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We consider finite state space stationary hidden Markov models (HMMs) in the situation where
the number of hidden states is unknown. We provide a frequentist asymptotic evaluation of
Bayesian analysis methods. Our main result gives posterior concentration rates for the marginal
densities, that is for the density of a fixed number of consecutive observations. Using conditions
on the prior, we are then able to define a consistent Bayesian estimator of the number of
hidden states. It is known that the likelihood ratio test statistic for overfitted HMMs has a non
standard behaviour and is unbounded. Our conditions on the prior may be seen as a way to
penalize parameters to avoid this phenomenon. Inference of parameters is a much more difficult
task than inference of marginal densities, we still provide a precise description of the situation
when the observations are i.i.d. and we allow for 2 possible hidden states.

Keywords: Hidden Markov models, number of components, order selection, Bayesian statistics,
posterior distribution.

1. Introduction

Finite state space hidden Markov models (which will be shortened to HMMs throughout
the paper) are stochastic processes (X;,Y;);>1 where (X;);>1 is a Markov chain living
in a finite state space X and conditionally on (X;);>1 the Y; ’s are independent with a
distribution depending only on X; and living in Y. HMMs are useful tools to model time
series where the observed phenomenon is driven by a latent Markov chain. They have been
used successfully in a variety of applications, the books MacDonald and Zucchini (1997),
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2 Gassiat and Rousseau

MacDonald and Zucchini (2009) and Cappé et al. (2004) provide several examples of
applications of HMMs and give a recent (for the latter) state of the art in the statistical
analysis of HMMs. Finite state space HMMSs may also be seen as a dynamic extension of
finite mixture models and may be used to do unsupervised clustering. The hidden states
often have a practical interpretation in the modelling of the underlying phenomenon. It
is thus of importance to be able to infer both the number of hidden states (which we call
the order of the HMM) from the data, and the associated parameters.

The aim of this paper is to provide a frequentist asymptotic analysis of Bayesian
methods used for statistical inference in finite state space HMMs when the order is
unknown. Let us first review what is known on the subject and important questions that
still stay unsolved.

In the frequentist literature, penalized likelihood methods have been proposed to
estimate the order of a HMM, using for instance Bayesian information criteria (BIC
for short). These methods were applied for instance in Leroux and Putterman (1992),
Rydén et al. (1998), but without theoretical consistency results. Later, it has been ob-
served that the likelihood ratio statistics is unbounded, in the very simple situation
where one wants to test between 1 or 2 hidden states, see Gassiat and Kéribin (2000).
The question whether BIC penalized likelihood methods lead to consistent order esti-
mation stayed open. Using tools borrowed from information theory, it has been possible
to calibrate heavier penalties in maximum likelihood methods to obtain consistent esti-
mators of the order, see Gassiat and Boucheron (2003), Chambaz et al. (2009). The use
of penalized marginal pseudo likelihood was also proved to lead to weakly consistent
estimators by Gassiat (2002).

On the Bayesian side, various methods were proposed to deal with an unknown num-
ber of hidden states, but no frequentist theoretical result exists for these methods. Notice
though that, if the number of states is known, de Gunst and Shcherbakova (2008) ob-
tain a Bernstein - von Mises theorem for the posterior distribution, under additional
(but usual) regularity conditions. When the order is unknown, reversible jump meth-
ods have been built, leading to satisfactory results on simulation and real data, see
Boys and Henderson (2004), Green and Richardson (2002), Robert et al. (2000), Spezia
(2010). The ideas of variational Bayesian methods were developed in McGrory and Titterington
(2009). Recently, one of the authors proposed a frequentist asymptotic analysis of the pos-
terior distribution for overfitted mixtures when the observations are i.i.d., see Rousseau and Mengersen
(2011). In this paper, it is proved that one may choose the prior in such a way that extra
components are emptied, or in such a way that extra components merge with true ones.
More precisely, if a Dirichlet prior D(aq, ..., ax) is considered on the k weights of the
mixture components, small values of the o;’s imply that the posterior distribution will
tend to empty the extra components of the mixture when the true distribution has a
smaller number, say kg < k of true components. One aim of our paper is to understand
if such an analysis may be extended to HMMs.

As is well known in the statistical analysis of overfitted finite mixtures, the difficulty
of the problem comes from the non identifiability of the parameters. But what is specific
to HMMs is that the non identifiability of the parameters leads to the fact that neigh-
bourhoods of the “true” parameter values contain transition matrices arbitrarily close to
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posterior distribution for HMM 3

non ergodic transition matrices. To understand this on a simple example, just consider
the case of HMMSs with two hidden states, say p is the probability of going from state 1
to state 2 and ¢ the probability of going from state 2 to state 1. If the observations are
in fact independently distributed, their distribution may be seen as a HMM with two
hidden states where ¢ = 1 — p. Neighbourhoods of the “true” values (p,1 — p) contain
parameters such that p is small or 1 —p is small, leading to hidden Markov chains having
mixing coefficients very close to 1. Imposing a prior condition such as § < p <1 — ¢ for
some d > 0 is not satisfactory.

Our first main result Theorem 1 gives concentration rates for the posterior distribution
of the marginal densities of a fixed number of consecutive observations. First, under
mild assumptions on the densities and the prior, we obtain the asymptotic posterior
concentration rate y/n, n the number of observations, up to a logn factor, when the loss
function is the L; norm between densities multiplied by some function of the ergodicity
coefficient of the hidden Markov chain. Then, with more stringent assumptions on the
prior, we give posterior concentration rates for the marginal densities in L; norm only
(without the ergodicity coefficient). For instance, consider a finite state space HMM, with
k states and with independent Dirichlet prior distributions D(a;,...,ax) on each row
of the transition matrix of the latent Markov chain. Then our theorem says that if the
sum of the parameters o;’s is large enough, the posterior distribution of the marginal
densities in L; norm concentrates at a polynomial rate in n. These results are obtained
as applications of a general theorem we prove about concentration rates for the posterior
distribution of the marginal densities when the state space of the HMM is not constrained
to be a finite set, see Theorem 4.

A byproduct of the non identifiability for overfitted mixtures or HMMs is the fact that,
going back from marginal densities to the parameters is not easy. The local geometry
of finite mixtures has been understood by Gassiat and van Handel (2013), and following
their approach in the HMM context we can go back from the L; norm between densities
to the parameters. We are then able to propose a Bayesian consistent estimator of the
number of hidden states, see Theorem 2, under the same conditions on the prior as
in Theorem 1. To our knowledge, this is the first consistency result on Bayesian order
estimation in the case of HMMs.

Finally, obtaining posterior concentration rates for the parameters themselves seems
to be very difficult, and we propose a more complete analysis in the simple situation of
HMMs with 2 hidden states and independent observations. In such a case, we prove that,
if all the parameters (not only the sum of them) of the prior Dirichlet distribution are
large enough, then extra components merge with true ones, see Theorem 3. We believe
this to be more general but have not been able to prove it.

The organization of the paper is the following. In section 2, we first set the model and
notations. In subsequent subsections, we give Theorems 1, 2 and 3. In section 3, we give
the posterior concentration theorem for general HMMs, Theorem 4, on which Theorem
1 is based. All proofs are given in section 4.
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4 Gassiat and Rousseau

2. Finite state space hidden Markov models

2.1. Model and notations

Recall that finite state space HMMs model pairs (X;,Y;);>1 where (X;);>1 is the unob-
served Markov chain living on a finite state space X = {1,--- ,k} and the observations
(Y;);>1 are conditionally independent given the (X;);>1. The observations take value in
YV, which is assumed to be a Polish space endowed with its o-field. Throughout the paper
we denote 1., = (T1,...,Zp).

The hidden Markov chain (X;);>1 has a Markov transition matrix Q = (¢i;)1<s,j<k-
The conditional distribution of Y; given X; has a density with respect to some given
measure v on ). We denote by g, (y), j = 1,...,k, the conditional density of Y; given
X;=j.Here,v; €' C R forj =1,...,k, the «v;’s are called the emission parameters. In
the following we parametrize the transition matrices on {1,...,k} as (Gij )1<i<k,1<j<k—1
(implying that g;x, = 1—25;11 gi; for all i < k) and we denote by A, the set of probability
mass functions Ag = {(u1,...,uk—1) : ug > 0,... , up_1 > O,Zf:_ll u; < 1}. We shall
also use the set of positive probability mass functions A = {(u1,...,up—1) : u3 >
0,...,up—1 > 0722‘:11 u; < 1}. Thus, we may denote the overall parameter by § =
(gij,1 < i < k1 <j<k—1;7,...,7%) € O where O, = AZ x Tk, To alleviate
notations we will write 8 = (Q;v1,...,7), where Q = (¢ij)1<i,j<k, ¢k = 1 — Zf;ll Gij
for all 1 < k.

Throughout the paper Vyh denotes the gradient vector of the function h when consid-
ered as a function of 6, and D}h its i-th derivative operator with respect to 6, for i > 1.
We denote by Bg(7, €) the d dimensional ball centered at v with radius €, when v € R
The notation a,, = b, means that a, is larger than b, up to a positive constant that is
fixed throughout.

Any Markov chain on a finite state space with transition matrix ) admits a stationary
distribution which we denote by uq, if it admits more than one we choose one of them.
Then for any finite state space Markov chain with transition matrix @) it is possible to
define real numbers pg > 1 such that, for any integer m, any j <k

—1
k

k
m . -m — 1 ..
2@ —re()l < pg™s po=|1- 3 min gy (1)
Jj=1 7=1
where @™ is the m-step transition matrix of the Markov chain. If pg > 1, the Markov
chain (X,,),>1 is uniformly geometrically ergodic and g is its unique stationary distri-
bution. In the following we shall also denote g and pg in the place of pg and pg when
0= (@71, k)

We write Py for the probability distribution of the stationary HMM (X, Y;),>1 with
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posterior distribution for HMM 5

parameter #. That is, for any integer n, any set A in the Borel o-field of X" x Y™:

Py ((Xl, Xn,Yl,...,Y)EA)

2
= Z /nHA T1in, Yrin ) 1@ (41 qu xMHg%L yi) v(dyr) ... v(dyn). @

T =1

Thus for any integer n, under Py, Yi., = (Y1,...,Y,) has a probability density with
respect to v(dyy) - - - v(dy,) equal to

k n—1

fn,Q(ylv s 7y7l) = Z .131 H qxzxz+1 Hg717 yl . (3)

Il,m,wnfl

We note Ey for the expectation under Py.

