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A common experimental technique for viewing in vivo angiogenesis utilises tumours implanted into a test animal cornea. The cornea is avascular but the tumour promotes vascularisation from the limbus and the new blood vessels can be readily observed through the transparent cornea. Many of the early mathematical models for tumour angiogenesis used this scenario as their experimental template and as such assumed that there is a large gap, of the order of 2 mm, between the tumour and neighbouring vasculature at the onset of angiogenesis. In this work we consider whether the assumption that there is a significant gap between the tumour and neighbouring vasculature is unique to intra-cornea tumour implants, or whether this characterises avascular tumour growth more generally. To do this we utilise a simple scaling argument, derive a multi-compartment model for tumour growth, and consider in vivo images. This analysis demonstrates that the corneal implant experiments and the corresponding mathematical models cannot generally be applied to a clinical setting.

Introduction 1

Folkman [START_REF] Folkman | The vascularization of tumours[END_REF] proposed that tumours un-2 dergo three distinct phases of growth: an initial avascu-3 lar phase of slow limited growth, then an angiogenesis 4 phase where the tumour cultivates its own blood supply, 5 and finally a phase of rapid vascularised growth. Folk-6 man also proposed that inhibiting angiogenesis could 7 provide an effective anti-tumour therapy. 8

A common technique for observing in vivo angiogen-9 models of angiogenesis have been developed to recreate the results of intra-corneal tumour implant experiments by assuming there is a significant gap, of the magnitude of the width of the cornea, between the tumour and the neighbouring vasculature [START_REF] Balding | A mathematical model of tumour-induced capillary growth[END_REF][START_REF] Chaplain | A model mechanism for the chemotactic response of endothelial cells to tumour angiogenesis factor[END_REF][START_REF] Byrne | Mathematical models for tumour angiogenesis: Numerical simulations and nonlinear wave solutions[END_REF][START_REF] Chaplain | Mathematical modelling of angiogenesis[END_REF][START_REF] Plank | Lattice and non-lattice models of angiogenesis[END_REF]). These investigations have been very successful at modelling the cornea implant experiments and have been well verified in context; however it is not obvious that a significant gap should exist between a tumour and the neighbouring capillaries when an in vivo tumour grows in "normal" vascular tissue. Furthermore, while many modelling explorations have previously invoked analogous assumptions when considering normally vascularised tissue, recent imaging suggests that there is no significant gap between an in vivo avascular tumour and its neighbouring capillaries [START_REF] Shubik | Vascularization of tumors: A review[END_REF], as illustrated by Figure 5(a).

Thus there is a need to explore this potential discrepancy between a modelling framework for vascular tumour angiogenesis and recent observations, and we firstly explore this by utilising a simple scaling argument. For the intra-cornea implant experiments to directly apply to a typical in vivo tumour the in vivo tumour must develop and/or maintain a significant gap between itself and the neighbouring capillaries. Consider a spherical tumour of radius r tum (t), a function of time t, growing in vascular tissue. Then the volume of the tumour, V tum , is

V tum = 4πr 3 tum 3 .
Now suppose that following the initiation of cancer in a single cell there is a region of non-cancerous cells between the tumour and the surrounding vascu-lature which remains of constant width as the tumour 57 grows. To be consistent with the intercapillary dis-58 tance in vascular tissue the distance between the tumour 59 and neighbouring vasculature should be approximately 60 50 μm [START_REF] Fait | Microvascular patterns of the human large intestine: Morphometric studies of vascular parameters in corrosion casts[END_REF] and the volume of tissue in such 61 a gap between the tumour and surrounding vasculature 62

(in μm 3 ), V gap , is then 63

V gap = 4π (r tum + 50) 3 -r 3 tum 3 .
It can then be shown that the maintenance of this gap 64 of constant width requires the non-cancerous tissue to 65

