Non-standard couples of angles of rotations

Mostapha Benhenda*
February 10, 2012

Abstract

Let M be a smooth compact connected manifold, on which there exists an ef-
fective smooth circle action S, preserving a positive smooth volume. We show
that on M, the smooth closure of the smooth volume-preserving conjugation class
of some Liouville rotations S, of angle @ contains a smooth volume-preserving
diffeomorphism T that is metrically isomorphic to an irrational rotation Rg on the
circle, with @ # £, and with @ and 8 chosen either rationally dependent or ratio-
nally independent. In particular, if M is the closed annulus [0, 1] x T!, M admits
a smooth ergodic pseudo-rotation T' of angle « that is metrically isomorphic to the
rotation Rg. Moreover, T is smoothly tangent to S, on the boundary of M.

1 Introduction

Let A = [0,1] x T! be the closed annulus and 7 be a homeomorphism isotopic to
the identity. The rotation set of T measures the asymptotic speeds of rotation of the
orbits of T around the annulus. It generalizes the notion of rotation number of a circle
homeomorphism, introduced by Poincaré. T is an irrational pseudo-rotation if its
rotation set is reduced to a single irrational number «, called the angle of T. A broad
question is raised by Béguin et al. [3]: what are the similarities between the dynamics
of the rigid rotation S, of angle @ and the dynamics of an irrational pseudo-rotation 7'
of angle a?

From a topological viewpoint, a similarity between S, and T has been shown by
Béguin et al. [3]: the rotation S, is in the closure of the conjugacy class of 7. Their
result is analogous to a theorem by Kwapisz [11] on the torus T? (in this case, the angle
of a pseudo-rotation is an element of T?). Jdger [9] and Wang [12] also investigated
this broad question. However, there are also possible differences between S, and T.
From a metric viewpoint, Anosov and Katok [1] constructed a smooth pseudo-rotation
of A that is metrically isomorphic to an ergodic translation of T?. Béguin et al. [2]
constructed on T? a pseudo-rotation that is minimal, uniquely ergodic, but with pos-
itive entropy. In this paper, we construct a smooth pseudo-rotation of angle « that is
metrically isomorphic to an irrational rotation Rz with @ # +. This is a construction of
a non-standard smooth realization, based on the method of approximation by succes-
sive conjugations (see [5] for a presentation), a method that is often fruitful in smooth
realization problems.
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We recall that a smooth realization of an abstract system (X, f, v) is a triplet (M, T, p),
where M is a smooth compact manifold, u a smooth measure on M and T a smooth
u-preserving diffeomorphism of M, such that (M, T, u) is metrically isomorphic to
(X, f,v) (when (M, w) and (X, v) are implied, we just say that T is metrically isomorphic
to f). Moreover, a smooth realization is non-standard if M and X are not diffeomor-
phic.

Suppose there exists an ergodic pseudo-rotation 7' of angle « that is a non-standard
smooth realization of a rotation R on the circle. Then the couple (@, §) is called a non-
standard couple of angles. In this paper, we show that there exists non-standard couple
of angles (a, ), such that @ # +, with @ and 8 chosen either rationally dependent or
rationally independent.

Anosov and Katok [1] showed the existence of an angle « such that (o, @) is a
non-standard couple of angles. Fayad et al. [7] showed that for any « Liouville, (e, @)
is a non-standard couple of angles. The question arises about the existence of a non-
standard couple of angles (@, 8) with a # S.

It is worthy to recall that two ergodic rotations R, and Rg on the circle are metri-
cally isomorphic if and only if 8 = +a. If 8 = @, the isomorphism is the identity, and if
B = —a, an isomorphism is given by a symmetry of axis going through the center of the
circle. Therefore, by applying the result of Fayad et al. [7], it becomes trivial to find
a non-standard couple of angles (@, —@). Our result shows that if, instead of consider-
ing metric automorphisms of the circle, we consider metric isomorphisms between the
circle and the annulus, the situation becomes richer: we can have @ # +8, with @ and
[ either rationally dependent or rationally independent. However, « needs to be Liou-
ville. Indeed, a result by Herman (with a proof published by Fayad and Krikorian [6])
implies that if a smooth quasi-rotation T of the closed annulus has Diophantine angle
(i.e. non-Liouville), then T cannot be ergodic (and a fortiori, 7 cannot be metrically
isomorphic to an ergodic rotation). However, the situation where « is Liouville and 8
is Diophantine, though not addressed in this paper, is not excluded yet. The existence
of this situation would reply positively to the open question about the existence of a
non-standard smooth realization of a Diophantine circle rotation [5].

More generally, let M be a smooth compact connected manifold of dimension d,
on which there exists an effective smooth circle action S, preserving a positive smooth
measure y. Let A, be the smooth conjugation class of the rotation S, and A, its
closure in the smooth topology. If M = T! and if a is Diophantine, then A, = A, by
Herman-Yoccoz theorem [14] (indeed, by continuity, the rotation number of a diffeo-
morphism T € A, is a). On the other hand, when « is Liouville, A, # A,. In this
paper, if M has a dimension d > 2, then for some Liouville o, we show that A, con-
tains non-standard smooth realizations of circle rotations Rg, with & # £, and with @
and S chosen either rationally dependent or rationally independent. In this case, («,f3)
is still called a non-standard couple of angles. More precisely, we show the following
theorem:

Theorem 1.1. Let M be a smooth compact connected manifold of dimension d > 2,
on which there exists an effective smooth circle action (S;),c11 preserving a positive
smooth measure yu. For any u,v € T, for any € > 0, there exist (a,f) € T!xT!ina
e-neighborhood of (u,v), T € Diff**(M, ), such that T € A, and such that the rotation
Rg of angle 8 on T! is metrically isomorphic to T. Moreover, B can be chosen either
rationally dependent or rationally independent of a.

Theorem 1.1 generalizes the particular case M = [0, 119! x T!:



Theorem 1.2. Letd > 2, M = [0,1]%! x T!, U the Lebesgue measure. Fort € T,
let S; : M — M defined by S,(x,s) = (x,s +t). For any u,v € T, for any € > 0,
there exist (a,8) € T' x T! in a e-neighborhood of (u,v), T € Diff*(M, ), such that
forany jeN, (DjT)|,9M = (DjS(y)kgM and such that the rotation Rg of angle 8 on T is
metrically isomorphic to T. Moreover, 3 can be chosen either rationally dependent or
rationally independent of a.

In the case of the closed annulus M = [0, 1] x T!, we obtain:

Corollary 1.3. Let M = [0,1] x T', u the Lebesgue measure. Fort € T!, let S, :
M — M defined by S,(x,s) = (x,s + t). For any u,v € T', for any € > 0, there
exist (@, ) € T! x T' in a e-neighborhood of (u,v), T € Diff*(M, ) a pseudo-rotation
of angle a, such that the rotation Rg of angle 8 on T! is metrically isomorphic to T.
Moreover, 8 can be chosen either rationally dependent or rationally independent of .

To show these results, we suitably modify one of Anosov and Katok’s construc-
tions. In [1], they constructed ergodic translations on the torus T", i > 2, of coordinates
(Bi, ..., Bn), translations that admit non-standard smooth realizations on [0, 119! x T,
d > 2, such that T)3) is a rotation of angle a. Moreover, in his construction, a # S,
i =1,...,h. In our paper [4], we show that one 3; can be an arbitrarily chosen Liouville
number. However, this construction does not apply directly to the one-dimensional
case. This is why, to obtain our result, though we essentially follow [4], we still need
some substantial modifications.

