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Abstract

The problem of estimating the density-weighted average derivative of a regression
function is considered. We present a new consistent estimator based on a plug-in ap-
proach and wavelet projections. Its performances are explored under various depen-
dence structures on the observations: the independent case, the ρ-mixing case and the
α-mixing case. More precisely, denoting n the number of observations, in the indepen-
dent case, we prove that it attains 1/n under the mean squared error, in the ρ-mixing
case, 1/

√
n under the mean absolute error, and in the α-mixing case, and

√
lnn/n

under the mean absolute error.

Key words and phrases: Nonparametric estimation of density-weighted average deriva-
tive, ’Plug-in’ approach, Wavelets, Consistency, ρ-mixing, α-mixing.

AMS 2000 Subject Classifications: 62G07, 62G20.

1 Introduction

We consider the following nonparametric regression model.

Yi = f(Xi) + ξi, i ∈ {1, . . . , n}, (1.1)

where the design variables (or input variables) X1, . . . , Xn are n identically distributed
random variables with common unknown density function g, the noise ξ1, . . . , ξn are n
identically distributed random variables with E(ξ1) = 0 and E(ξ4

1) < ∞, and f is an
unknown regression function. Moreover, it is understood that ξi is independent of Xi, for
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any i ∈ {1, . . . , n}. In this paper, we are interested in the pointwise estimation of the
density-weighted average derivative, which is defined as follows

δ = E
(
g(X1)f ′(X1)

)
=

∫
g2(x)f ′(x)dx. (1.2)

It is known that the estimation of δ is of interest in some econometric problems, especially
in the context of estimation of coefficients in index models (see e.g. Stoker (1986, 1989),
Powell et al. (1989) and Härdle and Stoker (1989)).

When (X1, Y1), . . . , (Xn, Yn) are i.i.d., the most frequently used nonparametric tech-
niques are based on kernel estimators. Three different approaches can be found in Härdle
and Stoker (1989), Powell et al. (1989) and Stoker (1991). Their consistency are established.
Recent theoretical and practical developments related to these estimators can be found in
e.g. Härdle et al. (1992), Türlach (1994), Powell and Stoker (1996), Banerjee (2007), Schaf-
gans and Zinde-Walsh (2010) and Cattaneo et al. (2010, 2011). A new estimator based on
orthogonal series methods has been introduced in Prakasa Rao (1995). More precisely, using
the same plug-in approach of Powell et al. (1989), δ̂ the estimator of the density-weighted
average derivative has the following form

δ̂ = − 2

n

n∑
i=1

Yiĝ
′
i(Xi), (1.3)

where ĝ′i denotes an orthogonal series estimator of g′ constructed from (X1, Y1), . . . , (Xn, Yn).
Moreover, the consistency of this estimator is proved.

In this study, we develop a new estimator based on a different plug-in approach to the
one in Powell et al. (1989) and a particular orthogonal series method: the wavelet series
method. The main advantage of this method is its adaptability to the varying degrees
of smoothness of the underlying unknown curves. For a complete discussion of wavelets
and their applications in statistics, we refer to Antoniadis (1997), Härdle et al. (1998) and
Vidakovic (1999).

When (X1, Y1), . . . , (Xn, Yn) are i.i.d., we prove that our estimator attains the paramet-
ric rate of convergence 1/n under the Mean Square Error (MSE). This rate is a bit better
to the one attains by the estimator in Prakasa Rao (1995). Moreover, the flexibility of our
approach enables us to consider possible dependent observations, thus opening new perspec-
tives of applications. This is illustrated by the considerations of the ρ-mixing dependence
introduced by Kolmogorov and Rozanov (1960) and the α-mixing dependence introduced
by Rosenblatt (1956). Adopting the Mean Absolute Error (MAE), we prove that our es-
timator attains the rate of convergence 1/

√
n in the ρ-mixing case, and

√
lnn/n in the

α-mixing case. All these results prove the consistency of our estimator and its robustness
in term of dependence on the observations. Mention that, to the best of our knowledge, the
estimation of δ in such a dependent setting has never been explored earlier.
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The remainder of the paper is set out as follows. Next, in Section 2, we discuss the
preliminaries of the wavelet orthogonal bases and we recall the definition of some mixing
conditions. Our wavelet estimator is described in Section 3. Assumptions on (1.1) are
described in Section 4. Section 5 presents our main theoretical results. Finally, the proofs
are postponed to Section 6.

