were extensively studied in spatial
statistics (see [9] for a nice presentation).
Others (nonlinear) examples of such random fields are given in [8] as solutions of autore-
gressive équations of the form:

Xo = F ((Xe—j)jezsi &), t €24,

where F' is a Lipschitzian function.
In this note, we prove moment inequalities of the Marcinkiewicz-Zygmund type for the
partial sums of a random field X of the form (1). More precisely we prove that for a real
number g > 1,
d 13 3 1/q
ISB)llg < Cf D~ iy, o+~ 0 P, (Xo) ol BIVY (3)
kezd



where B is a finite subset of Z¢, S(B) = ZXj’ ¢ = min(q,2) and

JjEB
for (s,¢) € {1,...,d} x Z, pg denotes the projection operator defined for an integrable
random variable Z by

P2) = Z ~E(2/0(&/5: # 1)) ()
The constant Cy is the universal constant of the Burkhélder inequality (see [10]) and then
it does not depend on the distribution of the random field. || - ||, denotes the usual norm
of L4, Denoting
A=Y it oo piih, (Xo)lo (5)
kezd

Ay is a postive constant depending only on ¢ and the distribution of the random field &.
Obviously inequality (3) is interesting only when A, < co. The latter condition basically
indicates short-range dependence. Then we study in details the finiteness of the constant
A, when the random field X writes as a functional of linear fields.

An inequality of the form (3) is a useful tool to study the behaviour of sums of dependent
random variables. Strong laws of large numbers, strong invariance principle and other vari-
ants of limit theorems are often based on this kind of inequality. Some existing methods to
obtain such inequalities use mixing coefficients. ¢—mixing random fields are considered in
Dedecker [3] and Delyon [5], an inequality for c—mixing random fields is given in Doukhan
[6]. Unfortunately, for random fields defined by (1), mixing conditions lead to restrictive
assumptions on the random field distribution (see [9] for the case of linear random fields)
or are impossible to check (see the counterexample of Andrews [1] when d = 1). On the
other hand, general weak dependence conditions formulated in terms of covariances of
Lipschitzian functionals can be applied to random fields defined by (1) and corresponding
moment inequalities are available. We refer to [4] and [7] for weak dependence conditions
that generalize strong mixing and to [2]| for a generalization of associated random fields.
Nevertheless, despite their generality, such approaches do not exploit the particular form
of the random field when it writes as a functional of independent random variables and
lead to complicated and restrictive conditions for the representation (1). When d = 1,
martingales decompositions and Burkhdolder inequality for martingales have been used to
prove simple moment bounds for partial sums of causal processes of the form (2). We refer
to [14] and [11] for details. In this paper, we generalize this approach to random fields and
we prove inequality (3) using a simple recursive application of the Burkhélder inequality.
We next study in details the application of such inequalities to partial sums of transforms
of linear random fields.

2 Moment bounds

We first state basic properties of specific conditional expectations and operators pg ; defined
in (4).

Lemma 1 Let Z be an integrable random variable, £ an i.i.d random field and q a real
number with ¢ > 1. Then:
1. If A,B C 77
E(E(Z/¢a) /$B) = E(Z/§anB) -



2. IfACZ%and BCZ\ A:

IE (Z/€a08) — E(Z/€a) g < 12 ~ E (2/&05) llo
3. If (s,8,0,0) € {1,...,d}> x Z x Z:

1P 0 P (2)llg < 2min ([1(2) s 195 (2)1lo) -

Proof of Lemma 1
1. The result follows from the independence properties of the random field &.

2. From the point 1., we have:

E(Z/¢aus) ~E(2/¢a) = E (2 ~E(Z/&) /Savs) .
and the result is a consequence of the Jensen inequality.

3. We have from the point 1.:
P 0v$0(2) = Z — E(Z/€4) + BAZ ~E(Z/64) [€8)

for A = {j € Zjs # ¢} and B = {j € Z%/jy # ¢'} and from the triangular
inequality and Jensen inequality, we obtain:

1P 0 P (2)lla < 2021l
Exchanging A and B, the result follows.[]
The main result of the paper can now be stated.

Theorem 1 Let X be a real centered random field indexed by Z¢, d > 1 and such that
E|X;| < oo for allt € Z%. Assume futhermore that there exists an i.i.d random field & such
that o(X) C o(&). Then for a real number q¢ > 1, we have with ¢ = min(q, 2):

1/q
1S(B)llg <ty <er£f,2d+kdo"'op%;m(Xt)Hg/) : (6)

kezd \teB

where Cy denotes the universal constant of the Burkhélder inequality for martingales.

