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UNIQUE CONTINUATION PROPERTY AND CONTROL FOR THE
BENJAMIN-BONA-MAHONY EQUATION ON THE TORUS

LIONEL ROSIER AND BING-YU ZHANG

ABSTRACT. We consider the Benjamin-Bona-Mahony (BBM) equation on the one dimensional
torus T = R/(277Z). We prove a Unique Continuation Property (UCP) for small data in H'(T)
with nonnegative zero means. Next we extend the UCP to certain BBM-like equations, including
the equal width wave equation and the KdV-BBM equation. Applications to the stabilization
of the above equations are given. In particular, we show that when an internal control acting
on a moving interval is applied in BBM equation, then a semiglobal exponential stabilization
can be derived in H*(T) for any s > 1. Furthermore, we prove that the BBM equation with a
moving control is also locally exactly controllable in H*(T) for any s > 0 and globally exactly
controllable in H*(T) for any s > 1.

1. INTRODUCTION
We are concerned here with the Benjamin-Bona-Mahony (BBM) equation
Up — Ugpy + Uy + vty =0 (1.1)
that was proposed in [3] as an alternative to the Korteweg-de Vries (KdV) equation
Ut + Uggg + Uy + Uty =0 (1.2)

as a model for the propagation of one-dimensional, unidirectional small amplitude long waves
in nonlinear dispersive media. In the context of shallow-water waves, u = u(x,t) represents the
displacement of the water surface at location x and time ¢. In this paper, we shall assume that
z € RorxeT=R/2nZ) (the one-dimensional torus). (1.1) is often obtained from (1.2) in
the derivation of the surface equation by noticing that, in the considered regime, u, ~ —uy, SO
that Upze ~ —Uzz. The dispersive term —uy,, has a strong smoothing effect, thanks to which
the wellposedness theory of (1.1) is dramatically easier than for (1.2) (see [3, 4, 43] and the
references therein). Numerics often involve the BBM equation, or the KdV-BBM equation (see
below), because of the regularization provided by the term —uy,,. On the other hand, (1.1) is
not integrable and it has only three invariants of motion [14, 34].

In this paper, we investigate the Unique Continuation Property (UCP) of BBM and its appli-
cations to the Control Theory for (1.1). We say that the UCP holds in some class X of functions
if, given any nonempty open set w C T, the only solution u € X of (1.1) fulfilling

u(z,t) =0 for (x,t) € w x (0,7,
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2 LIONEL ROSIER AND BING-YU ZHANG

is the trivial one © = 0. Such a property is very important in Control Theory, as it is equivalent
to the approximate controllability for linear PDE, and it is involved in the classical unique-
ness/compactness approach in the proof of the stability for a PDE with a localized damping.
The UCP is usually proved with the aid of some Carleman estimate (see e.g. [16]). The UCP
for KAV was established in [1&8] by the inverse scattering approach, in [12, 40, 46] by means of
Carleman estimates, and in [5] by a perturbative approach and Fourier analysis. For BBM, the
study of the UCP is only at its early age. The main reason is that both x = const and t = const
are characteristic lines for (1.1). Thus, the Cauchy problem in the UCP (assuming e.g. that
u = 0 for x < 0, and solving BBM for = > 0) is characteristic, which prevents from applying
Holmgren’s theorem, even for the linearized equation. The Carleman approach for the UCP of
BBM was developed in [9] and in [47]. Unfortunately, Theorems 3.1-3.4 in [9] are not correct
without further assumptions, as noticed in [19]. On the other hand, the UCP in [17] for the
BBM-like equation

Uz — Utee = p(x, t)uy + q(z, t)u, x € (0,1), t e (0,7),

where p € L>(0,T;L>(0,1)) and ¢ € L>(0,T;L?(0,1)), requires u(1,t) = u,(1,t) = 0 for
t € (0,7) and

u(z,0) =0 for x € (0,1). (1.3)

(Note, however, that nothing is required for (0, ¢).) Because of (1.3), such a UCP cannot be used
for the stabilization problem. More can be said for a linearized BBM equation with potential
functions depending only on z. It was proved in [31] that the only solution u € C ([0, T], H'(0,1))
of the linearized BBM equation

Up — Upzy + Uy = 0, z e (0,1), te(0,T), (1.4)
w(0,t) = u(1,t) =0, te(0,7) (1.5)

fulfilling u,(1,¢) = 0 for all ¢ € (0,7) is the trivial one u = 0. It is worth noticing that the proof
of that result strongly used the fact that the solutions of (1.4)-(1.5) are analytic in time. On
the other hand, several difficult UCP results based on spectral analysis are given in [19] for the
System

Ut — Utzy = [(2)u]z + B(2)u, xz € (0,1), t€(0,7), (1.6)
u(0,t) = u(1,t) =0, te (0,7). (1.7)

As noticed in [19], the UCP fails for (1.6)-(1.7) whenever both a and 5 vanish on some open set
w C T, so that the UCP depends not only on the regularity of the functions a and 3, but also
on their zero sets. Bourgain’s approach [5] for the UCP of KdV (or NLS) is based on the fact
that the Fourier transform of a compactly supported function extends to an entire function of
exponential type. The proof of the UCP in [5] rests on estimates at high frequencies using the
intuitive property that the nonlinear term in Duhamel formula is perturbative. As noticed in
[30], that argument does not seem to be applicable to BBM. Actually, if we follow Bourgain’s
idea for the linearized BBM equation

Up — Upgy + Uy = 0 (18)
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on R, and assume that some solution w vanishes for |x| > L and t € (0,7, then its Fourier
transform in z, denoted by u(&,t), is readily found to be

6.0) = expl(r A0, EER 1€ (0.7,
The consideration of high frequencies is useless here. By analytic continuation, the above equa-
tion still holds for all £ = & + i€ € C\ {#i}. Picking any ¢ > 0, §&; = 0 and letting & — 17,
we readily infer that 0fa(i,0) = 0 for all n > 0, so that 4(.,0) = 0 and hence u = 0. Note that

[ee]
ofu(i,t) = / u(z, t)(—iz)" e"dz, (1.9)
— 0o

and that it can be shown by induction on n that all the moments M, (t) = [*_u(z,t)z"e"dx
vanish on (0,7"), so that v = 0. Unfortunately, we cannot modify the above argument to deal
with the UCP for the full BBM equation, as the nonlinear term has no reason to be perturbative
at the “small” frequencies £ = +i. We point out that a moment approach, inspired by [8], was
nevertheless applied in [30] to prove the UCP for some KP-BBM-II equation.

In this paper, we shall apply the moment approach to prove the UCP for a generalized BBM
equation

Up — Utpy + [f(u)]m =0,

where f : R — R is smooth and nonnegative. The choice f(u) = u?/2 gives the so-called
Morrison-Meiss-Carey (MMC) equation (also called equal width wave equation, see [14, 33]).
Incorporating a localized damping in the above equation, we obtain the equation

U — Utz + [f(w)]z + a(z)u =0, zeT,

whose solutions are proved to tend weakly to 0 in H!(T) as t — oo. Note that similar results
were proved in [19] with a boundary dissipation.

Bourgain’s approach, in its complex analytic original form, can be used to derive the UCP
for the following BBM-like equation

Up — Utz + Uy + (uxu)y =0

in which the (nonlocal) term (u*u), is substituted to the classical nonlinear term uu, in BBM.

For the original BBM equation (1.1), we shall derive a UCP for solutions issuing from initial
data that are small enough in H!(T) and with nonnegative mean values. The proof, which is
very reminiscent of La Salle invariance principle, will combine the analyticity in time of solutions
of BBM, the existence of three invariants of motion, and the use of some appropriate Lyapunov
function.

The second part of this work is concerned with the control of the BBM equation. Consider
first the linearized BBM equation with a control force

Up — Uty + Uy = a(x)h(z,t), (1.10)
where a is supported in some subset of T and A stands for the control input. It was proved
in [31, 49] that (1.10) is approzimatively controllable in H'(T). It turns out that (1.10) is not
ezactly controllable in H'(T) [31]. This is in sharp contrast with the good control properties of
other dispersive equations (on periodic domains, see e.g. [22, 45] for KAV, [10, 20, 21, 41, 42] for
the nonlinear Schrodinger equation, [25, 26] for the Benjamin-Ono equation, [32] for Boussinesq
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system, and [13] for Camassa-Holm equation). The bad control properties of (1.10) come from
the existence of a limit point in the spectrum. Such a phenomenon was noticed in [44] for the
beam equation with internal damping, in [24] for the plate equation with internal damping,
in [31] for the linearized BBM equation, and more recently in [39] for the wave equation with
structural damping.