increase in volume at the relative rate compared to can-66 cer tissue of 67

1 V gap dV gap dt 1 V tum dV tum dt = r tum (r tum + 50) 2 -r 3 tum (r tum + 50) 3 -r 3 tum .
To use this result to compare the cellular proliferation 68 rates of cancerous and non-cancerous cells we recall 69 that tumours of radius three cell widths, which corre-70 sponds to a r tum of approximately 80 μm (Casciari et al., 71 1992;[START_REF] Buckley | MRI measurement of cell volume fraction in the perfused rat hippocampal slice[END_REF] will typically consist of only 72 proliferating cells [START_REF] Larue | Microenvironmental regulation of proliferation in multicellular spheroids is mediated through differential expression of cyclin-dependent[END_REF]. For this value of 73 r tum , the tumour radius, we find that the non-cancerous 74 cells must initially proliferate approximately 50% as 75 quickly as the cancerous cells. Having non-cancerous 76 cells proliferate half as quickly as cancerous cells may 77 be faster proliferation than would be anticipated, but is 78 not completely unfeasible for particularly slow grow-79 ing tumours or tumours growing in tissue with a par-80 ticularly high cell turnover rate. However in general no 81 obvious mechanism exists which would upregulate non-82 cancerous cell proliferation to this extent. This suggests 83 that any initial gap between the tumour and the neigh-84 bouring vasculature will begin to close as the tumour 85 growth rate of the tumour.

For the mathematical models based upon the intracornea experiments to be more widely applicable the assumption that there is a significant gap between the tu- We now consider how the distance between a typical in vivo avascular tumour and the neighbouring capillaries evolves as the tumour grows. In particular we consider whether a significant gap can be maintained between the tumour and capillaries, and if not then why does the gap close and how quickly does it do so. The results of this study will then imply whether or not the mathematical models based upon the intra-cornea implant experiments can be applied in a general context.

The Model

To consider how the distance between an in vivo tumour and the neighbouring capillaries evolves as the tumour grows we model the growth of an avascular tumour beginning with a small collection of cells and finishing with an avascular tumour which has reached diffusion limited saturation. We consider populations of healthy non-cancerous cells, proliferating cancerous cells, quiescent cancerous cells and necrotic cells. We assume that the system can be modelled as a continuum of cells and exhibits radial symmetry. These assumptions form an idealised model for avascular tumour growth, but one which constitutes a best case scenario for maintaining a significant gap between the tumour 119 and neighbouring vasculature. If a significant gap be-120 tween the tumour and neighbouring vasculature cannot 121 be maintained by our idealised model, then we would 122 not expect it to be maintained with the introduction of 123 asymmetries which effectively reduce the gap in at least 124 one direction. 125

The domain of our model consists of the tumour 126 spheroid and a region of the non-cancerous cells out-127 side the tumour up to the nearest capillaries, as shown 128

in Figure 1. 129 rate of oxygen consumption by cells [START_REF] Lin | Oxygen diffusion in a spheroid cell with non-linear uptake kinetics[END_REF]. 139

We assume that proliferating cells can become qui-140 escent and vice versa. Whilst the local oxygen con-141 centration can be a factor in determining this change of 142 state, other factors such as cell-cell interaction and the 143 availability of growth factors are also likely to be influ-144 ential [START_REF] Mueller-Klieser | Tumour biology and experimental therapeutics[END_REF]. The effect of all these 145 potential factors is too complex to be considered in de-146 tail. Instead we note that proliferating cells are generally 147 found on the outer rim of an avascular tumour and qui-148 escent cells are generally observed further towards the 149 tumour's centre [START_REF] Larue | Microenvironmental regulation of proliferation in multicellular spheroids is mediated through differential expression of cyclin-dependent[END_REF]Mueller-Klieser, 150 2000). To model this we postulate that proliferating 151 cells tend to become quiescent if too far from the edge 152 of the tumour and quiescent cells tend to become prolif-153 erative if too close to the edge of the tumour. We also 154 assume that becoming quiescent does not affect a cell's 155 death rate. The resulting equations for the proliferating 156 and quiescent cell populations are 157

∂p ∂t + ∇ • vp = [k m (c) -k d (c)] p -αpH ([S tum -R] -r) + βqH (r -[S tum -R]) , ∂q ∂t + ∇ • vq = -k d (c)q + αpH ([S tum -R] -r) -βqH (r -[S tum -R]) ,
where p(r, t) and q(r, t) are the densities of proliferat-158 ing and quiescent cells respectively, v(r, t) is the local 159 cell velocity, S tum (t) is the radius of the tumour, R is 160 the width of the proliferating rim, α is the rate at which 161 proliferating cells become quiescent outside the prolif-162 erating rim, β is the rate at which quiescent cells become 163 proliferative inside the proliferating rim, and H(x) is the 164 Heaviside function (which takes the value 0 if x is neg-165 ative, and 1 if x is positive).