Remarks

1. The proof of inequality (6) do not use the representation (1) and the stationarity
assumption. Note that for a stationary random field, inequality (6) coincides with

(3).



2. Let X be a random field of the form (1) and such that A, < oo for a real number
g > 1. Then the Moricz theorem [12] can be used to deduce from the bounds (3) a
moment inequality for partial maxima when B is a block of Z¢, i.e

B = ((al,bl] X ... X (ad,bd]) nze.

More precisely, if ¢ > 2, we have:
2—q\ —d
| max [S(W)lll, < (5/2)%1 (125" ) " Clag B2,

where the notation W < B means W C B and W is a block of Z¢ with the same
minimal vertex than B, i.e

W = ((a1,¢1] X ... x (ag, cq)) N Z%

In fact the result of Moricz is analytic, in the sense that it does not involve any
dependence properties. When ¢ € (1,2), it gives the bound

d
d/aod(q—1)/q~d 1/ o
Iipag SOVl < 52t Diacy A/ T loa - o)
Proof of Theorem 1

1. We first prove the result for d = 1. For j € Z and an integrable random variable 7,
we define:
Pi(Z) =E(Z/Fi) —E(Z/Fi-1),

where F; = 0(§;/j < i). We use the following decomposition

Xi = X, —E(X;/F)+E(X;/F)

= Z'PZ-+J'(XZ') + Z Pi—j(Xi)

Jj=1 Jj=0
= Z Pigj(Xi
JEL
Then we have S(B Z Z Pi+j(Xi), and (Piy;(X;)),c5 is a martingale difference

JEZ i€B
for the filtration (Fiy;),.,. The Burkholder inequality leads to:

q/2 1/q

ISBYlg <D NI Pii(Xollg < Co Yy

jEZ ieB JEZ

B> Piyy(Xi)?

i€B

If ¢ > 2, the triangular inequality for the L%/2 norm leads to

1/2
1S(B)llq < Cq Z{ZHPW IIq} :

J€Z \ieB



Setting A = {¢ € Z/¢{ < i+ j— 1} and B = {i + j}, an application of point 2 in
Lemma 1 yields to

1P (Xl < 1P (X0
Inequality (6) follows.
If now ¢ € (1,2], inequality (6) is a consequence of the previous remark and the

bound
q/2
(Z wm) <Y P (X!
i€B i€B
. We show the result for d > 2 using induction on d. Suppose that the bound (6)
holds for any random field indexed by Z°%, s < d — 1 and satisfying the assumptions
of Theorem 1. We have X = (X j);cz jezd-1 and

ZZYz, Y = ZXi,ja

i€A JEB;

where B = U;ca{i} x B;. It is obvious that (Y;);cz satisfies the assumptions of
Theorem 1 with the random field & = &; 74-1, i € Z. Then, using inequality (6) for
d =1, we obtain

1/q'
ISB)lg < Cq > (Z!mmﬂ Hq> - (7)

ki1€Z \i€A

Note also that for £ € Z, we have p{e = pﬁe. Then for k1 € Z and 7 € A, we

have p%ilkl V;) = ZjeBi p&%l (Xi ;). Since the random field (pﬁ; (X, ))jeB_ is

indexed by Z¢ ! and satisfies the assumptions of Theorem 1 with the i.i.d random
field & = (5Z,j)jezd—lr we can apply the induction hypothesis. We observe that for

se{l,...,d—1}, pf,:) = pgl’k. Then we get the following bound:

1), (Yol

1/q
d—1 (©) () !
= Cq Z Z dejd 1+kd Py J1+ko (pl i+k1 (XZJ)) Hg
ko,....kq€Z \jEB;
1/q
d—1 (3] 3 (€ !
= G Do | 2 1P ks © O Py © P, (i)
ko,....kq€Z \jEB;
. . . . N L/d .
Then, using the triangular inequality for the norm ||z|| = (ZZ |z |2 ) , we obtain

1/¢

1/q
_ 5 5 /
(ZHPM ”q> <cit > (XSS, koo p o (Xl

€A ka,....kq€Z \i€A jEB;

and the bound (6) follows from (7) using the equality }_,c 4 > iep, = 2(i.j)en-U



The iterations involving the operators p(f) are not always easy to evaluate. The follow-
ing corollary will be useful to verify the condition Ay < 00 in most of examples.