It is by now classical that an “intermediate” equation between (1.1) and (1.2) can be derived
from (1.1) by working in a moving frame z = —ct with ¢ € R\ {0}. Indeed, letting

v(x,t) = u(x — ct,t) (1.11)
we readily see that (1.1) is transformed into the following KdV-BBM equation
ve+ (¢ + 1)vg — CVgry — Vigg + V0, = 0. (1.12)

It is then reasonable to expect the control properties of (1.12) to be better than those of (1.1),
thanks to the KAV term —cvyz, in (1.12). We shall prove that the equation (1.12) with a forcing
term a(x)k(z,t) supported in (any given) subdomain is locally exactly controllable in H!(T) in
time T' > (27)/|c|. Going back to the original variables, it means that the equation

Up + Uy — Upgy + uuy, = a(z + ct)h(x,t) (1.13)

with a moving distributed control is exactly controllable in H'(T) in (sufficiently) large time.
Actually, the control time is chosen in such a way that the support of the control, which is
moving at the constant velocity ¢, can visit all the domain T. Using the same idea, it has been
proved recently in [29] that the wave equation with structural damping is null controllable in
large time when controlled with a moving distributed control.

The concept of moving point control was introduced by J. L. Lions in [27] for the wave
equation. One important motivation for this kind of control is that the exact controllability of
the wave equation with a pointwise control and Dirichlet boundary conditions fails if the point is
a zero of some eigenfunction of the Dirichlet Laplacian, while it holds when the point is moving
under some conditions easy to check (see e.g. [6]). The controllability of the wave equation
(resp. of the heat equation) with a moving point control was investigated in [0, 17, 27] (resp. in
[7, 18]).

Thus, the appearance of the KAV term —cvy,, in (1.12) results in much better control prop-
erties. We shall see that

(i) there is no limit point in the spectrum of the linearized KdV-BBM equation, which is of
“hyperbolic” type;

(ii) a UCP for the full KAV-BBM equation can be derived from Carleman estimates for a
system of coupled elliptic-hyperbolic equations.

It follows that one can expect a semiglobal exponential stability when applying a localized
damping with a moving support. We will see that this is indeed the case. Combining the
local exact controllability to the semiglobal exponential stability result, we obtain the following
theorem which is the main result of the paper.

Theorem 1.1. Assume given a € C*°(T) with a # 0 and ¢ € R\ {0}. Let s > 1 and R > 0 be
given. Then there exists a time T = T(s, R) > 2 /|c| such that for any ug,ur € H*(T) with

luollws < R, ur|lns <R, (1.14)
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there exists a control h € L*(0,T; H*=2(T)) such that the solution u € C([0,T); H*(T)) of
U — Utgg + Uy + Wiy = a(z + ct)h(x,t), €T, te (0,T)
u(z,0) =up(z), €T
satisfies
u(z,T) =ur(z), zeT.

The paper is scheduled as follows. In Section 2 we recall some useful facts (global well-
posedness, invariants of motion, time analyticity) about BBM. In Section 3 we establish the
UCP for BBM. In Section 4 we prove the UCP for other BBM-like equations, including the
MMC equation and the BBM equation with a nonlocal term. Section 5 is concerned with the
UCP for the KdV-BBM equation. The KdV-BBM equation is first split into a coupled system of
an elliptic equation and a transport equation. Next, we prove some Carleman estimates with the
same singular weights for both the elliptic and the hyperbolic equations, and we derive the UCP
for KAV-BBM by combining these Carleman estimates with a regularization process. Those

results are used in Section 6 to prove the exact controllability of KdAV-BBM and the semiglobal
exponential stability of the same equation with a localized damping term.

2. WELLPOSEDNESS, ANALYTICITY IN TIME AND INVARIANTS OF MOTION

Throughout the paper, for any s > 0, H%(T) denotes the Sobolev space
HY(T) = {u:T = R; |[ullgs :=||(1 — 82)5ul|2(r) < oo}
Its dual is denoted H ~*(T).
Let us consider the initial value problem (IVP)
Up — Upgy + Uy Fuu, =0, €T, teR (2.1)
u(z,0) = ug(z). (2.2)
Let A= —(1—092)710, € L(H*(T), H*t(T)) (for any s € R) and W (t) = et/ for t € R. We
put (2.1)-(2.2) in its integral form

w(t) = W (o + /O W(t— 5)A(u?/2)(s)ds. (2.3)

For s >0 and T > 0, let

Xp = C([=T,T]; H(T)).
Note that for u € X3, u solves (2.1) in D'(=T,T; H*~%(T)) and (2.2) if, and only if, it fulfills
(2.3) for all t € [-T,T]. The following result will be used thereafter.

Theorem 2.1. (4, 13]) Let s > 0, up € H*(T) and T > 0. Then there exists a unique solution
u e X5 of (2.1)-(2.2) (or, alternatively, (2.3)). Furthermore, for any R > 0, the map ug — u
is real analytic from Br(H*(T)) into X7.

Some additional properties are collected in the following

Proposition 2.2. For ug € HY(T), the solution u(t) of the IVP (2.1)-(2.2) satisfies u €
C¥(R; HY(T)). Moreover the three integral terms [pwdz, [1(u*+u2)dz and [.(u®+3u®)dz are
invariants of motion (i.e., they remain constant over time).
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Proof. Let us begin with the invariants of motion. For ug € H*(T), u € X4+ for all T > 0, hence

2
u = —(1— )18, (u + “7) € X2.

Therefore, all the terms in (2.1) belong to X%. Scaling in (2.1) by 1 (resp. by u) yields after
some integrations by parts

% /11‘de =0 (resp. % /11‘(UQ +u)dr = 0.)
For the last invariant of motion, we notice (following [34]) that

1 1
(5 + 1% = (uf —uge + (u+ D)uar = (w+ 1)1, = 0.

Integrating on T yields (d/dt) [;(u+ 1)3dz = 0. Since (d/dt) [1(3u + 1)dz = 0, we infer that

d 3 2
— 3u”)dr = 0.
7 T( + 3u®)dx
Let us now prove that u € C¥(R; H'(T)). Since u € C'(R; H*(T)), it is sufficient to check that
for any ug € H'(T) there are some numbers b > 0, M > 0, and some sequence (up),>1 in H!(T)
with
M
lunllm < 55, 220, (2.4)

such that

u(t) =Y t"u,,  te(=bb). (2.5)

n>0

Note that the convergence of the series in (2.5) holds in H'(T) uniformly on [—rb,7b] for each
r < 1. Actually, we prove that u can be extended as an analytic function from D, := {z €
C; |z| < b} into the space HL(T) := H'(T;C), endowed with the Euclidean norm

o o 12y1
1D ™[ = Qo1+ kP2
k€EZ kEZ

We adapt the classical proof of the analyticity of the flow for an ODE with an analytic vector field
(see e.g. [15]) to our infinite dimensional framework. For u € HL(T), let Au = —(1 — 9%)"10,u
and f(u) = A(u + u?). Since |k| < (k? +1)/2 for all k € Z, ||A||L(Hé(1r)) < 1/2. Pick a positive
constant C4 such that

||| g1 < Chlul[3p for all u € HA(T).

We define by induction on ¢ a sequence (uf) of analytic functions from C to H{(T) which will
converge uniformly on Dy, for T' > 0 small enough, to a solution of the integral equation

1
w(z) = o+ | fu(Q))dC = o + /0 F(u(s2))zds.

[0,2]
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Let
u(z) =, for € C

ul(z) = uo+ ’ }f(uq@))dc, for ¢ >0, z € C.

CLam 1. u9(z) = 3 5o 2" vy for all 2z € C and some sequence (vy) in HA(T) with
M(q,b)

il < o

The proof of Claim 1 is done by induction on ¢ > 0. The result is clear for ¢ = 0 with

M(0,b) = ||uol| g1, since v§ = up and v2 = 0 for n > 1. Assume Claim 1 proved for some g > 0.
Then, for any r € (0,1) and any b > 0

for all ¢,n e N, b > 0.

2" v g < M(q, b)r" for |z| < rb,

so that the series »_, (2 " converges absolutely in HA(T) uniformly for z € D,p. The same

holds true for the series Y7, <o 2" (X g<i<p, v/vi ;). It follows that

flu AL+ D vl )

n>0 n>0 0<i<n

converges uniformly for ¢ € D,,. Thus

ul™(z) = uo+/ ZC”A vp + Z vivy_y)

[0:2] >0 0<i<n
- T
n>0
where
(q]+1 = up,
1
vitt = A+ Z vivl ) for n>1.
K 0<I<n—1
It follows that for n > 1
Al Mg.b) | Mg b), Mg+ L)
gl < P 4o =) < S

with
M (g +1,b) := sup{||uol| g1, bl |A||(M (g, b) + C1M?(q,b)}.

Claim 1 is proved.
Cram 2. Let T := (2||A]|(1 + 4C1||uo|| 1))t Then |[ud — uHLOO(D_T-Hé(T)) — 0 as ¢ — oo for

some u € C(Dr; HE(T)).
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Let Zp = C(Dr; HE(T)) be endowed with the norm [|[v]|| = sup|, <7 |[v(2)||g1. Let R > 0, and
for v € B :={v € Zr; |||v]|| < R}, let

(T'v)(2) = uo + o ]f(v(C))dC-
Then

[[|IT]]|
[[Tvy — Tvgl]|

llwollgs + TIAIIoll] + Cullloll[*) < [luoll s + T AII(R + CLR?),
TI|ANl(llor = valll + [[lvf = ¥3II) < TIAJI(1 + 2C1R)|[Jvr — v

Pick R = 2||uo||g1 and T = (2||A]|(1 +2C1R))~!. Then I' contracts in Br. The sequence (uf),
which is given by Picard iteration scheme, has a limit u in Zp which fulfills

<
<

u(z) = uo + o }f(U(C))dC, 2| < T.

