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Abstract

Let M be a smooth compact connected manifold, on which there exists an
effective smooth circle action preserving a positive smooth volume. On M, we
construct volume-preserving diffeomorphisms that are metrically isomorphic to
ergodic translations on the torus, translations in which one given coordinate of
the translation is an arbitrary Liouville number. To obtain this result, we explic-
itly construct the sequence of successive conjugacies in Anosov-Katok’s periodic
approximation method, with suitable estimates of their norm. To visualize the
construction, we include numerous graphics.

1 Introduction

In this paper, we construct non-standard smooth realizations of some ergodic trans-
lations on the torus, translations with one arbitrary Liouville coordinate. A smooth
realization of an abstract system (X, T, v) is a triplet (M, f, 1), where M is a smooth
compact manifold, u a smooth measure on M and f a smooth u-preserving diffeo-
morphism of M, such that (M, f, i) is metrically isomorphic to (X, T, v). Moreover, a
smooth realization is non-standard if M and X are not diffeomorphic.

In their 1969 seminal paper, Anosov and Katok [1] constructed ergodic rotations
on the circle that admit non-standard smooth realizations. Fayad et al. [3] showed
that all Liouvillean rotations of the circle admit non-standard smooth realizations. [2]
also enriched the original work of [1]. In their paper [1], Anosov and Katok also
constructed ergodic translations on the torus T", h > 2, that admit non-standard smooth
realizations. In this paper, we show the following result: for any Liouville number 3,
the ergodic translation on the torus T" of vector (Bi, ..., Br-1,B) admits a non-standard
smooth realization, where the 8;,i = 1, ..., h— 1 are chosen in a dense set of T-!. More
precisely, we show the following theorem:

Theorem 1.1. Let B € T be a Liouville number, h > 2 a positive integer. Let M
be a smooth compact connected manifold of dimension d > 2, on which there exists
an effective smooth circle action S; preserving a positive smooth measure u. There
exists a dense set E(3,d) C T such that for any (B1, ...Bn-1) € E(B,d), there is T €
Diff**(M, ) metrically isomorphic to the ergodic translation of vector (By, ..., Bn-1, ).
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To obtain this result, we explicitly construct the sequence of successive conjugacies
in Anosov-Katok’s periodic approximation method, with suitable estimates of their
norm. Moreover, to obtain this result, we need to suitably relax one of Anosov-Katok’s
original assumptions.

1.1 Definitions

An irrational number g is Liouville if, for any k > 0, there is a sequence of integers
g, — +oo such that qﬁ inf ez |g,8 — p| — 0. Liouville numbers are the complementary
of Diophantine numbers in the set of irrational numbers. Let T" = R"/Z" denote the
h-dimensional torus and g, the Haar measure on T". Let Diff(M, 1) be the class of
smooth diffeomorphisms of M preserving a smooth measure y. For B € Diff* (M, u)
and j € IN*, let D/B be the j derivative of B if j > 0, and the —j"* derivative of B!
if j < 0. For x € M, let |D/B(x)| be the norm of D/B(x) at x. We denote ||B|ly =
MaXo«|jj<k Maxyep |D/B(x)|. .

A measurable partition ¢ of a measured manifold (N, v) is the equivalence class
of a finite set & of disjoint measurable elements of N whose union is N, modulo sets
of v-measure zero. In most of this paper, we do not distinguish a partition & with its
equivalent class & modulo sets of v-measure zero. In these cases, both are denoted &.
Moreover, all the partitions considered in this paper are formed of v-measurable sets.
The distance between two measurable partitions & and &’ is defined by:

dé,&) = inf Z V(cAc')
ceéc’el’

A partition &’ is subordinate to a partition ¢ if any element of ¢ is a union of ele-
ments of £ In this case, if B(£) denotes the algebra generated by &, then B(¢) C B(E').
The inclusion map i : B(¢) — B(¢£') will be denoted ¢ — ¢’. This notation also
means that & is subordinate to €. A sequence of partitions &, is monotonic if for any n,
é:n - §n+1'

A measure-preserving bijective bimeasurable map T : (M1, u1,B81) = (Ma, 1o, B»)
induces an isomorphism of measure algebras, still denoted T : (u1, B1) — (42, B7). If
&1, &, are partitions, and if B; = B(&£)) and B, = B(&,), we denote T : £ — & this
induced isomorphism of measure algebras. If M| = My, u; = yp and B) = B, then T
is a measure-preserving transformation. Its induced isomorphism is an automorphism
(see [4, p.43] and [6]).

A metric isomorphism of measure preserving transformations 7 : (M, u,,8;) —
My, pu1,By), Ty : (My,up,8B,) is a measure-preserving bijective bimeasurable map
L: (My,u1,B1) = (My, i, B,) such that LT, = T,L a.e. For convenience, when the
measure is the Lebesgue measure and the algebra is the Borelian algebra, we omit to
mention the measures and algebras, and we simply say that L : (M, T;) — (M, T>) is
a metric isomorphism.

Let £ be a measurable partition and & a representative of this equivalent class mod-
ulo sets of u-measure zero. For x € M, we denote £(x) the element of the partition &
such that x € £(x). A sequences of partitions &, of measurable sets generates if there is
a set of full measure F such that for any x € F,

= F ()&

nx1



This property of generation is independent of the choice of the representatives &, of
the equivalent class &, and therefore, we will say that the sequence of measurable par-
titions £, generates. Let M/& denote the equivalent class of the algebra generated by &,
modulo sets of u-measure zero. M/¢ is independent of the choice of the representative
£ of the equivalent class & If T : M, — M, is a measure preserving map such that
T(&)) = & p-almost everywhere, we can define a quotient map: 7'/&; : M/&) — M/&,.

An effective action of a group G on M is an action such that there is a set of full
measure F' C M such that for any x € F, there is g € G such that gx # x. When
M = [0, 1]*! x T!, we consider the periodic flow S, defined by:

S, 00,11 xT"  —1[0,11* ! xT!
(x,5) P (x,t+s mod 1)

For a,b € T, let [a, b[ be the positively oriented circular sector between a and b, with
a included and b excluded.

The diameter diam(I') of adomainI" C M is defined by: diam(I') = max, yer d(x, ),
where d(x, y) is the distance between x and y.

Leth > 2andy = (y1,....,¥n) € 7", with vi,i = 1,..., h relatively prime. Let
{T"};»0 a periodic flow on T". This flow has a fundamental domain I’ ¢ T"~! x {0}.
The boundary of I is of dimension 4 — 2.

For example, when h = 2, there is a fundamental domain of the flow {T"},5 that is
a segment line of length 1/, (this can be seen using the Bezout identity for (yy, ¥2)).
Remark that the 0-volume of its boundary is equal to 2 (the 0-volume of a set of points
is its cardinal).

Finally, a sequence T, of u-preserving maps weakly converges to T if, for any
measurable set E, u(T,EAE) — 0, where AAB = (A — B) U (B — A).

1.2 Basic steps of the proof

The metric isomorphism of theorem 1.1 is obtained as the limit of isomorphisms of
finite algebras: indeed, we use the lemma [1, p.18]:

Lemma 1.2. Let M| and M, be Lebesgue spaces and let gf? (i = 1,2) be monotonic and
generating sequences of finite measurable partitions of M;. Let T,(,') be automorphisms
of M; such that TEY = €9 and T — T in the weak topology. Suppose there are
metric isomorphisms L, : M, /fﬁll) - M, /5512) such that

LTV eV = TP 1€PL,
and

Ling =&
then (M, Ty) and (M, T») are metrically isomorphic.
Said otherwise, if we have generating sequences of partitions and sequences of

automorphisms T,gi) weakly converging towards T, and if, for any integer n, the fol-
lowing diagram commutes:



T’(XI) C fill) L, 65,2) D T:IZ)

(1) (1) L’”‘ (2) )
Tn-v-l g é‘:nJrl n+1 Tn-v-l
then (M, Ty) and (M, T») are metrically isomorphic.

The proof of theorem 1.1 is in two steps. In the first step (lemma 1.3), we determine

sufficient conditions on a sequence (T %yw)nzo of periodic translations of T" such that
there exists sequences of finite partitions and automorphisms satisfying the assump-
tions of lemma 1.2 with M| = T", M, = M and T(l) 7" T(z) T,, where T}, is
also a smooth diffeomorphism, and such that the limit 7 in the smooth topology of the
sequence T, is smooth.

In the second step (lemma 1.5), we construct a sequence of translations (T%W Yn0

satisfying those conditions, such that it converges towards the translation of vector

B, s Br-1,8).