We denote Iy, the prior distribution on Oj. As is often the case in Bayesian analysis
of HMMs, instead of computing the stationary distribution pg of the hidden Markov
chain with transition matrix @, we consider a probability distribution 7y on the un-
observed initial state Xy. Denote £,(0,x¢) the log-likelihood starting from z, for all
xo € {1,...,k}, we have

En (97 wO IOg [ Z H qxberl Hg’yl yl
L1y

HTp=11=0

The log-likelihood starting from a probability distribution 7y on & is then given by
log [Zx _ efn0mo)ry, (zo)} . This may also be interpreted as taking a prior IT = II; @ mx

over O x {1,...,k}. The posterior distribution can then be written as

Sy [y OO, (d6) T (o)
Sk 1 Ji €tn (@I, (d6) 7 (0)

1 (AlY1n) = (4)

for any Borel set A C Oy.

Let My be the set of all possible probability distributions Py for all § € ©. We
say that the HMM Py has order kg if the probability distribution of (Y},),>1 under Py
is in My, and not in My for all £ < ko. Notice that a HMM of order ky may be
represented as a HMM of order k for any k > kg. Indeed, let Q° be a kg x kg transition
matrix, and (’yl, ,’yk ) € T'*o be parameters that define a HMM of order k. Then,
0= (Q;Y,.... ,'yko ..ﬁko) € O with @Q = (gs5,1 <4,j < k) such that :

aij = dy 1,5 < ko
Qij = qggj 1> ko, J < ko,

k k (5)
> ai=qh, i<k, and > qui=qly, >k
l=ko l=ko
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6 Gassiat and Rousseau

gives Py = Pp,. Indeed, let (X,,),>1 be a Markov chain on {1,...,k} with transition
matrix Q. Let Z be the function from {1,...,k} to {1,...,ko} defined by Z(z) = x if
z < ko and Z(z) = ko if £ > k. Then (Z(X,,))n>1 is a Markov chain on {1, ..., ko} with
transition matrix Q°.

2.2. Posterior convergence rates for the finite marginal densities

Let 6 = (Q°;~Y, ....,7,20) € O,, Q' = ((I%)lgigkg,lgjgkoa be the parameter of a HMM
of order kg < k. We now assume that Py, is the distribution of the observations. In
this section we fix an integer [ and study the posterior distribution of the density of [
consecutive observations, that is f; g, given by (3) with n = . We study the posterior
concentration rate around f; g, in terms of the L; loss function, when Py, is possibly of
order ko < k. In this case, Theorem 2.1 of de Gunst and Shcherbakova (2008) does not
apply and there is no result in the literature about the frequentist asymptotic properties
of the posterior distribution. The interesting and difficult feature of this case is that
even though 6y is parameterized as an ergodic Markov chain Q° with k states and some
identical emission parameters as described in (5), f; ¢, can be approached by marginals
f1,0 for which pg is arbitrarily close to 1, which deteriorates the posterior concentration
rate, see Theorem 1.

Let m(uy,...,ux—1) be a prior density with respect to the Lebesgue measure on Ay,
and let w(v) be a prior density on I' (with respect to the Lebesgue measure on R?). We
consider prior distributions such that the rows of the transitions matrix @ are indepen-
dently distributed from 7 and independent of the component parameters v;,i = 1, ..., k,
which are independently distributed from w. Hence the prior density of Il (with respect
to the Lebesgue measure) is equal to 7, = 7% @w®*. We still denote by 7y a probability
on {1,...,k}, we assume that 7y (z) > 0 for all z € {1,...,k} and set Il = II}, @ mx. We
shall use the following assumptions.

e A0 ¢ >0,1<i<ky1<j<ko
e A1l The function v — g¢,(y) is twice continuously differentiable in I', and for any
v €T, there exists e > 0 such that

/ sup |V log gy (4) [P0 () v(dy) < +o0, / sup D2 log gy (4) P9 () v(dy) < +o0,
v/ €Bal(v,€) v €Ba(v,€)

1SUD ey Vago @) | € Li(v) and [ sup,y e e D20y (9) | € Li(v)
e A2 There exist a > 0 and b > 0 such that

sup / V95 () lldv(y) < ne.

IvlI<n®
e A3 7 is continuous and positive on AY, and there exists C, a; > 0, ..., ap > 0
such that (Dirichlet type priors):
k-1
Y(uy, ..., up_1) € AL, up =1— Zui, 0<m(upy .. up_1) < Cudtt. ~-u2"“71
i=1
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posterior distribution for HMM 7

and w is continuous and positive on I' and satisfies
/ w(w)de = o(nHh=1+D/2), (6)
llzl|=nt

with b defined in assumption A2.
We will alternatively replace A3 by

e A3bis r is continuous and positive on A?, and there exists C such that (exponential
type priors):

k—1
V(ul,...,uk,l) € Ag, up =1— Zui,

i=1
0 <7 (uty...,up—1) < Cexp(=C/uy) - exp(—C/uy)
and w is continuous and positive on I' and satisfies (6).

Theorem 1 Assume A0-A3. Then, there exists K large enough such that

logn

Yl:n

P! [ 0 : |lfi0 = froolli(po — 1) > K = op,, (1) (7)

-1
where pg = (1 — Z;?:l infi<;<p qij> . If moreover a := Z1§i§k a; > k(k—14d), then

a—k(k—1+d)

PULO o= fuolh = 2Kn " 5 (logn) | Yi| =om,, (1), (8)
If we replace A3 by A3bis, then there exists K large enough such that
Pl [ 0 : |lfio — frooll = 2Kn71/2(10gn)3/2’ Ym] = 0p, (1), 9)

Theorem 1 is proved in Section 4.1 as a consequence of Theorem 4 stated in Section
3, which gives posterior concentration rates for general HMMs.

Assumption AO is the usual ergodic condition on the finite state space Markov chain.
Assumptions A1 and A2 are mild usual regularity conditions on the emission densities g
and hold for instance for multidimensional Gaussian distributions, Poisson distributions,
or any regular exponential families. Assumption A3 on the prior distribution of the
transition matrix @) is satisfied for instance if each row of @) follows a Dirichlet distribution
or a mixture of Dirichlet distributions, as used in Nur et al. (2009), and assumption (6)
is verified for densities w that have at most polynomial tails.

The constraint on @ = ), a; or condition A3bis are used to ensure that (8) and
(9) hold respectively. The posterior concentration result (7) implies that the posterior
distribution might put non negligible mass on values of 6 for which py — 1 is small
and || f1.0 — fi.00ll1 is not. These are parameter values associated to nearly non ergodic
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8 Gassiat and Rousseau

latent Markov chains. Since pg — 1 is small is equivalent to Zj min; g;; is small, the
condition @ > k(k — 1 + d) prevents such pathological behaviour by ensuring that the
prior mass of such sets is small enough. This condition is therefore of a different nature
than Rousseau and Mengersen (2011)’s condition on the prior, which characterizes the
asymptotic behaviour of the posterior distribution on the parameter 6. In other words,
their condition allows in (static) mixture models to go from a posterior concentration
result on f; ¢ to a posterior concentration result on 6 whereas, here, the constraint on & is
used to obtain a posterior concentration result on f; g. Going back from || f;,0 — fi,6,|l1 to
the parameters requires a deeper understanding of the geometry of finite HMMs, similar
to the one developed in Gassiat and van Handel (2013). This will be needed to estimate
the order of the HMM in Section 2.3, and fully explored when ky = 1 and k£ = 2 in
Section 2.4.

For general priors, we do not know whether the \/logn factor appearing in (7) could
be replaced or not by any sequence tending to infinity. In the case where the «;’s are large
enough (Dirichlet type priors), and when ko = 1 and k = 2, we obtain a concentration
rate without the /logn factor, see Lemma 2 in Section 3. To do so, we prove Lemma
3 in Section 3 for which we need to compute explicitely the stationary distribution and
the predictive probabilities to obtain a precise control of the likelihood, for #’s such that
Py is near Py,, and to control local entropies of slices for §’s such that [Py is near Py, and
where pg — 1 might be small. It is not clear to us that extending such computations to
the general case is possible in a similar fashion. The logn terms appearing in (8) and (9)
are consequences of the v/logn term appearing in (7).

2.3. Consistent Bayesian estimation of the number of states

To define a Bayesian estimator of the number of hidden states ko , we need to de-
cide how many states have enough probability mass, and are such that their emission
parameters are different enough. We will be able to do it under the assumptions of The-
orem 1. Set w,, = n~(@~k(k+d=1)/2%) 1651 if A3 holds and & > k(k +d — 1), and set
w, = n~'/?(logn)3? if instead A3bis holds. Let (tn)n>1 and (vy)n>1 be sequences of
positive real numbers tending to 0 as n tends to infinity such that w, = o(u,v,). As in
Rousseau and Mengersen (2011), in the case of a misspecified model with ko < k, fi g,
can be represented by merging components or by emptying extra components. For any
0 € Oy, we thus define J (0) as

J(0)=1{j : Po(X1=17J) > un},

i.e. J(0) corresponds to the set of non empty components. To cluster the components
that have similar emission parameters we define for all j € J(6)

A @O)={i€JO) : |l —nl® <wva}-

and the clusters are defined by : for all jq, jo € J(8), 71 and j belong to the same cluster
(noted j1 ~ jo2) if and only if there exist r > 1 and i1,...,%, € J(0) with ¢; = j; and
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posterior distribution for HMM 9

i, = jo such that for all 1 <1 <r—1A; (0) N A;, (0) # 0. We then define the effective
order of the HMM at 6 as the number L () of different clusters, i.e. as the number of
equivalent classes with respect to the equivalence relation ~ defined above. By a good
choice of u,, and v,,, we construct a consistent estimator of ky by considering either the
posterior mode of L(6) or its posterior median. This is presented in Theorem 2.