In particular, u € CY([-T,T); HY(T)) (the ud(z) being real-valued for z € R) and it satis-
fies uy = f(u) on [-T,T] together with u(0) = wup; that is, u solves (2.1)-(2.2) in the class
CV([~T, T}; H(T)) € X,

CLAIM 3. u(z) =Y, 50 2"y, for |z] < T, where v, = limy_, vy, for each n > 0.

From Claim 1, we infer that for all n > 1

vl = !

_ —n—1, q d

hence
[0 — il < T7"[[[u? —ul]].

From Claim 2, we infer that (v}) is a Cauchy sequence in HA(T). Let v, denote its limit in
H(T). Note that

[lvn — vl < T7"|[Ju — u]l],
and hence the series ), - 2" v, is convergent for |z| < T'. Therefore, for [2| < 7T with r <1,
12" (on = vi)|las < (1 =)l —u]]],
n>0
and hence u?(z) = 3 50 2"0h = 3,502 s In Zpr as ¢ — oo. It follows that
u(z) = Zz"vn for |z| < T.
n>0

The proof of Proposition 2.2 is complete. O

3. UNIQUE CONTINUATION PROPERTY FOR BBM

In this section we prove a UCP for the BBM equation for small solutions with nonnegative
mean values.
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Theorem 3.1. Let ug € HY(T) be such that

/uo(x)dx > 0, (3.1)
T
and ||u0||Loo(’]T) < 3. (32)
Assume that the solution u of (2.1)-(2.2) satisfies
u(z,t) =0 for all (z,t) € wx (0,T), (3.3)

where w C T is a nonempty open set and T > 0. Then ug = 0, and hence u = 0.

Proof. We identify T to (0,27) in such a way that w D (0,e) U (27 —¢, 2m) for some € > 0. Since
u € C¥(R; HY(T)) by Proposition 2.2, we have that u(x,.) € C*(R) for all x € T. (3.3) gives
then that

u(z,t) =0 for (z,t) € w x R. (3.4)

Introduce the function

v(x,t) = /096 u(y, t)dy.

Then v € C¥(R; H?(0,27)) and v satisfies

2

u
Vp — Vppp + Vg + 5= 0, x € (0,2m), (3.5)

as it may be seen by integrating (2.1) on (0,x). Let

2
I(t) = / v(x, t)dx.
0
Note that I € C¥(R). Integrating (3.5) on (0,27) gives with (3.1)

2 1 2
I, = —/ uo(x)dx — —/ lu(x,t)|*dz < 0.
0 2 Jo

Since |[u(t)||g1 = |Juol|g for all t € R, v € L*®(R, H?(0,27)) and I € L>¥(R). It follows that
the function I has a finite limit as ¢ — oo, that we denote by [. From the boundedness of
|[u(®)]| g1 () for t € R, we infer the existence of a sequence t,, /400 such that

u(ty) — Qo in HY(T) (3.6)

for some 7ig € H'(T). Let @ denote the solution of the IVP for BBM corresponding to the initial
data ug; that is, @ solves

Ut — Utgpy + Uy + Uy = 0, zeT, teR,
u(z,0) = up(z).
Pick any s € (1/2,1). As u(t,) — 1o strongly in H*(T), we infer from Theorem 2.1 that
u(ty +-) —u in C([0,1]; H*(T)). (3.7)
It follows from (3.4), (3.7) and the fact that @ € C¥(R, H*(T)) that
u(z,t) =0 for (z,t) € w x R.
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On the other hand, fo% g (z dw = fo up(z)dr from (3.6) and the invariance of fo u(z,t)dz.
Let 0(x,t) = [ a(y,t)dy and I(t f 0(x,t)dz. Then we still have that

I =— /027T uo(x)dx — %/0% |t(x,t)|>dx < 0. (3.8)
But we infer from (3.7) that
I(tn) = 1(0),  I(tn+1) — I(1).
Since
JLH;O I(t,) = JLH;O I(t,+1) =1,
we have that 1(0) = I(1). Combined to (3.8), this yields
a(z,t) =0 (x,t) € T x[0,1].

In particular, 4y = 0. From (3.6), we infer that
2T
/ (W (xz,ty) + 3u?(z,tp))dz — 0 asn — oo,
0

As 02”(u3 + 3u?)dz is a conserved quantity, we infer that

2
/ (3 + uo (@) fuo(w)|*dw = 0,
0
which, combined to (3.2), yields ug = 0. O

Remark 3.2. Note that Theorem 5.1 is false if the assumptions ug € H(T) and (3.1) are
removed. Indeed, if u € C(R; L*(T)) is defined for x € T ~ (0,27) and t € R by

B ] -2 if lv—m <35
N EORS A i
then (2.1) and (2.2) are satisfied, although u # 0.

4. UNIQUE CONTINUATION PROPERTY FOR BBM-LIKE EQUATIONS

We shall consider BBM-like equations with different nonlinear terms. We first consider a
generalized BBM equation without drift term, and next a BBM-like equation with a nonlocal
bilinear term.

4.1. Generalized BBM equation without drift term. We consider the following general-
ized BBM equation

U — Uty + [f(w)]z = 0, zeT, teR (4.1)

u(z,0) = uo(x), (4.2)
where f € CY(R), f(u) > 0 for all u € R, and the only solution u € (—4,9) of f(u) =0 is u = 0,
for some number § > 0. That class of BBM-like equations includes the Morrison-Meiss-Carey
equation

Up — Upgy + Uty =0
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for f(u) = u?/2. Note that the global wellposedness of (4.1)-(4.2) in H'(T) can easily be derived
from the contraction mapping theorem and the conservation of the H'-norm. It turns out that
the UCP can be derived in a straight way and without any additional assumption on the initial
data.

Theorem 4.1. Let f be as above, and let w be a nonempty open set in T. Let ug € H'(T) be
such that the solution u of (4.1)-(4.2) satisfies u(x,t) =0 for (x,t) € wx (0,T) for some T > 0.
Then ug = 0.

Proof. Once again, we can assume without loss of generality that w = (0,¢) U (2r — ¢,27). The
prolongation of u by 0 on (R \ (0,27)) x (0,7, still denoted by u, satisfies

Ut — Uz + [f(W)]z =0, 2x€R, te(0,T) (4.3)
u(z,t) =0, x¢(e,2mr—¢), te(0,7) (4.4)
uwe C(0,T]; H'(R)),  u; € C([0,T); H*(R)). (4.5)

Scaling in (4.3) by e* yields for t € (0,7)

/ f(u(z,t))e*dr =0,

for ffooo Upgpr€tdr = ffooo ure®dx by two integrations by parts. Since f is nonnegative, this yields
f(u(z,t)) =0 for (z,t) €e R x (0,T).

Since w is continuous and it vanishes for z ¢ (g, 27 — £), we infer from the assumptions about f

that u = 0. ]

Pick any nonnegative function a € C*°(T) with w := {z € T; a(x) > 0} nonempty. We are
interested in the stability properties of the system
Ut — Utz + [f (0)]z + a(z)u = 0, zxeT, t>0 (4.6)
u(z,0) = up(z), (4.7)
where f is as above. The following weak stability result holds.
Corollary 4.2. Letug € HY(T). Then (4.6)-(4.7) admits a unique solution u € C([0,T); H*(T))

for all T > 0. Furthermore, u(t) — 0 weakly in H*(T), hence strongly in H*(T) for s < 1, as
t — +oo.

Proof. The local wellposedness in H*(T) for any s > 1/2 is derived from the contraction mapping
theorem in much the same way as for Theorem 2.1. The global wellposedness in H'(T) follows
at once from the energy identity

(T2 ||uo||H1+2// )lu(z, t) dedt = 0. (4.8)

obtained by scaling each term in (4.6) by w. On the other hand, still from the application of
the contraction mapping theorem, given any s > 1/2, any p > 0 and any ug,vo € H*(T) with
[uoll sty < o, [lvollms(T) < p, there is some time T = T'(s, p) > 0 such that the solutions u and
v of (4.6)-(4.7) corresponding to the initial data ug and vg, respectively, fulfill

llw = vlleqo,rre(my) < 2lluo — vol| s (T)- (4.9)
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Pick any initial data ug € H'(T), any s € (1/2,1), and let p = ||ug||g1() and T = T'(s, p). Note
that [|u(t)||f1 is nonincreasing by (4.8), hence it has a nonnegative limit [ as t — oco. Let v
be in the w—limit set of (u(t));>o in H(T) for the weak topology; that is, for some sequence
t, — 0o we have u(t,) — vg weakly in H'(T). Extracting a subsequence if needed, we may
assume that ¢,,1 — t, > T for all n. From (4.8) we infer that

tn+1
lim / a(2)|ulx, 1) dzdt = 0. (4.10)

Since u(t,) — vo (strongly) in H*(T), and ||u(tn)||gs(r) < [[w(tn)l|g1 (1) < p, we have from (4.9)
that
u(ty +-) = v in C([0,T); H*(T)) as n — oo, (4.11)

where v = v(x,t) denotes the solution of
vt — Vtzz + [f (V)] + a(z)v =0, reT, t>0,
v(x,0) = vo(x).