Lemma 1.3. There exist explicit sequences of integers Rl (n), Ry(n), such that, if there
exist sequences of integers pp,q, and y™ = ()/(") o Y "y e Z" such that, for any
integer n,

(n)

1. (primality) ged (v,", .. ,yh)) =1

(n+1) )R2

2. (vertical monotonicity, generation on M) (y, ™ divides g4

3. (horizontal monotonicity) y(") divides yznﬂ)

4. (isomorphism, horizontal monotonicity for h > 3) q, divides y("H) 7(1"),. .,yff’”—

e
5. (convergence of the diffeomorphism)

1

T (g R

Pr+1 _ &
qdn+1 qn

6. (horizontal convergence of the partition, generation on T") Let T™ < T" ! x {0}
be a fundamental domain of the flow {T’W) }, d, be the diameter of T™, and o,
the (h — 2)-dimensional volume of the boundary of T'™. Then

1
dn+1 < )
2"y, oy
7. (vertical convergence of the partition)

(’0)2

6
2

n>0

y(n+ D y(n)

7;,“ 1) y(n)

< 400




then all these assumptions imply that there is & € T" such that

Pn
Gn

MRS

and there is a smooth ergodic measure preserving diffeomorphism T of M such that
(T™, T?, uy) is metrically isomorphic to (M, T, ).

Remark 1.4. Assumption 3 is automatically derived from assumptions 2 and 4. How-
ever, the construction is easier to follow if assumption 3 is sorted out.

Lemma 1.5. Let 8 Liouville. There exists a dense set E(8,d) ¢ T"', such that
for any (B, ....,Bn-1) € E(B,d), there exist sequences of integers p,,q, and Yy =

(y(l"), o ygl")) € 7" satisfying the assumptions of lemma 1.3, such that

p )
Py S By )
n

We divide the proof of lemma 1.3 in three parts. In the first part of the proof, we
construct a monotonic and generating partition on the h-dimensional torus T, called
£, which stabilizes the translation T%W). To that end, we use assumptions 2, 3, 4, 6
and 7 (for & = 2, assumption 3 is not used and assumption 6 can be relaxed).

In the second part of the proof, we construct an isomorphism K:° between £>° on
T” and a partition & on the manifold M. In the construction of this isomorphism,
assumption 4 is important. Moreover, we will see that the elements of &, are not the
most elementary, because they must be chosen in a way that ensures the monotonicity
of the sequence K:°. This condition of monotonicity induces combinatorial constraints
on the elements of the partition &,°.

In the third part of the proof, we construct diffeomorphisms 7,, = B;'S m B, on
M stabilizing £,°, obtained by successive conjugations from the rotation S f,i The
conjugacy B, is constructed explicitly. This is a major difference with Anosov-Katok’s
original construction [1]. Ours rather elaborates upon the work of [3]. Our construction
provides suitable estimates of the norm of the conjugacy ||B,||, (an estimate that is a
polynomial function of g, 172”)). Combined with condition 5, these estimates ensure
the convergence of the sequence of diffeomorphisms 7,.

A second substantive difference with Anosov-Katok’s original work is condition
5: contrary to [1], we do not require the numbers p, and g, to be relatively prime.
Thus, we obtain a larger limit set of numbers. This assumption of relative primality
was not really needed in Anosov-Katok’s original construction.! In order to obtain the
convergence of the sequence of diffeomorphisms 7, and the ergodicity of its limit 7',
it suffices to require that p,.1/g,+1 and p,/q, are close enough. To obtain ergodicity,
we slightly modify Anosov-Katok’s argument (they kept p,, and g, relatively prime to
get ergodicity).

Thus, contrary to Anosov-Katok’s construction, elements of the partitions £;° and
&7 are not fundamental domains of 7% and T,, respectively. Instead, fundamental
domains of these transformations are obtained as unions of elements of those partitions.
In other words, we "de-maximize" partitions to the extent permitted by condition 5.

1On the other hand, though the assumption gcd(y(ln) R 751")) = 1 is not necessary, relaxing this assump-
tion does not lead to something interesting. Indeed, condition 6 requires a control of the speed of growth
of gcd(y(ln), ...,yil")). Moreover, the explicit construction of the limit translation keeps constant this ged.
Therefore, "de-maximizing" in the yl(.") does not seem to improve the result.



This generalization is the same as in [3], except that these authors do not present it in
this way.
First, we prove lemma 1.5.

1.3 Proof of lemma 1.5

First, we show the existence of one translation with g at the K" coordinate. Second, we
show the density for the 4 — 1" first coordinates. This will prove lemma 1.5. Moreover,
to show the existence of one translation, we first tackle the case of 4 = 2, simpler to
write and read. Then, we consider the general case h > 2.

1.3.1 Proof of the existence of one translation for z = 2
We divide the proof of the case i = 2 in three steps. Let 8 be a Liouville number. First,

let P(n) = 5R(n) + 4R, (n)R,(n). Since B is Liouville, we can find a sequence p;, ¢,
"442Ry(n—1)

such that p; = 0, g = 1, such thatforn > 1, g, > q,”, and such that:
-2«
q, 2q,

The second step is based on the following claim:

Claim 1.6. There exists sequences yﬁ"), 7;"), qn such that for any n:

(i) ¢, >y and ¢, > gu-

(i) qn = q(gn175")"
(iii) 7(1n) and 7(2n) are relatively prime

Proof. We proceed by induction. Let gy = 7(10) = 7(20) = 1 and suppose that yg’) , gy are

constructed. Let us define 7(2”“), gn+1: by the Bezout theorem, since 7(1") and yé") are

relatively prime, there are m, ,, m , such that ml,nyg” - m2,n7(1n) = 1. Moreover, we can

take 0 < my, < (yg"))2 (for this upper bound, any (y;"))”, with p > 1 a fixed function

of n would work).

Let y/""™" =" + my uq, and 0" = ¥ + m2 g, Then ¥ and y§"*" satisfy a
Bezout equation and therefore, they are relatively prime. Moreover, since Ry(n — 1) <
Ry(n),

’ "142R5(n)
Dn+1 2 qn : 2 qn
and

1 2 "342R "442R
Y <+ O an < dy +q, P < g0 < g
We have thus completed the construction at rank n + 1.
O

By claim 1.6, conditions 1, 2, 3 hold. Moreover, by construction, yﬂ"”) and yé"“)

satisfy condition 4 of lemma 1.3. Moreover, conditions 6 and 7 of lemma 1.3 auto-
matically hold: indeed, by property (ii), and since m,, > 0, then ygm) > 2”)/;") and

therefore,



1 1

D = (n)
,y;n+ 2,,,}/2

hence condition 6 (indeed, when gcd(y;,y2) = 1, the diameter of the fundamental
domain of the translation of vector (y1, y>) is 1/y2).

To obtain 7, note that since

1
non qn

A O8R4 masan )

and since, by (ii), g, /7(2”) > 2" then

(n+1 (n)

Y Y q
<1n+1> B % = <n>n2 " 2
> ) (v, )2
hence condition 7.
It remains to obtain condition 5. We define p, recursively by: py = 0 and:
Gns1 (P, P qn+1
Pust =~ ( nel —) + L p, (3)
72 qn+1 qn qn

Given the definitions of ¢, and yg'ﬂ) , Pn+1 18 an integer. Let us check condition
5. By estimate (1), we have:

2

Pn+1 _ &
=P 1
g "My

qn+1 qn

Moreover, by (ii) of claim 1.6,

(,ygﬁl) qn)Rl(ﬂ) < (q;l5+4Rz(ﬂ))R1(ﬂ) < q;lP(ﬂ)

Therefore,

’P 1 1 R
g PPy > (D g, R

Hence condition 5.
Moreover, by condition 4 (a condition that holds, as shown above), we have, mod-
ulo 1:

pn+1y(n+1) _ &y(n) _mod1 (1711+1 _ &) (n+1) _ p;wl _ p_;z

qn+1 2 4n 2 Gne1 qn)? ‘1,'1+1 qn

By summing this equality, since po = p; = 0, we obtain that

&,y;n) _)mndlﬂ
n

Likewise,

(n+1) ’ ’
Pntl_nel) _ Pn_) _modl [Pntl _ Pu_@+1) _ Vi Pus1  Da
Yi T 7N = - 1 _y(n+1)
2

qn+1 qn qn+1 qn C],/H 1 q;L

Moreover, by estimation (2),



(n+1) “1+2R, () 1
| < % < <
n n n p P,
2n ’n+l _ _;1
72 A
y(ﬂ+l) P ’
Therefore, 3,50 2k | 2 — 2 ) converges, and
Y 11 an
(n+l) , ,
Pn_ ) _ modl Z Yi (Puni _ Pn
1 ) | ,
qn n>0 Y2 qYH-l 911

Hence the existence of one translation for 4 = 2.
Remark 1.7. The proof above also gives that:

7
& _>modl Z 1 (pn+l _ p_:’l)
Gn Sy O\, 4,

1.3.2 Proof of the existence of one translation for /2 > 2

For h > 2, the proof of the theorem is a little more intricate, though the main scheme is
the same: we still need estimation (1) (with another function 7' (n)) and equation (3).
To the vector space R, we give the norm ||(xy, ..., xp)|| = max;<; |x;| and we
consider its induced norm on T".
We seek Y+ in the form:

YD = guvi + (equ + Y™

with v; € Z" and ¢ € N.