To prove that this gives a consistent estimator, we need an inequality that relates the
L distance between the I-marginals, || f1,0 — f1.6,]|1, to a distance between the parameter
f and parameters 0o in Oy, such that fl,éo = fi.0,- Such an inequality will be proved in
section 4.2, under the following structural assumption.

Let T = {t = (t1,...,tk,) € {1,...,k}Fo 1 t; <t;41,i=0,... ko — 1}. If b is a vector,
b7 denotes its transpose.

o A4

For any t = (t1,...,t,) € T, any (m)f:_fko € (RY)k=teo (if t, < k), any
(ap)ko,, (e, € RFo, (b)ko, € Rk, any 2, € RY, o €R, i=1,...,ko,j =
1,...,t —ti—q, (Wlth to = 0), such that HZLJH =1, Qg >0 and Z;;ti71 Q5 = 1,

for any (%)f:_lt’”o which belong to T'\ {7?,i=1,...,ko},

i—

k_tko ko ti—1
T 2 _
Y izliDg0z,; =0, (10)
-1 =1

ko t
Z TiG~; + (aig'y,? + b,zTDlg'y?) + Z 612
i=1 % i=1

if and only if

a; :O,bz :O,Ci =0 V’L':L...,ko, 5 =0 V’L':L...,k*tko.
Assumption A4 is a weak identifiability condition for situations when kg < k. Notice
that A4 is the same condition as in Rousseau and Mengersen (2011), it is satisfied in
particular for Poisson mixtures, location-scale Gaussian mixtures and any mixtures of
regular exponential families.
The following theorem says that the posterior distribution of L () concentrates on
the true number kg of hidden states.

Theorem 2 Assume that assumptions AO0- A2 and A4 are verified. If either of the
following two situations holds

e Under assumption A3 (Dirichlet type prior), if & > k(k+d —1) and

w0, n (@R (k+d=1))/(25)

— +00
logn
e Under assumption A8bis (exponential type prior), if u,v,n'/?/(logn)3/? — +oo,
then
P[0 2 L(0) # kolYin] = om,, (1). (11)
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10 Gassiat and Rousseau

If ky is either the mode or the median of the posterior distribution of L(0), then

kn, = ko + Opy, (1) (12)

One of the advantages of using such an estimate of the order of the HMM, is that we do
not need to consider a prior on k and use reversible-jump methods, see Richardson and Green
(1997), which can be tricky to implement. In particular we can consider a two - stage
procedure where ky is computed based on a model with & components where k is a
reasonable upper bound on ky and then, fixing k = ky an empirical Bayes procedure
is defined on (Q; ;,7,j < ke, 1, - ..'y,;n). On the event k, = ko, which has probability
going to 1 under Py, the model is regular and using the Bernstein - von Mises theorem
of de Gunst and Shcherbakova (2008), we obtain that with probability Py, going to 1,
the posterior distribution of v/n(f — én) converges in distribution to the centered Gaus-
sian with variance Vj, the inverse of Fisher information at parameter 6y, where én is an
efficient estimator of 8y when the order is known to be kg, and \/ﬁ(én —0y) converges in
distribution to the centered Gaussian with variance V under Py, .

The main point in the proof of Theorem 2 is to prove an inequality that relates the
L, distance between the [-marginals, to a distance between the parameters of the HMM.
Under condition A4, we prove that there exists a constant ¢(fy) > 0 such that for any
small enough positive ¢,

ko
Ifio = fuoolly > Po (X1 = j)+ > [Po (X1 € B()) — Py, (X1 = i)

c(0 .
(B0) 1< <kaVi ||y =0l >e i=1

ko
DY IP’e(Xlzj)(VrV?)IH% S Po(Xi=5) |y -2 (13)

JEB(3) JEB(4)

where B(i) = {j : |[7; — 7?|| < e}. The above lower bound essentially corresponds to a
partition of {1,...,k} into kg + 1 groups, where the first ko groups correspond to the
components that are close to true distinct components in the multivariate mixture and
the last corresponds to components that are emptied. The first term on the right hand
side controls the weights of the components that are emptied (group ko + 1), the second
term controls the sum of the weights of the components belonging to the i-th group,
for i = 1,...,kp (components merging with the true i-th component), the third term
controls the distance between the mean value over the group ¢ and the true value of the
i-th component in the true mixture while the last term controls the distance between
each parameter value in group 4 and the true value of the i-th component. A general
inequality implying (13), obtained under a weaker condition, namely A4bis, holds and
is stated and proved in Section 4.2.

As we have seen with Theorem 2, we can recover the true parameter g using a two-
stage procedure where first k,, is estimated. However it is also of interest to understand
better the behaviour of the posterior distribution in the first stage procedure and see if
some behaviour similar to what was observed in Rousseau and Mengersen (2011) holds
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posterior distribution for HMM 11

in the case of HMMs. From Theorem 1, it appears that HMMs present an extra difficulty
due to the fact that, when the order is overestimated, the neighbourhood of €’s such that
Py = Py, contains parameters leading to non ergodic HMMs. To have a more refined
understanding of the posterior distribution we restrict our attention in Section 2.4 to
the case where k = 2 and ky = 1 which is still non trivial, see also Gassiat and Kéribin
(2000) for the description of pathological behaviours of the likelihood in such a case.

2.4. Posterior concentration for the parameters: the case kg = 1
and k = 2

In this section we restrict our attention to the simpler case where kg = 1 and k = 2. In
Theorem 3 below we prove that if a Dirichlet type prior is considered on the rows of the
transition matrix with parameters «;’s that are large enough the posterior distribution
concentrates on the configuration where the two components (states) are merged (v, and
v are close to one another). When k = 2, we can parameterize 6 as 6 = (p,q,71,72),
with 0 <p<1,0<qg<1,sothat

([ 1-p p ) _< q p)
@ < ¢ 1-q )" \p+rapta

when p#0or ¢q#0.If p=0and ¢ =0, set up = (%, %) for instance. Also, we may take

po—1=@+gxN2-(p+q).

When ko = 1, the observations are i.i.d. with distribution g,odv, so that one may take
0o = (p,1 —p,7°,7°) for any 0 < p < 1, or 6y = (0,q,7°,~) for any 0 < ¢ < 1 and any 7,
or 6y = (p,0,7,7%) for any 0 < p <1 and any 7. Also, for any z € X, Py, , = Pp, and

0,0, 2) — £, (00, x0) = £n(0,2) — £ (00, ).
We take independent Beta priors on (p,q) :
My (dp, dg) = Capp™ (1 —p)" " (1 = @) Mocperllo<g<rdpdy,

thus satisfying A3. Then the following holds:

Theorem 3 Assume that assumptions AO- A2 together with assumption A4 are verified
and consider the prior described above with w(.) verifying A3. Assume moreover that for
all , v — gy(x) is four times continuously differentiable on T', and that for any v € T
there exists € > 0 such that for any i < 4,

l)ig ’
/ sup 12227 (y) |14gy () v(dy) < +oo. (14)
v E€Ba(v,e) Y’

Then, as soon as a > 3d/4 and 8 > 3d/4, for any sequence €, tending to 0,
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12 Gassiat and Rousseau

PH <]i] < €p OT pj_q < €n|Y1:n) = OPQO (1)a

and for any sequence M, going to infinity,
P (Il = ol + Iz = 0ll < Man™/4¥1cn) = 1+ 0p,, (1).

Theorem 3 says that the extra component cannot be emptied at rate €,, where the
sequence €, can be chosen to converge to 0 as slowly as we want, so that asymptotically,
under the posterior distribution neither p/(p+¢q) nor ¢/(p—+p) are small, and the posterior
distribution concentrates on the configuration where the components merge, with the
emission parameters merging at rate n~ /4. Similarly in Rousseau and Mengersen (2011)
the authors obtain that, for independent variables, under a Dirichlet D(«y, ..., ax) prior
on the weights of the mixture and if min ay; > d/2, the posterior distribution concentrates
on configurations which do not empty the extra-components but merge them to true
components. The threshold here is 3d/2 instead of d/2. This is due to the fact that there
are more parameters involved in a HMM model associated to k states than in a k -
components mixture model. No result is obtained here in the case where the «;’s are
small. This is due to the existence of non ergodic Py in the vicinity of Py, that are not
penalized by the prior in such cases. Our conclusion is thus to favour large values of the
;’s.

3. A general theorem

In this section, we present a general theorem which is used to prove Theorem 1 but which
can be of interest in more general HMMs. We assume here that the unobserved Markov
chain (X;);>1 lives in a Polish space X and the observations (Y;);>1 are conditionally
independent given (X;);>1 and live in a Polish space Y. X,) are endowed with their
Borel o-fields. We denote by 8 € ©, where © is a subset of an Euclidian space, the
parameter describing the distribution of the HMM, so that Qg,0 € © is the Markov
kernel of (X;);>1 and the conditional distribution of ¥; given X; has density with respect
to some given measure v on ) denoted by gs(y|x), x € X, 8 € ©. We assume that
the Markov kernels @y admit a (not necessarily unique) stationary distribution pyg, for
each 0 € ©. We still write Py for the probability distribution of the stationary HMM
(X;,Y;);>1 with parameter 6. That is, for any integer n, any set A in the Borel o-field
of X™ x Y™

n—1 n

Py (X1,..., Xpn, Y1,...,Y,) €A) = /Apg(dxl) H Qo (x;,dxit1) Hgg (yilxs) v(dyr) . .. v(dyy).

i=1 i=1

(15)
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posterior distribution for HMM 13

Thus for any integer n, under Py, Y1., = (Y1,...,Y,) has a probability density with
respect to v(dy;) - - - v(dyy,) equal to

n—1 n

Fuolonseoom) = [ potdon) [T Qo (o dais) T a0 (los) (16)

i=1 =1

We denote by Ilg the prior distribution on © and by 7y the prior probability on the
unobserved initial state, which might be different from the stationary distribution pug.
We set II = [Ig ® mx. Similarly to before denote ¢,,(6, ) the log-likelihood starting from
z, for all z € X.