Note that v € C([0,T]; H*(T)) for vo € H'(T)). (4.10) combined to (4.11) yields

// z)|v(z, t)Pdedt = 0,

so that av = 0. By Theorem 4.1, vg = 0 and hence, as t — oo,
u(t) -0  weakly in H(T),
u(t) = 0  strongly in H*(T) for s < 1.
O

4.2. A BBM-like equation with a nonlocal bilinear term. Here, we consider a BBM-type
equation with the drift term, but with a nonlocal bilinear term given by a convolution, namely

Ut — Uy + Uy + NMu*xu)y =0, x € R, (4.12)
where A € R is a constant and

(u*xv)(x) = /OO u(x — y)v(y)dy for z € R.

—00

A UCP can be derived without any restriction on the initial data.

Theorem 4.3. Assume that X # 0. Let u € C1([0,T]; H'(R)) be a solution of (4.12) such that

u(z,t) =0 for|z| > L, t € (0,T). (4.13)
Then u = 0.
Proof. Taking the Fourier transform of each term in (4.12) yields
(1+ &, = —i(a+ M a?),  €€R, te(0,T). (4.14)

Note that, for each ¢ € (0,7, 4(.,t) and u(.,t) may be extended to C as entire functions of
exponential type at most L. Furthermore, (4.14) is still true for £ € C and ¢ € (0,7) by analytic
continuation. To prove that u = 0, it is sufficient to check that

Ofa(i,t)=0  VkeN, vte (0,7). (4.15)
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Let us prove (4.15) by induction on k. First, we see that (4.14) gives that either
a(i, t)=0  Vvte (0,7), (4.16)
or
a(i,t) = -A"1  Vte (0,7). (4.17)
D)erivating with respect to £ in (4.14) yields (the upperscript denoting the order of derivation in
£

260,(€,1) + (1+ )it (68) = —ia(6, 1) (1 + Ma(e, 1) — icaV (&, 1) (1 + 20a(E 1) (4.18)
Note that (i,t) = 0 if either (4.16) or (4.17) hold. Combined with (4.18), this gives
aM,ty=0, te(0,7).
Assume now that, for some k > 2,
aW(i,t) =0 for t € (0,T) and any [ € {1, ...,k — 1}. (4.19)
Derivating k times with respect to £ in (4.14) yields

k
(1 +a™ +2keal Y + (k- o = —ig(a® + 1Y cha®a*D)
=0

k—1
—ik(@* V) + XY " cf alat =) (4.20)
1=0

From (4.19) and (4.20) we infer that

a®) (i, 4)(1 4 2xa(i, 1)) = 0.
Combined to (4.16) and (4.17), this yields

a® (i, t) = 0.
Thus
a® (i) =0  Vk>1. (4.21)

(4.17) and (4.21) would imply

aEt)=-A"  VeeC,
which contradicts the fact that a(.,t) € L?(R). Thus (4.16) holds and u = 0. O

5. UNIQUE CONTINUATION PROPERTY FOR THE KDV-BBM EQUATION
In this section we prove some UCP for the following KdV-BBM equation
Ut — Utpy — ClUgzy T qUy = 07 T € T7 le (OaT)7 (51)

where ¢ € L*(0,T; L>°(T)) is a given potential function and ¢ # 0 is a given real constant.
The UCP obtained here will be used in the next section to obtain a semiglobal exponential
stabilization result for BBM with a moving damping.
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Theorem 5.1. Let c € R\{0}, T > 2x/|c|, and g € L*°(0,T; L*°(T)). Letw C T be a nonempty
open set. Assume that u € L*(0,T; H*(T)) satisfies (5.1) and

u(z,t) =0 for a.e. (x,t) € wx (0,7T). (5.2)
Then u = 0.

Proof. Let w = u — uy, € L*(0,T; L?(T)). Then (u,w) solves the following system

U — Uy = W, (5.3)
wy + cwy = (¢ — q)uy. (5.4)

Note that, by (5.2),
u=w=0 a.e. on w x (0,7). (5.5)

Inspired in part by [1] (which was concerned with a heat-wave system?), we shall establish some
Carleman estimates for the elliptic equation (5.3) and the transport equation (5.4) with the
same singular weight. Introduce a few notations. We identify T with (0,27). Without loss of
generality, we can assume that ¢ > 0 (the case ¢ < 0 being similar), and that w = (27 —2n, 27r+n)
for some n > 0. Let wy = (2r — n,27) C w. Pick a time T > 27/¢, and some positive numbers
0, € and p < 1 such that

pTc—2poc—2m+n—¢e>0. (5.6)
Pick finally a function g € C*°(0,T") such that

1 for 0 <t <9/2,
g(t) = ¢ strictly decreasing for 0 <t <9,
1 ford <t<T.

Let v € C*°(T x [0,T]) (i.e. ¥ is C* smooth in (x,t) and ¥(.,t) is 2m-periodic in = for all
t € [0,T]) with

Y(x,t) = (z+ €)% — pc(t — 26)? for x € (0,27 — 7], t € [0,T].

Let finally

o(x,t) = g(t)(2ell¥llee — e¥(@:1)) (x,t) € T x (0,7,

O(z,t) = g(t)e?®h), (x,t) € T x (0,77,
where ||¢[|Lec = [[¥)|[ oo (T (0,7))- The proof of Theorem 5.1 is outlined as follows. In the first
step, we prove a Carleman estimate for the elliptic equation (5.3) with the time-varying weight
©. In the second step, we prove a Carleman estimate for the transport equation (5.4) with the

same weight. In the last step, we combine the two above Carleman estimates into a single one

for (5.1) and derive the UCP.

STEP 1. CARLEMAN ESTIMATE FOR THE ELLIPTIC EQUATION.

1See also [11] for some Carleman estimates for a coupled system of parabolic-hyperbolic equations.
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Lemma 5.2. There exist so > 1 and Cy > 0 such that for all s > so and allu € L*(0,T; H*(T)),
the following holds

/ T/ ((50) a2 + (s6)%]u[2)e 2P davdlt
0JT

T T
< Cy (/ / Uz e 2P dxdt + / /(89)3|u|2628“’dazdt> . (5.7)
0JT 0 Jw

Remark 5.3. The same Carleman estimate as above with terms integrated over T only is also
valid, but with some constants Cy and sg that could a priori depend on t. The above formulation
was preferred for the sake of clarity.

Proof of Lemma 5.2: Let v = e *fu and P = 92. Then
e *YPu = e *YP(e*v) = Pov+ Py
where
P = (5¢2)*0 + Vgq, (5.8)
Pov = 250,05 + $Qz50 (5.9)
denote the (formal) selfadjoint and skeweadjoint parts of e™*¢P(e*?-). It follows that
1e=5% Pull? = ||Pyu]l? + || Paol[? + 2(Pyv, o)

where (f,g) = fOTf’]I‘ fgdxdt, ||f||* = (f, f). In the sequel, fngf(x,t)dxdt is denoted [[ f, for
the sake of shortness. Then

(PSU7 Pav) = ((SQOJ:)QUy 23901‘7}96) + ((3901‘)27}7 Swmmv)
+ (U:B:Ba 2580:1:1)1) + (/U{L'{L'a S@mmv) =11 +1+ I3 + 1.
After some integrations by parts in z, we obtain that
I =-3 //(sapx)2s<pmv2
I3 - _// 390J:J:7}923
I4 - _// Ux(SthmU + S(Pxxvx) - // swmmmmg - // S()Ol'l'vx'
Therefore

e Pul | = || Pyl |? + || Pav]? + / / (= 4(502) 500 + S@anna]® + / / (—dsppn)02.

We notice that
Pz = —gl/)zew, Prx = —9[(%)2 + T,Z)m]ew,
hence there exist some numbers so > 1, C' > 0 and C’ > 0 such that for all s > s

—4(502) 2800z + $Ppzze > C(sg)? for (z,t) € (0,2 —n) x (0,7T),
—48py, > Csg for (z,t) € (0,2 —n) x (0,7T),



16 LIONEL ROSIER AND BING-YU ZHANG

while

| — 4(502)?800s + 8Puzze] < C'(s9)3 for (x,t) € (2mr —n,27) x (0,7,
450 < C'sg for (z,t) € (2mr —n,2m) x (0,T).

We conclude that for s > sy and some constant Cy > 0

1Pl + [ [lsoloal + o)1) < o (Jle*2PulP + [ T/w [aglen + (soPof]). 510

Next we show that [[(sg)!|vz.|? is also less than the r.h.s. of (5.10). We have

[ Mo < [[ 60 P = oo

2//(89)‘1(!&@\2 +[sal[v]?)