2 Preliminaries and Definitions

2.1 Orthonormal bases of compactly supported wavelets

Fix a b > 0. Let the following set of functions

L2([−b, b]) =

{
h : [−b, b]→ R; ||h||22 =

∫ b

−b
(h(x))2dx

}
.

For the purposes of this paper, we use the compactly supported wavelet bases on [−b, b]
briefly described below.

Let N ≥ 2 be a fixed integer, and φ and ψ be the initial wavelet functions of the
Daubechies wavelets db2N (see e.g. Mallat (2009)). These functions have the features to
be compactly supported and CN−1.

Set
φj,k(x) = 2j/2φ(2jx− k), ψj,k(x) = 2j/2ψ(2jx− k).

Then there exists an integer τ and a set of consecutive integers Λj with a length proportional
to 2j such that the collection

B = {φτ,k, k ∈ Λτ ; ψj,k; j ∈ N− {0, . . . , τ − 1}, k ∈ Λj},

is an orthonormal basis of L2([−b, b]).
Hence, for any h ∈ L2([−b, b]) can be expanded on B as

h(x) =
∑
k∈Λτ

ατ,kφτ,k(x) +

∞∑
j=τ

∑
k∈Λj

βj,kψj,k(x), (2.1)

where

ατ,k =

∫ b

−b
h(x)φτ,k(x)dx, βj,k =

∫ b

−b
h(x)ψj,k(x)dx.

For more details, we refer to Meyer (1992), Cohen et al. (1993) and Mallat (2009).
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2.2 Mixing conditions

In this subsection, we will recall the definition of two standard kinds of dependence for
random sequences: the ρ-mixing dependence and the α-mixing dependence.
Suppose Z = (Zt)t∈Z is a strictly stationary random sequence defined on a probability space
(Ω,A,P). For j ∈ Z, define the σ-fields

FZ−∞,j = σ(Zk, k ≤ j), FZj,∞ = σ(Zk, k ≥ j).

Definition 2.1 (ρ-mixing dependence) For any m ∈ Z, we define the m-th maximal
correlation coefficient of (Zt)t∈Z by

ρm = sup
(U,V )∈L2(FZ−∞,0)×L2(FZm,∞)

|Cov(U, V )|√
V(U)V(V )

,

where Cov(., .) denotes the covariance function and L2(A) =
{
U ∈ A; E(U2) <∞

}
for

any A ∈ {FZ−∞,0,FZm,∞}.
We say that (Zt)t∈Z is ρ-mixing if and only if limm→∞ ρm = 0.

Full details on ρ-mixing can be found in e.g. Kolmogorov and Rozanov (1960), Doukhan
(1994), Shao (1995) and Zhengyan and Lu (1996).

Definition 2.2 (α-mixing dependence) For any m ∈ Z, we define the m-th strong mix-
ing coefficient of (Zt)t∈Z by

αm = sup
(A,B)∈FZ−∞,0×FZm,∞

|P(A ∩B)− P(A)P(B)| .

We say that (Zt)t∈Z is α-mixing if and only if limm→∞ αm = 0.

Full details on α-mixing can be found in e.g. Rosenblatt (1956), Doukhan (1994), Carrasco
and Chen (2002) and Fryzlewicz and Subba Rao (2011).

3 A new wavelet-based estimator for δ

Let τ be the integer mentioned in Section 2. Recall that, for any integer j, Λj denotes a set
of consecutive integers, with a length proportional to 2j .
Proposition 3.1 below provides another expression of the density-weighted average derivative
(1.2) in terms of wavelet coefficients.
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Proposition 3.1 Consider the regression model with random design (1.1). Suppose that
supp(X1) = [−b, b] for a known b > 0, fg ∈ L2([−b, b]), g′ ∈ L2([−b, b]) and g(−b) = g(b) =
0. Then the density-weighted average derivative (1.2) can be expressed as