1.1 Definitions

Let Diff* (M, u) be the class of smooth diffeomorphisms of M preserving the Lebesgue
measure y. For B € Diff*(M, u) and j € N*, let D/B be the j” derivative of B if j > 0,
and the —j derivative of B~ if j < 0. For x € M, let |D’B(x)| be the norm of D/B(x)
at x. We denote ||B|lx = maxo«|ji<k maxyep |D/B(x)|.

A finite measurable partition & of a measured manifold (N, v) is the equivalence
class of a finite set & of disjoint measurable subsets of N whose union is N, modulo
sets of v-measure zero. In most of this paper, we do not distinguish a partition & with
its equivalent class & modulo sets of v-measure zero. In these cases, both are denoted &.
Moreover, all partitions considered in this paper are representatives of a finite measur-
able partition. The distance between two finite measurable partitions & and &’ is defined
by:

d& ¢) = inf Z V(cAc')
ceéc’el’

A partition &’ is subordinate to a partition £ if any element of £ is a union of ele-
ments of £, modulo sets of v-measure zero. In this case, if B(¢) denotes the completed
algebra generated by &, then B(¢) € B(¢’). The inclusion map i : B(¢) — B(¢') will
be denoted & < ¢’. This notation also means that & is subordinate to &. A sequence
of partitions &, is monotonic if for any n, &, — &,.1. These definitions and properties
are independent of the choice of the representatives & and &’ of the equivalence classes
Eand &.

A measure-preserving bijective bimeasurable map T : (M1, u1,81) = (Ma, 1o, B»)
induces an isomorphism of measure algebras, still denoted T : (u1, B1) — (42, B7). If
&1, &, are partitions, and if B; = B(&£)) and B, = B(&,), we denote T : £ — & this
induced isomorphism of measure algebras. If M| = My, u; = yp and B) = B, then T



is a measure-preserving transformation. Its induced isomorphism is an automorphism
(see [8, p.43] and [13]).

A metric isomorphism L of measure-preserving transformations 7 : (My, i1, B1) —
My, 11, 81), Ty - (M, un, By) = (M>, 11, B,) is a measure-preserving bijective bimea-
surable map L : (M, u;,81) — (Ma,u,B;) such that LT) = T,L a.e. For con-
venience, when the measure is the Lebesgue measure and the algebra is the Bore-
lian algebra, we omit to mention the measures and algebras, and we simply say that
L: (M, T)) » (M, T,) is a metric isomorphism.

Let £ be a measurable partition and & a representative of this equivalent class mod-
ulo sets of u-measure zero. For x € M, we denote £(x) the element of the partition &
such that x € £(x). A sequences of partitions &, of measurable sets generates if there is
a set of full measure F such that for any x € F,

)= F( )&
n>1

This property of generation is independent of the choice of the representatives &, of
the equivalent class &, and therefore, we will say that the sequence of measurable par-
titions &, generates. Let M/& denote the equivalent class of the algebra generated by &,
modulo sets of u-measure zero. M/¢ is independent of the choice of the representative
& of the equivalent class €. If T : M; — M, is a measure-preserving map such that
T (&) = & p-almost everywhere, we can define a quotient map: 7'/ : M/&é) — M/é&,.

An effective action of a group G on M is an action such that there is a set of full
measure FF C M such that for any x € F, there is g € G such that gx # x. A smooth
effective circle action (S;),et on M can be seen as a 1-periodic smooth flow (S;);0,
we denote A, = {B~'S,B, B € Diff*(M, 1)}. When M = [0,1]¢"! x T!, we consider
the periodic flow S, defined by:

S, 00,11 xT"  —1[0,11% ! xT!

(x,8) P (x,t+s mod 1)

For a,b € T', let [a, b[ be the positively oriented circular sector between a and b, with
a included and b excluded.

A sequence T, of u-preserving maps weakly converges to T if, for any measurable
set E, u(T,EAE) — 0, where AAB = (A — B)U (B — A).

For v € R, we denote: |y| mod 1 = Mingez [k + ]

Fort € T' or R, and A c I x T!, we denote

t+A={(x,t+s mod 1), (x,s)€ A}

Suppose M = [0, 1] x T! is the closed annulus. Let M = [0, 1] X R be the universal
covering of M and p, : [0,1] Xx R — R the second coordinate projection. Let T be
a homeomorphism of M isotopic to the identity and T its lift to M. The rotation set
Rot(T) of T is defined by:

. T(®) = pa(X .

Rot(T) = ﬂ U {Pz( () = p2(%) Jie M}

n
k=0 nxk

We let the rotation set of T, Rot(T), be the equivalent class modulo 1 of Rot(T).

If Rot(T') = {a} is a singleton, and if T is isotopic to the identity, then T is a pseudo-
rotation. Note that, if Tisy = S ojom, then T is isotopic to the identity. Indeed,



t € [0,1] — S, is a continuous path between the identity map and S,, and by
Alexander’s trick, any homeomorphism equal to the identity on the boundary is isotopic
to the identity. In this paper, all the diffeomorphisms that we construct are equal to a
rotation on the boundary and therefore, they are all isotopic to the identity.

1.2 Basic steps of the proof

The metric isomorphism of theorem 1.2 is obtained as the limit of isomorphisms of
finite algebras: indeed, we use the lemma [1, p.18]:

Lemma 1.4. Let M| and M, be Lebesgue spaces and let g,‘f) (i = 1,2) be monotonic and
generating sequences of finite measurable partitions of M;. Let T,(,i) be automorphisms
of M; such that T,(,i)fff) = Ef) and T,(li) — TY in the weak topology. Suppose there are
metric isomorphisms L, : M, /fﬁll) - M, /522) such that

LTV /ED =T 16D L,

and

Lini&,)) = &7

— 5n

then (M, Ty) and (M, T») are metrically isomorphic.

Said otherwise, if we have generating sequences of partitions and sequences of
automorphisms T,S') weakly converging towards T, and if, for any integer n, the fol-
lowing diagram commutes:

VaU) C f(l) $> 5(2) TO®
n n " n

|

70 (g I @) DM

n+l n+l n+l

then (M, Ty) and (M, T») are metrically isomorphic.

The proof of theorem 1.2 is in two steps. In the first step (lemma 1.5), we determine
sufficient conditions on a sequence (R o b, )nz0 Of periodic rotations of T! such that there
exists sequences of finite partitions and automorphisms satisfying the assumptions of
lemma 1.4 with M, = T!, M, = M, T,(ll) = R/{Lnb”, T,(,z) = T,, where T, is also smooth
diffeomorphism, and such that the limit 7 in the smooth topology of the sequence T,
is smooth, and T € A, for @ = lim p,/q,.

In the second step (lemma 1.6), we construct sequences of integers satisfying the
conditions of the first step, such that p,/q, — a, b,p,/q, — B, with (a,[) that can
be chosen arbitrarily close to any (u,v) € T' x T' , and with («, ) either rationally
dependent or rationally independent.

Lemma 1.5. There exists an explicit sequence of integers Ri(n) > n, such that, if there
exist increasing sequences of integers p,, qn, Ay, by € N*, and a sequence s, € Z* such
that, for any integer n,

1. (primality) a,b, — snq, = 1.

2. (monotonicity) q, divides q,+1 and ¢, < qn+1.



3. (isomorphism) g, divides a,.1 — a,.
4. (convergence of the diffeomorphism, generation)

Pn+1 _ & < 1

0< <—
qn+1 qn (bn+1(»In)Rl(n)

then all these assumptions imply that there are a, 8 € T' such that

p p
rn _)modl a, _'lbn _)modl ﬁ
qn qn

and there is a smooth ergodic measure-preserving diffeomorphism T of M such
that for any j € N, (D«fT)|5M = (D-fS[,)|aM and such that (T',Rﬁ, Leb) is metrically
isomorphic to (M, T, p).