We assume that we are given a stationary HMM (X;,Y;);>1 with distribution Py, for
some 6y € O.

For any 6 € O, it is possible to define real numbers py > 1 and 0 < Ry < 2 such that,
for any integer m, any x € X

1QF" (2, ) — pollrv < Ropy™ (17)

where || - |7y is the total variation norm. If it is possible to set pp > 1, the Markov
chain (X,,),>1 is uniformly ergodic and pg is its unique stationary distribution. The
following theorem provides a posterior concentration result in a general HMM setting,
be it parametric or nonparametric and is an adaptation of Ghosal and van der Vaart
(2007) to the setup of HMMs. We present the assumptions needed to derive the posterior
concentration rate.

e C1 There exists A > 0 such that for any (zg, 1) € X2, Py, almost surely, Vn € N,
|4, (00, z0) — £, (00,21)| < A, and there exist S,, C © x X, C,, > 0 and €, > 0 a
sequence going to 0 with né2 — +oo such that

sup Py, [£n(0,2) — €,(00,20) < —né2] = o(1),11[S,,] 2 e=Cnnén
(6,x)eSn,

e C2 There exists a sequence (F,),>1 of subsets of ©
Mo (Fy) = ofe " (1HE)

e C3 There exists a sequence ¢, > &, going to 0, such that (né2(1+C,,))/(ne2) goes
to 0 and

ne%(peo —1)2

N (353 Fudi(,) < T

where N (6, F,,, d;(.,.)) is the smallest number of 8; € F,, such that for all § € F,
there exists a 0; with d;(0;,60) < 4.
Here di(6,6;) = || fio — fre; |l = [y | fre = fro,|(w)dv® (y).

e C3bis There exists a sequence €, > €, going to 0 such that

g (An,m (671)) —’”;‘# o —né2
Z — oy ) e =o(e )

m>1
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14 Gassiat and Rousseau

and
nm2ei(p90 71)2

N (%71471,’”1 (6n),dl(.7.)) S eW.

where

po—1
= : < — — < .
A (0= Fa 01 {0+ me <10~ fral g1 < ot D)

Theorem 4 Assume that pg, > 1 and that assumptions C1-C2 are satisfied, together
with either assumption C3 or C3bis. Then

—1
po > €| Vim| = op, (1)

P |6 - - o, 1
[ o= fuonlh g oy 2

Theorem 4 gives the posterior concentration rate of || f; g — fi g, ||1 up to the parameter
#;;_1‘ In Ghosal and van der Vaart (2007), for models of non independent variables,
the authors consider a parameter space where the mixing coefficient term (for us pg — 1)
is uniformly bounded from below by a positive constant over © (see their assumption
(4.1) for the application to Markov chains or their assumption on F in Theorem 7 for
the application to Gaussian time series), or equivalently they consider a prior whose
support in © is included in a set where #;;_1 is uniformly bounded from below, so
that their posterior concentration rate is directly expressed in terms of || fi.0 — fi.6,/1-
Since we do not restrict ourselves to such frameworks the penalty term pg — 1 is incor-
porated in our result. However Theorem 4 is proved along the same lines as Theorem 1
of Ghosal and van der Vaart (2007).

The assumption py, > 1 implies that the hidden Markov chain X is uniformly ergodic.
Assumptions C1-C2 and either C3 or C3bis are similar in spirit to those considered
in general theorems on posterior consistency or posterior convergence rates, see for in-
stance Ghosh and Ramamoorthi (2003) and Ghosal and van der Vaart (2007). Assump-
tion C3bis is often used to eliminate some extra logn term which typically appear in
nonparametric posterior concentration rates and is used in particular in the proof of
Theorem 3.

4. Proofs

4.1. Proof of Theorem 1

The proof consists in showing that the assumptions of Theorem 4 are satisfied.
Following the proof of Lemma 2 of Douc et al. (2004) we find that, since pg, > 1, for any
Tg € X,

2
16, (60, 0) — bn (B0, 21) | < 2 (P%) _
po, — 1
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posterior distribution for HMM 15

2
so that setting A = 2 (%) the first point of C1 holds.
0

We shall verify assumption C1 with €, = M,,/+/n for some M,, tending slowly enough to
infinity and that will be chosen later. Note that the assumption AO and the construction
(5) allow to define a 6y € ©y such that , writing §y = (Q°,3Y,...,3%) with Q° =
(@,1,5 < k), if V is a bounded subset of {6 = (Q,y1,--.,7);|¢i; — Gi ;| < €}, then

inf 1 18
jnf po > 1, (18)

for large enough n, and

2
sup sup |€, (6,2) — £, (0,20)| < 2sup < Po )
0V z,00EX ocv \pg — 1

Following the proof of Lemma 2 of Douc et al. (2004) gives that, if A0 and A1 hold, for
all § € V Py,-ass.,

n (8,20) = £y (60, 20) = (6 — 00)" Voly (8o, o)

+ /0 (0 = 00)7 Do (00 + u(6 — 00), 70) (0 — 09) (1 — u)du.
(19)

Following Theorem 2 in Douc et al. (2004), n~'/2Vy, (6o, ) converges in distribution
under Py, to N (0,V}) for some positive definite matrix Vg, and following Theorem 3 in
Douc et al. (2004), we get that supyey, =t D20, (6, zo) converges Py, a.s. to Vy. Thus, we
may set:

Sn=1{0€Villy; =5l <1/vnVj <k} x X

so that

sup Py, [£n(0, ) — (00, x0) < —M,] = o(1). (20)
(0,x)€SR

Moreover, letting D = k(k — 1 + d), we have Il ® TIx(S,) = n~P/2 and C1 is then
satisfied setting C,, = Dlogn/(2M?2).

Let now v, = n~P/@mini<i<k @) /\ log'n and u,, = n*D/@Zlgigk ai)/, /logn, and define

k

Zlggkqij > up, |l <0t 1<i<k

Jj=1

Now, if 8 € F¢

n?

then there exist 1 < 4,j < k such that ¢;; < v,, or Z?Zl infi<;< gij <
Uy, or there exists 1 < i < k such that ||| > nb. Using A3 we easily obtain that for
fixed i and 7, ({0 : q;; < vn}) = O(vy?) and TI({0 : ||7i]| > n®}) = o(n=P/2). Also,
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16 Gassiat and Rousseau

if Z?:l infi<i<k ¢i; < un, then there exists a function i(-) from {1,...,k} to {1,...,k}

whose image set has cardinality at least 2 such that Z?Zl i(j)j < un. This gives, using

A3, TI({6 : 25:1 inf1<i<k qij <up}) = O(u?lgigk ai). Thus,

H(F) = O™t == ™) o (nP/2)

We may now choose M,, tending to infinity slowly enough so that PSSk O‘UrunZlSiS"“ -
o(e=Mnpn=P/2) and T(FE) = o(e~Mnn=P/2). Then, C2 holds.

Now, using the definition of f; 9, we obtain that

k k
I fron = frolly <D 1o, — nosl +1 ) 1QF; — Q3] +lr§1ga,§||gw; — 92l

j=1 i,j=1

so that using Lemma 1 below, A1 and A2 we get that for some constant B, V(0y, 0) € F2
1
I fr0, — fre.ll, < B (1}2( +n“> 61 — 02| .

Thus for some other constant B,
k(k—1)+kd
N0, Fp,d(.,.)) <

B[ 1 "
5\ "

and C3 holds when setting €, = K/ 25" with K large enough.

n
We have proved that under assumptions A0, A1, A2 A3, Theorem 4 applies with

en = K1/28™ 5o that

n

logn
IP)H [”fl,& - flﬁo”l(pe - 1) > K i Yi| = O]P’go (1)
and the first part of Theorem 1 is proved. Now
logn
op,, (1) = P! [llfz,e ~ frool(po — 1) > K/ 22" vy,
logn
= IEDH [9 € Fn and ||fl,9 - fl,90||1(P0 - 1) Z K & Yl:n + O]P’@O (1) .

Since pg — 1 > Z?:l mini<i<k ¢, for all 0 € F,,, pg — 1 > up,

logn 1 Jlogn

|Y11n |Y1:n

’
n

P [Hfl,e — fro0ll1(pe —1) > K > P! lfz,e — frooll > 2K

Up, n
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posterior distribution for HMM 17

and the theorem follows when A3 holds. If now A3bis holds instead of A3, one gets,
taking u,, = v, = h/logn, with h > 2C/(k +d — 1)

II(F5) = O(vp exp(—=C/uvy)) + 0 (n_D/Q) = o(e_M”n_D/2)

by choosing M, increasing to infinity slowly enough so that C2 and C3 hold. The end
of the proof follows similarly as before.
To finish the proof of Theorem 1 we need to prove

Lemma 1 The function 0 — py is continuously differentiable in (AQ)* x T* and there
exists an integer ¢ > 0 and a constant C' > 0 such that for any 1 <i <k, 1 <j<k-—1,

anym=1,...,k,
‘3,“0 (m) ' c
9qij |~ (infirzy qirjr)*

One may take c =k — 1.