δ = −2

∑
k∈Λτ

ατ,kcτ,k +

∞∑
j=τ

∑
k∈Λj

βj,kdj,k

 ,

where

ατ,k =

∫ b

−b
f(x)g(x)φτ,k(x)dx, cτ,k =

∫ b

−b
g′(x)φτ,k(x)dx, (3.1)

βj,k =

∫ b

−b
f(x)g(x)ψj,k(x)dx, dj,k =

∫ b

−b
g′(x)ψj,k(x)dx. (3.2)

We consider the following plug-in estimator for δ:

δ̂ = −2

∑
k∈Λτ

α̂τ,k ĉτ,k +

j0∑
j=τ

∑
k∈Λj

β̂j,kd̂j,k

 , (3.3)

where

α̂τ,k =
1

n

n∑
i=1

Yiφτ,k(Xi), ĉτ,k = − 1

n

n∑
i=1

(φτ,k)
′(Xi), (3.4)

β̂j,k =
1

n

n∑
i=1

Yiψj,k(Xi), d̂j,k = − 1

n

n∑
i=1

(ψj,k)
′(Xi) (3.5)

and j0 is an integer which will be chosen a posteriori.

Remark 3.1 The construction of our estimator (3.3) uses a plug-in approach derived to
Proposition 3.1. Note that it completely differs to the estimator (1.3) of Prakasa Rao (1995).

Remark 3.2 Mention that ĉτ,k (3.4) and d̂j,k (3.5) have been introduced by Prakasa Rao
(1996) in the derivative density estimation problem via wavelets. In the context of dependent
observations, see Chaubey et al. (2005) and Chaubey et al. (2006).

Proposition 3.2 Suppose that supp(X1) = [−b, b]. Then

• α̂τ,k (3.4) and β̂j,k (3.5) are unbiased estimators for ατ,k (3.1) and βj,k (3.2) respec-
tively.

• under g(−b) = g(b) = 0, ĉτ,k (3.4) and d̂j,k (3.5) are unbiased estimators for cτ,k (3.1)
and dj,k (3.2) respectively.
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4 Model assumptions

4.1 Assumptions on f and g

We formulate the following assumptions on f and g:

H1. The support of X1, denoted by supp(X1), is compact. In order to fix the notations,
we suppose that supp(X1) = [−b, b] for a known b > 0.

H2. There exists a known constant C1 > 0 such that

sup
x∈[−b,b]

f(x) ≤ C1.

H3. The function g satisfies g(−b) = g(b) = 0 and there exist two known constants C2 > 0
and C3 > 0 such that

sup
x∈[−b,b]

g(x) ≤ C2, sup
x∈[−b,b]

|g′(x)| ≤ C3.

The assumption H1 is realistic; as noted in Banerjee (2007), in many applications supp(X1)
is often bounded. The others assumptions are satisfied for a wide variety of functions.

4.2 Assumptions on the wavelet coefficients of fg and g′

Let s1 > 0, s2 > 0 and βj,k and dj,k be given by (3.2). We formulate the following
assumptions on βj,k and dj,k:

H4(s1). There exists a constant C4 > 0 such that

|βj,k| ≤ C42−j(s1+1/2).

H5(s2). There exists a constant C5 > 0 such that

|dj,k| ≤ C52−j(s2+1/2).

Remark 4.1 In terms of function sets, H4(s1) and H5(s2) are equivalent to fg ∈ Ls1(M1)
and g′ ∈ Ls2(M2) with M1 > 0 and M2 > 0 respectively, where

Ls(M) =
{
h; [0, 1]→ R; |h(bsc)(x)− h(bsc)(y)| ≤M |x− y|α, s = bsc+ α, α ∈ (0, 1]

}
,

M > 0, bsc is the integer part of s and h(bsc) the bsc-th derivatives of h. We refer to (Härdle
et al., 1998, Chapter 8).
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5 Main results

5.1 The independent case

In this subsection, we suppose that (X1, Y1), . . . , (Xn, Yn) are independent.