Lemma 1.6. For any u,v € T', for any € > 0, there exist (a,8) € T' x T in a e-
neighborhood of (u,v), such that there exist sequences of integers py, qn,an, b, € N,
s, € 77 satisfying the assumptions of lemma 1.5, such that

p P
rn _>mod1 a, _’lbn _)modl ﬁ
qn qn

Moreover, B can be chosen either rationally dependent of a or rationally indepen-
dent of a.

We divide the proof of lemma 1.5 in two main parts. In the first part of the proof, we
elaborate sufficient conditions on B,, € Dift™(M, i), where M = [0, 1191 x T, so that
if T, = B,'S m B, weakly converges towards an automorphism 7', then there exists a

dan

metric isomorphism between (T', Rg, Leb) and (M, T, u). To that end, we apply lemma
1.4: we construct a monotonous and generating sequence of partitions &,;” of M and a
sequence of isomorphisms K : Tl/gn — M/E&7, where {, = {[i/q,, (i + 1)/gnl,i =
0, ...,q, — 1}, such that I_(;"R% = T,K* and K;‘i“{n = K. In the construction of this
isomorphism, assumption 3 is important. Moreover, we will see that the elements of
& are not the most elementary, because they must be chosen in a way that ensures
the monotonicity of the sequence K°. This condition of monotonicity induces com-
binatorial constraints on the elements of the partition &,°. Though it follows a similar
scheme, the construction of the sequence K° differs from [4], especially because the
assumption 1 is new.

In the second part of the proof, we construct diffeomorphisms 7, = B;'S m B,
on M stabilizing &, obtained by successive conjugations from the rotation § . "The
conjugacy B, is constructed explicitly. In this second part, we essentially follow [4]
(which elaborated on [7]), except for the obtention of the generation of the sequence of
partitions (&, )n>1, for which we need to slightly modify the construction.

Another change with respect to [4] is in the construction of the limit angles o and
B, i.e. in the proof of lemma 1.6.

1.3 Construction of the limit angles o and §: proof of lemma 1.6.

1.3.1 The case 8 = pa

Letu,v € T! and € > 0. Let Po» g0, bo be positive integers such that ged(bg, q) = 1,
and such that:



Po
——u

q0
By the Bezout theorem, there are integers ay, 5o, with ag > 0, such that agby—soqo =

IA
N m

mod 1 mod 1

Suppose we have defined py, gx, ax, by, Sk, satisfying the assumptions of lemma 1.5,
up to the rank k = n, and let us define p,.1, Gn+1, @us1s Pnst, Sus1. (We will have s, = 1
forn>1). Let b,y = b,,.

Let ¢, be an integer sufficiently large so that ¢, > (b,419,)0'™ and ¢, > b,,, 12" /e
(bn = by is constant here, but this more general definition is used for the case («,f3)
rationally independent). Let

Apt1 = Ap + SpCnqn

Therefore, assumption 3 holds. Let also

qn+1 = QHSn(l + Cnbn)

Therefore, assumption 2 holds. Moreover, we have:

an+1bn+l —qn+1 = 1

Therefore, assumption 1 holds, with s,,; = 1. Moreover, let p,,; = pn dnsl 4,

Since gps1 > (bur1g,)®'™, we have:

Pwnt _puf_ 1 1
qn+1 4n qn+1 B (er—IQn)Rl(n)
Therefore, assumption 4 holds. Moreover,

0<

n—1
Pn Pk+1 Pk _ Pi+1 _Po bis1
b0+2( bry1 — abk) = mod 1 bo+Z( )bk+1 = % b0+z .

Gk+1 Gi+1 =0

Since 1/¢,.1 < €/(2" ' by1), we get:

€
Gn 490 =2
Therefore,
P b —
qn
with |8 —u| <€
Likewise,
DPn
LN
qn

with @ — v| < €. Moreover, we have 8 = bya.



1.3.2 The case (a, ) rationally independent
The beginning of the construction is the same as in the case 8 = pea, except that we

take:

bn+l = bn + qn

Gn+1 = SpGn(1 + by + Cpgn + ay)

This ensures that b, — +co0 as n — +co, and that

Ans1bpe1 — qn+1 = 1

It only remains to show that the limit angles («,3) are rationally independent. To
that aim, it suffices to show that the translation of vector (a,3) on the torus T2 is
ergodic. We follow the proof of the ergodicity of the limit translation in [4], with a
slight modification. We recall a theorem by Katok and Stepin [10]:

Theorem 1.7 (Katok-Stepin [10]). Let U be an automorphism of a Lebesgue space
(N, ), let (U,)u>1 be a sequence of measure-preserving transformations, and let (xn)n>1
be a sequence of finite partitions of N with measurable elements. Suppose that:

o U, permutes the elements of x, cyclically.

o (Yu)n>1 generates.

) ZCGX” v(U(c)AU,(¢c)) = o(1/|xnl) (where |x,| is the cardinal of x,).

then U is ergodic.

Lety™ = (1,b,), g, = gcd(p,, q,). Let T™ c T? a fundamental domain of the flow
(T’V(")),ZO on T2, where T is the translation of vector ty(”). Note that the diameter of
'™ is less than 1/b,. Let

rO,n — U Tf)/(n)l_,(n)

O<r<
4n

We have the lemma:

Lemma 1.8. Let i, be the partition defined by:

A - 8n (71)
2 = {ri,n = T o i=0,.., 12— 1}
gn

Pn

Pn . (n) | . . A A
T«”" is a cyclic permutation on (,, and [, generates.

Proof. Tu?" isa cyclic permutation on Z, because g, = gcd(pn, gn).

To the vector space R2, we give the norm ||(xy, x»)|| = max;<;< |x;| and we consider
its induced norm on T2,

Since

qn+1

Pn+1 — Pn = 1

n

then p,; and q;” are relatively prime. Since g, divides p,.; and g,+1, then g,

divides ¢g,,. In partic"ular, gn+1 < gy (this is the slight difference with the proof in [4]:




in [4], we do not have: gcd(p,.1, q;“) = 1. But on the other hand, in [4], we have:

gcd(pu+is q;*' ) = gcd(pu+1,gn+1)- The important point is that in both cases, g, is small
enough).

Moreover, by assumption 3 of lemma 1.5,

bn+1Qn < 1
qn+1 _(bn+161n)R‘(”)_l

400 O

Therefore,

1 . (n) 1 n—1bn
diam(T'y,) < max ( gully ”) < max (—, Gl
bn qn b, qn

It shows that , generates. O

) _)n—H—oo O

. . Pn . (n) .
It remains to estimate 3 .z (o (T”cAT o c), where u, is the Lebesgue measure
on T?2. We have the lemma:

Lemma 1.9. We have:

D k2 (TPeAT w7 ¢) = 0(ga/gn) = 0(1/181D

cel,

Proof. We have:

pn . (n Pk+1 (k+l) (k) Pk+1 (k+l)_ﬂ (k)
T (1A )= 3 5 1 AT ) = T TR e

cel, k2n cefy kzn cefy

Let 7, be the (h — 1)-volume of the border of an element of Z,. We have:

" (TZQ:: NCON ﬂkychC) <7 Pk+1 y(k”) _ &y(k) =7 H(Pkﬂ _ lﬁ)y(lﬁ-l) — 7, b+t
Gi+1 qk qr+1 qk Gi+1
Moreover,
Ty < 2(i + g"b") < 2(i + —q”lb")
by qn by Gn
Therefore,
pn . (n)
D 1 (TP AT ) = 0(gulg)
cel,
|

By combining lemmas 1.8 and 1.9, and by applying theorem 1.7, we obtain that the
translation of vector (e, 8) is ergodic with respect to the Lebesgue measure.
This completes the proof of lemma 1.6.