¢ (s pall+ [[orlor).
Combined to (5.10), this gives

169 oal + Gso)lusf? + (59)°10P)

T T
sc(newmnu [ Gorer [ sg|vx|2) (5.11)
0 Jwo 0 Jwo

where C' does not depend on s and v. Finally, we show that we can drop the last term in the
r.hs. of (5.11). Let £ € C§°(w) with 0 < ¢ <1 and {(z) =1 for = € wy. Then

/:/wogw < /OT/ v
< —/OT/W 9(Exvy + Evgy)v

1 T ) T
5//959:9:7) _//gfva:azv
0 Jw 0 Jw
so that
T T T T
2 /O / sglval? < el /O / (sg)|of? + /O / (59) M vaal? + 571 /0 / (s9)°lo® (5.12)
wo w w w

where k > 0 is a constant that can be chosen as small as desired. Combining (5.11) and (5.12)
with & small enough gives for s > s¢ (with a possibly increased value of sy) and some constant
C (that does not depend on s and v)

J [t sl + (sl + (591 < € (JlemsopulP + [ T/w (oPol). (513

Replacing v by e *?u in (5.13) gives at once (5.7). The proof of Lemma 5.2 is complete. O

IN

IN
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STEP 2. CARLEMAN ESTIMATE FOR THE TRANSPORT EQUATION.
The functions g, v, ¢ and 6 are the same as those in Lemma 5.2.

Lemma 5.4. There exist s1 > sq and C1 > 0 such that for all s > s1 and allw € H' (T x(0,7)),
the following holds

T T T
//(s@)\w\ze_%“"dxdt <O </ / |wy —i—cww]Qe_QS“"dmdt—i—//(s@)z\w\ze_%“"daﬁdt>.
0JT 0JT 0 Jw
(5.14)

Proof of Lemma 5.4: The proof is divided into two parts corresponding to the estimates for
€ [0,0] and for t € [§,T]. The main result in each part is stated in a claim. Let v = e *?w
and P = 0; + ¢0,. Then

e YPw = e *?P(e*fv)
= (sppv + cspLv) + (ve + cvg)
=: P,v+ P,.

CLAIM 4.

// (50)*|v|*dxdt
<C<//|e % Pw| dxdt+/(1— £)? (59)|v|‘t 5d:v+/6/(59)2|v|2dxdt>. (5.15)

To prove the claim, we compute in several ways

6
— —Ssp )2
I /0/11‘(6 Pw)(1 = §)*sbv dxdt.

We split I into

b 5
I= /O/T(Psv)(l —5)259vdxdt+/0/1r(Pav)(1 e sOudedt —: Iy + I,
Then

§
L = //(gpt—l—cgpm)(l—5)25291)2d3:dt
0JT

9
= //[9,(2€wmo —e¥) — g(; + cbyp)e?](1 — €)2s%ge¥o? dadt.
0JT
On the other hand
4
I, = //(Ut + cvy)(1 = €)2(sge¥v) dxdt

2
- // 6" + gt + ctba)e¥)(1 — €2 dnds

+2/(1— £)?sge? \v\‘t 5dx+//cs§x 1 — &)ge?vidadt
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where we used the fact that e~ = O(e~¢/*) as t — 0% for some constant C' > 0. Note that for
x € [0,2m —n] and ¢ € (0, 9)

UV 4 by = 2¢(x + ) — 2pc%(t — 26) > 2¢(e + ped) > 0

while
() <0 and g(t) > 1.
Thus, for s > s1 > sg,

o+ Vo) (0" + 0) 2 2ele + peb)(s),  wET\w, te (0.0
—d (1) <(26”w”L°O —e¥)s?ge? — gew) >0 zeT, te(0,0).

It follows that for some positive constants C,C’

6 6
C//(39)2]v]2dxdt < -1+ % /(1 — §)2sgew\v\‘2t:5dx + C"//(s@)?\v\2dxdt. (5.16)
0JT T 0Jw

On the other hand, by Cauchy-Schwarz inequality, we have for any x > 0

| <k~ // le” %% Pw| dmdt—}—/{// (50)*|v|*dxdt. (5.17)

Combining (5.16) with (5.17) gives (5.15) for £ > 0 small enough. Claim 4 is proved.
CrAam 5.

/6T/T(59)|v|2dxdt + /T(1 — 5)2(59)|U|ﬁ:5d$ + /1r(1 _ 5)2(89)Iv||2t:de
c ( /6 T/T =5 Pu[*dudt + /5 T/w (sa)yvadxdt>. (5.18)

| -]l and (.,.) denoting here the Euclidean norm and scalar product in L?(T x (,T)), we have
that

lle™*? Pwl*> > [|Pyv + Pool? > [|(1 = €)(Pev + Pov)||> > 2((1 — §)Pov, (1 — §)Pyv).  (5.19)

Next we compute

(1 =8 Psv, (1 =§Pyv) = / / (1 —&)*s(pt + cpr)v(ve + cvy) dedt
= _5 A /If(l - 5)2(()0# + 2cpzt + CQ@xz)vzdwdt

+ /T (1- ¢ <sot+c%> / / c6o(1 — €5 + conPdudt.  (5.20)

Recall that { € C3°(w) with 0 < € <1 and {(x) =1 for z € wy, and that g(t) =1for 6 <t < T,
so that

o(x,t) = 2elWlle — V@D for o € T, ¢ € [6,T).
We have that
01 + cpr = — (Y + cy)e? = —2c(x 4 € — pe(t — 26))e?  for z € 0,27 — 7], t € [5,T).
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Fort =4
— (s + c)(x,8) > 2¢(e + ped)se? > 0 for x € (0,27 — ),
while for ¢t =T, by (5.6),

s(pr + coz)(x, T) > 2¢(pTc — 2pdc — 2w + 1 —€)se? > 0 for x € (0,27 — 7).

Therefore

2T

v

[ ersten+ oy
T

>C </1r(1 - 5)259|v||2t:5dx + /T(l - 5)259|v|2t:ng;> . (5.21)

)

Next we compute

_{(wt + 0%)2 + (wtt + c2¢$$)}ew
< 2(p—1)ce¥ for x € (0,27 —n),

Ptt + 2c<pazt + 02()02%

which yields

T T
—g//(l — &) (et + 20051 + ppa) o[ dadt > |1 —p\cQ//(l —&)*sblvf*dwdt.  (5.22)
s JT 6 JT

Claim 5 follows from (5.19)-(5.22).
We infer from Claim 4 and Claim 5 that for some constants s; > sg and C; > 0 we have for

all s > s7
T T T
//(89)|v|2dazdt < </ / |es“’Pdexdt—}—//(89)2|v|2dazdt>. (5.23)
0JT 0JT 0 Jw

Replacing v by e *?w in (5.23) gives at once (5.14). The proof of Lemma 5.4 is complete.

STEP 3. We would like to apply Lemma 5.2 to u and Lemma 5.4 to w = u—u,, € L*(0,T; L*(T)),
which has not the regularity required. Note, however, that (5.14) is still true when w and
f = w + cw, are in L*(0,T; L*(T)). Indeed, in that case w € C([0,T]; L*(T)), and if (w§) and
(f™) are two sequences in H'(T) and L?(0,7T; H'(T)) respectively, such that

wd — w(0) in L*(T),

s i L0, T L3(T)),

then the solution w™ € C([0,T]; H*(T)) of
Wbt = f
w™(0) = wy

satisfies w™ € HY(T x (0,T)) and w"™ — w in C([0,T); L*(T)), so that we can apply (5.14) to
w™ and next pass to the limit n — oo in (5.14).
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Here, u € L?(0,T; H*(T)), w € L*(0,T; L*(T)) and w; + cw, = (¢ — q)u, € L*(0,T; L*(T)).
Combining (5.3), (5.4), (5.5), (5.7), and (5.14), we obtain for s > s; that

T
16l + (070l + (oo
0JT
T
< C/ /UU\Z + Jw]? + | (¢ — q)ug|?|e ?Pdxdt. (5.24)
0JT

We conclude that w = w =0 on T x (0,7) by choosing s > s; large enough. O

Corollary 5.5. The same conclusion as in Theorem 5.1 holds when u € L?(0,T; H?*(T)) is
replaced by u € L*°(0,T; H(T)).

Proof. We proceed as in [40]. Since u and w := u — u,, are not regular enough to apply Lemmas
5.2 and 5.4, we smooth them by using some convolution in time. For any function v = v(z,t)
and any number h > 0, we set

t+h
ol (z,t) = —/ v(z, s) ds.
h Ji

Recall that if v € LP(0,T;V), where 1 < p < 400 and V denotes any Banach space, then
ol e Whe(0,7 — h; V), ™| Lo 0-nivy < [[0llLe(o,r3v), and for p < 0o and T < T

ol g in LP(0,7";V) as h— 0.