Corollary 1 Let X be a real random field satisfying the assumptions of Theorem 1. Then

d
Ag <21 N e+ 1) Y o (8)

s=1neN |ks|=n

where for s € {1,...,d},

1/¢
Coey = (Z 1P . (X0) |q> .

teB

Remarks

1. When the random field X writes as in (1) we have the bound

Hpst i Xl < NXe = X k[l (9)

where )N(t,s,k;s = H ((éj>jezd>’ é},j = &y if js # —ks and §_; otherwise, ¢’

being a copy of &. When d = 1, the right hand side of (9) is the coefficient denoted
by 041 used by Wu [13] to measure the dependence of a stationary process X. In
this case, condition A; < oo holds when

S P (Xo)llg < oo,
kEZ

which is similar to the condition ), ;6,4 < oo used by Liu and Lin [11] (see Lemma
Al and Lemma A2 of their paper) for a causal stationary process

X = H (§-j)j>0), te€ZL

2. Note that when d = 1, A, is finite if and only if the right hand side of inequality
(8) is finite. For d > 2 this is no more true. For example, for the simple example of
linear random fields (2), we have

Ay =" lar| x [|%llq.

kezd

In contrast, when ¢ = 2 and &y is square integrable, the right hand side of (8) is finite

provided for s=1,...,d
St [Y @
neN |7s|=n

which is more restrictive than the summability of coefficients (a;) .



Proof of Corollary 1 From point 3 in Lemma 1, a straightforward induction leads to
the following inequality:

DS o, © 0P e (XOlg < 287 Ay (1985, () g (10)

Assume that the random field X satisfies the assumptions of Theorem 1. We have

1/q
> (Z AP <Xt>||q>

kezd \teB

Y OY e

s=1 neNk/||kllco=lks|=n

d
Z Z(Qn +1)d-1 Z Cs. ks -

s=1neN |ks|=n

IN

IN

Then the conclusion of Corollary 1 follows.[J

3 Examples

In the sequel £ denotes an i.i.d random field satisfying E£y = 0. For a random field X of
the form (1), inequality (3) is interesting provided the constant A, defined in (5) is finite.
For the simple case of a linear random field (2), we have

Aq = Z |a;l[&ollq-

kezd

Then provided that & € L, we have Ag < oo if and only if ;74 [a;| < co. The latter
condition is a weak dependence condition since in this case the autocovariances of the field
are summable.

A precise evaluation of the constant A, may also be possible when the random field X has a
polynomial expression with respect to the coordinates of £&. As an example, we investigate
a moment bound for the covariances of linear random fields.

Corollary 2 Let Y; = Z ajé&—j, t € Z¢ with Z la;| < oo, and for a given h € Z4
jeZ jEZA

Xt =YiYein — E(ViYiqn).

Assume that & € L2™ with m > 1. Then for 1 < ¢ < m, Ay < 0.

Proof of Corollary 2 Let k € Z% and B = pffzﬁkd o opﬁ?ﬁkl (X¢). Then we are

going to prove

B= > | Y ai&y| x| D ajun&—j | +apaprn (s —EL),  (11)

(a,B)el \j€Aa jEAG



where
=0 {(e, 8) € {0,1}7 % {0,1}/(cv, ) # (0,0) and asfs = 0},
A, = mgl:l{j € Zd/js = —ks if as = 0 and a; = 1 otherwise }.
One can easily see that if (o, 3) € I, then a # [ and since there exists s € {1,...,d} such
that ag = 0 and s = 1 (or the contrary) then the sums ZjeAa a;&—j and ZjEAg a;j&i—j
are independent. Before giving a proof of (11), we show why the conclusion of Corollary 2
holds. From (11) we obtain the following bound:

IBlly < Y2 D lagl- Y lajrallloll + la—ka—kin (6 = 0%) |,

(a,B)€l jEAL JEAR

where 0% = E€2. Let q € (1,m]. Using assumptions on ¢ and coefficients (a;), 4, < oo if
for (a, B) € 1,

G=> | D lal- > lajil | <o (12)
kezd \jE€Aa JEAR
If a =0, then Ay = —k and G < >, |aj[ x >, |aj+n| < oo. The same holds if 8 = 0.
Now suppose that £ = #{s € {1,...,d}/as = 0} satisfies 1 < ¢ < d — 1. Without loss
of generality, we assume that ags = 0, s < £. Then by definition of I, we have §; = 0 if
s > ¢+ 1. In this case, we obtain

G < E : E : ‘a*kh-nﬁke,juhm,jd ’ E : ‘alerhl,~~~,je+hz,*k5+1+he+17--~ﬁkd+hd
k€Zd \Jet1,-Jd J1seene
< > al- > lajeal:
JEZ JEZ

Then G < oo and the conclusion of Corollary 2 follows.
Now we prove (11). We first introduce some notations. For s € {1,...,d}, let