Let us make one remark. We were not able to show our theorem for any a Liou-
ville, because conditions 1-3 of lemma 1.5 introduce arithmetical constraints on the
denominators of the convergents of @. These conditions are analogous to those, in [4],
which limit the set of possible translations of the 4-dimensional torus, # > 2, that admit
a non-standard smooth realization.



A sufficient condition for @ Liouville to belong to a non-standard couple of angles
(a, ) with @ # +p, is the following: if, for the sequence p;, g, of convergents of «,
there exist positive integers ¢, d,, with d, < qf(") for a fixed sequence R(n), such that
we can write:

qney =1+ cpby +dua, + cpdyqn

then there is 8 # +a such that (a, ) is a non-standard couple of angles. (in this
construction, we take b, = b, + d,q,, with d, € IN)

The rest of the paper is dedicated to the proof of lemma 1.5. Part of lemma 1.5
is straightforward, namely, the convergence modulo 1 of % and ’%bn towards @ and 8
respectively:

Fartial proof of lemma 1.5. By assumption 2, for n > 2, ¢, > 2. By assumption 3, and
since R (n) > n, p,/q, is Cauchy, and converges.

To show the convergence modulo 1 of 2:b,, we note that assumptions 1 at ranks n
and n + 1, and assumption 3 at rank n implny that g, divides b,,; — b,. Indeed, let us
write b,+1 = b, + k, with k integer, and let us show that g,, divides k. By the assumption
3 atrank n, a,+1 = a, + c,q,, With ¢, integer. Therefore,

1+ Sn+1qn+1 = an+1bn+1 = (an + CnCIn)(bn + k) = anbn + ank + Qn(cnbn + an)

Therefore,

1
4n (Sn+lqn_+ ) an) = ayk
qn
Thus, g, divides a,k. Since g, is relatively prime with a,,, then g, divides k. There-

fore, b, /g, = bu+1/q, mod 1. Therefore,

pn+1bn+1 pnbn

q}’l+1 qn

Pn+1 _ &
qn+1 qn

=mod 1

onl = (bns1gn) !

Since forn > 1, ¢, > 2 and R;(n) — 1 > n — 1, then the sequence (";b" mod 1 )

n

n>1
is Cauchy, and converges.

]

To show lemma 1.5, it remains to show that there is a smooth ergodic measure-
preserving diffeomorphism 7' of M such that T € A, and such that (T, R, Leb) is
metrically isomorphic to (M, T, u).

2 The metric isomorphism

In this section, our aim is to elaborate sufficient conditions on B,, € Diff*(M, u), where
M =[0,1]%' x T!, so that if T,, = B;lS %Bn weakly converges towards an automor-
phism 7', then there exists a metric isomorphism between (T, Rg, Leb) and (M, T, u1).
To that end, we use lemma 1.4: we construct a monotonous and generating se-
quence of partitions £° of M and a sequence of isomorphisms K : T!/Z, = M/EY,
where &, = {[i/q.. (i + 1)/gu[,i = O,...,q, — 1}, such that IE',‘T’R% = T,K> and

K, = K

10



£y, 1s a partition of T! that is monotonic (because g, divides ¢,.1) and that generates
(because g, — +0). Letn, = {IX[j/q., j+1)/q.l,j =0, ...,q,—1}. 1, is a monotonic
partition of M.

The following lemma is straightforward, but important:

Lemma 2.1. Let a, and g, two relatively prime integers, and let

Kn gn - nn
[l o [
4n’ 4n an’ dn
K., is a metric isomorphism such that K,R1 = S w K,,. In other words, the following
qn an

diagram commutes:

Ky
qu,, C§114>nn35%

This lemma is related with two basic observations: the first is that both R L and S o

are isomorphic to cyclic permutations of {0, ..., g, — 1} (this set is given the countmg
measure, i.e. u(A) = #A); the second observation is that two cyclic permutations of the
same order are always conjugated.

The following lemma combines lemma 2.1 with the facts that ¢, < {,;; and

M = Nn+lt

Lemma 2.2. Let Qs Ans159ns Gnv1 € N such that ng(an’ Qn) = ng(an+1»qn+l) =1

such that g, divides q,+1 and such that g, divides a,.; — a,. There exists a partition

7Y < 1,41 of M stable by S a, and there exists a metric isomorphism K'*! : ¢, —

el such that KM = Ky, and such that K™'R 1= =Sa K'*!. There exists also
a metric isomorphism C™' : n, — "' such that C"“S o = S w C"™! and K =

C™!'K,. Said otherwise, we have the following commutatzve dlagram.

LS T

l lcnﬂ
n+l
C & > TIZH DS i

R 1 F§n+1 i)nnﬂ/\sﬂnin

n+1 ¥ V/ n+1

Proof. Since gcd(a,+1,¢qn+1) = 1, then by lemma 2.1, K, is an isomorphism. More-
over, since g, divides g1, then ¢, — {,+1. Therefore, we can define the isomorphism
Kyt = K, Letmy! = Kt (Z). We have ! — .

It remains to show that K"“R = S K”+1 (it automatically implies that 7]}
stable by S u:, and that there is C”+l na = ;" such that Cj*!Sw = § Z,nCZ“). Let
O<l<q,,—1Wehave ' '

n+1

n+1

i k+1
)= ik, U[ L
“1 = q qn

n C]n+1 qn+1

KR ([L il
m \[dn qn

11



dntl _

" li+1 kK i+1 k+1 T 1+i k 1+i k+1
= Ryl 5 + = Kn+l s
=0 L 49n 4n+1 4n qn+1 =0 qn qn+1 4n qn+1
In+1
I qU [am il an+1k’ st dnsrd aps1k L] [
£=0 qn qn qn+1 qn qn qn+1 qn+1
Since a,+1/q, = a,/q, mod 1, we get:
dn+l _
KR, ([ i i+1 )= I« U [@ . Any1l N an+1k’@ N Ayl N ans1k . 1 [
n qn 4qn =0 L4n 4dn qn+1  qn qdn qn+1 qn+1
Therefore,
"1/‘;+| 1
K:HRL (|:L, i+1 ) _ S (IX [an+ll + an+1k’ Aapyl + A1k + 1 D
“\l9n  Y4n =0 an qn qn+1 qn qn+1 qn+1
An+1 -1
qn . . . .
=Sal|lx U [an+ll + an+1k’ Aapy1l + an+lk + 1 [ — SanKn+1 (|: ! ’l+ 1[)
n k=0 qn qn+1 qn qn+1 qn+1 in qn qn

Let us denote R = K"'*! ([ L[)
We also denote R’”1 = S iy R®

an

=0
S « . Moreover, we have.
qn

1.
ctling, -
[ian ia, + 1

dn’  Gn

Note also that C"“Rau = Ru crl,
anb,/q, = 1/g, mod 1. Therefore we get:
Cn+1Rﬂnbn

qn

CH*'R.
4qn

s Gn — 1. R is a fundamental domain of

n+1

M

Rn+1

nLn

0, o qnel — 1

Moreover, by assumption 1 of lemma 1.5,

= Ranb,, C”Jrl RLCZH
4qn

By iterating lemma 2.2, we get a corollary that is important for the construction of

the isomorphism:

Corollary 2.3. For any m > n, there are

partitions 1)} — 1", of M such that i) is

n+l1

stable by S 1 and there exists an isomorphism K] : £, — 0 suchthat KR, =S w K
qn n

and K" = 12’1"”'”,".
Said otherwise, the following diagram

commutes:

12
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K NS an

o N
\—f n nvj an

[ n
R o S a4
Turl Cnt1 Mo Tt

Proof. The proof is similar to the corollary 3.2 in [4]. O

R
an

For any n fixed, the sequence of partitions (77} ),,>» must converge when m — +oo,
in order to obtain a full sequence of monotonic partitions. Moreover, the possible limit
sequence (i.e. a possible 77;°) must generate. Indeed, these assumptions are required
to apply lemma 1.4. However, we can check that none of these assumptions are satis-
fied, in general. Therefore, to obtain these assumptions, we pull back the partition 7}
by a suitable smooth measure-preserving diffeomorphism B,,. The following lemma,
already proved in [4], gives the conditions that B,, must satisfy:

Lemma 2.4 ([1],[4]). Let B, € Diff°*(M, y0). Let Aps1 = Bye1 By

L IfApS o =S 1 Aper and if

qm qm

D it (R0, AL R™) < o0

m=0

then for any fixed n, when m — +oo, the sequence of partitions &' = B;,!n™
converges. We denote &, the limit. The sequence &, is monotonous and T, =
B,'S w B, stabilizes each &.

qn

2. If. moreover, the sequence &, = B,'n, generates, then so does £.

C”n;“ is not continuous in general, and A, is its differentiable approximation.
Lemma 2.4 is the reason why we need for M a manifold of dimension d > 2. Indeed,
if we took M = T', we could not find a diffeomorphism B,, satisfying the assumptions
of this lemma, except for a, = 1 or @, = g, — 1. The choice a, = 1 gives that the
rotation R, on the circle is isomorphic to itself. The choice a, = g, — 1 gives that R,
is isomorphic to R_,. The existence of these two isomorphisms are consistent with the
fact, mentioned in the introduction, that R,, and Ry are isomorphic, with « irrational, if
and only if @ = +0.

By adding to lemma 2.4 the convergence of the sequence 7, we obtain the required
isomorphism:

Corollary 2.5. If both conditions 1. and 2. of lemma 2.4 hold, and if T, = B,'S m B,

weakly converges towards an automorphism T, then (TI,RB, Leb) and (M, T, u) are
metrically isomorphic.

Proof. By corollary 2.3, K'R1 =S ?KT By iteration,
an n
KI'Rowps =S anturn K!

qn qn

Since a,b,/q, = 1/q, mod 1, then

K;,annmz = S ﬂK,lln
an

qn

13



Therefore, the following diagram commutes:

S pn
qn

e ()

B!
R 7 n m m m "\
bnpn | &n 3 } T

n

[T

n+l m m m
bpi1Pnat F é’l‘l+1 ]7"+1 —> n+1 D Th1

n+1
)

S pus
n+1

Let K : {2 — &2 defined by K& = PPB, 'K, (QF) .
As in the proof of corollary 3.4 in [4], we can show that I_(,‘;"R,,nnl = T,J_(;" and

that K;‘jrll o = = K. This allows to apply lemma 1.4, which gives the required metric
isomorphism.
O

Let us make one remark. We consider the isomorphism between R, and
an

T, = B,'S o B, instead of the isomorphism between an and T, = B;'S aur B,
(which seems to 'be a more "natural" choice), because in the latter case, we are not ‘able
to show the convergence of T, towards a smooth diffeomorphism 7". Indeed, we have:

Pn+1Qn+1 Pnln

n+l1 qdn

P+l _ &
n+l1 qn

dk(Tn+la Tn) < ”Bn+l||k (1)

= Bt 1llkans1
mod 1

In the next section, we show that ||B,41|[x < (bn+1q,,)R1(”> for some fixed sequence
Ri(n) (and we are not able to improve this estimate). Estimate (1) becomes:
Pn+1 _ &
qn+1 qn

dk(TnJrl, Tn) < an+1(bn+lqn)R](n)

Pn+1 &l > 1 ,
qn+1 qn n+1

estimate (1) does not allow to show that T, is Cauchy. On the other hand, applying this
reasoning to show the convergence of T, will be successful.

Moreover, by assumption 1 of lemma 1.5, a,+1b,+1 = ¢n+1. Since |

In order to construct the diffeomorphism A, with suitable estimates of its norm,
we need to control the width of the connected components of R™. A priori, R™ consists
of gn+1/gy, "slices" of width 1/g,.;. However, this fact does not ensure the convergence
of T,, because it only implies that ||B,.|l; < (gn+ )R for some fixed sequence of
integers R(n). In order to apply the reasoning above successfully, we need a better
estimate. The following lemma shows that "slices" of R™ of width 1/g,,, stack on
each other, which gives b,;; connected components to R™, each having a width of
order 1/(gnbn+1). This will allow an estimate of the form [|B,,1]]; < (qnb,Hl)R("), which
will ensure the convergence of 7.

ol
qn+1 n
my, = —— —1—=Db,y
4dn bn+1

Lemma 2.6. Let

andfor 0 <1 < by — 1, let

14



mm=P%ﬂq"J

n+l
ral) = lagey — 2,
We have:
bn+l_1
R®™ — R
L
with, if 0 <1 < my:
£
LI — +
RO _ [ x k(D) . r(D) +lo. Buet
qn qn+1 qn+1

andifm, +1 <1< b, —1:

‘1n_+1_1J

an

RO — [ k() N (D) +lo. [ bus1
4dn dn+1 dn+1

IxT'

Rim2 ‘

R ‘

8n+1

Qe i

R( nya

T

Figure 1: The set R™ = K"*'(I x [0, 1/g,[) for ¢, = 2, gus1 = 20, apy1 = 7, byyy = 3.
R™ = RMO y RM1 y R™2 has b,,; = 3 connected components. The oblique lines
represent the graph of the map x — a,1x from T' to itself. In this illustration, k,(0) =
ky(1) = 0, kn(2) = 1, 7 (0) = 0, ry(1) = 7, rp(2) = 4.
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Proof. We have:

R™ = x

Gn+1/qn=1 . .
[aml i1 [
_’_+

i=0 qn+1 qn+1 qn+1

Fori=0,...,¢gu+1/g, — 1, we make the Euclidean division of i by b,,,;. We get:

i =kibpy +1;

dn+l _

withO<r; <b,;1—land0 <k; < l‘z’—HJ Since a,410p+1/qn+1 = 1/qn+1 mod 1,
we get:

R™ =1x

Gni1/qn—1
[an+lri+ki an+1ri+ki+ 1 [

i=0 qn+1 qn+1 qn+1

Moreover, we have:

(0, e s /g0 = 1} = (0, s b = B_J Basr +10, s = 1D |

n n

"y (b,m (K";“ - 1) /b,,+1J - 1) +10, oo bsy — 1}) g (b,m (K"Z[“ - 1) Jbust

)+ {O,...,mn})

Therefore,

nsl
|5t =Dlbra |1,

R™ = I x U U |:an+1ri+ki,an+lri+ki+ 1 [U
k=0 Pty Gn+1 qn+1 qn+1

>

[anﬂriﬂ(‘f;—;'—l)/bmj @i+ [ = Diba | 1 l

=0 qn+1 qn+1 4n+1
m [(Z2£L~1)/ b, | ]
"I an+1! ki ki 1
R(n) = Ix U n+1 n U [ i , iy U
1=0 dn+1 k=0 qn+1 qn+1 qn+1 [
bya—1 (2 1) /by -1
] a,,+ll + ! U [ k,’ , ki i 1 [
I=mp+1 qn+1 k=0 qn+1 4n+1 qn+1

iy G _
R™ — Ix a1l +o. l( I 1)/bn+1J +1
qn+1 Gns1

et (gon || = 10/ |
] U [an o qn+1

=0 I=mp+1

Finally, the Euclidean division of la, by ¢,+1/¢, gives:

lan+l = kn(l)QrHl /Qn + rn(l)
with

k(1) = {lam n J

n+l

16



rall) = Ly — 2L {lanﬂ n J

qn+1

We get:

n+l _

qn
my, lTJ + 1| bui-1
X U M + rn_(l) + 0, ]—

=0 qn qn+1 qn+1

ol g
k(D) 1l {—% J
£+r_()+ O,—1

qn qn+1 qn+1

R" =1

I=m,+1

The next section is dedicated to the construction of the sequence of diffeomor-
phisms B, satisfying the conditions of lemma 2.4.