To investigate whether it is feasible for a significant gap to be maintained between the tumour and the vasculature as the tumour grows we also consider the dynamics of the non-cancerous cells immediately outside the tumour. We assume that non-cancerous cells proliferate more slowly than cancerous cells but otherwise exhibit similar dynamics; in particular we assume that their proliferation depends upon the local oxygen concentration in the same manner for both cell types. We also assume that necrotic cells undergo linear degradation. Then the evolution of non-cancerous cells and necrotic cells is given by

∂h ∂t + ∇ • (vh) = (λk m (c) -k d (c)) h, ∂n ∂t + ∇ • vn = k d (c)(h + p + q) -νn,
where h(r, t), and n(r, t) are the densities of noncancerous cells and necrotic cells respectively, λ < 1 is the relative proliferation rate of non-cancerous cells, and ν is the linear degradation rate of necrotic cells.

Note that the kinetics of healthy and cancerous cells can be chosen to allow the canceous cells to proliferate at lower oxygen concentrations than the non-cancerous cells; this does not significantly alter the modelling predictions and the model presented above constitutes the best case scenario for exploring gap maintenance. We estimate the relative proliferation rate of non-cancerous cells, λ, using the fact that in the absence of any tumour the non-cancerous cell population should be in equilibrium. Hence λ is chosen so that in the absence of any tumour, oxygen feedback regulates cell proliferation and necrosis in exactly the way required to maintain the observed intercapillary distance.

We close our model by assuming that the cell volume fraction of tissue is constant, which implies the follow-

∇ • v = V L (λh + p) k m (c) V + (V N -V L ) (h + p + q) k d (c) V - V N νn V .
where V L is the mean volume of a live cell, V N is the 199 mean volume of a necrotic cell, and V is the cell volume 200 fraction, and that oxygen diffuses out of the capillaries 201 and is taken up by living cells. If we assume that the rate 202 of oxygen uptake for the normal processes which keep 203 cells alive also follows Michaelis-Menten kinetics and 204 the rate of additional oxygen uptake required for cell 205 proliferation is proportional to the rate of proliferation, 206 then the evolution of the local oxygen concentration is 207 given by 208

∂c ∂t +∇•(vc) = ∇•(D∇c)-γk m (c)(λh+ p)-k n (c)(h+ p+q),
where c(r, t) is the local oxygen concentration, k n (c) is 209 the Michaelis-Menten kinetics for the oxygen uptake for 210 normal processes, γ is the constant of proportionality 211 for additional oxygen uptake for mitosis, and D is the 212 diffusion coefficient of oxygen. 213

We take the initial state of our tumour to be the largest 214 collection of cells which can be assumed to be entirely 215 proliferating, which is a tumour of radius equal to three 216 cell widths [START_REF] Larue | Microenvironmental regulation of proliferation in multicellular spheroids is mediated through differential expression of cyclin-dependent[END_REF]. We also assume that 217 the tumour front moves with the local cell velocity, so 218

that 219 dS tum dt = v(S tum , t),
as do the neighbouring capillaries. Note that if the capil-220 laries do not move with the local velocity vector field for 221 structural reasons the separation between tumour and 222 capillary would reduce even more quickly so that, once 223 more, we are considering a best scenario for gap main-224 tenance. Similar comments apply for the initial position 225 of the vasculature, which is assumed to be 50μm from 226 the tumour, consistent with the intercapillary distance [START_REF] Fait | Microvascular patterns of the human large intestine: Morphometric studies of vascular parameters in corrosion casts[END_REF]. For our final boundary condition we assume the capillary network is a constant source of oxygen.

Where possible we estimate parameters directly from the literature, but it is necessary to estimate some parameters by performing an a posteriori analysis of parameters. To do this we numerically simulate the evolution of the tumour for different values of the unknown parameters and refine the estimates until the modelled tumour growth is consistent with observed tumour growth. In particular we ensure that our modelled tumour's growth curve, size at saturation, relationship between necrotic core radius and tumour radius, and oxygen diffusion distance are all consistent with observed behaviour. A summary of all the parameters used in our model and their values is presented in Table 1.

(Note that the oxygen concentration on the edge of our domain can be non-dimensionalised out of our model and hence need not be estimated explicitly).

Given this model we now simulate the evolution of our tumour whilst paying particular attention to the distance between the tumour and the neighbouring capillaries.