Thus, g, always divides y"™*" —

i

yl@ for any i = 0,...,h — 1, and condition 4 of
(n+1)

p and
n

lemma 1.3 always obtains. Likewise, since 7;1”) divides g,, then 7’;,") divides y
condition 3 also obtains.

To get condition 1 of relative primality, we add assumptions on v;: we consider it
of the form v, = Av,, with v, = 0, and with the v,;, i = 0, ..., h — 1 relatively prime
(v, is the i coordinate of v,). Moreover, A € SL(h,Z) is such that its last column is
y(n)‘

Indeed, such matrix A exists by corollary 1.9 below, and these assumptions on v,
imply condition 1, because SL(%, Z) stabilizes the set of integer vectors with relatively
prime coordinates. Let y be a vector. A quantity Q(y) is polynomially controlled in y if
there is a polynomial funciton P such that |Q(y)| < P(|y|). Corollary 1.9 is well-known,
but we recall it to highlight the polynomial control in y. To prove corollary 1.9, we

need the following lemma:

Lemma 1.8. Let yy, ...,y € Z such that gcd(yy, ..., yp) = d > 0. Then there exists a
matrix T € SL(h,Z)) polynomially controlled in the norm of v = (yi,...,’yn) such that
T(y1,...,yn) = (d,0,...,0). More precisely we have:

TN < Wiyl

Proof. We proceed by induction on h. For & = 1, the lemma is obvious. Suppose it
true for h — 1. Let d’ = gcd(yy, ..., yp-1). By the induction assumption, there is 77 €
SL(h — 1,7Z) polynomially controlled in y such that T’(y1, ..., y»-1) = (d’, 0, ..., 0). Let



~ T 0
(% 1)
Then T'(y1, s Yho1) = (.0, s 0, 71)
Let —yi —d?*<m,m < y,% +d? such that md’ + myy;, = d. Let

nmg 0 0 ny
0 1 o - 0
Ty=| : Lo
o - 0 1 0
yu/d O -~ 0 =d/d

We have that T}, € SL(h,Z) and T;,(d’,0,...,0,v,) = (d,0,...,0). If welet T = T,T
then we obtain the property at rank A.
[m]

Corollary 1.9. If gcd(yy, ..., ) = 1, then there exists A € SL(h, Z.) polynomially con-
trolled in y such that Aep, = (Y1, ..., Y1)

Proof. Modulo a permutation of coordinates (which is an application of a permutation
matrix, i.e. an isometry), it suffices to show that there is a matrix A € SL(h, Z) polyno-
mially controlled in y such that Ae; = (y1,...,¥,). By lemma 1.8, there is a matrix B €
SL(h, Z) polynomially controlled in y such that e; = B(yy, ..., y,). Let A = B7!. Then
A = *'com(B), where ‘com(B) is the transposition of the comatrix of B. By the Cramer
formula, ||A|| is polynomially controlled by ||B||. Hence corollary 1.9.

O

We obtain conditions 6 and 7 of lemma 1.3 with a suitable choice of v, and ¢, and to
obtain 5, it suffices to show that v, and ¢ are bounded by a fixed polynomial of g,,, y;").
We first choose v,, then we choose c.

Condition 7 is the most easy to obtain. Indeed, we have:

YDy g+ (ega + Y™ ™ a1y = quvray™ @
Y i+ g + DY Y Y (Gevin + (cgn + DY)

The parameter o, is a fixed polynomial in ™. Therefore, there exists an integer-
(1)

valued function R3(n) such that if ¢ > (y,”¢,)®"™, then condition 7 obtains.

It remains to obtain 5 and 6. Let E ¢ F c T".The set E is a d-net of F if there is
I' ¢ T" such that diamT < 6§ and
F c U e+

ecE

To obtain 5 and 6, it suffices to show that, for any integer p > 1, we can find a
vector v, € Z"! x 0 and a parameter ¢ € N such that ||v,|| and ¢ are polynomially
controlled by p and, such that the orbit of 0 by the periodic flow 7" isal/ p-net of
T".

To show this fact, we first show the proposition:



0
tv,
2valvay *_.____1_‘
Valvs n
™
0
o 1/p
Q
- >

1p

Figure 1: The small circles represent the intersections of tv3 with T~ x {0}

Proposition 1.10. We can choose v, € Z"™' polynomially controlled by p such that
T" intersects any square of sidelength 1/p.

Proof. Let (x1, ..., x4—1) € T"~'. There are integers /1, ...[;—; such that

h—1

1
_l_[ 2 2p 2p}cﬂ[x,-,x,-+;

i=1

It suffices to show that we can find € R and vz polynomially controlled by p such
that tv, € C. Let s = 4(h—2)p and v, = (s"2, s"=3, ..., 1). v, is polynomially controlled
by p. Letk; = (h —2)(2; + 1), and

1 Kk
=2y

Letu = (ki/s, ..., kn—1/5). Then ||tv, — ul]| < 1/(4p) and

+hky + o+ k5"

h-1

uel_[

i=

—|=C
4p 4p

21+1 1 21+1 1
+
4p

Therefore, tv, € C.
O

Let v3 = g,v2 + (cq, + 1)e,. For a given choice of ¢ sufficiently large, but still
polynomially controlled by p, (tv3),>0 intersects T x {0}ina 1/ p-net (see figure 1).

Let by, ..., b,_; such that the hyperplan A~!(R"~! x {0}) has an equation of the form
xp = Y bix;. Let b = max(1,by,...,b,1). b is polynomially controlled by [[A™"]|
(which is itself polynomially controlled by [ly™||, see corollary 1.9). Then the orbit of
0 by 7" intersects A~ (T"~! x {0}) in a §4-net with 54, < 2b/p (see figure 2).

10
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Figure 2: The flow tv3 in the plan (e;,ep,), 1 <i<h—1

(n+1)

Finally, by applying the matrix A, we get that the orbit of 0 by 74" = T
intersects T"~! x {0} in a 2b||A||/ p-net. This completes the proof of the existence of one
translation with 8 being the 4™ coordinate of this translation.

The limit translations are of the form (8, ..., 8,-1,8) with forany i = 0, ...,h — 1:

(n+1)
Bi = Yi (p;H-l _ p_:/q)
;=
S \d 4

Moreover, the rotation number Sy € Ey(B) of the diffeomorphism T on M is of the
form:

1 p;z+1 p;z
el
n>0 Vi n+1 n

1.3.3 Proof of the density of the limit translations for # > 2

We directly tackle the case 4 > 2. We follow and slightly modify the previous proof.
Lete > 0and ay,...,a,1 € T.
In relation (1), we can take a fixed function 7' (n) such that we will have, forn > 1,

’
lﬁ_p_:,[ = ;
qil

=

This fixes p| and g} (but it does not fix the other p;, g, n > 1, because g, depends
on 7/2")). Moreover, we can take p] > 0.
Fori=1,..,h—1,let 7(0) and 720) such that

i

11



0
7’5 ) 4y
0
A

In relation (4), for n = 0, let ¢ be sufficiently large such that

<Eq—}
4

1 0 ’
L D
1 0| — /
7’;,) 7;,) Py
Therefore,
;D
B o <2e )
4 Yh

For each n > 1, we also take c sufficiently large so that

(n+1) 0)
; i 4 . 4
SOnt—g Sqnte tai—

< 4qn
7’;,0) 1 Dy

R
(n+1)
h

Therefore,

y(’l‘*‘l) p/ p/ €
i n+1 n _
Z (D) (q/ - 61_,’1) < Z 2 = 8€

nxl Vp n+l n>1

By combining this estimation with (5), we finally obtain:

(n+1) ’
Yi (Pm i p_;) Cw

1 7
>0 7;(1n+ ) Dps1 q,

< 10e

Hence the density of the limit translations.

Let us make two remarks. First, with our method, we cannot obtain substantially
more translations, because the isomorphism condition 4 is constraining. Indeed, this
condition introduces arithmetical constraints on the sequences yﬁ"), which limit the set
of possible translations. We can interpret this limitation heuristically. On the manifold
M, we only have one degree of freedom for the associated diffeomorphism 7': the angle
of the conjugating rotation. The isomorphism condition transfers this one-dimensional
constraint to the multi-dimensional setting of the torus: although translations have 7 >
2 dimensions, they only have one single "effective" degree of freedom.

Second, the set Ey(8) of possible rotation numbers 5, for the diffeomorphism T
on M is infinite, and accumulates 0. We can note the following phenomenon: with
our method, the closer we want to approximate a given irrational number a; on the i
coordinate, i = 0, ..., h — 1, the smaller 8y, becomes, because yﬁll) has to be taken large.