3 The sequence of conjugacies

In this section, we construct a sequence of diffeomorphisms B, on M satisfying the
conditions of lemma 2.4, such that ||Byll, < (gu—1b,)%""D for some R,(n), and such
that B, = Id on a neighborhood of M, in order to ensure that (D' Ty = (D’S o)om
for any j € N.

Proposition 3.1. There exists a sequence of diffeomorphisms B, € Diff**(M, ) such
that B,, and A,+1 = B11 B;l satisfy the following conditions:

1. (convergence of the partition £} to &,°)

Z gl (AO,qm AA;ILIR('”)) < 400

m>0

2. (generation) There is a set E ;1 C M such that )50 u(E ) < +oo and such

that 1
diam (4,11 (Mg () Enn)) € 5o

3. (equivariance)
An+lS 1 = SqixAnJrl

qn
4. (polynomial estimation) There is a fixed sequence Ry(n) € N such that

R
IAnstllas1 < (Gubus)®®

5. (identity on a neighborhood of the boundary) B,, = Id on a neighborhood of OM.

Remark 3.2. Specification 2 above implies that &, generates (and so &,°, by lemma 2.4),
see [7, 4].

17



We construct B, recursively. We suppose that B, exists and satisfies these specifi-
cations, and we construct A,,;;.

The diffeomorphism A, is constructed in three steps, each step giving a smooth,
measure-preserving, equivariant and polynomially controlled map. In the first step,
lemma 3.3, we construct a smooth map A’11 4 that "quasi-cuts" I X [0, 1/g,[ into by
vertical slices, and then rotates each slice I'; by an angle k,(/)/q, along the periodic
flow S,.

In the second step, we construct a second map Ai .1 that "quasi-sends" each verti-
cal slice A,IL 41T into a suitable connected component of R™ (see lemma 2.6 for the
decomposition of R™ into connected components). These two steps ensure that A,
"quasi-sends" I X [0, 1/g,[ to R™_ Tt ensures that &, converges.

In the third step, we obtain the generation of &,. We use Az +1 to quasi-rotate slices
inside each connected component of R™. These slices are chosen sufficiently thin to
ensure that the diameter of A;h (I X [1/qns1, I+ 1)/qn1 D) is small, but these slices are
not too thin to ensure that ||A,1llps1 < (bps1¢,)%", which enables the convergence of
T,. This last step completes the construction.

Let ly, ..., l,,,—1 integers such that 0 = r,(lp) < ... < ry(lp,,,-1) < Gns1/qn — 1. Let
lb,,+1 = bn+1 and rn(lan) = qn+l/Qn~

3.1 Construction in dimension 2

We suppose M = [0, 1] x T'. The first step is based on the following lemma, which is
analogous to [4, lemma 4.2]:

Lemma 3.3. Let ;- > & > 0, and T; = [rn(li)qi%,r,,(liﬂ)% —a|x [o,i[ for

0 <i < by — 1. There is a smooth measure-preserving diffeomorphism A:Hl of
[0, 1] x T! such that:

1.
A;11+1Si = SiA;H
qn qn
2.
A @) =S w T
qn
3. |
Ayl < =llll;
€
where ¢ is a fixed smooth diffeomorphism, independent of n and €.
We take € = 2,,,)]—” and we let:
brz+l*1 q q
El,, = [r(l-)—",r(l» D—— —&|xT!
il LL:J ' qn+1 " qn+1
We have:

ﬂ(E,l,f.1) =byr16 = %

18



In the second step, we shrink A,11 .19 horizontally by a factor g,, we expand it
vertically by the same factor, and we rotate it by a /2 angle (except in a neighborhood
of the border of I x [0, 1/g,[). Thus, A! .1 (L) is quasi-sent to a connected component
of R™,

We have the lemma (see [4]):

Lemma3.4. For0<i<b,—1,letT = [rn(l) o ry(li) 2 ] x[0, L]. There exists
of [0,1] x T, equivariant by S 1

4qn

a smooth measure-preserving diffeomorphism An “

and a measurable set Erzl .1 that is globally invariant by S 1 and Aﬁ 1 Such that:
qn

, ra(ly) rn(li+l)]
(7 (VB ) =Ix| ===, E?
2, ()2 [qm G0l ez,

Moreover, there is an explicit function Ry(j), depending only on j, such that:
A1l < (@)™

and such that if T ¢ M with diam(I') < x, then:

dlam (An+1) ﬂEnH < gpx

Combined with lemma 3.3, lemma 3.4 gives the following corollary, which implies
the convergence of the partition &, to &;° (see [4]):

Corollary 3.5. We have the estimation:

n+1“ n+1

(1 [0.1/au]) aR") <

(A2 Al T

In the third step, it remains to obtain the generation of the sequence of partitions &,°,
without affecting the properties obtained in the first two steps. In particular, we cannot
exactly proceed as in [4], because b,,; can be a bounded sequence (while in [4], the
sequence k,, analogous to b, , is larger than g,). We need to refine the approach of
[4]. This third step is based on the following lemma and its corollary:

Lemma 3.6. For any integer w > 1, there is a smooth, measure-preserving, and S 1 -
qn

equivariant diffeomorphism A3, and an explicit sequence of integers R3(n), such that:

n+1’

R3(n)
3 qn+1
A3, o < ( - )

and there exists a S 1 -invariant and A 41 -invariant set E 1 such that

,u(E3‘ D) <4/27, and such that for any i =0, ..., qu+1 — 1, we have:

n+

1 2
diam ((A%H) ([0, 11 X [i/qns1, (i + D/ gne1]) 0 En+1) < max(w : w1 )

We obtain the corollary:

Corollary 3.7. There exists an explicit sequence of integers Ry(n) depending only on
n, there is a smooth, measure-preserving, and S 1 -equivariant diffeomorphism A,1,
4qn

such that:

19



R.
”An+1||n+1 < (bn+1qn) 4(n)

and there exists a S 1 -invariant and A,i-invariant set E, such that y(E¢ ) <

4/2", and such that for aqi;y i=0,..,qu1 — 1, we have:

1
diam (A1) ™ (10, 11X [i/ne1, G + D)/ qusr]) O Enr) <

27|Bulh
A
wHt,(1) :
Qo+ B’
Y
S
w
Qn+1 E s n+1,0

Figure 2: Illustration of the third step (generation): a connected component of R™ with
hy() = 3.