In the sequel, vlh} denotes (v[M),, o denotes (v!"),, etc. Pick any T" € (2%, T) such that (5.6)

‘T7
still holds with T replaced by T”, and define the functions g,, ¢, and 6 as above, but with T'
replaced by 7. Then for any positive number h < hg = T — T, ul") € W1 (0,T’; H(T)), and
it solves
ol —ufhy — cull, + (qu)™ =0 i DO, T H (D)), (5.25)

Wz t) =0  (z,t) ewx (0,T7). (5.26)
From (5.25), we infer that

ull = c_l(uyl] — uL’;L + (qux)[h}) e L>=(0,7"; H1(T)),

hence
u e L0, T'; H*(T)). (5.27)
This yields, with (5.3)-(5.4),

wh = P — ) € (0,7 LX(T)), (5.28)

wl[/h} +ewlt = ((c — q)um)[h} € Wl’OO(O,T; LZ(T)). (5.29)

T
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From (5.27), (5.28), (5.29) and Lemmas 5.2 and 5.4, we infer that there exist some constants
s1 > 0 and C7 > 0 such that for all s > s; and all h € (0, hy), we have

T/
/ / ((59)|u;h1|2 + (s6)3 M + (89)|w[h]|2> e~ 252 g dt
0 JT
T/
< 01/ / (|u[h]|2 + [w™)? + | ((c - q)ux)[huz) e~ 2% dxdt
o JT

Tl
<0 /0 /T (|u[hl|2 + w2+ 2/(c — @)ul? + 2|((c - q)ug)™ — (c - q)u;’lH?) e 2?dxdt.  (5.30)

Comparing the powers of s in (5.30), we obtain that for s > so > s1, h € (0,hy) and some
constant Cy > C7 (that does not depend on s, h)

T/
/ / ((59)|u¥‘]|2 + (s6)3 M + (89)|w[h]|2> =25 ddt
0o JT

Tl
< Cz/ / (¢ = Qua)!™ = (c — qull! e P dadt.
o JT

Fix s to the value s9, and let h — 0. We claim that

T/
| [l — (e - i+ 0 asno.
0o JT
Indeed, as h — 0,
((c — Qua)? = (c—qu, in L?(0,7"; L*(T)),
(c— q)ugﬁh} = (c—q)uy in L?(0,T"; L*(T)),

while e2%2¢ < 1. Therefore,
T/
/ / 03|ulM Pe=2522 dzdt — 0 as h — 0.
0 JT

On the other hand, /" — w in L?(0,7"; L*(T)) and #3e~2%2% is bounded on T x (0,7"), so that

T T
/ /Gg\u[h]\ze_zswdxdt%/ /Hg\uIQe_zswdxdt
0 JT 0o JT

as h — 0. We conclude that u =0 in T x (0,7”). As T’ may be taken arbitrarily close to T', we
infer that u =0 in T x (0,7, as desired. O
6. CONTROL AND STABILIZATION OF THE KDV-BBM EQUATION
In this section we are concerned with the control properties of the system
Up — Utgy — ClUggr + (¢ + 1)uy + uuy, = a(x)h, xeT, t>0, (6.1)
u(z,0) = uo(x),
where ¢ € R\ {0} and a € C*°(T) is a given nonnul function. Let
w={zeT; a(x) # 0} # 0. (6.3)
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6.1. Exact controllability. The first result is a local controllability result in large time.

Theorem 6.1. Let a € C°(T) with a # 0, s > 0 and T > 2x/|c|. Then there exists a 6 > 0
such that for any ug,ur € H%(T) with

[luollms + [fur[ms <,
one can find a control input h € L?*(0,T; H*=2(T)) such that the system (6.1)-(6.2) admits a
unique solution u € C([0,T], H*(T)) satisfying u(-,T) = ur.

Proof. The result is first proved for the linearized equation, and next extended to the nonlinear
one by a fixed-point argument.
STEP 1. EXACT CONTROLLABILITY OF THE LINEARIZED SYSTEM

We first consider the exact controllability of the linearized system

Up — Utggy — Clgge + (C + 1)“90 = a(m)h, (6 4)
u(z,0) = uo(), (6.5)
in H*(T) for any s € R. Let A= (1 — 92)7(cd2 — (¢ + 1)9,) with domain D(A) = H*"Y(T) C
H#(T). The operator A generates a group of isometries {W(t)}ier in H*(T), with
ck +(c+1)k .
Z e TR etk
k=—o00
for any
o .
v= Z ope’®® € H3(T).
k=—00
The system (6.4)-(6.5) may be cast into the following integral form
t
u(t) = W(t)ug +/ W(t—7)(1—02)" a(x)h(r)]dr.
We proceed as in [32]. Take h(x,t) in (6.4) to have the following form
h(z,t) = a(x) Z fiq;(t)e” (6.6)

j=—00
where f; and ¢;(t) are to be determined later. Then the solution u of the equation (6.4) can be
written as

u(a,t) = Y dg(t)e™
k=—o00

with (t) solves

d I

0+ ko)) = T 3 S (6.7
where o(k) = Ckfigjl, and

1
mjg=— [ a*(x) W=k g
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Thus
iko (k)T 1 > T iko(k)(T
i (T) — e~ "W Tq,,(0) = 572 > fjmj,k/o e~ W) g;(7)dr

j=—00
or

~ iko ~ 1 - 4 iko (k)T
i (T)e™ T — 1y, (0) = T2 Z fjmj,k/ T g (7)dr.

j=—o0 0

It may occur that the eigenvalues
A\, =iko(k), k€Z
are not all different. If we count only the distinct values, we obtain the sequence (Ax)ger, where
I C Z has the property that \g, # Ag, for any k;, ko € I with k; # ko. For each k; € Z set
I(k1) ={k € Z; ko(k) =kio(k1)}
and m(k1) = |[I(k1)| (the number of elements in I(ky)). Clearly, there exists some integer k*

such that k € Tif |k| > k*. Thus there are only finite many integers in I, say kj;, j = 1,...,n,
such that one can find another integer k # k; with A, = Ag;. Let

]Ij = {k‘ el k 75 kij, A = )\kj}, 1=12..n.
Then
Z=Iulu..Ul,.
Note that I; contains at most two integers, for m(k;) < 3. We write
]Ij = {k‘j@, k:j,m(kj)fl} ] = 1, 2, ey 1
and rewrite kj; as kjo. Let
pr(t) = e kR — 0, £1, 42, .
Then the set
P=Ape(t); kel}
forms a Riesz basis for its closed span, Pr, in L?(0,T) if
27
]
Let £ := {q;(t); j € I} be the unique dual Riesz basis for P in Pr; that is, the functions in £
are the unique elements of P such that

T>

T [
/ q;(t)pr(t)dt = oxj, j,k € L.
0

In addition, we choose
k. = qk; lfkeﬂj
For such choice of ¢;(t), we have then, for any k € Z,

. ko . 1 .
Gy (T)eF o BT — 4,.(0) = T e fRET \ k1, s n b (6.8)
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m(k;)—1
~ ik;o(ki)T A : _ s _
ay, ,(T)e™ (k5) —dy, ,(0) = o k‘2 Z Tejomig ok, Hk=kig i=1..n ¢=0,..,m(k)-1
34 1=0

(6.9)
It is well known that for any finite set J C Z, the Gram matrix Ay = (mpq)pqeg is defi-
nite positive, hence invertible. It follows that the system (6.8)-(6.9) admits a unique solution

f(---7f—27f—17f07f17f2,...). Since
= —/ x)dr =: p # 0,

(ak(T)ei’fff(k)T - ﬁk(0)> for [k| > k*

we have that
14 k2

1

fi =

Note that

sy = [ o) S fiasc e

]_700
< / S (A 0P
j=—o00
< C Z 1+ 5272 f5
j=—00
< C (|[u(0)|[3s + [u(T)[Fr:) -

This analysis leads us to the following controllability result for the linear system (6.4)-(6.5).

Proposition 6.2. Let s € R and T > % be given. For any ug,ur € H*(T), there exists a
control h € L?(0,T; H*=%(T)) such that the system (6.4)-(6.5) admits a unique solution u €

C([0,T); H*(T)) satisfying
u(z, T) = up(z).
Moreover, there exists a constant C > 0 depending only on s and T such that
Al 20,7 m55-2 (1)) < C (lJuollas + |lurlms) -
Introduce the (bounded) operator ® : H*(T) x H*(T) — L?(0,T; H*~%(T)) defined by
®(uo, ur)(t) = h(t),

where h is given by (6.6) and f is the solution of (6.8)-(6.9) with (%), and (@7 substitued to
Uy (0) and ug(7T), respectively.

Then h = ®(ugp, ur) is a control driving the solution u of (6.4)-(6.5) from ug at t = 0 to ur
att="T.

STEP 2. LOCAL EXACT CONTROLLABILITY OF THE BBM EQUATION.
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We proceed as in [37]. Pick any time T > 27 /|c|, and any ug,ur € H*(T) (s > 0) satisfying
luollms <6, |lurllms <6

with 0 to be determined. For any u € C([0,T]; H*(T)), we set

T
w(u) = —/0 W(T —7)(1— 8§)71(uum)(7) dr.

Then
llw(w) —w(@)|[zs < CT||u+ v||Loo 0,505 ()| [0 — V| Loo (0,715 (T)) -

Furthermore,

W (t)ug + /0 Wt—7)(1- ag)fl[a(x)q)(uo, up — w(u)) — wug](r)dr

_{ up if ¢ =0,
| w(u) + (up —w(w) =up ift=T.