The rest of the paper is dedicated to the proof of lemma 1.3.

2 Partitions of the torus

The aim of this section is to show the following proposition:
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Proposition 2.1. If assumptions 2, 3, 4, 6 and 7 of lemma 1.3 hold, there exists mea-
surable partitions ({"™)ps0.0<m of T", such that {™ is stable by the translation T%Y("),
and such that at m fixed, forn <m, ', <= ;"

Moreover, at n fixed, () converges as m — +oo towards a partition {,°, stable by
the translation T« . Moreover, the sequence (£, )n>0 is monotonous and generates.

Proposition 2.1 is given by the combination of lemma 2.2 and 2.4. In all the paper,
we denote 7, = g, /7’;1”)’ ky, = y;"“) /72"). They are integers by assumption.

A natural partition stabilizing the translation Ta?" is given by (see figure 3):

rE.n rE.n

rI.n rd.n

"fl:nj-"rqn
l_D.n r3.n. rﬁ.n

Figure 3: The natural partition ¢,

L
L =T =Tw" TP, 0<k< g, -1}

where

e = U ™

1
<t<—
Osr< qn

and T c T"! is a fundamental domain of the flow 7" .

Remember that in order to apply lemma 1.2, we need a monotonous sequence of
partitions. Moreover, in our theorem, we need the limit translation to be ergodic. How-
ever, note that if we take y"*! and y™ not parallel, then the sequence of ¢, cannot be
monotonous. On the contrary, if we take y("”) parallel to y("), then the limit translation
cannot be ergodic: any band of the form

U "B

>0
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n+1
Ion

y‘""'i'rn".'.,f"‘”

¥ e

[

rtlhl\‘”

i

Figure 4: The modified partition ¢!

where B ¢ T"!, and 0 < diamB < diamI'™, is invariant by the flow 7", and thus
invariant by any translation included in this flow.

Therefore, we must take another partition. We obtain it by "monotonizing" £,.
We begin with an informal description of the construction. This "monotonization" is
performed in three steps: in the first step, we construct a partition /! stable by the

n
translation 74" and such that g,’;” — (41 (figure 4).

In the second step, we iterate this procedure, so as to obtain a partition ¢)', such
that g3 < . Thus, the element I of i is a "pixelisation” of I'y , with a resolution
m. Atm fixed, forn <m, .| <= £'. These two steps are performed by lemma 2.2

In the third step, we take the limit m — +oo, which exists because of conditions 6
and 7. This gives a partition ¢;° endowed with the required properties: monotonicity,

. oy . Pn . (n)
generation and stability by the translation T

Lemma 2.2. If assumptions 2, 3 and 4 of lemma 1.3 hold, there exists measurable
partitions (£ )nz0.n<m Of T", such that 7 is stable by the translation T%Y(m, and such
that at m fixed, forn <m, {7 | < (",

Proof. We denote:

0 = {rl’m =T %WT™, k=0, ...,yfl”) - l}

ﬁ
Notice that 7" can be seen as a translation of T, and ¢, as a partition of T"~!.
Let

,y(n+1)
K =30 <k <y such that k= — e T

h
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Note that |K| = k,. We define (see figure 5):

(n,n+1) _ /
r - U Iﬁk,nJrl
keK

We have the lemma:

Lemma 2.3. Under the assumptions 2, 3 and 4 of lemma 1.3, TV is q fundamental
Pl

) RO} . -
domain of T" , seen as a translation of T"1.

_Y[n+1 I}

H

A

]
il

|
|
|
|‘
|
|
|
|
|
|
|
|
l

Figure 5: Partitions £ (solid lines) and ¢/, (dashed lines) on T"~! for h = 3, Y =
(2,1,4) and Y™V = (2,1, 8). This example does not satisfy condition 6 of lemma 1.3,
but it was chosen for illustrative purposes. To satisfy condition 6, we can take instead
¥ =(2,9,72) and n = 0. Indeed, in this case, d; = 1/8 and o = 2.

Pl Vo)
Proof. Let V™ = T7". By assumptions 2 and 4 of lemma 1.3, V® = T %’ . By

assumptions 3 and 4, (V@*D)k = vV Foru = 0, ..., yg’) -1, let

K, ={L0<l<y"™D —1,(vDy)er,)

Note that Ky = K and that {K,,,u = 0, ...,y;") — 1} is a partition of {0, ...,yﬁl"“) -1}
Note also that / € K,, if and only if / — k,u € K. We denote A | | B the disjoint union of
A and B. We have:

7 -1 71 71
Th1 = |_| (V(n+l))lr(n+l) - I_I u(v(n+1))lr(n+1) - u I_I(V(n+1))t+k,lul—v(n+1)
1=0 u=0 [eK, u=0 tekK
7;ln)_l 7Ln)_]
T = |_| (V(n+1))knur(n,n+l) - u (V(n))ur(n,n+l)
u=0 u=0
Pl

Therefore, T is a fundamental domain of T .
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We define (see figure 4):

(n,n+1) _ 1y D (1)
rgeh =) "

1
O§t<W
my,

(n+1) _ (n,n+1)
h - k rqﬂ

Since 7,y «qn divides g1, then is composed of elements of .

Moreover, F(q'l’"“) has the same height as I'; , by condition 2. Therefore, by lemma 2.3,
(n)

T+ is also a fundamental domain of T . Let

qn

(n)
ot = = TR T k=0, g, - 1)

n

We have ™! < £,,. Let

n+1 _ yn+l
Qn Fk,n - l—‘k,n

and for m > n,

1
0y =00

The map Q) is measure-preserving and injective as a composition of measure-
preserving and injective maps. Let £/ be the partition defined by:

521 = {rkm,n = Q;frk,n’ k= Oa“'?qn - 1}

Notice that forn < m — 1, ;' < " ,. Moreover, ;" is stable by the translation
pn . (n)
Ta?".

]

In order to obtain a full sequence of monotonic partitions stable by this translation,
we need to take m — +o0.

Indeed, by adding conditions 6 (horizontal convergence) and 7 (vertical conver-
gence), we obtain the lemma:

Lemma 2.4. If assumptions 2, 3, 4, 6 and 7 of lemma 1.3 hold, then for any fixed n,

the partition ;' converges to a partition {;° when m — +oco. Moreover, the sequence
padl
(&)ns0 is monotonous, generating and stable by T o .

Proof. We show that " is a Cauchy sequence for the metric on measurable partitions,
a metric defined by:

d&&)=inf ) peAc)

ceé et
To show this fact, we need the lemma:

Lemma 2.5. The numerical series },5o Un (I“o,,,AQZ“Fo,,,) is convergent.

Proof. We first examine the horizontal difference between I'y, and QZ“I“OJ,. The el-
ement "D is composed of all the I;,,, that intersect '™, except some, that still
intersect the boundary of T'™. Therefore, the set I'™ \ [+ is included in a neigh-
borhood of width d,,; of the boundary of re (figure 5).

Therefore,
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i1 (F(") \ F("’"H)) < Opdpst

Likewise, the elements I/, of "1 that are not included in I'™ always intersect
the boundary of '™ Therefore,

Hp-1 (F("’"+]) \F(")) < Ondps1

and therefore, by the condition 6 of horizontal convergence,

Z ‘yzn)Iu;F1 (F(n,n+l)Ar(n)) < +00

n>0
Now, let
f‘gi’nﬂ) = U Tfy(")l—*(n,n+1)
O<r<L
qn
‘We have:
A 1
(T ) = Ly (0 arse)
r}’l
Therefore,

Z Gnkth (F 0,11Aff,':’"”)) < +00

n>0
In order to obtain the lemma, it suffices to show that
Z Gublh (rgn",tl+l)Af~;rI1x,n+l)) < 400
n>0

i.e. that we have vertical convergence.
Let0 <t < 1. We have:

(n+1) - 1
T’,:ygl"*“r(n,n+1)ATt%r(n,n+1) <2 Yy
Hh-1 S 20, oD
™Y, qn
Therefore,
1
y (r(n,n+1)Af(n,n+l)) <0In yrh _ ﬂ
h\* g, n = (n+1)
I'n mYy;, Gn
Moreover,
o |y | O'n(’yi,"))z YD)
T rn)’ng) qn q% ’}’E:HI) ')/Zn)
. ()2 | D () .
Since },50 (T(q# Y — Y| < +00 by condition 7, 2 then also
" h h

> Gt (TG DATED) < oo

n>0

Hence lemma 2.5.