Results

Figure 2 shows the growth dynamics for the modelled tumour. Figure 2(a) shows that our modelled tumour undergoes an initial period of exponential growth, then the growth rate slows and the tumour saturates at a radius of approximately 1 mm, which is consistent with observed tumour growth. Table 1: The parameters in our model. given the parameters in Table 1.

tumour and the neighbouring vasculature as the tumour grows assuming that there is no obstruction between the tumour and vasculature. This is likely to be valid when the tumour is a secondary metastasis, in contrast to a carcinogenesis of a primary carcinoma with a basement tercapillary distance, to evolve into a gap of 2000 μm, 312 which is observed following an intra-cornea tumour im-313 plant, requires non-cancerous cells to proliferate on av-314 erage approximately 160 times faster than this. 315

Discussion and Conclusions 316

Our modelled tumour showed that simple biologi-317 cally motivated dynamics for the proliferation of non-318 cancerous cells caused the distance between the tumour 319 and neighbouring vasculature to decrease quickly com-320 pared to the growth rate of the tumour, so that at satu-321 ration the neighbouring capillaries effectively lie on the 322 surface of the tumour, unless there is some obstruction 323 which prevents the tumour from reaching the surround-324 ing vasculature, such as a basement membrane. This 325 was despite taking care to ensure that any idealisations 326 in our model contributed to the model being a best case 327 scenario for maintaining the distance between the tu-328 mour and vasculature. 329

Non-cancerous cell proliferation can be forced to 330 maintain a constant gap between the tumour and vas-331 culature, but this requires non-cancerous cells to ini-332 tially proliferate approximately 55% as quickly as tu-333 mour cells, which are typically taken to have lost growth 334 control. This result is consistent with our initial scaling 335 argument, which motivated the problem, which showed 336 that maintaining a uniform gap between a tumour and 337 the vasculature requires the non-cancerous cells to ini-338 tially proliferate approximately 50% as quickly as the 339 cancerous cells. Whilst the rate of proliferation required 340 to maintain such a gap is high, it is not unfeasible. How-341 ever the absence of any biologically motivated mecha-342 nism which would up-regulate non-cancerous cell pro-343 liferation in this way, and having shown that oxygen feedback is not sufficient, suggests that non-cancerous cell proliferation is not generally up-regulated to this extent.

We have found that the rate of proliferation required to maintain a gap of constant width between the tumour and vasculature is high and demands extreme parameter values. However, for an in vivo tumour growing in vascular tissue to evolve into a state which is consistent with that seen following an intra-cornea tumour implant would require non-cancerous cells to proliferate on average approximately 160 times faster that was required to maintain a gap of constant width. This would imply that some non-cancerous cells would be proliferating at least two orders of magnitude faster than cancerous cells which is in conflict with our general understanding of tumour systems. This is clearly impossible. Furthermore, a 2 mm gap between the tumour and neighbouring vasculature would greatly exceed the diffusion distance of oxygen and it is not clear how an in vivo tumour in such a configuration would be supported. From this we conclude that the 2 mm gap following intra-cornea tumour implants is unique to that setting and cannot be included in a general model of tumour blood flow dynamics.

Our model assumes that capillaries are carried with the movement of local cells and neglects any angiogenic stimuli or mechanical properties of the capillaries which might resist their movement. We have also neglected any contact inhibition of normal, non-cancerous, cell growth. If any of these effects are included then the non-cancerous cell growth rates required for gap maintenance will be even higher. Hence our model is a best case scenario for gap maintenance and in an in vivo tumour we would expect the gap to close even quicker than it does in our model. Given this and that the gap closes quickly in our modelled tumour we conclude that in a well developed in vivo tumour growing in vascular tissue there will not be a significant gap between the tumour and neighbouring capillaries, except possibly for the presence of an intact basement membrane preventing the tumour from reaching the surrounding vasculature, as with the carcinogenesis of a primary carcinoma.

Unless the tumour is geometrically unconstrained our simple scaling argument still applies and the gap between the tumour and surrounding vasculature should only be the width of the basement membrane, which will be relatively thin. This conclusion implies that mathematical models of angiogenesis typically should not consider an initial gap between the tumour and the vasculature, especially for micrometastases. Furthermore, the studies based on corneal implants serve as building blocks for developing models for angiogenesis in that setting, but do not immediately translate to a clinical setting and are likely to overestimate the importance of angiogenesis and the effectiveness of anti-angiogens without suitable modification. Furthermore, the new vasculature cultivated by tumour angiogenesis tends to be distorted and leaky compared to normal vasculature though this will only exist within the tumour interior if angiogenesis initiates from the surrounding capillaries encroaching the tumour surface. This could mean that predictions of healthy tis- images of intra-corneal tumour angiogenesis.

  mour and neighbouring capillaries requires further validation, especially since it appears to demand extreme parameter choices in the context of a simple scaling argument. Alternatively, if no such gap exists at the onset of angiogenesis then this poses the question of what causes the gap to close.
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 1 Figure 1: A schematic cross-section of the domain being considered.
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 2 Figure 2(b) shows the width of the gap between the

  (a) The growth curve of our modelled tumour. (b) The width of the gap between the tumour and neighbouring vasculature as a function of tumour radius for our modelled tumour.