We are led to consider the nonlinear map
t
[(u) = W(t)up + / Wt —7)(1 — 02)a(z)®(ug, ur — w(u)) — uug](r) dr.
0

The proof of Theorem 6.1 will be complete if we can show that the map I' has a fixed point in
some closed ball of the space C([0,7]; H*(T)). For any R > 0, let
Br={u € C([0,T]; H*(T)); [lullcqo,m;ms ) < R}

From the above calculations, we see that there exist two positive constants C7,Co (depending
on s and T, but not on R, ||ug||gs or ||ur||gs) such that for all u,v € Br

IT@)llcqorpmsmy < Cilluollms + |[ur|lus) + C2R?,
1T () = I1(”)‘’C([O,T];HS(T)) < CR[u— UHC([O,T};HS(T))-
Picking R = (203)~! and 6 = (8C1Cs) ™!, we obtain for ug, ur satisfying
luollms <6, lurllgs <6

and u,v € Bg that

A

ICWlleqoymsry) < R (6.10)
1
T (w) = T()lleqo,mms(my < 5”“ = vlle(o,11; 55 (T)) - (6.11)
It follows from the contraction mapping theorem that I" has a unique fixed point v in Br. Then

u satisfies (6.1)-(6.2) with h = ®(ug,ur — w(u)) and w(T') = ur, as desired. The proof of
Theorem 6.1 is complete. O
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6.2. Exponential stabilizability. We are now concerned with the stabilization of (6.1)-(6.2)
with a feedback law h = h(u). To guess the expression of h, it is convenient to write the
linearized system (6.4)-(6.5) as

uy = Au + Bk, (6.12)
u(0) = ug (6.13)

where k(t) = (1 — 02)7th(t) € L?(0,T; H*(T)) is the new control input, and
B=(1-0*"ta(1 —8?) € L(H(T)). (6.14)

We already noticed that A is skew-adjoint in H*(T), and that (6.12)-(6.13) is exactly controllable
in H*(T) (with some control functions k € L?(0,7; H*(T))) for any s > 0. If we choose the
simple feedback law

k = —B**u, (6.15)

the resulting closed-loop system
u = Au — BB**u, (6.16)
u(0) = ug (6.17)

is exponentially stable in H*(T) (see e.g. [28, 38].) In (6.15), B**® denotes the adjoint of B in
L(H*(T)). Easy computations show that
B*u = (1 -93)'"%a(1 — 9% . (6.18)
In particular
B*'u = au.
Let A= A— BB*', where (BB*")u = (1 —82)"a(1 — 87)(au)]. Since BB*! € L(H*(T)) and
A is skew-adjoint in H*(T), A is the infinitesimal generator of a group {W,(t)}ier on H*(T)

(see e.g. [35, Theorem 1.1 p. 76]). We first show that the closed-loop system (6.16)-(6.17) is
exponentially stable in H*(T) for all s > 1.

Lemma 6.3. Let a € C*°(T) with a # 0. Then there exists a constant v > 0 such that for any
s > 1, one can find a constant Cs > 0 for which the following holds for all ug € H*(T)

[Wa(t)ug|lgrs < Cse™ | uol| a5 for all t>0. (6.19)
Proof. (6.19) is well known for s = 1 (see e.g. [25]). Assume that it is true for some s € N*, and
pick any ug € H*"H(T). Let vg = Aug € H*(T). Then

[[Wa(t)vollm= < Cse™|[vol| s+
Clearly, 3
Wa(t)vo = AW, (t)ug = AW, (t)ug — BB 'Wy(t)uo,
hence
AW ()uollrs < [[Wa(t)vollms + IBB™|g (s [Wa(t)uol s < Ce™ Jug||prs+1-
Therefore
[[Wa(t)uo||gs+1 < Corre™|uol s,

as desired. The estimate (6.19) is thus proved for any s € N*. It may be extended to any
s € [1,+00) by interpolation. O
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Plugging the feedback law k = —B*'u = —au in the nonlinear equation gives the following
closed-loop system

Up — Upgy — ClUggy + (¢ + Duy + uu, = —a(l — 8%)[@21], (6.20)

u(z,0) = up(x). (6.21)

We first show that the system (6.20)-(6.21) is globally well-posed in the space H*(T) for any
s> 0.

Theorem 6.4. Let s > 0 and T > 0 be given. For any uy € H*(T), the system (6.20)-(6.21)
admits a unique solution u € C([0,T]; H*(T)).

The following bilinear estimate from [13] will be very helpful.

Lemma 6.5. Letw € H"(T) and v € Hr/(’]l‘) with0<r<s5,0<7r <sand 0<2s—r—1' < i.
Then
11 = 037 00 (wo) L+ < cpnslwllr o]
In particular, if w € H"(T) and v € H*(T) with 0 <7 < s <7+ 1, then
(1 = 32) 7 0w (wo) s < crsllwlle ol e
Proof of Theorem 6.}:
Step 1: The system is locally well-posed in the space H*(T):

Let s > 0 and R > 0 be given. There exists a T* depending only on s and R such that for
any ug € H*(T) with
[uollms < R,

the system (6.20)-(6.21) admits a unique solution uw € C([0,T*]; H*(T)). Moreover, T* — oo as
R—0.

Rewrite (6.20)-(6.21) in its integral form
w(t) = Wty — /O Wt — 7)1 — 03 () (1) (6.22)
For given 6 > 0, define a map I on C([0, 8]; H*(T)) by
) = Walthuo = [ Walt = )1 = 02) ) (r)ir

for any v € C([0,0]; H*(T)). Note that, according to Lemma 6.3 and Lemma 6.5,

[Wa(t)uollcqo,0;ms (ry) < Cslluollms,

and
t
/ Wa(t —7)(1 = 87) " (vvg) (1)dr < Cs0 sup (1= 87) " (vv) (1) s
0 C(0.03H(T)) 0<t<0
Cscs,s 2
< 5 Ollvll& (0,00 25 (1)
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Thus, for given R > 0 and ug € H*(T) with |Jug||g= < R, one can choose T* = [2¢5 s(1+Cs)R]™*
such that I' is a contraction mapping in the ball
B:={v e C([0, T H*(T)); [lvllc(o,r);ms(T)) < 2CsR}
whose fixed point u is the desired solution.
Step 2: The system is globally well-posed in the space H*(T) for any s > 1.

To this end, it suffices to establish the following global a priori estimate for smooth solutions
of the system (6.20)-(6.21):

Let s > 1 and T > 0 be given. There exists a continuous nondecreasing function
T Rt - RT
such that any smooth solution u of the system (6.20)-(6.21) satisfies

sup |[u(-, ?)[|gs < o r([[uollme). (6.23)
0<t<T

Estimate (6.23) holds obviously when s = 1 because of the energy identity

t

1By — llolf = =2 [ Nlou(Bodr v >0,
When 1 < s < s1: =1+ %, applying Lemma 6.3 and Lemma 6.5 to (6.22) yields that for any
0<t<T,

Cscl,s ¢
Cslluollrrs + —3 0HU(-J)HHlHU(-,T)HHSdT

[l )| s

IN

IN

t
Clluallne +Can (o) [t -dr.
0

Estimate (6.23) for 1 < s < s; follows by using Gronwall’s lemma. Similarly, for s; < s < s9 :=
1+2,

Cse ¢
fuC Dl < Cslluollms +%/0 (s )l s [, 7) | s dr

IN

t
Clluol|ms +Cas1,T(||uOHH81)/ [l 7)l| s
0

Estimate (6.23) thus holds for 1 < s < s5. Continuing this argument, we can show that the
estimate (6.23) holds for 1 < s < sp:=1+ % for any k£ > 1.
Step 3: The system (6.20)-(6.21) is globally well-posed in the space H*(T) for any 0 < s < 1.

To see it is true, as in [43], we decompose any ug € H*(T) as

uy = Zﬁkeikm = Z + Z =:wy + Vg

keZ k|<ko  |k|>ko

with vg € H*(T) satisfying
lvollzs <6
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for some small § > 0 to be chosen, and wg € H!(T). Consider the following two initial value
problems

{vt — Vgzz — CUggz + (¢ 4+ Vg + v, = —a(l — 02)[av], (6.24)
v(z,0) = vo(z) '
and
{wt — Wipg — CWegs + (¢ + Dwy + ww, + (vw), = —a(l — 02)[aw], (6.25)
w(z,0) = wo(z). '

By the local well-posedness established in Step 1, for given T" > 0, if § is small enough, then
(6.24) admits a unique solution v € C([0,T]; H*(T)). For (6.25), with v € C([0,T]; H*(T)), by
using Lemma 6.3, the estimate

11 = 92)' s (w0l 1 < Cllwollzz < Clfwllgn ||l s

and the contraction mapping principle, one can show first that it is locally well-posed in the
space H'(T). Then, for any smooth solution w of (6.25) it holds that

1Ol — [ oo, s (2, 0)ds =~y 0,

which implies that
t
o 6) 2 < o2 exp (c /O ||v<-,7>udeT>

for any ¢ > 0. The above estimate can be extended to any wg € H'(T) by a density argument.
Consequently, for wg € H'(T) and v € C([0,T]; H*(T)), (6.25) admits a unique solution w €
C([0,T); HY(T)). Thus u = w+ v € C([0,T); H*(T)) is the desired solution of system (6.20)-
(6.21). The proof of Theorem 6.4 is complete. O

Next we show that the system (6.20)-(6.21) is locally exponentially stable in H*(T) for any
s> 1.