Let 0 = (qij,1 <i < k,1<j<k—1;9,....,7) be such that (¢;;,1 <i<Fk,1<j<
k—1)€ Ak Qo = (qij,1 <i<k,1<j<k)isak xk stochastic matrix with positive
entries, and g is uniquely defined by the equation

15 Qo = g
if pg is the vector (ug(m))1<m<k. This equation is solved by linear algebra as

_ P(i,1<i<k,1<j<k-1) 1

,ug(m) R(q”,lﬁlﬁk,lﬁjgk—l)’m ’ 7k 7“9(]{:) ;ue(m)a

(21)
where P,,,, l = 1,...,k — 1 and R are polynomials where the coefficients are integers
(bounded by k) and the monomials are all of degree k — 1, each variable ¢;;,1 < i <
k,1 < j < k — 1 appearing with power 0 or 1. Now, since the equation has a unique
solution as soon as (gi;,1 < i < k,1 < j < k—1) € A}, then R is never 0 on A,
so it may be 0 only at the boundary. Thus, as a fraction of polynomials with non zero
denominator, § — g is infinitely differentiable in (A%)k x T'*, and the derivative has
components all of form
P(qij, 1 <i<k1<j<k-—1)

where again P is a polynomial where the coefficients are integers (bounded by 2k) and
the monomials are all of degree k—1, each variable ¢;;,1 <7 < k,1 < j < k—1 appearing
with power 0 or 1. Thus, since all g;;’s are bounded by 1 there exists a constant C' such
that forallm=1,...)k,i=1,....k, 7=1,...)k—1,

Ipg(m) C
9qi; |~ R(gij,1<i<k1<j<k—1)2

(22)
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18 Gassiat and Rousseau

We shall now prove that

) (23)

1 <i<kl1<i<k-—1)> i :
Rlggl<iskl<j<k—1)= (1931@,%259,#;‘ &

which combined with (22) and (23) implies Lemma 1. Note that we can express R as a
polynomial function of Q = ¢;5, 1 <4 < k,1 <j <k,i+# j. Indeed, p:= (po(%))1<i<k—1
is solution of

oM =vT
where V' is the (k — 1)-dimensional vector (g;)1<;j<k—1, and M is the (k —1) x (k —1)-
matrix with components M; ; = qr; — ¢;; + ll;—;. Since R is the determinant of M, this
leads to, for any k& > 2 :

R= Z e (o) H Qri + Z qi; H (ari — Go(iyi)

0€Sk_1 1<i<k—1,0(i)=i 1<j<k—1,5#i 1<i<k—1,0(3)#i
(24)
where for any integer n, S, is the set of permutations of {1,...,n}, and for each permu-
tation o, € (o) is its signature. Thus R is a polynomial in the components of Q where each
monomial has integer coefficient and has k — 1 different factors. The possible monomials

are of form
p H Qki H Qij(i)
i€A  i€B

where (A, B) is a partition of {1,...,k — 1}, and for all i € B, j(i) € {1,...,k — 1} and
j(@) # 4. In case B = (), the coefficient 3 of the monomialis >, s € (o) =0, so that we
only consider partitions such that B # ) . Fix such a monomial with non nul coefficient,
let (A, B) be the associated partition. Let @ be such that, for all i € A, qx; > 0, for all
i ¢ A, qri =0 and g > 0 (used to handle the case A = (). Fix also ¢;;¢;) = 1 for all
i € B. Then, if (A’, B’) is another partition of {1,...,k — 1} with B’ # (), the monomial

[licar ari [liep @iy = 0. Thus, R(Q) equals [[;c 4 qri [[;cp ¢ij(i) times the coefficient
of the monomial. But R(Q) > 0, so that this coefficient is a positive integer and (23)
follows.

4.2. Proof of Theorem 2

Applying Theorem 1, we get that under the assumptions of Theorem 2, there exists K
such that

Po, (Il fo = frooll, < 2KwnlYiin) =1+ oz, (1).
But if inequality (13) holds, then as soon as

/1.0 = froolly S wn (25)
we get that, for any j € {1,...,k}, either Py (X1 = j) < wy, or

Elie{la"'?k()}’ ]PG(Xl :j)H'Yj_A/?”zgwn'
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posterior distribution for HMM 19

Let us choose e < min;; [|7) —~9]|/4 in the definition of B(i) in (13). We then obtain
that for large enough n, all ji,jo € J(), we have j; ~ js if and only if they belong to
the same B(i), i = 1,..., ko, so that L(8) < ko. On the other hand, L(0) < ko would
mean that at least one B(i) would be empty which contradicts the fact that

[P (X1 € B(i)) — Py, (X1 =1)| < wn.
Thus, for large enough n, if (25) holds, then L(#) = kg, so that
PUL(6) = ko|Y™] = 1+ op,, (1).

To finish the proof we now prove that (13) holds under the assumptions of Theorem
2. This will follow from Proposition 1 below which is slightly more general.
An inequality that relates the L; distance of the [-marginals to the parameters of the
HMM is proved in Gassiat and van Handel (2013) for translation mixture models, with
the strength of being uniform over the number (possibly infinite) of populations in
the mixture. However for our purpose, we do not need such a general result, and it
is possible to obtain it for more general situations than families of translated distribu-
tions, under the structural assumption A4. The inequality following Theorem 3.10 of
Gassiat and van Handel (2013) says that there exists a constant ¢(fp) > 0 such that for
any small enough positive ¢,

1 fo = froolly 3 Py (X1 = §)

<(6o) 1<j<k:Vi [y —20ll>e
+ Z [Py (X1 € A(in,...,01)) — Poy (X1 = i1 -+ -4p)|
1<iy, .., i1 <ko
i 7,
1 11
+ Z Py (X1 = j1--- i) e = -
(10031 )EA(ine.oyit) Vi o
Vi SN
1 . . 7 &
+§ Z Py (X1 =j1--- i) o = - (26)
o o 0
(J15e-d1) €A(i1,0.0) Vi Vi,
where A(iy, ..., i) = {1, 01) = v =20 < el — A0l < e} The above
lower bound essentially corresponds to a partition of {1,...,k}! into k} + 1 groups,

where the first k) groups correspond to the components that are close to true distinct
components in the multivariate mixture and the last corresponds to components that are
emptied. The first term on the right hand side controls the weights of the components
that are emptied (group sz) + 1), the second term controls the sum of the weights of the
components belonging to the i-th group, for i = 1,..., k) (components merging with the
true é-th component), the third term controls the distance between the mean value over
the group ¢ and the true value of the i-th component in the true mixture while the last
term controls the distance between each parameter value in group 7 and the true value
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20 Gassiat and Rousseau

of the i-th component.
Notice that (13) is a consequence of (26). We shall prove that (26) holds under an
assumption slightly more general than A4. For this we need to introduce some notations.
For all I = (i1,...,4;) € {1, -+ ,k}}, define v7 = (yiys---,7iy)s Gy = Hi:l G, (Ut)5
D'G,, the vector of first derivatives of G, with respect to each of the distinct elements in
~r1, note that it has dimension dx |I|, where |I| denotes the number of distinct indices in I,
and similarly define D?G.,, the symmetric matrix in R made of second derivatives
of G.,, with respect to the distinct elements (indices) in 7y. For any t = (¢1,...,tk,) € T,
define for all 7 € {1,...,ko} the set J(i) = {t;—1 + 1,...,t;}, using to = 0.
We then consider the following condition :
e Assumption Ad4bis For any t = ({1,...,tg,) € T, for all collections (7r)r, (v1)r1,
I ¢ {1,... tg}! satisfying 77 > 0, 77 = (Vi,,...,%,) such that v;;, = 7 when
i; € J(i) for some i < ko and v;; € D\ {79,i=1,... ko} when i; ¢ {1,... 15},
for all collections (az)s, (c1)1, (br)r, I € {1,...,ko}, ar €R, ¢; > 0 and by € R
for all collection of vectors z7; € RWU| with T € {1,...,ko}! and J € J(i1) x
-+ x J(i;) satisfying ||zy,s]| = 1, and all sequences (ay ), satisfying oy ; > 0 and
ZJEJ(i1)><-~~><J(il) arg =1,

S omG,+ Y (wGy+bD'Gy)

ITg{1,...tgo } Ie{l,...;ko}!
+ Z Ccy Z Oz[’JZ}?JDQGA/?Z[’J =0
Te{l,.. .k}  JEJ(i1)x--xJ (i) (27)
<~
Z T+ Z (lar| + ||br]| +¢r) =0
Tg{1,...tgy }t Ie{l,...;ko}!

We have:

Proposition 1 Assume that the function v — g,(y) is twice continuously differentiable
in I' and that for all y, g,(y) vanishes as ||y|| tends to infinity. Then, if Assumption
A4bis is verified, (26) holds. Moreover, condition A4bis is verified as soon as condition
A4 (corresponding to l = 1) is verified.

Let us now prove Proposition 1. To prove the first part of the Proposition we follow the
ideas of the beginning of the proof of Theorem 5.11 in Gassiat and van Handel (2013).
If (26) does not hold, there exist a sequence of [-marginals (f; gn)n>1 with parameters
(0™)n>1 such that for some positive sequence &, tending to 0, || fi.en — fiel1/Nn(6™)
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posterior distribution for HMM 21

tends to 0 as n tends to infinity, with

N, (0) = > Py (X1 = j)

1<G<EVL |1y =) | >en

+ Z ‘ Z PO(Xl:l:jl"‘jl)*]P)go (Xlll:il"'il)|

1<iy,...,1;<ko (F1y-d1)EAR(31,...,%1)

o Vi T
T SRS TEIE A OP S I s
(J1seed1) €EAR (i1500401) Vi '72
i WA
1 J1 i1
z Po (X1 = G1-+-7 o= -
+24 Z ' o (X1 =71 01) ;
(.717~~-7jl)€An(117---7zl) ’Y]l ’Yil
with A iz, .. i) = {01,000 < v =900 Senseo g =0l < end
Now, fron =2 1cq1, xy Pon (X1,..., Xi = 1) Gyp where 0" = (Q",(71,-..,7})), Q" a
transition matrix on {1,...,k}. It is possible to extract a subsequence along which, for
all i = 1,...,k, either " converges to some limit 7; or ||7/*|| tends to infinity. Choose
now the indexation such that for i = 1,...,¢;, 7" converges to 7?, for i =t; +1,...,ta,
7;" converges to 7, and so on, for i = tr,_1 + 1,...,tx,, 7" converges to 7y , and if
ty, < k, for some k <k, fori= teo +1,.. Lk, A" converges to some v; ¢ {77, ... ,7,20},

and for i = k+1,...,k, ||7"|| tends to infinity. It is possible that k = t;, in which case
no 77 converges to some y; ¢ {17,..., 7% }. Such a t = (t1,...,tx,) € T exists, because
if || fr.on — fro,ll1/Nn(6™) tends to 0 as n tends to infinity, ||fion — fi6,/l1, and N, (6™)
tends to 0 as n tends to infinity (if it was not the case, using the regularity of 6 — f; 9 we
would have a contradiction). Now along the subsequence we may write, for large enough
n:

N = Y Py(Xu=D+ > o Po(Xuu=J) =Py, (X1 =1)

T¢{1 0 tig I Te{l,.. kot | [J€T(i1)x-xJ(ir)
1 2
+| Y. BeXu=0 (- l+y oo PeXu=J) |-
JeJ(i1) XX J(ir) JeJ(i1)x - xJ (i)

We shall use a Taylor expansion till order 2. To be perfectly rigorous in the following,
we need to express explicitely I in terms of its distinct indices, (iy,--- 7i|1|), so that

G, = Hy—,‘1 Jiiy=t, 97, (y;), but to keep notations concise we do not make such a

distinction and for instance (v} — ’y?)TDlG,Y? means
1]

> n a0y
— it it a,ﬁta
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22 Gassiat and Rousseau

and similarly for the second derivatives. We have

fron = froo = >, Po(Xpa=1)G,p

1¢{1,. tig }!
+ 0> > Py (X140 =J) — Py, (X1a =1)| G o
Ie{1,....ko}! JeJ(i1) % xJ (i)
T
+ Z Py (X1a=J) (vs —1%) DlGn,g

JeJ (i) X% J(ir)

1
+5 > Py (X140 =J) (77 =)' DGz (v —19)
JEJ(il)X”-XJ(iL)

with v; € (v7,79). Thus, using the fact that for all y, g,(y) vanishes as ||v|| tends to
infinity, fion — fi.6,/Nn(0™) converges pointwise along a subsequence to a function h of
form

h= > mGy+ Y. (wGy+bDGy)
T¢{1,...,tgy}! Ie{1,...,ko}!

T 2
+ E cr E CVLJZI’JD G,Y?ZLJ

Ie{l,...,ko}t  JeJ(i1)x--XJ(i)

as in condition L(l), with ZI%{I,m,tko}l T+ 2 reqr,...kop (ar| +1brll +¢r) = 1. But as
Il fr.on — fr.00ll1/Nn(0™) tends to 0 as n tends to infinity, we have ||h|; = 0 by Fatou’s
lemma, and thus h = 0, contradicting the assumption.

Let us now prove that A4 implies A4bis. Let

S G+ Y (@G +HDGy)
TE{1, .ty Y Ie(1,....ko}!

E : § : T 2 _
+ Cr (XI,JZI,JD GW?ZLJ—O
Ie{1,...,ko}t JeJ(ir)x-xJ (i)

=

Z mr + Z (lar| + [|br]| +¢cr) =0

TE{L g M I€{1 ko )}t

with 77, ar,br, oy 7 and 27 ; be as in assumption A4bis. We group the terms depending
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only on y; and we can rewrite the equation as

k

> we g +Z( (Y2, 9090 (1) + b (g, - ,yz)Dlgwg(yl))

i:tko —+1
k?o ti—ti—1

+Z Z _ Z Z O‘I,JZI,J(Z')TD%V;’(y1)ZI,J(i):0

h=1 (]2;"';jz)EJ(iz)X-uxJ(il)
(28)
where we have written
21,y = (zr, (1), 21.5(0)), with I=(i,ig,---,i)) J= (1, ,5), 2r4(i) € R

and l
¢ =cr [T g0 (we)
t=2
Note that if for ¢ =1,--- ko and j =1, - ,¢; — t;_1, there exists w; ; € R? such that

ko

Y g > aryz1,0 (D)7 D2gyo ()21, (i) = wl;D* g0 (y1)wi
ig, e, u=1 (G, ,51)€J (42) X x T (i1)

where possibly w; j = 0. Let a; ; = (Z B |w; I if there exists j such that
‘—t,
Jwi;]|> > 0 and ¢} = D it €1 Zj:l ' me” ) then

ti—ti—1 tb_t’L 1

Z Z Z ay gz D? 90 (y1)21,5(7) Z Oéz,]w D? 90 (Y1) wi ;-

iz, i =1 (J2v~Jz)G-I(i2)X---XJ(iz) j=1
and (10) implies that
af=c,=0,b,=0 i=1,--- ko, m =0, i=tg, +1,---k
Simple calculations imply that

k l

w= 3w Lo @) =0 Vi) € {1 B P, g =0
g, =1 =2

and similarly if ¢ is such that there exists j = 1,--- ,t; — t;—1, I = (i,i2, -+ ,%;) and
J = (j,j2, -+ ,j1) € J(&) x --- x J(4;) such that ¢; > 0, ay > 0 and ||z7,s(¢)|| > 0, then
Cijig,... iy = 0 for all i,--- ,4;. Else, by considering y, for some other ¢, we obtain that

(28) implies that

;=0 VI¢{1,...,tko}l, cr=0 VIE{l,...,tko}l.
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24 Gassiat and Rousseau

This leads to
ko

i= > b]low @) =0 vi=1, k.

B9, =1 t>2

A simple recursive argument implies that by = 0 for all I € {1,...,#,}' which in turns
implies that a;y = 0 for all T € {1,...,tx,}' and condition A4bis is verified.

4.3. Proof of Theorem 3
First we obtain

Lemma 2 Under the assumptions of Theorem 3, for any sequence M, tending to infin-
1ty,

pn ((p+q> A2 (04 @) [ fzo — Fosoll, < Afﬁ) — 14 op, (1),

We prove Lemma 2 by applying Theorem 4, using some of the computations of the
proof of Theorem 1 but verifying assumption C3bis instead of C3. Set S, = U,, x X
with

1 1 1
Un: 0: s Yy 9 : - 02< 9 - 02< ) —9° —4° < )
{ (P 71572) ¢ Ml =7l <7 72 =7l <7 lla(vr —~°) + p(72 v)llf\/ﬁ

| 1|< | 1|<

¢—3l<elp—gl<e

for small but fixed e. We shall prove later the following:

Lemma 3 Let M, tend to infinity. Then

sup Po, [0n(0,x) — £,(00,20) < —My] = o(1)
(0,z)eS,

and
T(Sy) 2 n™ 3. (29)

Now we prove that assumption C3bis holds with €, = M, /+/n, which will finish the
proof of Lemma 2.By Proposition 1 we obtain that there exists ¢(6p) > 0 and 7 > 0 such
that:

o If |y1 — 7% < mand [y —A°) <7,

I f2,0 = f2,00ll; = c(6o) {HQ(% =) +p(r2 =)+ q|n - WOH2 +pllre - W’OHQ] ,

pP+q
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posterior distribution for HMM 25

o If [[y1 — 7% < mand ||y — A2 + [lv2 = 2°l > 20,

. 0
f2,9_f2,9 2090 —F+ — Y1 =7 )
| olly 2 elb0) | 2+ 2 =)

o If [[y2 =A% < mand ||y — A + [lv2 = 2°l > 20,

[ q p 0
fz,a—fz,e >c(ly) | —+ — 72— s
H olly 2 efo) | o+ e =)

o If |y1 — 7% > nand [y —~°l > 7,
| f2,0 — f2,001l; > c(6o).

Similar upper bounds hold also by Taylor expansion. Thus, for any m, A, . (e,) is a
subset of the set of §’s such that

min{(p+q)A(2(p+tJ))
p+q
Pt AN2—-(p+9)
p+q

[t =)+ o2 =0l +allon =1 + 2l =271 :

].(p+q)A(2—(p+Q))
’ p+q
P+ N2—(p+9)} S (m+1e,.

°l

p+aqllnm—~ [g+ v =~"I];

This leads to
Mo (An,m(€n)) S [(m+ 1)6n]2a + [(m + 1>€n]26 + [(m + 1)6n]a+d

so that if a, 8 > 3d/4 and (29) holds, there exists § > 0 such that

nm2e2

Iy (A (en)) e 30
11(Sn)

2 2
Mo m

< n_‘s[(Mnm)Qo‘ + (Mnm)% + (Mnm)a+d]e_ 327

Also for all € > 0 small enough A,, ,,,(€) contains the set of 6’s such that

max{(p+q)A(2(p+q))

T [Hq(% —7) +p(v2 =70+ a||n =) +p]re - 7°|l2} ;

P+ N2-(+9)

P+ AN2—(p+q) 0
p+alm—"]; qa+ple—°];
Co0r D)y g gy o)) EELAC=LR D)y, o
P+ N2—-(p+9)} S (m+1)e
therefore
me n&i'm.z(peofl)Q
N(—%, Anm (€n) , di(., ) S mPT24 < e 101G Heog D7

12
so that assumption C3bis is verified.
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26 Gassiat and Rousseau

We now prove Theorem 3. Notice first that, by setting Dy, = [, €@~ @o.20)[], (df) 7y (da),
as in the proof of Theorem 4 we get that for any sequence C), tending to infinity,

Py, (Dn < Cnn*D“) —o(1) (30)

with D = d +d/2.

Let now €, be any sequence going to 0 and let A,, = { or —L < en} . For some

_b_ <e,

ptq pt+a

sequence M,, going to infinity and 6, = M,,/v/n,let B,y = {(p+ ¢)A2 — (p+ ) || f2,6 — f2.601l; <
On}. We then control with D = d + d/2, using Lemma 2

Eg, [P" (An|Y1im)] = Ep, [P" (40 N By|Yi)] +0(1)

= FEy Japrpy s €Ot O020 Ty (df) T (da:)] (1)

0

Jowx €03t O0-20)]15 (d) T (da)

Np

= [y, [DJ +o(1)

nD/2
< Po, (Do < Can™P/2) + " TIa(40 N By) 0 (1),

n

Thus using (30) the first part of Theorem 3 is proved by showing that
My(A, N By) < 62 4 gotd 4 gd+d/2ga=d/2, (31)
Then, the second part of Theorem 3 follows from its first part and Lemma 2.