Proposition 5.1 Consider the nonparametric regression model, defined by (1.1). Assume
that H1, H2 and H3 hold. Let βj,k and dj,k be given by (3.2), and β̂j,k and d̂j,k be given
by (3.5) with j such that 2j ≤ n. Then

• there exists a constant C > 0 such that

E
(

(β̂j,k − βj,k)4
)
≤ C 1

n2
, (5.1)

• there exists a constant C > 0 such that

E
(

(d̂j,k − dj,k)4
)
≤ C 24j

n2
. (5.2)

These inequalities hold with (α̂τ,k, ĉτ,k) in (3.4) instead of (β̂j,k, d̂j,k), and (ατ,k, cτ,k) in (3.1)
instead of (βj,k, dj,k) for j = τ .

Proposition 5.2 Consider the nonparametric regression model, defined by (1.1).

• Suppose that H1, H2, H3, H4(s1) and H5(s2) hold. Let βj,k and dj,k be given by

(3.2), and β̂j,k and d̂j,k be given by (3.5) with j such that 2j ≤ n. Then there exists a
constant C > 0 such that

E
(

(β̂j,kd̂j,k − βj,kdj,k)2
)
≤ C

(
2−j(2s1−1)

n
+

2−j(2s2+1)

n
+

22j

n2

)
.

• Suppose that H1, H2 and H3 hold. Let ατ,k and cτ,k be given by (3.1), and α̂τ,k and
ĉτ,k be given by (3.4). Then there exists a constant C > 0 such that

E
(
(α̂τ,k ĉτ,k − ατ,kcτ,k)2

)
≤ C 1

n
.

The following theorem establishes the upper bound of the MSE of our estimator.

Theorem 5.1 Assume that H1, H2, H3, H4(s1) with s1 > 3/2 and H5(s2) with s2 > 1/2
hold. Let δ be given by (1.2) and δ̂ be given by (3.3) with j0 such that n1/4 < 2j0+1 ≤ 2n1/4.
Then there exists a constant C > 0 such that

E
(

(δ̂ − δ)2
)
≤ C 1

n
.
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Remark 5.1 Theorem 5.1 shows that, under some assumptions, our estimator (3.3) has
a better MSE than the one in Prakasa Rao (1995), i.e. q2(n)/n, where q(n) satifies
limn→∞ q(n) = ∞ (q(n) is the tuning parameter of the considered projection orthogonal
series estimator).

The rest of the study is devoted to the estimation of δ in the ρ-mixing case and the
α-mixing case. For details and applications of dependent nonparametric regression model
(1.1), see White and Domowitz (1984) and the references there in. For technical convenience,
the performance of (3.3) is explored via the MAE (not the MSE).

5.2 The ρ-mixing case

Now, we assume that (X1, Y1), . . . , (Xn, Yn) coming from a ρ-mixing strictly stationary
process (Xt, Yt)t∈Z process (for details see Definition 2.1).

Proposition 5.3 Consider the nonparametric regression model, defined by (1.1). Suppose
that H1, H2, H3 and (5.5) hold. Let βj,k and dj,k be given by (3.2), and β̂j,k and d̂j,k be
given by (3.5). Then

• there exists a constant C > 0 such that

E
(

(β̂j,k − βj,k)2
)
≤ C 1

n
, (5.3)

• there exists a constant C > 0 such that

E
(

(d̂j,k − dj,k)2
)
≤ C 22j

n
. (5.4)

These inequalities hold with (α̂τ,k, ĉτ,k) in (3.4) instead of (β̂j,k, d̂j,k), and (ατ,k, cτ,k) in (3.1)
instead of (βj,k, dj,k) for j = τ .

Proposition 5.4 Consider the nonparametric regression model, defined by (1.1).

• Suppose that H1, H2, H3, H4(s1), H5(s2) and (5.5) hold, Let βj,k and dj,k be given

by (3.2), and β̂j,k and d̂j,k be given by (3.5). Then there exists a constant C > 0 such
that

E
(
|β̂j,kd̂j,k − βj,kdj,k|

)
≤ C

(
2−j(s1−1/2)

√
n

+
2−j(s2+1/2)

√
n

+
2j

n

)
.
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• Suppose that H1, H2, H3 and (5.5) hold. Let ατ,k and cτ,k be given by (3.1), and
α̂τ,k and ĉτ,k be given by (3.4). Then there exists a constant C > 0 such that

E (|α̂τ,kĉτ,k − ατ,kcτ,k|) ≤ C
1√
n
.

Theorem 5.2 determines the upper bound of the MAE of our estimator in the ρ-mixing case.