2We do not find the same condition as in Anosov-Katok [1, p.29]: there is a mistake in their paper.
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Now, we can prove the convergence of ({)"),,>,: for any fixed n, n < m, we have:

qn_l
1 1
Z (r;cnnAQm-F Fm Z HMh <Q:1nrk,nAQﬁ+ Qnmrkn>
vl < 0
By volume conservation of the map Q', Q/'T, consists of (f sets I7,,, while

Ot Ony consists of the sets Q' with the same indices L.
Therefore by lemma 2.5,

Z Z /Jh annAQerm ) = q_Hh (FO mAQ IﬂOm) <t

m=>0 l"”‘ LEC m=0 1"

This completes the proof of the convergence of ;' towards a partition ¢,,°. Now, we
show that ;° is monotonous. Letn > 0 and € > 0. Let m > n such that d({)", {;°) < €/2

and d(&7, 1, 7)) < €/2. Let I, € &7, and T, € & such that (re AT ) < €/2.
Since ) — we can write:

m o _ m
rk,n - U l—‘ln+1

n+l’

leL
Since d({)",{7,) < €/2, we have:
M (U [ A U rz°,<;,+1] < Zﬂh (FTnnArﬁm) <e€/2
leL leL leL
Therefore,

Hiy [anAUFZ;H) < M (r;anrm +/1h[ knAUFln+l)+luh (UranAUr?ﬁm]

leL leL leL leL

/lh(rznAUTZjl+l]SE/2+0+E/2=6

leL

Since this estimate holds for any € > 0, we conclude that:

ﬂh[ knAUF1n+1]

leL

Therefore, £,° < £ . The proof that Tu"" stabilizes £ is analogous.

Finally, let us show that ({;°),>0 generates. Let G be a Lebesgue measurable set
and let € > 0. Since ¢, generates, there exists ng > 0 such that for any n > ny, there is
a {,-measurable set G, such that u;, (GAG,) < €. Let I, the (finite) set of indices such

that
Gn = U Fi,,,n

in€ly

Let O : ¢, — ¢ be the limit isomorphism of the sequence Q! (it exists by the
first point of this lemma). Let

0°G, = | J 0T

ipel,
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Since ¢ is a Cauchy sequence for the metric on partitions, we can fix an integer
my > ng such that for any m > m; and n < m:

2. D (2 eagc) < e

m'>m cel,

Let n > m,. Since for any c € {,, Qic = c, then

1 (O GuAG,) = i (OF GuAQLG,) < D (017 GAQYG)

m2n
= 3 (@ T AQIT ) < 0 (O o)) < €
m>n iy€l, mzn ceg,

Hence the generation of £;;°.
O

Let us make one remark about the assumptions of lemma 1.3. If 7 = 2, there is
a natural choice of sequence of fundamental domains T'™ of the flow (7)o such
that T0"*+D = T®W: we can choose I'™ = [0, 1/ (7;"))[. This choice allows to relax
assumption 6, an assumption that is no longer useful for the convergence of ;. This
relaxed assumption 6 remains useful to obtain the generation of the sequence of par-
titions (,)u>0: this relaxed assumption is: d, = 1/ (yg') ) =.54+00 0. However, this
relaxation does not change the final statement of the theorem.

Moreover, if & = 2, assumption 4 is no longer used for the construction of £"*!.
However, assumption 4 remains important for the construction of the metric isomor-
phism, see next section.

On the other hand, for 4 > 3, there is no natural choice of the sequence (F(”))nzo that
ensures that T"*D = ™ _ It is simpler to consider an arbitrary fundamental domain

'™ of the flow (7).

3 The metric isomorphism between the torus and the
manifold M = [0, 1] x T'.

In this section, our aim is to elaborate sufficient conditions on B, € Diff™ (M, w) so that
ifT, = B,;IS m B, weakly converges towards an automorphism 7', then there exists a
4n

metric isomorphism between (T", T°, up) and (M, T, p), where M = [0, 1197 x T
To that end, we use lemma 1.2: with suitable assumptions, we construct a suitable
sequence of partitions £° of M and a sequence of isomorphisms K : T/ — M/EX

= Pn ., (n) = . . .. . .s
so that K°T« " = T,K?. In this construction, condition 4 is critical.Let

_ i+ 1 .
M = {Ai,qn = [O’ l]d ! X |:_’ 1= O,m»qn - 1}
qn Yqn
Let
K,: &, —
Fi,n g Ai,q,,

We recall from section 2 that there exists an isomorphism Q*! : £, — ¢!, with
»n) ()

. r- paa
£ s £, and with Q" 1T = T'ar Q1. We have the lemma:
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Lemma 3.1. There exists a partition """ < n,,1 of M stable by S 1, and there
4qn

exists a metric isomorphism K'*' : £, — n*! such that K!*' = K.\, and such that

(n)
Y
K’”‘Z aw =81 Kn+l There exists also a metric isomorphism Cn+1 — ! such
n n

qn

that C'*1S @ = =S @ C™! and K'™! = C"'K,. Said otherwise, we have thefollowing
commutative dlagram

L —

o l J/Cz*‘
K+l

T an ;/I\ n <} qn
Ko+ E
§n+] H] 77n+1
Proof. Let
0< t</mr1n
and

y(rH- )

=T =TT, 0< i< g, - 1)

Note that {1 < Z,.
Let 1, = {Aix,q,,i = 0, ..., kyq, — 1} and K, defined by:

kn: Zn i f]n
l:‘i,n = Ai,k,,q,,
We have (figure 6):
~ (7!) ~
K.T@ =5 .k,

€1
an

Indeed, on the one hand,

S LKuLin =8 1 Aikg, = Divk, kg,
qn qn
NG S+l

On the other hand, by condition 4 of lemma 1.3, 7'« =T « . Therefore,

y(") y(n+]) kny(’H']) knﬂy

R,T o iy =K, Ty = K, T o Ty = K, T oo r<"> Kolisk,n = Aisk ko,

Now, let K;'*! = K, . Itimplies: K = K,y 1.
Since T stabilizes {,’,’,‘*1, then we have:

(n)
Y
KT =8 KM
qn

Let us denote R™ = K*'T't*!. There are integers a,(i) such that:

20



\Iftn“}.‘lQnH

T Y™iq,

\S 1ign+

Figure 6: The isomorphism K,. We took k, = 3. The number i = 1, ..., 6 denotes fi,n in
the torus and A; x4, in the disk M. Moreover, R = Ay o U Az k4 U As g,
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ka—1
R = | ] Aoty sita,
i=0
Denote also RZ;I =S R™ k=0,.., qn — 1. R™ is a fundamental domain of S 1

dn an

and we have:
KT =8 LR = R
Let
= Gt = (R 1= 0, = 1)

Let us also denote C"*! the map defined by:

CZH: M = 77Z+1
A:

n+1
L,qn = Ri,n

C™! is bijective. '*! = C"*!p, is a partition of M stable by S . , and since k,qg,

an
+1
w Mn+1-

divides g,+1, then 7}
O

By iterating lemma 3.1, we get a corollary that is important for the construction of
the isomorphism:

~.

Corollary 3.2. For any m > n, there are partitions n,} < 1, of M such that 17} is

»
stable by S 1 and there exists an isomorphism K} : (' — n such that K’”T m =

S K" and qln(’" =K"
n+1my”

" Said otherwise, we have the following commutative diagram:

m

» é'm K m S
T o n > Uf o

K"
w+l) 7 em n+l m ) Ky
Y i _ s 1
T n+1 \ n+l1 nn+1 n+1

Proof. The left hand side of the diagram comes from section 2. Since 7! < 1,1,
we can define C) = C_, CZI%C”“ Let i} = C'np,. We have ) — 7", ,. Since

CrS1 =S L C, then 77’” 1s stable by S L

4qn
Moreover or iy —= ' is brjectrve Therefore we can define
5 P

= C"K,(Q™~'. Since Q"T '« = T« Q" and C’”S 1 = S 1 C}', we have:
dn
(n)

K'Ta =S LK}

Let us check that Ky = K Letc € ¢, Since C"*! is bijective, (C"1)~! i
well-defined, and we have:

K" (Q7¢) = C™ K, (QF, ) Qe = CM(C™ Y Ky 01 e

Since Qp*lc € £7*1, then K, 1(Q510) = Ki* (@5 e).
SII]CC (Cn+l) Kn+l Qn+1 Kn, we get:
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K.\ (Qyc) = CrT+1Kn+1(Q$+1)_lQZlC = C,'Kyc
On the other hand,

K (Qre) = K (Q3) Qjle = CiKye
Therefore, K] = K

n+1g
O

The sequence 7]} must converge when m — +o0, in order to obtain a full sequence
of monotonic partitions. Moreover, the possible limit sequence (i.e. a possible 7,’)
must generate. Indeed, these assumptions are required to apply lemma 1.2. However,
we can check that none of these assumptions are satisfied. Therefore, to obtain these
assumptions, we pull back the partition 77’ by a suitable smooth measure-preserving
diffeomorphism B,,. The following lemma gives the conditions that B, must satisfy:

Lemma 3.3. Let B, € Diff*(M, ). Let Apv1 = By B,

1L IfAerISL =81 Ay and lf
am am

Z gt <A0,,MAA;"LIR(’")) < 400

m=0

then for any fixed n, when m — +oo, the sequence of partitions " = B;,'n™
converges. We denote &, the limit. The sequence &, is monotonous and T, =
B;'S m B, stabilizes each £.