We now prove that (31) holds. Define

Bl{(p+q)A(2(p+q))

n b a [||Q(71*v°)+p(72*7°)l|+QHV1*7°||2+p||72*v°||2] §5n}7

Bi:{(p-f'Q)/\(?—(p-i-Q))

A0
e palbn =70 <60

. 2 —
B3 — {(P+Q) /\p(+q(27+‘1)) [q+p||72—'yo||] S%}
and
By={(p+9)A2-(p+q) <bu}.
Then

My (A, N B,) <Ty(A, N B}) + (A, N B2) +y(A, N B3) + 1, (A, N BY).

Notice that on A,,,if p+qg>1,thenp<e,and¢g>1—¢,,orq<e€, andp>1—¢,, so
that also 2 — (p+¢q) > 1 — €,.
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posterior distribution for HMM 27

o On A,NBL, [la(v =) + (2 = )| S 6nr a 11 = 2°||° < 6ns 2|72 = 20| S 6,
and p < e, or ¢ < ¢,. This gives ITo(A4, N BL) < 54+ 4/2ea=4/2,

e On A, NB2 p<d, anqu’yl —'yOH Sdpincasep+qg<l,and p < dp, 1—q < 0n
and ¢ |[y1 —~°|| £ 0, in case p+ ¢ > 1, leading to IIy(A, N B2) < 6074 + g0+,

e For symmetry reasons, Ilp(4, N B3) = Iy(4, N B2).

e On A, NBL p <6, and ¢ < 6, so that TIo(A, N B}) < 62,

Keeping only the leading terms, we see that (31) holds and this terminates the proof

Theorem 3.

We now prove Lemma 3. We easily get I15(U,) 2, n—3d/4,

and

D, > / eén(@vw)—fn(f)ow)nz(dg)WX (dz).
UnxX

n

Let us now study ¢,,(6,x) — £, (6o, z). First, following the proof of Lemma 2 of Douc et al.
(2004) we find that, for any 6 € U, for any z,

1+26\°
— <
6.6~ 0.0 < (50 )

where ¢, () = Z’;Zl to(x)l, (0, x). Thus, for any § € U,, and any z, and since £, (0, x)
does not depend on z,

0a(0,2) — £n(B0,2) = £,(6) — £n(6o) — G . ;E) . (32)

Let us now study £,,(0) — £,,(6p).

0a(8) = a(B0) = > log [Pe (Xi = 1[Yi1) 5— (Vi) + Py (Xi = 2 Vieo1) 22 (Vi)
k=1

— 70 9o

and we set for k =1

q
Pg szlylzk_l :Pg X1:1 :77
( | ) ( ) P

p
Py (X =2|Yip1) =P (X1 =2) = ——.
( | ) ( ) e

Denote pg(0) the random variable Py (Xy = 1|Y1.5—1), which is a function of ¥7.,_; and
thus independent of Y;. We have the recursion

1= p)pe(0)a (V) + a1 — pu(0))gra (Vi)
Pt (0) = = G (V) + (L= pe@)gms (Vo) (33)

Note that, for any p, ¢ in |0, 1], for any k > 1,

q
Pk(p,q770770) = m
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28 Gassiat and Rousseau

We shall denote by Dzvl) i \(72)
to v1 and ¢ — j times with respect to 2 (0 < j < i, the order in which derivatives are
taken does not matter). Fix 8 = (p, ¢,71,72) € U,. When derivatives are taken at point
(p,q,7°,7%), they are written with 0 as superscript.

Using Taylor expansion till order 4, there exists t € [0, 1] such that denoting 6; = t6 +

(1=t)(p,q.7°,7"):

ln(0) = €a(00) = (11 = 7°)D3, 5 + (v2 = 2°) D3, 0y + Sn(0) + Tu(0) + Ri(0,8)  (34)

Y1 n Y2 n

._; the i-th partial derivative operator j times with respect

where S,,(0) denotes the term of order 2, T,,(6) denotes the term of order 3, and R,,(0,t)
the remainder, that is

Sn(0) = (11 =)D, 260 +2(71 =) (2 —=°) D2, 00 + (72 = 7°)°DE, )2 45,

T(0) = (v =°)°DE, s ln +3(n = 1°)*(v2 = 7°) D{, 2 0, O
+3(m =) (2 = 7°)2D3, ()2 lo + (2 = 7°)P DL, L,
and

4
k _
R0 =32 (] ) 0 =10 =9 D bl
k=0

Easy but tedious computations lead to the following results.

(11 =)D, + (2 —7°) D2, 0,
- [Z =90 (v
k

{CJ(% —7°) +p(y2 — 70)]

— 9 p+q
1 n D1 _ A0 _ A0
|1 190y, [\/ﬁq(% )+ (e =77)
Vi 9 Pty
so that
sup |(y1 —°) DA 6 + (v2 —y°) DL, 65| = Op,, (1). (35)

0eUy,
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Also,
2
1~ (Dlg a1 —7°) + (2 — 1)1
S,(0)=—|= —0 (v, [\/ﬁ ]
Y [Z( )

1 D?ﬂg% q 1 2 p 2

o Y, _9 J4(n. _ A0 P (140, _ .0 }

" iz 9w (Yi) [p+q(n ™ 7)) +p+q<n (2 7))

2 1 n Dlg
—92 (nl/él(,y2 i 70)) L (Dlt pO Y9I
fk::l e Yo

1
0y Dad () i)

+2 (n1/4(’71 — 70))2 [\/ﬁ (D»lhpk) p
k=1 Yo

3

1 & Dlg,
0
7n Z(D}ygpg — Dl p}) ; (Yz)
=1

Yo

+2 (n1/4(71 — ) (2 — 70))

Using (33) one gets that for all integer k& > 2, (D,lnp[f =0 and D,lmp(l) =0):

k—1 1
g _Dyg
(1-p—gF ' (v

Dl pO —
T (p+q)? & 9o

and
1.0 1.0
D’Y2pk = 7D’Ylpk

which leads to

r 27 2
1 < Dlg Dlg
Ep ( (D3, ph)—=2 (Yk)> < | Ep, (7 (V)

0

0

and
- . N Dlg 27 Dlg 2
Eo ( Z(D’lepg) o (Yk>> < | Eo, <;’YO (S/i)>

Thus, we obtain
(36)
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30 Gassiat and Rousseau

For the order 3 term, as soon as 0 € U,:

B (o) | [zt

p o pta

n

D 3970
Zi(yk)

[piq (1n =) +i(72—v°)3}

k=1 o
n Dlg’y D22g’yO q(ryl _ ,-YO) +p(,.)/2 _ ,)/O) q ) D )
-3 © (i) =222 (v, [ } { 0z, o
|Jc_1 g’YO ( k) g’yo ( k) p+q (p+q)2 (71 ’Y ) (p+q)2 (72 ’7 )
+O(n—3/4) z:(p71 0) (W k) +Z (D}, 1) 229 (Ye)
k=1 g’Yo Yo
- Dlg = Dlg
D (D)= (Vi) + 3 (DPemf) =2 (Vi)
k=1 9o k=1 o
+Z (71 ~v2)P k T (Yk)}
k=1 9o

so that using assumptions (14)

S [T,(0)] = O, (n™/*) 4 0r,, (1) 40 (n7*) 2,

2

1 <& Dlg D?%,g Dlg

Ly =—= Z < g = (Yk)> + ; - (Ye) D'lnpz + ; = (Yx) [D(z’n)ng + D(2"/2)2p2 + D(zﬁ,’vz)pg}
Yo Yo Yo

Now using (33) one gets that for all integer k > 1,

2 2
1 rq’ Dlg’Yo Dlg% pq D294
D, )21 = —2 = (Yi) | +2(D,p) —— (Yi)+ ——— (Yi)+D{,, 21},
L—p—q LT 1) gy L (P +a)? g =

2
1 p’¢ [ Dy Dig pa D39,
ﬁD%w)zpzﬂﬂ ( 20 (Vi) | —2(D3,ph) — (Vi) — =2 (Yi)+D, 208,

l-p— (P+a?\ 9y I (P+a9)?* 9y
1 pa(q —p) [ Digs i Dlg,

— D} 1= =2 (Vi) | +2(D) =2 (Vi) + D¢ n

l—-p—gq (71,72)PE+1 (p T C])3 ( Gro ( k) ( 7P k) 9o ( k) (71,72) P
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and using D(271)2p(1) =0, D%,m)zp[f =0, D(2'n ,yz)pl 0 and easy but tedious computations

one gets that for some finite C' >

9o 9o 9o

Dlg ? Dlg ! D22g7
0
E90 (ZTZL) < CE90 <’Y’Y0 (Y1)> E90 (w) (Y1)> + E90 ( -

so that we finally obtain

sup |T5,(0)] = Oy, (1) -
ocU,

Let us finally study the fourth order remainder R, (6,t). We have

sup |R,(0,t)] < = Ag.Bin,
0eUn| ) Z

where, for big enough n, Ay, is a polynomial of degree at most 4 in sup. ¢ g, (40

and By, ,, is a sum of terms of form

4

SUup H H (D(’h)] (v2)'~ ka(at)ym

6€U, |37 520

where the a; ; are non negative integers such that Z?:l ijo ia;; < 4.