Theorem 5.2 (The ρ-mixing case) Consider the nonparametric regression model, de-
fined by (1.1). Suppose that

• there exists a constant C∗ > 0 such that

∞∑
m=1

ρm ≤ C∗, (5.5)

• H1, H2, H3, H4(s1) with s1 > 3/2 and H5(s2) with s2 > 1/2 hold.

Let δ be given by (1.2) and δ̂ be given by (3.3) with j0 such that n1/4 < 2j0+1 ≤ 2n1/4. Then
there exists a constant C > 0 such that

E
(
|δ̂ − δ|

)
≤ C 1√

n
.

5.3 The α-mixing case

Here, we assume that (X1, Y1), . . . , (Xn, Yn) coming from a α-mixing strictly stationary
process (Xt, Yt)t∈Z process (for details see Definition 2.2).

Proposition 5.5 Consider the nonparametric regression model, defined by (1.1). Suppose
that H1, H2, H3, (5.8) and (5.9) hold. Let βj,k and dj,k be given by (3.2), and β̂j,k and

d̂j,k be given by (3.5) with j such that 2j ≤ n. Then

• there exists a constant C > 0 such that

E
(

(β̂j,k − βj,k)2
)
≤ C lnn

n
, (5.6)

• there exists a constant C > 0 such that

E
(

(d̂j,k − dj,k)2
)
≤ C 22j lnn

n
. (5.7)

These inequalities hold with (α̂τ,k, ĉτ,k) in (3.4) instead of (β̂j,k, d̂j,k), and (ατ,k, cτ,k) in (3.1)
instead of (βj,k, dj,k) for j = τ .
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Proposition 5.6 Consider the nonparametric regression model, defined by (1.1).

• Suppose that H1, H2, H3, H4(s1), H5(s2), (5.8) and (5.9) hold. Let βj,k and dj,k
be given by (3.2), and β̂j,k and d̂j,k be given by (3.5) with j satisfying 2j ≤ n. Then
there exists a constant C > 0 such that

E
(
|β̂j,kd̂j,k − βj,kdj,k|

)
≤ C

(
2−j(s1−1/2)

√
lnn

n
+ 2−j(s2+1/2)

√
lnn

n
+ 2j

lnn

n

)
.

• Suppose that H1, H2, H3, (5.8) and (5.9) hold. Let ατ,k and cτ,k be given by (3.1),
and α̂τ,k and ĉτ,k be given by (3.4). Then there exists a constant C > 0 such that

E (|α̂τ,k ĉτ,k − ατ,kcτ,k|) ≤ C
√

lnn

n
.

Theorem 5.3 investigates the upper bound of the MAE of our estimator in the α-mixing
case.

Theorem 5.3 (The α-mixing case) Consider the nonparametric regression model, de-
fined by (1.1). Suppose that

• there exists a constant C∗ such that

|Y1| ≤ C∗, (5.8)

• there exist two constant a > 0 and b > 0 such that the strong mixing coefficient
satisfies

αm ≤ ab−m, (5.9)

• H1, H2, H3, H4(s1) with s1 > 3/2 and H5(s2) with s2 > 1/2 hold.

Let δ be given by (1.2) and δ̂ be given by (3.3) with j0 such that (n/ lnn)1/4 < 2j0+1 ≤
2(n/ lnn)1/4. Then there exists a constant C > 0 such that

E
(
|δ̂ − δ|

)
≤ C

√
lnn

n
.

Conclusion

In this paper we introduce a new density-weighted average derivative estimator using wavelet
methods. We evaluate its theoretical performances under various dependence assumptions
on the observations. In particular, Theorems 5.1, 5.2 and 5.3 imply the consistency of
our estimator (3.3), i.e. limn→∞ δ̂

p
= δ, for the considered dependence structures. This

illustrates the flexibility of our approach. Our results could be useful to econometricians
and statisticians working with density-weighted average derivative estimation, as a simple
theory using dependent observations has been absent in this literature until now.
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6 Proofs

6.1 On the construction of δ̂

Proof of Proposition 3.1

Using supp(X1) = [−b, b], g(−b) = g(b) = 0 and an integration by part, we obtain

δ =
[
g2(x)f(x)