qn

2. If. moreover, the sequence &, = B,'n, generates, then so does £.

Proof. The proof of the first point share similarities with the proof of lemma 2.5. Let
P = B,!C"B,. By the Cauchy criterion for sequences of partitions, in order to show
the convergence of B!, it suffices to show that for any fixed n,

Z Z,u (Pn’”cAPn’"“c) < +oo0

m>0 ceé,

We have:

m+1

Diu(Prearyic)= > u(B, CrBicAB,L Cat ClBe) = ). (B, AB,L, Citl )

CE€Ln ceB; cemy

Since B, is measure-preserving,

Z y(B,_nlc'AB;nLIC,’,’,‘“c’) = Z u(c’ABmB;?LICZ“c’)

ceny 4

ceny,
The partition " consists of g,,/g, sets ¢’ of the form A, , and C™* ¢’ is a set 7!

u,m
with the same indices u. Since A,,,+1S 1 =S 1 Ay, We get:
4qm qm

D Dl ABBL O < S B (0 AL R < oo

m>0 ¢’en” m=0
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by assumption. Hence the convergence of &)'. We let P, : &, — &7 be the limit
isomorphism of the sequence P}'. The proof that the sequence &, is monotonous is the
same as the proof that /;° is monotonous. See section 2.

To show that T, stabilizes &, let T" = B,'S %Bm. Since § o stabilizes 7}, then
T stabilizes &'. Since A,4+1S 1 =S 1L A,+1, then T)' = T,. As in the proof that 7"
stabilizes ¢,°, we obtain that Tj: stabilizes &r.

Likewise, the proof of the second point, i.e. that the sequence &,° generates, is the
same as the proof that ;> generates. See section 2.
O

By adding to lemma 3.3 the convergence of the sequence 7, we obtain the required
isomorphism:
Corollary 3.4. If both conditions 1. and 2. of lemma 3.3 hold, and if T,, = B,'S m B,

weakly converges towards an automorphism T, then (T", T%) and (M, T) are metrically
isomorphic.

(n)

pakd . . Y
Proof. By corollary 3.2, K'T « = § 1 K]'. By iteration, KT = = §uK]'. There-
qn qn
fore, the following diagram commutes:
S pn
qn
)
Km 871
P C o L B "

.
K" B,

Pl (n+1) F m n+l m m m
7o 7" ¥ a1l — > Myt *)gml < Tuer

U

S Pus1
Ot

We apply lemma 3.3, which gives a sequence of monotonous and generating parti-
tions £°, stable by T,,. Let K : £ — £ defined by K = P*B,'K,(Q%)~'. We can

_ P (n) _ _ _ . _ P (n) _
show that K®T%?" = T,K> and that K~ = K7 by using that EnTa?" = T, K™
and that K", ., = K}, where K} = P;B,'K,(Q;)"", i.e. we proceed as in the proof

of the monotonicity of £,°, in lemma 2.4 of section 2. This allows to apply lemma 1.2,
which gives the required metric isomorphism.
O

The next section is dedicated to the construction of the sequence of diffeomor-
phisms B, satisfying the conditions of lemma 3.3.

4 The sequence of conjugacies

In this section, we construct a sequence of diffeomorphisms B, on M satisfying the
conditions of lemma 3.3 and such that ||B,|l, < (gn—1kn—1)%"~D for some Ru4(n).

Proposition 4.1. There exists a sequence of diffeomorphisms B, € Diff**(M, ) such
that B, and A+, = B,,HB;1 satisfy the following conditions:
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1. (convergence of the partition £ to &,°)

D it (A0, AL R™) < 400

m=0

2. (generation) There is a set E,,; C M such that .o u(E
that

© 1) < +oo and such

‘ ) 1
diam (Anll (Aoaqrm ﬂ E"”)) = 27| Byl

3. (equivariance)
n+1S ‘ =8 1 Apn

qn

4. (polynomial estimation) There is a fixed sequence Ry(n) € N such that
||An+l||n+l < (qllkll)R4(n)

Remark 4.2. Specification 2 above implies that &, generates (and so &,°, by lemma
3.3), see proposition 4.9.

We construct B, recursively. We suppose that B, exists and satisfies these specifi-
cations, and we construct A,,1.

The diffeomorphism A, is constructed in two steps when d = 2 (three steps when
d > 3), each step gives a smooth, measure-preserving, equivariant and polynomially
controlled map. In the first step, lemma 4.3, we construct a smooth map Alll . that
"quasi-cuts" Ag,, in k, equal vertical slices, and then rotates each slice I'; by an angle
a,(i)/ g, along the periodic flow S, (remember that the parameters 0 < a,(i) < g, — 1
are defined by R"™ = Uf‘:(_)l Ag (i +ikng,) (s€€ figure 7).

In the second step, we construct a second map A2 ;.1 that "quasi-sends" each vertical
slice A! | (I';) into the horizontal slice Aq, (i, +ik,q, (se€ figures 8 and 9). These two steps
ensure that Apr = A2 Al | "quasi-sends" Ao, to R™. It ensures that &, converges.
Moreover, when d = 2, this also gives the generation of &, (and so of £;°).

For d > 3 we need a third step. In51de each Ay, 4., We quasi-rotate the slices A ; g %
with AZ +1» SO that the diameter of A +1(Arg,..) is small, where A, = A; +1A31 A, -
(see figures 10, 11, 12, 13). This guarantees that &, generates (and so &), which
completes the construction.

First, we write the construction in the case M = [0, 1] X T, and then we extend it to

=[0,1]1" x T.

4.1 Construction in dimension 2

The first step is based on the lemma (see figure 7):

Lemma 4.3. Let - > e > Oandfor0 <i <k, —1, let Ty = [, 5 —al x [0, 1]
There is a smooth measure-preserving diffemorphism AnJrl [0, 11XxT — [0,1]x T
such that:

1.
SI_SIAI

n+l

Al

n+l

Ay @) =S wal;

qn
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1
1
A1l < gl
S

where ¢ is a fixed smooth diffeomorphism independent of n and €.

1/kn

1/g,

]

Figure 7: The image of the partition 7, after step 1.

Proof. Let ¢ : R — R be a smooth increasing function that equals O for x < —1 and 1
for x > 0. Let ¢ : [0, 1] — [0, 1] defined by:

1) - n 1 n\"n — 1) - n\"n — 2 kn -1
5 (x) = ax(0)  an(1) —a (0)¢(£ _ _)+m+a (ko — 1) — an(k )¢(1 _ )
qn qn €] kn €] qn €] kn €]
For0 <i <k, -1, we have: ¢ = 2O \ith the estimation:

|[L ﬂ_fl] qn

kn* kn

1
g™l < —llglls
€

Finally, for x € M, let Ar'l 11 (X)) = Sgra(x). It satisfies all the specifications of the
lemma.
]

We take €; = —= and we let

kn2"
kn=lp . .
El U [ i i+1
= —,— — €
+1 ’
! ~ L kn kn

i=0

x T

We have:

:“(Ezllfa) = kper = %
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In the second step, we shrink I'; horizontally by a factor g,, we expand it vertically
by the same factor, and we rotate it by a /2 angle (except in a neighborhood of the
border of Ag,,). Thus, I'; is quasi-sent to A;,,,. Note that with this operation, we
automatically obtain the right combinatorics of R™.

This step is slightly different than in Anosov-Katok’s original paper, but this differ-
ence is critical: following Anosov-Katok’s original method, we would need to quasi-
permute k,q, slices, in order to match the location of R™. This would require at least
qy iterations, thus jeopardizing the polynomial estimation in g,, and ultimately the ob-
tention of all Liouville numbers on the 4™ coordinate.

We have the lemma (see figures 8 and 9):

Lemma 4.4. Let T = [kl", %] x [0, i]. There exists a map Ai+1 equivariant by S 1
and there exists a measurable set E5+1 such that ,u(E,%H) > 1—4/2", such that Eﬁn is
globally invariant by S L and Aﬁ 1> and such that

Ai+1 (Fz/ ﬂ E3+1) = Aikyg, ﬂ E721+l

In particular,

. _ 1 1
diam ((Aﬁﬁ) T Eﬁﬂ) < max(q—, k_)

Moreover, there is an explicit function Ry(j), depending only on j, such that

A2, 11 < (@) DlIgall;

1
1
1
1
1
1
1/gn 1
1
1
|
1
1
1
|

1/2" 1/kn

Figure 8: The partition A! 5, N [0,1] X [qi, ’;’—1] before step 2 (e has been taken
infinitesimally small in the illustration).