Figure 2 :

 2 Figure 2: The growth dynamics of our modelled tumour,

  membrane separating the surrounding vasculature from the microtumour. It can be seen that the width of the gap decreases significantly as the tumour grows and the capillaries effectively reach the surface of the tumour well before the tumour growth saturates.To further highlight this we compare the configurations of the initial state of our modelled tumour, the final state of our modelled tumour, and a typical tumour following an intra-cornea implant in Figure3. Each of the schematics in Figure3is on the same scale with a 1 mm scale bar shown. In Figure3(a) there is initially a small gap of width 50 μm between our modelled tumour and neighbouring capillaries. In Figure3(b) it can be seen that when our modelled tumour has grown to its saturated size, as given by diffusion limited control, there is effectively no gap between the tumour and the vasculature. However, in Figure3(c) it can be seen that following tumour implantation into the cornea there is a large gap between the tumour and the vasculature. The difference between Figures 3(b) and 3(c) is marked and highlights that the results of our model conflict with observed angiogenesis in the corneal implant experiments where capillaries are seen to sprout towards and into an avascular tumour. To investigate whether the lack of a gap between our modelled tumour and the neighbouring vasculature is due to a failing of our model, or whether this properly captures in vivo behaviour, we now suppose that noncancerous cell proliferation is somehow upregulated so as to maintain a constant gap between the tumour and (a) The initial configuration of our model. (b) The final configuration of our model (at diffusion limited saturation). (c) The configuration corresponding to a typical cornea implant experiment.

Figure 3 :

 3 Figure 3: A schematic comparison of the configurations of the tumour corresponding to (a) the initial conditions taken in our model, (b) the final state of our modelled tumour, and (c) a typical tumour following implantation into the cornea, each to scale with a 1 mm scale bar shown. The central shaded regions correspond to the tumour, the red lines outside the tumour represent the capillaries and any unshaded regions correspond to non-cancerous cells.

  sue exposure to cytotoxic chemotherapies during therapeutic interventions are overestimated within corneal implant motivated models because of differing detailed predictions of vasculature integrity. These conclusions are supported by experimental observations. The image of the avascular tumour in Figure 5(a) shows small blood vessels growing directly into the periphery of a tumour that was initially avascular. It 414 demonstrates that blood vessels penetrate directly into 415 the tumour-host interface rather than via an elaborate 416 network of vessels adjacent to the tumour edge as seen 417 in the cornea experiments, such as that shown in Fig-418 ure 5(b). In Figure 5(b) it can be seen that the corneal 419 implant is surrounded by an extremely large region of 420 avascular tissue and the resulting angiogenesis across a 421 large gap between the tumour and vasculature does not 422 represent angiogenesis for an in vivo tumour growing in 423 vascular tissue. 424 5. Summary 425 We have considered the evolution of the gap between 426 an avascular tumour and the neighbouring vasculature 427 as the tumour grows. A simple mathematical model 428 illustrates that a well established yet avascular tumour 429 will not exhibit a gap between the tumour and the vas-430 culature and that the neighbouring capillaries effectively 431 lie on the surface of the tumour. These conclusions are 432 reinforced by a simple scaling argument and images of 433 in vivo tumours. This illustrates that mathematical and 434 computational models based on the cornea implant ex-435 periments, which assume a significant gap between the 436 tumour and neighbouring vasculature, cannot be immeby a DTA award from the EP-440 SRC. PKM was partially supported by a Royal Society 441 Wolfson Research Merit Award. PKM and RAG were 442 partially supported by NIH grant 1U54CA143970-01. 443 The authors would like to thank Dr. T. Velpandian of 444 the all India institute of medical sciences for providing 445 (a) An in vivo avascular tumour (the white region) growing in a mouse mound chamber. The tumour has been added to the wound chamber in a matrigel disc, and on the outer ring of the disc endothelial buds which were obtained from scrotal fat were placed. A 200 μm length bar is shown. (b) Angiogenesis following tumour implantation into a test animal's cornea (Velpandian).

Figure 5 :

 5 Figure 5: A comparison of an in vivo tumour and a tumour following implantation into a test animal's cornea.