]b
−b − 2

∫ b

−b
f(x)g(x)g′(x)dx = −2

∫ b

−b
f(x)g(x)g′(x)dx. (6.1)

Since fg ∈ L2([−b, b]) and g′ ∈ L2([−b, b]), we can expand these two functions on B as (2.1):

f(x)g(x) =
∑
k∈Λτ

ατ,kφτ,k(x) +

∞∑
j=τ

∑
k∈Λj

βj,kψj,k(x),

where ατ,k and βj,k are (3.1), and

g′(x) =
∑
k∈Λτ

cτ,kφτ,k(x) +
∞∑
j=τ

∑
k∈Λj

dj,kψj,k(x),

where cτ,k and dj,k are (3.2). Observing that the integral term in (6.1) is the scalar product
of fg and g′, the orthonormality of B on L2([−b, b]) yields

δ = −2

∫ b

−b
f(x)g(x)g′(x)dx = −2

∑
k∈Λτ

ατ,kcτ,k +

∞∑
j=τ

∑
k∈Λj

βj,kdj,k

 .

Proposition 3.1 is proved. �

Proof of Proposition 3.2

• Since (Y1, X1), . . . , (Yn, Xn) are identically distributed, ξi and Xi are independent for
any i ∈ {1, . . . , n}, and E(ξ1) = 0, we have

E(β̂j,k) = E(Y1ψj,k(X1)) = E(f(X1)ψj,k(X1)) =

∫ b

−b
f(x)g(x)ψj,k(x)dx = βj,k.

Similarly, we prove that E(α̂τ,k) = ατ,k.
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• Using the identical distribution of X1, . . . , Xn, E(ξ1) = 0, an integration by parts and
g(b) = g(−b) = 0, we obtain

E(d̂j,k) = −E((ψj,k)
′(X1)) = −

∫ b

−b
g(x)(ψj,k)

′(x)dx

= −
(

[g(x)ψj,k(x)]b−b −
∫ b

−b
g′(x)ψj,k(x)dx

)
=

∫ b

−b
g′(x)ψj,k(x)dx = dj,k.

Similarly, we prove that E(ĉτ,k) = cτ,k.

This ends the proof of Proposition 3.2. �

6.2 Proof of the main results

6.2.1 The independent case

In the sequel, we assume that (X1, Y1), · · · , (Xn, Yn) are independent. To bound the fouth
cental moment of the estimators, defined by (3.4) and (3.5), we use the following version of
the Rosenthal inequality. The proof can be found in Rosenthal (1970).

Lemma 6.1 Let n be a positive integer, p ≥ 2 and U1, . . . , Un be n zero mean independent
random variables such that supi∈{1,...,n} E(|Ui|p) < ∞. Then there exists a constant C > 0
such that

E

(∣∣∣∣∣
n∑
i=1

Ui

∣∣∣∣∣
p)
≤ C

 n∑
i=1

E (|Ui|p) +

(
n∑
i=1

E
(
U2
i

))p/2 .

Proof of Proposition 5.1

• Observe that

E
(

(β̂j,k − βj,k)4
)

=
1

n4
E

( n∑
i=1

(Yiψj,k(Xi)− βj,k)

)4
 .

Set
Ui = Yiψj,k(Xi)− βj,k, i ∈ {1, . . . , n}.

Since (X1, Y1), . . . , (Xn, Yn) are i.i.d., we get that U1, . . . , Un are also i.i.d.. Moreover,
from Proposition 3.2, we have E(U1) = 0. Thus, Lemma (with p = 4) 6.1 yields

E
(

(β̂j,k − βj,k)4
)
≤ C 1

n4

(
nE(U4

1 ) + n2(E(U2
1 ))2

)
.

12



Using H1, H2, the Hölder inequality, H3, the independence between ξ1 and X1,
E(ξ4

1) < ∞, applying the change of variables y = 2jx − k, and using the fact that ψ
is compactly supported, we have for any u ∈ {2, 4},

E(Uu1 ) ≤ CE((Y1ψj,k(X1))u) ≤ C(Cu1 + E(ξu1 ))E((ψj,k(X1))u)

= C

∫ b

−b
(ψj,k(x))ug(x)dx ≤ C

∫ b

−b
(ψj,k(x))udx

= C2j(u−2)/2

∫ b

−b
(ψ(x))udx ≤ C2j(u−2)/2. (6.2)

Therefore, since 2j ≤ n, we obtain

E
(

(β̂j,k − βj,k)4
)
≤ C

(
1

n3
2j +

1

n2

)
≤ C 1

n2
.