Combined with lemma 4.3, this lemma gives the convergence of the partition &, to
&

Corollary 4.5. We have the estimation:

2 1
H (An+1An+l

(AO,q,,) AR(n)) < Zn—qn

Proof of lemma 4.4. We need to recall the definition of a "quasi-rotation" by 7/2 [3]:
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1/knGn

Figure 9: The partition Arll w7 N[0, 1] X [qi, ’;’—1] after step 2 (¢ has been taken in-
finitesimally small in the illustration).

Proposition 4.6. For any n > 1, there is a smooth measure preserving map ¢, :
(0,112 = [0,1]? (called "quasi-rotation”) such that ¢, = Ry, on [zi,,, - %]2 and
¢, = Id on a neighborhood of the boundary of [0, 1]°.

Let p > 2 and

Cy: [0,1]><[0,§] — [0,1]x0,1]
(x,y) — (X, py)

Let ¢, = C;‘¢nCp. The map ¢, , is measure preserving. By the Faa-di-Bruno
formula, there exists a fixed function Rs(j) such that

o
lgnpll; < PXDllgall;

Let A2 = ®nq, on [0, 1] X [0, ql], extended to [0, 1] X T by 1/g, periodicity. We

n+l
have:

2 Rs())
4511l < g™ ligull

Forr=0,....q, — 1, let

2 1 1 r 1 r+1 1
En+1 r= |3 l——|X|—+ ’ -
o 2n Gn @2 Gn  Ga2"

and
qn—1
2 _ 2
En+l - U En+l,r
r=0

The set EZ_ | is invariant by S 1 and A2_ . Moreover,
qn

n+l*

Ai+1 (F: ﬂ E5+1) = Ai+1 (F; ﬂ E5+1,0) = Aikyg, ﬂ Ei+1
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Proof of corollary 4.5. By lemma 4.4 (using in particular that Eﬁ L1 18 S L -invariant,

and that A%, is S i—equivariant),

n_l

-1
n+l (U S “:”(I')r, ﬂ En+1) U An+] ( “"(”F ﬂ En+1)
= U S i Aikyg, ﬂ En+1 =R" ﬂ Eﬁﬂ

On the other hand, by lemma 4.3,

n_l

n+l AO dn ﬂ En+l U S @O ¥ m En+l

: _ 1 L
Therefore, if we let A7, An +14,41» We obtain:

n+l Aoqn mEn+l m(A +l) n+1 =R"™ ﬂA +1(E 1) ﬂ n+l

Thus,

(A::+1A0’%AR(")) < ,u( :1+1A061nAAn+1 AO% ﬂ En+1 ﬂ(AIH) (Ei-f—l)))

n+1 AOq ﬂEn+l m(A +1) Rm))))

But on the one hand, since A;l N is measure preserving,

(An+lAan n+1 AO% ﬂEnH ﬂ(AIH) ( n+l))) =
F‘(AO n (AO n N En+l m(A;lm) ( n+l))) = (onqu N (E}l:-l U (A1+1) (Efl:-l)))

lc 2c 2 2 _ 4
(En+1 0) (En+1 0) S 2ig, T2, T g,

. . . . . . ko—1
And likewise, by using S 1 -invariance, since R = Uizo S wo Aig,g,»
4qn

qn

R(n) ﬂA +1(Eri+l) ﬂ n+] Aoqn ﬂAn+1(Erlt+l) m En+l = 2nqn

]

Moreover, we automatically obtain generation of &, (and so &;°). Indeed, by apply-

ing the induction assumption, ||B,|l; < (kp-1¢n—1)*"~" for some Rs(n). If, in assump-
tion 2 of lemma 1.3, we choose R;(n) such that ¢, > 2”(7(") -1~ (remember that

we took k,, = )) and since y("“) > ¢y, then lemma 4.4 gives:

1
2Byl

We obtain the conditions of proposition 4.9, which imply generation:

diam ((An+l) Al kg, N En+l)
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Proposition 4.7. Let A1 = A2, Al and E,., = E2,, N A% (E!,)). We have
U(En+1) = 1 — 8/2", and there exists an explicit sequence of integers R,(n) depend-
ing only on n, such that, for any q,., = nﬂ()/("ﬂ) R0 <1< gy — 1, we have:

1
2" Byl

diam ((14114—1)71 (Al,cln+l n E”'”)) <

4.2 Construction in higher dimensions

First, we consider the case M = [0, 1]%"! x T. The first step is the same as in dimension
2: WeletT = [, ﬂ —e]1x[0, 1142 %[0, i] and for x = (x, ..., x;) € M, we consider
the map A,Hl(x) S¢,,,q () = (X1, o0y Xa—1, Xa + e (X1)).

The second step is also the same as in dimension 2: we quasi-rotate in the (xj, x;)
plan (the plan in which we sliced the I';). We write ¢,, 4, (x, ) = ($ng,.1(X, ¥); Png,2(X, ).
We let A2+1 (xl, ceny )Cd) = (¢n,qm1(x1, )Cd), X2y eens Xd—1> ¢n,qn,2(x1, xd)) on [0, 1] X [0, an], and
we extend it to [0, 1] X T by 1/g, periodicity along the x; coordinate.

The third step is different: to obtain generation, we have to combine all dimensions.
We proceed as in [3, pp.1808-1809]. We have the proposition:

Proposition 4.8. There exists a smooth measure-preserving and S _1_-equivariant dif-

nqn

feomorphism A3
such that

and there is an explicit function R;(j), depending only on j and d,

n+1’

A2, 11 < (kagn) NIl

and there is a set E, | satisfying the assumptions of proposition 4.9 such that if

Aper = A3 A2 AL then for any choice of que1 = 4, (kngn)®2"™, with Ry(n) multiple
of d, we have:
diam (A1 (Mg 0 ) € gy
sqn+1 2"||Bn”1

Proof. Fori=0,...,d—1,let ¢f1,k g (X1 eees X3) = (X5 o0y Xic 1 D e, (Xis Xit1)s Xit 2, o0r X,
extended by 1/k,qg,-periodicity along the x; coordinate. We let (see figures 10, 11, 12,
13):

w1 (X1 Xa) = 0 (X1, e Xa)

Letalso A, = A3, A2 Al

n+1° " n+1" " n+l”

—l—l r N 1 ’r+l_ 1 X[O,l]d_(jH)
21 kngn  kngn2" knqn,  kngp2"

Forj=1,..,d-1,r=0,..,k,q, — 1, let also

E; =1[0,11" x

(in the notations, we omit dependencies in n) and

kngn—1

Note that E; is ¢£ kg, -IVariant. We let

E3+1 =E- ¢I’Lk nqn (EZ) ﬂ ﬂ ¢n Kt nknq»t( d- 1)

and

En1 = En+l nA; +1(E +1) mA;SH—IAIZHI(E;i-¢—1)
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We obtain, for [ =0, ..., (k,,qn)d - 1:

1
3
wNEy,)<

diam (A3, )7'A
am (( n+l) 1(knqn - knqn

Therefore, by lemma 4.4,

diam ((AﬁH)_I ((A;31+1)_1 (Als(knqn)d N E2+1)) n E121+1) < kin

and therefore, we also have:

1 1
2 1
NEn) 0 En) S 5 S g,

diam ((A}H_l)_l ((Ai+1)_1 ((AZH)_I (Al,(k,,q”)d N E3+1)>

Finally, for any choice of g,.+1 = ¢/, (kng,)®™, with R>(n) multiple of d, we obtain

the wanted estimation:

diam ((A11+])71 (Al,qnu n E"“)) < 2"|B, Iy

Thus, we get generation.

T
X3
A
W b
(kngn)
AT
1 -
ke i ’
\ ~
- Xo

Figure 10: An element A, , for d = 3, before the application of (Afl Jrl)’1

( ,l,’knqn)_l ( n,k,,q,,)_l' Its size is 1 x 1 X 1/(kng,)>.
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T ka0
-
X3
ELs
-
-
-
1
KaGln X _a
~
-~
#E
-
~
-~
~ 1

S 2
(ko)

1

-1
Figure 11: The element (¢i g ) (Al’(k"q”)d) N E3+1‘ Its size is less than 1 x 1/(knqn)2 X
1/(kngn)-

Xz

kG
1
{kQn)’
A
A T =
Y = / o

- »> X4

Figure 12: The element (q)n kot ) ! (Al’(k”qn)d) NE>

- 1> in the plan (x1, x2).

Xz 1
. KnQn »
L
1
[
Xs T
- 1
ArS il

- - X1

1

LV (g2 3
Figure 13: The element (¢ ) ( " kﬂqﬂ) (Al (knqn)d) N E;,,, in the plan (x1, x2). Its

size is less than 1/(k,q,) X 1/(k,,qn) X 1/(kuqn)-
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4.3 Generation of &,, convergence of the sequence of diffeomor-
phisms and ergodicity of the limit

By combining lemma 3.3, corollary 3.4, and proposition 4.1, in order to complete the

proof of lemma 1.3, it remains to show that &, generates, that 7, = B;l S m B, converges
qn

in the smooth topology, and that the limit 7" of T, is ergodic.