Proof of lemma 3.6. We define A>_ | on R™, and since R™ is a fundamental domain of

S 1, we can extend it to all M by S 1 -periodicity. To that aim, we define Ai 41 on each
qn an

connected component of R™ (see figure 3.1).

n+1 dn+1

Let £,(I) = { 'j;M‘IJ +1if0 <1< myand £(l) = [b—‘lJ iy +1 <1< by —1

(f(1)/qns1 is the width of a connected component of R™, see lemma 2.6). We perform
the Euclidean division of f,(/) by w:

Ja(D) = hy(Dw + 1,(1)

withO <t,() <w-—1.
We also need to recall the definition of a "quasi-rotation" by x/2 [7]:

Proposition 3.8. For any n > 1, there is a smooth measure-preserving map
&, 1 [0,11? = [0, 11% (called "quasi-rotation") such that ¢, = Rypp on [%, 1- %]2
and ¢, = Id on a neighborhood of the boundary of [0, 11%.
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Let p > 2 a real number and

Cp: [0,11%]0,] - [0,11x[0,1]
(%) = (X py)

Let ¢, = C;'¢nCp. The map ¢, is smooth and measure-preserving. By the
Faa-di-Bruno formula, there exists a fixed function Rs(j) such that

npll; < PNl
Since ¢, is fixed, by choosing a larger Rs(n), we have:

R
lgn pllas1 < pfs®

) | 1
For0 << b,,0n[0,1] X (f + ;”—(H) + [O, ﬁ]), we let Ar31+1 = g, /w and

o[,
n+1,0 — 2n+l’ on+l

qdn qn+1

><(kn(l) rn(l)+[ w w w ])

* g o i
2" qn+1 4n+1 2" qn+1

3 k) | ralD (hu(D=Dw Y eaivar
We extend An 4 to [0,1] x ( o Tan T [0, -~ ]) by S P equivariance.
Likewise, for x = 1, ..., h,() — 2, we define: E>, | = s E3 o

kn(D) 1D (ha(D=Dw Iy (Dw+1a(D) 3 _
On [0’ 1] X < 4n + Gn+1 + Gn+1 > n+1 ])’ we let A"+1 - ¢

pletes the construction of A | on R™. By S . -equivariance, we get the definition of
qn

a1 . This com-

L)

Ai 1 on the whole manifold M. Moreover, since 0 < #,(/) < w — 1, there exists R3(n)
such that:

1A st < max (19, st st max (1@, st e S(M)Rz(m
n+1 n,=y 0<l<bpei—1 n,

witp (I)

Let:

1 1 kn(l w(l h,(D) -1
P =1 - 0 0 a0

Welet EX° = U0 B} Land B3 = U)' L + EXY

n+l n+l,x’ n+l y=0 g, n+l°
Moreover, we have: p(E> ) < 4/2".

This completes the

construction of E3 .

Moreover, since #,(I) < w, then for any i = 0, ..., g,+1 — 1, we have:

. 1o . 1 w+ t,(I)
3 1 3 n
diam ((An+1) ([i/gn+1> G+ D)/ quea[ X [0, 1]) N E,,+1) < max(;’ogsbﬁfl W)

]

Proof of corollary 3.7. By the recurrence assumption on B, there exists Rg(n) such
that ||B,[[; < (bn(’In—l)RG(nilx Let

W= qn+1
(2712 (bugu- oD

21

< max

|

w+t,() w+t,() w+ t,,(l)])
Qn+12nJrl ’ qn+1 qn+12n+1

1 2w

s

W gn+1
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This choice of w determines Ai T in lemma 3.6. Let A,,; = Ai +1A121 +|A111 . and
Ep =E, NA (EZ )NA} A2, (EL ). By lemma 3.6, we have:

n+l n n+l

< (bn+1 Qn)R7 &

_ R3(n)
R3(n) (2n+2q%t(bnqn—l)R6(n D™

||A,31+1||n+1 < (Qn+l)
qn+1

for a fixed sequence R;(n). This ensures the existence of R4(n) such that:

R
”An+1||n+1 < (bn+1qn) 4()
Moreover, we have:

W< qdn+1
= 271 g2Bylh

Since g, divides g+, and by the left-hand side of assumption 3 of lemma 1.5, we
have:

Pns1 Pn
qn+1 qn

1
>
qn+1

Therefore, by the right-hand side of assumption 3, g1 > (b,119,)% ™.
We will choose an explicit sequence R;(n) such that:

1\ 2
(bn+IQn)Rl(n) > (2n+lq2/2(bnqn_1)R°(n ]))

This choice implies:
2
i1 2 (27 g3 (bugn-1)*" )

Therefore,

2
1 (271 (bugn-)"D)

qn+1 n
Wz 2”+]q%(bnqn_1)R6('l—|) -1z E 2n+lq%(bnqn_l)]e6(n_]) = 2"q,l|Bylly
Therefore, by lemma 3.6, for any i = 0, ..., g,+1 — 1, we have:
diam ((A2, )7 ([0, 11 X [i/que1, G + D)/guir[) N E2,|) € =————
iam (4307 (0.1 [i/ gt G+ D/Guai D 0 Ey) € 3o

Therefore, by lemma 3.4,

. _ _ . . 1
diam ((Aiﬂ) 1 ((AZH) 1 (([0, 11X [i/gue1, G+ D)/ gnea[) N Ezﬂ)) N E,%Jrl) < m
and therefore, we also have:

diam ((Ay, )™ (A, )™ (A3, )7 (10, 11X [i/Gusr, (i + D/gwnr[) N Epyy)) O Eny ) N Epyy) < m

]
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3.2 Construction in higher dimensions

The construction in higher dimensions is slightly different of [4]. The first two steps
are the same as in dimension 2 (we make the construction in the plan (x, xz), see [4]),
and for the third step (generation), we combine all d — 1 dimensions. The following
lemma generalizes lemma 3.6:

Lemma 3.9. For any integers wy,...,wg—1 > 1 such that 2 Hf;ll w; < qn+1, there is

a smooth, measure-preserving, and S 1 -equivariant diffeomorphism A; |, and an ex-

4qn
plicit sequence of integers Rg(n), such that:

3
A1 lln1 S( ”

and there exists a S 1 -invariant and Afl L1invariant set Ei " such that

4qn

,u(Eif;l) < 4/2", and such that for any i = 0, ..., ¢,+1 — 1, we have:

1 2d_1W1...Wd,1

1
di A3 -1 0,1 d-1 x [i i ls i+ 1 " N E'3 < ey 5
zam(( wrl) ([ ] [i/qns1, (i )/q +l[) n+1) max Wi Wi Gnst

. . . _ 3 2 1
As in dimension 2, we let A, = A AL A, and

En+1=E3 OA3+1(E2 )ﬁA3 A2+1(Er11+1)

n+1 n n+l n+1“ n
‘We obtain the corollary:

Corollary 3.10. There exists an explicit sequence of integers Ry(n) depending only on

n, there is a smooth, measure-preserving, and S 1 -equivariant diffeomorphism A, 1,
qn

such that:

”An+1 ||n+1 < (bn+lqn)R9(n)

and there exists a S 1 -invariant and A,1-invariant set E, | such that
qn
MES ) < 4/2", and such that for any i = 0, ..., gu+1 — 1, we have:

1

diam (A1) (10117 X [1/quers G+ D/ et ) 0 Eye) < 5

Proof of lemma 3.9. We denote:

i3 .
An+1,w .