I(S) - mf:l{(aly .. ,0457/81, L 758) S {07 1}28 alﬂl == 0}7
AL =2 {jeZ? | ji=—k; if oy = 0, and j; # —k; otherwise },

B, = pi?,g)s+k5 O--- Opft)l—&-k:l (Xt)
Using a finite induction on the set {1,...,d}, we are going to prove that for s € {1,...,d},

Bs = Z Z ajgt*j X Z aj—i—hftfj - Z ajaj+ha2. (13)

(a,ﬂ)ej(s) jGAS:) jGA(BS) Ji=—kii=1,...,s

Observe that By = B. The proof of this induction uses the following remark: for two
subsets C' and D of Z¢, we have for s € {1,...,d} and Z; = Zjec a;&—j - Z]ED aj+néi—j,

Psitotks (Zt) = Y& Y ainée

jeC:js:—k‘s jevasf_ks
+ Z a;j&e—j - Z ajyni—j
JEC,js#—ks JED,js=—ks

2 § :
- O AjQj4h-

JGCODJ«S:_kS



e The case s = 1 is an easy consequence of the previous remark.

e Suppose that equality (13) holds for Bs. Then applying again the previous equality
t0 Boy1 = Pst1,k,1 (Bs), equality (13) easily follows for B, y1.00

The next corollary gives a sufficient condition in order to have A, < oo for some locally
Hélderian functionals of linear random fields. Here we apply Corollary 1.

Corollary 3 Let h : R — R be a function such that there exist a > 0, b € (0,1] and a
positive constant K satisfying:

[h(z) = h(y)| < K (L+ |2 +|y*) [z — 9", z,y€E.

Fort e 7%, let Y; = Z a;é—j, t € Z% and Xy = h(Y;) —Eh(Y;). Assume that E|&|™ < oo
jezd
withm > 1, m > (a+b)q and ¢ > 1. If for s € {1,...,d}

b/2

Z(n +1)d-t Z a? < 00, (14)

n>0 /lis|=n

then Ay < oo.
In particular, if a; = O (||7]|7%) with o > (2+b)d , condition (14) is satisfied.

Remarks

1. Corollary 3 shows that inequality A, < co holds with a loss for the decrease of coef-
ficients (a;) with respect to the condition ) a4 |a;| < oo. For example, when a; =

O (||7]I7) the summability of coefficients (a;); holds when o > d, but M >d
when d > 2.

2. The result of Corollary 1 can also be applied if the functional h of Corollary 3 has some
discontinuities. However, additional assumptions could be required in order to bound
explicitely the quantity ||p (Xo)Hq For example if h(z) = 1,5, one can use an

approximation of h by the Llpschltz function he(z) = Nyt + ( x+1— f) | PR
We obtain

1P (X0)lg < 21 X0 — he(Yo) lg + 125 (he(Y0)) -

Then we can bound the second term as in the proof of Corollary 3 and we get,

P& (Xo)llg < 2P(t— e < Yo < 1) + *Ilﬁo\lq /Z a;
Js=—

Some regularity assumptions have be made for optimizing the previous bound in €
1/4

(e.g Hpg (Xo)llg ~ Z a? if Yy has a locally bounded density).
js:_e



Proof of Corollary 3 We first derive a bound for the quantities ||ps ¢, 4+, (Xt)lq, 5 =
1,...,d and ¢ < ;7. For a copy & of £, we set

Z=K[1+]Y ai&jl*+1 > &+ D a& |l Y ai&i—g "

jezd J/is#—ks J/is=—ks Jlis=—ks

Then using the assumption on h, it is not difficult to prove that ||ps+,+x.(X¢)|lq < 11 Z]q-
If @ > 0, we consider two positive numbers p and r satisfying % = % + %,
m > bp > 1. A such choice is possible from the assumptions on m. In the sequel C' denotes
a generic positive constant not depending on the index k£ or j. Then using the previous

bound and Hélder inequality, we obtain

1ps o (Xlg < CEVPL Y7 aj(émy — €15
j/js:*ks

ar < m and

Note that the previous bound holds also when a = 0 if we set p = m/b. From Burkhélder

inequality, we obtain
b/2

Ipstrn(Xllg <C | Y af] (15)
j/jS:_ks

The conclusion of the corollary follows easily from (15) and Corollary 1.
Suppose now a; = O (||7]|~%) with o > %. Then we have for s € {1,...,d}

L _ d—
Z CLJZ < C Z H]H 2 < Cn 20+ 1.
J/js=n 3/llilI=>n.gs=n

Using the same bound for Z a?, we deduce that condition (14) is satisfied and the

]/Js =—n
result follows.d
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