4.3.1 Generation of &,

Proposition 4.9. If there is a set E,.1 C M such that 3,50 u(E;,|) < +oo and such
that for any 0 < | < gp41 — 1,

o 1
diam (A3, (Bt () En)) <

then &, generates.

Proof. By the Borel-Cantelli lemma,
p(liminf E,) = 1

Let E = liminf E, and let x € E. By extracting, we can suppose that x € E,, for any
n. Let ¢,(x) € &, such that x € ¢,(x). We have: {x} C (50 Ex N ¢ca(x). Moreover, since

1
diam (An+l (Alqm ﬂ E””)) = 2Byl

then |
dmm( n+1 Alqm mEnH = o0

(note that this intersection may be empty for some /), and therefore,
diam(E, N ¢, (X)) =nst00 0. S0 (Ns0 En N cy(x) is at most a singleton, and &,
generates.
O

4.3.2 Convergence

To complete the proof of lemma 1.3 for M = [0, 119! x T, we need to show the
convergence of T, = B,'SwB,. By the Cauchy criterion, it suffices to show that
qn

Dm0 An(Tys1, Tpy) converges. We combine the estimation of B,,; and the assumption
of closeness between p,1/g,+1 and p,/q, of lemma 1.3. We recall the lemma [3,
p-1812]:

Lemma 4.10. Let k € IN. There is a constant C(k,d) such that, for any h € Diff(M),
ay,a € R, we have:

di(hS o, " 1S o,h7") < Ck, DIl lay — asl

Since 7, = B,'S m B, =B} Spn By.+1, and since, for n > 2, [|@llns1 < g™ for a
sequence Rg(n) mdependent of qn (because qn, = 2 for n > 2), we obtain, for a fixed
sequence Ry(n) (that depends on n and on the dimension d):
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S 1 Byit) < Clk, d)||Bya [} | 2221 — 22
4qn

n+l1 n+1

dn(Tpi1,Ty) = dn(B,:iISZL;BM, B!

n+1 qn
< G - 2
qn+1 qn

For some choice of the sequence R;(n) in lemma 1.3, this last estimate guarantees
the convergence of T, in the smooth topology.

4.3.3 Ergodicity

Ergodicity is a property preserved by metric isomorphism. Therefore, to show that T is
ergodic, it is sufficient to show that the limit translation 7% on the torus T" is ergodic.
We apply a theorem by Katok and Stepin [5]:

Theorem 4.11 (Katok-Stepin [5]). Let U be an automorphism of a Lebesgue space
(N, ), let (U,)us1 be a sequence of measure-preserving transformations, and let (x,)n>1
be a sequence of finite measurable partitions of N. Suppose that:

o U, permutes the elements of x, cyclically.
o (n)us1 generates.

® Yiey, VU(AU,(0) = o(1/lxal) (where |y, is the cardinal of x,).
then U is ergodic.

Note that the sequence of partitions (y,).>1 does not need to be monotonic. For our
purpose, we cannot apply theorem 4.11 with y,, = £, or £;°. Indeed, since p, and g,
are not relatively prime in general (contrary to Anosov-Katok’s original construction),
then 74" is not a cyclic permutation on ¢, nor ,°, in general. Let g, = gecd(p,. g»)

and
el

N JL
fon =) T7% Ty,
J=0

We have the lemma:

Lemma 4.12. Let £, be the partition defined by:

(n)
2 A FEIDASEUN . qn
(n = {Fi,n =T FU,m 1= 0, ey T — 1}

8n

P, (n)

T« is a cyclic permutation on (,, and [, generates.

P (n) . . 2 . ..
Proof. T« is a cyclic permutation on , because g, = gcd(p,, g,). Since g, divides
gn+1, there is an integer e, such that:

Pn+1 Pn _ €n+l

qn+1 qn dn+1

Since
1

Pn+1 _ ]ﬁ
= g

qn+1 dn

34



Then:

qn+1

e <—
| n+1| = (’y;ln-'-l)qn)Rl(”)

Moreover, since (y(”“) g,)*" divides g1, and Ry(n) > 2, then ged(pp+1, Gns1/qn) =
gcd(pn+1s Gne1) = gnr1. Since
qn+1
Pn+1l = = Pn = €n+1
n
then g,,4; divides e,+. In particular, g,+; < |e,+1|. By condition 7 of lemma 1.3, we
get:

qn+1 < qn+1
(7;1,1+1)Qn)R1(”) - 2n+1 ||')’("+1)||

8n+1 <
Moreover, since:

Iy ™Il

n

diam(I'y ) < max (dn, ) — 400 0

(d, = diam(@T™), where T®™ < T"! x {0} is a fundamental domain of the flow
(T™"}) then:

. e 1
diam(l'y ,) < max (d,l, &ully” “) max (d 2n) —psteo 0
q

n
It shows that £, generates. O
It remains to estimate )’ ;. (T%AT o ) We have the lemma:
Lemma 4.13. There is a choice of R|(n) in condition 4 of lemma 1.3 such that:
P (n)
Zuh (T*cAT " ¢) = 0(gn/qn)
Cefn

Proof. We have:

n . (n Pl+1 (k+]) (k P+l . (k+1) _ Pk (k)
Zuh T”cATZﬂ( )c Z Z'uh (Tfﬂm cAT ar’ ) Z Z,uh (quﬂy i Ac)

cely kzn cely kzn cefy

Let 7, be the (h — 1)-volume of the border of an element of Z,. We have:

Pk+17<k+1) Pk (k)

Phal (k+1)_ Pk (k)
i (Tqm LR cAc) < Ty
Gk+1

Pk+1 (k+1 )
6]k+1

Moreover, T, is polynomially controlled by y(”) (h is fixed). Therefore, there is a
choice of Ry(n) such that:

Z M, (TQCAT r” c) = 0(8n/qn)
cel,
O

By combining lemmas 4.12 and 4.13, and by applying theorem 4.11, we obtain that
there is a choice of R|(n) such that 7% is ergodic.
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4.4 Extension to more general manifolds

To extend the construction from M = [0,1]%!' x Tto a general d-dimensional smooth
compact connected manifold, admitting an effective volume-preserving circle action,
we proceed as in [3, p. 1805], but we give more details. Let S be this effective circle
action on M, S be the circle action on [0, 1]~' x T. For q > 1, let F, be the set of
fixed points of $ /q- Let B = M U, F, be the set of exceptional points. We recall
the proposition:

Proposition 4.14 ([3]). Let M be a d-dimensional smooth compact connected man-
ifold, with an effective circle action S, preserving a smooth volume u. Let S; de-
note the circle action on [0,1]1%" x T. There exists a continuous surjective map
[:[0,11% ' x T — M such that:

1. the restriction of T to 10, 1[{*"'XT is a smooth diffeomorphic embedding.
2. u@TO(0,11* "' x T))) =0

3. BcT(@([0,11"" x T))

4. Tu(Leb) = u

5. 8T =TS

Proof of lemma 1.3 for a general M. We apply this proposition at each step in lemma
1.2: we have that T :]0, 1[¢"'XT — E = I'(J0, 1[*"!xT) is a diffeomorphism. Let I'"!
its inverse. We need the claim:

Claim 4.15. Let T, : M — M defined by T,(x) = TB;'S B, I'"'(x) if x € E and
qn
Tw(x) = § w (x) otherwise. (T),)us0 is a sequence of smooth diffeomorphisms converging
qn

towards a smooth diffeomorphism T in the smooth topology.

Proof. T,, is bijective, Tn‘E and f‘mE[- are smooth diffeomorphisms. Moreover, on a
neighborhood G, of J([0, 119" x T) inside [0, 114! x T, and stable by the flow S,
B, = B;l = Id. Therefore, for x e I'(G,) C E,

Ty(x)=TB,'S B, ' (x) =TS T (%) = S u IT' (%) = S 2 ()
qn 4qn qn qn

Therefore, T, is a smooth diffeomorphism. Finally, the sequence 7, smoothly con-
verges towards a smooth diffeomorphism 7', by the same argument as for the proof of
the convergence of T, (for M = [0, 119! x T).

O

Let éff = I'¢&?. Since I' is a diffeomorphism except on a set of zero Lebesgue
measure, then the equivalent class of 5;’," is a measurable partition. Moreover, since
[ is independent of n, then the sequence £ generates. Moreover, T, is y-measure
preserving, stabilizes £ (because T, = I'B;'S %B,,l"‘l p-almost everywhere) and by
claim 4.15, T,, weakly converges towards an automorphism of M T. Let IA(,‘T’ =TK>.
We have [_(;OTZT"ZV(") = f‘,,f(ﬁ" and IA(;;:”(DO = IA(,‘:" This allows to apply lemma 1.2, and
combined with claim 4.15, we obtain lemma 1.3 for a general M.

O
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