Proposition 6.6. Let s > 1 be given and v > 0 be as given in Lemma 6.3. Then there exist
two numbers 6 > 0 and C. depending only on s such that for any ug € H*(T) with

[uoll s <6,
the corresponding solution u of the system (6.20)-(6.21) satisfies
(- )llms < Cie™|uollas ¥t = 0.

Proof. We proceed as in [36]. As in the proof of Theorem 6.4, rewrite the system (6.20)-(6.21)
in its integral form

t
u(t) = Walthuo = 5 [ Walt = 1)1 = )10, (3)(r)dr
0
and consider the map

[(v) := Wy (t)up — %/0 W, (t —71)(1 — 3%)_1396(1)2)(7')(17'.
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For given s > 1, by Lemma 6.3 and Lemma 6.5, there exists a constant Cs > 0 such that

- Cse b
POl < Coe funllae + 5 [ e ol 7) s
0

-t CsCs.s T 2 ' =y (t+7)

< Cse "uollms + sup [le"v(-,7)|[7s [ e dr
2 o<r< 0

—t CsCss —t yr 2

< Cse Muollgs + ——=e (L =€) sup [l v(:, )=

0<7r<t
for any ¢t > 0. Let us introduce the Banach space
Yy :={v € C([0,00); H*(T)) : [Jvlly, == o le™ v (-, )]s < oo}

<t<oo

For any v € Yy,

C&C&s

Ty, < Cslluollms + > 0],

Choose 5
0= —1— R = 20C,4.
4C2¢s 5’
Then, if ||ug|| < 6, for any v € Y with |jv]ly, < R,
CS S,S
D)y, < Cs6 + 2252 (20,6)R < R.

< KN
Moreover, for any vy, vy € Yy with [Ju1]ly, < R and |jva|ly, < R,

D) ~ (@), < gllor — valls.
The map I' is a contraction whose fixed point u € Yy is the desired solution satisfying
[l O)llms < 2Cse™|uollss
for any ¢ > 0. O
Now we turn to the issue of the global stability of the system (6.20)-(6.21). First we show
that the system (6.20)-(6.21) is globally exponentially stable in the space H'(T).

Theorem 6.7. Let a € C°(T) with a # 0, and let v > 0 be as in Lemma 6.3. Then for any
Ry > 0, there exists a constant C* > 0 such that for any ug € H*(T) with ||uo||gn < Ro, the
corresponding solution u of (6.20)-(6.21) satisfies

[u(, )| < C* e |uol | for allt > 0. (6.26)
Theorem 6.7 is a direct consequence of the following observability inequality.

Proposition 6.8. Let Ry > 0 be given. Then there exist two positive numbers T and 3 such
that for any ug € H*(T) satisfying
[[uol |1 < Ro, (6.27)

the corresponding solution u of (6.20)-(6.21) satisfies

T
HwﬁpSﬁAIMMM@Mt (6.28)
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Indeed, if (6.28) holds, then it follows from the energy identity

t
u(t)] 2 = [[uolZr — 2 / law(r)|2pdr V>0 (6.20)
0

that
(D)7 < (L =287 Juol |7
Thus
lu(mD)|[F < (1 =287 |uo[7:
which gives by the semigroup property
lu(®)|| g2 < Ce™ " |ug|| 2 for all t > 0, (6.30)

for some positive constants C' = C(Ry), k = k(Rp).
Finally, we can replace x by the ~ given in Lemma 6.3. Indeed, let t' = k! log[1 + C'Ryé 1],
where ¢ is as given in Proposition 6.6. Then for ||ug||z1 < Ry, |[u(t')| g1 < 0, hence for all ¢t > ¢/

(@)l < Cillul) e ") < (C16/Ro)uollgre™ ™) < €™ flug |
where C* = (C'6/Rg)e . O

Now we present a proof of Proposition 6.8. Pick for the moment any 7' > 27/|c| (its value
will be specified later on). We prove the estimate (6.28) by contradiction. If (6.28) is not true,
then for any n > 1 (6.20)-(6.21) admits a solution u,, € C([0,T]; H'(T)) satisfying

|[un(0)]| 1 < Ro (6.31)

and . X
| Ot < Sl (6.32)
where g, = u,(0). Since oy, := ||[ugn||g1 < Ro, one can choose a subsequence of (o), still

denoted by (ay,), such that lim, o o, = a. Note that «, > 0 for all n, by (6.32). Set
Up, = Up )y, for all n > 1. Then

Unt — Untaz — COpgae + (€ + 1) Unp + @pUpvn » = —a(l — ai)[avn] (6.33)
and
T 1
/ lavn| 2 dt < ~- (6.34)
0 n
Because of
[[on (0)[[ g1 = 1, (6.35)

the sequence (v,) is bounded in L>°(0,7; H'(T)), while (v,.) is bounded in L%°(0,7T; L*(T)).
From Aubin-Lions’ lemma and a diagonal process, we infer that we can extract a subsequence
of (vy,), still denoted (v, ), such that

Up =V in C([0,T]; H*(T)) Vs<1 (6.36)
Uy —> v in L°°(0,T; HY(T)) weakx (6.37)

for some v € L>(0,T; H*(T)) N C([0,T]; H*(T)) for all s < 1, Note that, by (6.36)-(6.37), we
have that
QpUp Up g — QU in L>°(0,T; L*(T)) weak * . (6.38)
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Furthermore, by (6.34),

T T
/0 lavll%1dt < 1inrgi£f/o lavn| P dt = 0. (6.39)
Thus, v solves
UV — Vggy — CUzgz + (¢ + Dvy +avv, =0 on T x (0,7), (6.40)
v=0 onwx(0,7T). (6.41)
where w is given in (6.3). According to Corollary 5.5, v =0 on T x (0,7).
We claim that (vy,) is linearizable in the sense of [10]; that is, if (w,,) denotes the sequence of
solutions to the linear KdAV-BBM equation with the same initial data
Wnt — Wp tgz — CWn zoe + (¢ + Dwy = —a(l — (9%)[&10”], (6.42)
wp(z,0) = v, (x,0), (6.43)
then
sup ||vn(t) — wp(t)||gr = 0  asn — oco. (6.44)
0<t<T

Indeed, if d,, = v, — wy,, then d,, solves
dn,t - dn,tzx - Cdn,xxx + (C + 1)dn,ar - _a(l - 8§)[adn] - anvnvn,m
d,(0) = 0.

Since [|[Wa(t)||¢(m (ry) < 1, we have from Duhamel formula that for ¢ € [0, 7]

T
ldn(®)llzn < /0 (1 = 82) Y (anntn o) (7) | g1

Combined to (6.36) and to the fact that v = 0, this gives (6.44). By Lemma 6.3, we have that
fwn ()] g1 < Cre™ " |wy, (0)|| g for all ¢t > 0. (6.45)
From (6.45) and the energy identity for (6.42)-(6.43), namely

t
[lwn ()70 = [lwa (0)]7 = —2/0 [lawn ()| dr, (6.46)

we have for Ce ' < 1
T
[|wn (0)][F: < 2(1 - 0126_2”T)_1/0 ||awn, (7)[| 71 dr. (6.47)

Combined to (6.34) and (6.44), this yields ||v,(0)||g1 = [|wn(0)||gr — 0, which contradicts
(6.35). This completes the proof of Proposition 6.8 and of Theorem 6.7. U

Next we show that the system (6.20)-(6.26) is exponentially stable in the space H*(T) for any
s> 1.

Theorem 6.9. Let a € C°(T) with a # 0 and v > 0 be as given in Lemma 6.3. For any given
s > 1 and Ry > 0, there exists a constant C' > 0 depending only on s and Ry such that for any
ug € H*(T) with ||ug||gs < Ry, the corresponding solution u of (6.20)-(6.21) satisfies

lu(-, )| zs < Ce " |ugl| g for allt > 0. (6.48)
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Proof. As before, rewrite the system in its integral form

u(t) = Wa(t)uo — %/0 Wa(t — 7)(1 — 82) (we) (7)dr-

For ug € H*(T) with |luo||ms < Rp, applying Lemma 6.3, Lemma 6.5 and Theorem 6.7 yields
that, for any 1 <s <1+ %,

2

C C* 2 t
Cetrasl @ [*cortorie g
0

Cse11,5(C%)? _
< (r E gl ) gl

_ Csern b
Ju(-, O)[ms < Cse 7t||u0\|HS+M/O e T u(, 1) |3 dr

IN

CsefﬂftHuoHHs +

for any ¢ > 0. Thus the estimate (6.48) holds for 1 < s < my = 1+ %. Similarly, for
mp <s<mo:=1+ %, we have for ||ug||mgs < Ry

[l )| s

IN

Csc t
Cue™ e + 32 [ el 7) B, dr
0

IN

t
Cse " uo|| s + C(s,m1, Ro) / e 297 | ug || %y dr
0

< (Cs+ C(s,mu, Ro)lluol[may ™) e [luo | a2+

Thus the estimate (6.48) holds for 1 < s < mg: =1+ 1%. Repeating this argument yields that
the estimate (6.48) holds for 1 < s <my:=1+ % for k=1,2,... O
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