To prove that

sup Ry, (0,1)] = Op,, (1)
beU,

2 Dl
(Y1)> + | By, (
g

(37)

(38)

(39)

holds, it is enough to prove that Eg, |> ;_; Ak nBkn| = O(n). But for each k, pj(6)
and its derivatives depend on Yi,...,Y,_; only, so that Ay, and By, are independent

random variables, and

n n
Egy | AknBin| < Y EoylArn| Eg, |Benl
k=1 k=1
gw 4
< (C ma E S 7 Ey, |B
< O, max B, (W,ijgo,e) 1=~ 0l )Z o0 |Binl

for some finite C' > 0. Now, using (33) one gets that for all integer k£ > 1 and for any 6,

Pr(0) (1 — pi(0)) gy, (Vi) D397 (Vi) + g5, (Vi) gy, (Vi) D3, Pk (6)

D}HPkH 0)=(1-p—q) {

(P (0) g, (Vi) + (1 = pr(6)) g, (Ye))*

—pe(0)(1 = pi(0)) gy, (Ya) D gy, (Vi) + gy, (Vi) g (Yk)prk (0)

9.
== (Vi)

D%Pkﬂ 0)=01-p—q) {

(P (0)9, (Vi) + (1 = pr(0))g, (Vi)
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Notice that for any 6, any k > 2, pr(0) € (1 — p,q) so that for any 6 € U,,, any k > 2,
pi(0) € [3 — €, 3 + €. We obtain easily that for i = 1,2, k > 2,

Dlgy
sup ‘D}”pk_s_l | < ( ) sup |2 i Yi) Il + sup |D Dk 9)|
0cU, 1-8¢/ | veBa(r0e) 9v oeU

Using similar tricks, it is possible to get that there exists a finite constant C' > 0 such
that for any i = 1,2,3,4, any j =0,...,7, any k > 2,

i lg'y i
sup D(w)%(m)’i*ﬂ'pﬂl(e)‘ §C€{ sup ||Z Vi) [ I+ZZ sup Diyi (i PR (0

0cU,, v €Ba(v%€) -1 =1 m— 00€Un

i+1-1
")

By recursion, we obtain that there exists a finite C' > 0 such that any term of form (38)
has expectation uniformly bounded:

y Dmg , .
00 sSup H H (D(»yl)7 (y2)i— ka(gt)) < Cmn%?é),% ar IR%§4E00 ( sup ||77FY (Yl) || >

0€Un 327 j=0 Y E€Ba(v%e) v

which concludes the proof of (39). Now, using (32), (34), (35), (36), (37) and (39), we
get
D, > e %W, (U,)

so that (20) holds with S,, satisfying (29).

4.4. Proof of Theorem 4
The proof follows the same lines as in Ghosal and van der Vaart (2007). We write

-1 Ja, e €00 000 1 (dB) e (der)
2Ry +p =7 Zaltim| = S €6 O0)=En(80.20) T (dO) mx (do)
N,
an

| f1.0 = f1,600111

where A, = {0 : || f1.0 — f, QOHlm > €n}. A lower bound on D, is obtained in the

following usual way. Set Q,, = {(0,2);£,(0,2) — £,,(0p,20) > —né2}, which is a random
subset of © x X (depending on Y7.,),

D, > / g, et 02) = 0020) g (df) 7y (dx)
Sn

> e METI(S, N Q),
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therefore
Po, [Du < e "I(S,)/2] < Py, (IS, Q%) = T(S,)/2]

2fSn Po, [£(0,2) — £, (00, x0) < —néZ] Ile(db)mx (dx)

- 11(Sh)
= O(l)v
and
11 Po — 1 o Nn
P |:||fl,9 - flﬁo”lm > En|Y—1:n:| = OPg,, (1) + Din]lanZe—nE%H(Sn)'
But
N, = ee"'(g’x)_é”(‘%’x")l_[@(d9)7r;( (dx)—l—/ efn(é’,x)—@n(Go,ﬂco)H@(d@ﬂ-X (dz)
(AnNFn)x X (AnNFE)x X
and

Ey

0

/ eén(&r)—fn(eo,ro)na(dg)ﬂx (dx)
(ApNFe)xX

= O (4, N FG)] = o (e +D)

by Fubini’s theorem and assumption C2 together with the fact that ¢,,(6y) — £, (6o, x0)
is uniformly upper bounded. This implies using assumption C1 that

11 Po — 1 o Nn
P {fz,e — fi.00 Hlm > €n|Y1:’n.:| = op,, (1) + D7nH2D,,LZe’"€%H(S”) (40)
where N, = f(Anmfn)XXeE"(971)_2"(9°’z0)1_[@(d0)7rx (dz). Let now (0;)j=1..n, N =
N6, Fn,di(.,.)), be the sequence of 6;’s in F, such for all § € F, there exists a 0;
with d;(6;,60) < § with § = ¢,/12. Assume for simplicity’s sake and without loss of
generality that n is a multiple of the integer [, and define

i = lann
& v (H(YH_,_H,A.A,Y“)EAJ- —]P’so((Y1,---7YL)€Aj)) >t;

where
Aj={y1,..., ) € Vi Jroo s su) < fro; (- m)}

for some positive real number t; to be fixed later also. Note that

1
Py, (Y1,...,Y1) € Aj) —=Pp((Y1,..., Y1) € 4j) = §||fl,ej — fro0ll1

Define also

wn_

= max
1<j<N:0;€A,

®;-
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Then N
Ny
F, (D%) < Egoton < N(8, Fn,d(,,.)) _ max  Eg,d; (41)

n 1<j<N:6;€A,

and
By (81 =) = [ Bogy (81 = ) s, (o)

- / g (1= vn)) o (d6) mx (dz)  (42)
(AnNFp)x X

Now
n/l
an [(bj] = ]P)eo Z (H(ni—l+1 LY)€eA Pao((yla ceey }/l) € A])) > tj
=1
and
n/l
Ee,I (1 - ¢J) = Pevf Z (7]'1(lei—l+17~~-73/li)eAj + HD@J((Y'M—Z+17 ceey YE!) € AJ))
=1
n/l
> —t; + Z (Po,o((Yiimit1,- -, Vi) € Aj) — Poy ((Y1,...,Y7) € 4j))
1=1

Consider the sequence (Z;);>1 with for all i > 1, Z; = (Xii—i41, - -+, Xoi, Yii—141, - -+, Yii),
which is, under Py, a Markov chain with transition kernel @y given by

Qo(z,dz") = go(y1|2}) - - - 9o (] 27) Qo (wr, d’ ) Qo (2, dy) - - - Qo (w1_ 1, dap) p(dyy) - - - pu(dyy).

This kernel satisfies the same uniform ergodic property as Qg, with the same coefficients,
that is condition (17) holds with the coefficients Ry and py with the replacement of Qg
by Qg, and we may use Rio (2000)’s exponential inequality (corollary 1) with uniform
mixing coeficients (as defined in Rio (2000)) satisfying ¢(m) < Rgp, ™. Indeed, by the
Markov property,

p(m) = sup (Po(B) — Py(B|A))
A€o(Z1),BEc(Zm+1)

sup |Py(Zm41 € B) — Pg(Zy1 € B|Z1 = 2)|

IN

< Rgpy ™

We thus obtain that, for any positive real number wu,

> ) 20 (o~ 1)
Pg ]](YF L YiEA, —P@ ((Yl,...,}/l) GA) > Uu §exp 0
o v lil+1 11)EA; o J ’I”L(QRQU ¥ poy — 1)2

(43)
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and
n/l 2 2
—2lu® (pg — 1)
Py .- vy, a, o vied; T Po((Yimigr, ..., Yi) € Aj)) >u| <ex .
;( (Vi1 Y0 €4, (Viita ) € 4))) L Ty a—
(44)
Set now

nl fie; — fro0ll1
4] '

< 1 and since consequently for 0; € Ay, || fi.0, — fi.00/l1 > €n,

tj -

. __po—l

Since for any 0, 5M—"—
we first get, using (43),

B [¢ ] < —TLE?L (p90 — 1)2 (45)
0, i| S exp .
o 81 (2R, + po, — 1)°
Now, for any 6 € A,,,
n/l
—ti+ Y (Pou((Viit41,- -, Yi) € 45) = Py, (Y1,..., V) € 4))
=1
nllfie;, — fi, n
= —w 7 {Bo, (V1. YD) € A7) = Py, (V1,3 Y1) € 4))}
n
+ 2 {Bo((Y1,... YD) € 45) = Py (Y1, V) € 4;)}
n/l
+ > (Poo((Viicig1, -, Vi) € Aj) = Po((Y1,..., V1) € 4))
i=1
S Pllfre; = froolls  nllfro, — frolli HZ/ER i
= al I £ 0Pp
< nllfie, = fueolli  nllfie, — freli  Repe
o 4] l po — 1
n 5 41 n
>—(1- = - —— - > -
e <1 . 12n6n) 1fro = froolls = gllfie = fuoo

for large enough n, using the triangular inequality and the fact that [|f19, — frelli <
fn < ”f”"_];”’o”l Lol __ gince 6 € A,, and s52—— < 1. Then for 6 € A,, and large

12 — 2Re+pe—1 2Re+pe—1
enough n,
ne?
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Combining (40), with (41), (45), (42), (46) and using assumptions C1 and C3 we finally
obtain for large enough n

—1
Py, (PT o P s Vi
90< [|fl,aj fl’6°||12Ra+pg — > @l

< 0(1) +0 (enéi(l-‘rCn)) exp {_77,6721} + exp _n6721 (p90 — 1)2 exp{ nei(peo — 1)2 }
= 321 81 (2Rg, + pe, — 1)° 161(2Ro, + po, — 1)

=o(1)

Assume now that Assumption C3bis holds. By writing A, N F,, = U,,>1 An,m(€n) and
using same reasoning, one gets, for some positive constant c: -

-1
P (P I10; = ranlh g2 > el¥in| )

2Rg 4+ po — 1
né2 Ile (An,m(en)) anEEL
:0(1)+6 "Zwexp — 39]
m>1 n

me nm?e2 (pp, — 1)?
N (T A (e, di(... _ n\P0
i mz>:1 ( 12 ’ (6 ) l< )> exp{ 81(2R90 + po, — 1)2}

=o0(1)

and the second part of Theorem 4 is proved.
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