[0,11xT! — [0,1]xT!
(x.) b A AR )

the map Az 1 of the 2-dimensional case, given by lemma 3.6, associated with the
integer w. Fori = 1,...,d — 1, we denote:

3, 3 3
A,Hl_l,w(xl& ceey xd) = (-xl’ (XX} xi—lvAn.;.[,]’W(xia xd)a Xit2s oees An+]’2’w(xi» xd))

A3 _ 431 32 3.d-1 3
We let: A= An+1,w1An+l,w1wz"'An+l,w1...wd,1 (see figures 3, 4, 5). We define E

by analogy with lemma 3.6.
O
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Proof of corollary 3.10. The proof is analogous to the proof of corollary 3.7. We let:

_ qn+1
1 =
(2n+151n(bn9n—l )R5(n71))d

and fori =2, ....,d — 1, w; = 2"q(bpgn_1 )" V.
As in lemma 3.6, there exists Rg(n) such that:

w

R
”An+1||n+1 < (bn+1qn) o)
Fori=2,..,d - 1, we have:

1 1 S 1
Wi 2n9n(ann—l)R6(nil) 2n%z”Bn”l

Moreover, we have:

zd_lW1W2...Wd_1 1
qn+1 B 2n+]qn”Bn”1
We will choose an explicit sequence R;(n) such that:

d+1
(b1 ™ 2 (2" gu(buga-1)* ")

This choice implies:
_nd+1
qn+1 > (znqn(bnqn—l)R6(n 1))

Therefore,

L < (znq"(bn%q)RG("—l))dfl |

< <
wi dn+1 2nQnHBnul
By combining lemma 3.9 and lemma 3.4, we obtain the corollary.

-
Grs1

Wy #

A
]

X2
1

Figure 3: An element [0, 117 x [i/gn+1, (@ + 1)/qus1] (we take d = 3), before the appli-
cation of (A3, ) = (433, ) (4%

n+1,wiwy n+1,w;

-1
) dtssizeis 1x 1% /g
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X3

W
Qn+1
A% 1

A
Y

Xz

1

-1 . . 3 . .
Figure 4: The element (A3" ) ([o, 12 X [i/gpe1, (i + 1)/q,,+1[) NE3,,. Its size is

n+1,w;

less than 1 X 1/w; X wi/qu+1-
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X3

WiWz A
Q1

W
Qn+1

L&) ~

1

. _l . . .
Figure 5: (A%), ) (10, 17 X [i/gus1. (i + 1)/guarl) N E2,,. in the plan (x1, x3).

X3

WiW3 Y
Qn+1

28
y W
- L X9

1

X2

. _l _1 . . .
Figure 6: (Aifl,wlwz) (Aflil,wl) ([0, 1% x [i/gn+1, @+ 1)/ gns1 [) N E3+1, in the plan
(x1, x3). Its size is less than 1/wy X 1/wy X wiwa/qpy1-

3.3 Convergence of the sequence of diffeomorphisms and ergodic-
ity of the limit 7'. Proof that T is a pseudo-rotation in dimension
2

By combining lemma 2.4, corollary 2.5, and proposition 3.1, and since &, gener-
ates, then in order to complete the proof of lemma 1.5, it remains to show that 7, =
B;'S m B, converges in the smooth topology, and that the limit T of 7, is ergodic.
qn
To show the convergence of T, = B;'S m B,, by the Cauchy criterion, it suffices

to show that },-o d,(Ty+1, T,) converges. Wgtncombine the estimation of B, and the
assumption 3 of lemma 1.5 of closeness between p,+1/g.+1 and p,/q,. We recall the
lemma [7, p.1812]:

Lemma 3.11. Let k € IN. There is a constant C(k,d) such that, for any h € DifiM),
ay,a € R, we have:

d(hS o, i1, 1S 0, h71) < Ck, )N oy — sl
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Since T, = B, g o B, = B S o B,..1, we obtain, for a fixed sequence R;y(n) (that
depends on n and on the d1mens10n d)

ATt T) = d(B,),S st Bt By S 1 B < Ol Byl |24 — 22
an n+1 qn

< (bn-+-IQn)R]0(n) M - &

qn+1 qn

For some choice of the sequence R;(n) in lemma 1.5, this last estimate guarantees
the convergence of T, in the smooth topology. Moreover, the limit 7 is ergodic, because
it is metrically isomorphic to an irrational rotation of the circle, which is ergodic.

To show corollary 1.3, let us show that T is a pseudo-rotation when d = 2.
Proposition 3.12. When d = 2, the limit T of T, is a pseudo-rotation of angle «.

Proof. Since Tispm = S oom, then T is isotopic to the identity.
Let € > 0 and ny > 0 fixed such that for any n > ny, |@—p,/g,| < € and IT-T,llo < €.
Forany m > 0, X € M,

pT"® -9 _ ppT"® - T (%) .\ (T} (%) - %)

m m m
Moreover,
|p2(T"(%) = T )| < IT™ = T)lo
and
R e R T A U s R
Therefore,

|pa(T"(®) = T ()| < IT = Tollo (1 + IDTllg + ... + IDT™)llo)

Let n,,, > ny such that

- 1
1T = T llo <
0= (T +IDTl + .. + IDT" Do)

We have, for any ¥ € M:

p2(T"(®) — T;7 (%))
m

m—s+co O
Moreover, we have: n,, —, -+ +0. Let us estimate (pg(Tf(fc) — X))/m. We can

write B,‘ll = I1d + y,, with ¢, : [0,1] Xx R — [0, 1] x [0, 1] 1-periodic on the second
coordinate. In particular, for any n, |[{,]lo < 1. We have:

) - % 1 - - 1 - -
POV D L (S ey BaD = Ba(D) + — s (S e, BuD) — n(Bul(D)
m m m

() - % 1 5 5
OO =D e L (1S B — i (Bu()
m m

Since v, is uniformly C%-bounded, then by denoting & the lift in R of € T,
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po (T (%) - %) )

m—+o0 X
m

We conclude that Ro#(T') = {@} and therefore, Rot(T) = {a}.

3.4 Extension to more general manifolds

To extend the construction from [0, 114! x T to a general d-dimensional smooth com-
pact connected manifold M, admitting an effective volume-preserving circle action S,
we proceed as in [7, p. 1805] and [4]. We keep denoting S, the circle action on
[0,1]9°" x T. For g > 1, let F, be the set of fixed points of ;. Let B = M ) F,
be the set of exceptional points. We recall the proposition:

Proposition 3.13 ([7]). Let M be a d-dimensional smooth compact connected man-
ifold, with an effective circle action S,, preserving a smooth volume y. Let S, de-
note the circle action on [0,119"' x T. There exists a continuous surjective map
[:[0,11% ! x T - M such that:

1. the restriction of T to 10, 1{4"'XT is a smooth diffeomorphic embedding.

2. (@O0, 114 xT)) =0

3. BcT((0,11¢" x )

4. T'u(Leb) = u

5.8 =TS,

We use this proposition at each step to apply lemma 1.4. Welet T, : M — M

defined by 7,,(x) = TB;'S Z,nB,,r—l(x) if x € I'(J0, 1[* 'xT) and T,(x) = § s (x) other-

wise. To show that T}, is a smooth diffeomorphism (which implies that its limit is also
smooth), we use the facts that I'jjp jj¢-1 is a smooth diffeomorphism, than B, = Id on
a neighborhood of 9([0, 11! X T and that ST = I'S. To construct the metric isomor-
phism K2° = TKZ, we use the fact that the restriction of T to a set of full measure is a
metric isomorphism. Details are in [4].

Finally, to show that T € A,, where T is the limit of 7}, in the smooth topology, we
let H, : M — M defined by H,(x) = TB,I'"!(x) if x € (0, 1[¢"'xT) and H,(x) = x
otherwise. We write

P B8 hy = T =T+ T — A'S A,

We know that 7—7,, — 0 in the smooth topology. We show that YA‘”—I-AI; 1§,H, >0
in the smooth topology by proceeding as in the proof of the convergence of 7, on
[0, 119! x T in subsection 3.3.
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