• We have that

E
(

(d̂j,k − dj,k)4
)

=
1

n4
E

( n∑
i=1

((ψj,k)
′(Xi)− dj,k)

)4
 .

Now, set
Ui = (ψj,k)

′(Xi)− dj,k, i ∈ {1, . . . , n}.
Since X1, . . . , Xn are i.i.d., it is clear that U1, . . . , Un are also i.i.d.. Moreover, by
Propostion 3.2, we have E(U1) = 0. Hence, Lemma 6.1 (with p = 4) yields

E
(

(d̂j,k − dj,k)4
)
≤ C 1

n4

(
nE(U4

1 ) + n2(E(U2
1 ))2

)
.

Using H2, the Hölder inequality, H3, (ψj,k)
′(x) = 23j/2ψ′(2jx − k), applying the

change of variables y = 2jx−k, and using the fact that ψ is compactly supported and
CN−1, where N ≥ 2, we have for any u ∈ {2, 4},

E(Uu1 ) ≤ CE(((ψj,k)
′(X1))u) = C

∫ b

−b
((ψj,k)

′(x))ug(x)dx ≤ C
∫ b

−b
((ψj,k)

′(x))udx

= C2j(3u−2)/2

∫ b

−b
(ψ′(x))udx ≤ C2j(3u−2)/2. (6.3)

Putting these inequalities together and using 2j ≤ n, we obtain

E
(

(d̂j,k − dj,k)4
)
≤ C

(
25j

n3
+

24j

n2

)
≤ C 24j

n2
.

Proposition 5.1 is proved. �
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Proof of Proposition 5.2

• We have the following decomposition

β̂j,kd̂j,k − βj,kdj,k = βj,k(d̂j,k − dj,k) + dj,k(β̂j,k − βj,k) + (β̂j,k − βj,k)(d̂j,k − dj,k).

Therefore

E
(

(β̂j,kd̂j,k − βj,kdj,k)2
)
≤ 3(T1 + T2 + T3)

where
T1 = β2

j,kE
(

(d̂j,k − dj,k)2
)
, T2 = d2

j,kE
(

(β̂j,k − βj,k)2
)

and
T3 = E

(
(β̂j,k − βj,k)2(d̂j,k − dj,k)2

)
.

Upper bound for T1. It follows from the Cauchy-Schwarz inequality, the second point
in Proposition 5.1 and H4(s1) that

T1 ≤ C2
42−2j(s1+1/2)

√
E
(

(d̂j,k − dj,k)4
)
≤ C2−2j(s1+1/2) 22j

n
= C

2−j(2s1−1)

n
.

Upper bound for T2. By the Cauchy-Schwarz inequality, the first point in Proposition
5.1 and H5(s2), we obtain

T2 ≤ C2
52−2j(s2+1/2)

√
E
(

(β̂j,k − βj,k)4
)
≤ C 2−j(2s2+1)

n
.

Upper bound for T3. The Cauchy-Schwarz inequality and Proposition 5.1 yield

T3 ≤
√

(E
(

(β̂j,k − βj,k)4
)
E
(

(d̂j,k − dj,k)4
)
≤ C

√
1

n2

24j

n2
= C

22j

n2
.

Combining the inequalities above, we obtain

E
(

(β̂j,kd̂j,k − βj,kdj,k)2
)
≤ C

(
2−j(2s1−1)

n
+

2−j(2s2+1)

n
+

22j

n2

)
.

• The proof of the second point is identical to the first one but with the bounds |ατ,k| ≤
C and |cτ,k| ≤ C thanks to H2 and H3.

This ends the proof of Proposition 5.2. �

The following Lemma will be very usefull for the proof of Theorem 5.1.
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Lemma 6.2 Let n be a positive integer and U1, . . . , Un be n zero mean independent random
variables such that supi∈{1,...,n} E(U2

i ) <∞. Then

E

( n∑
i=1

Ui

)2
 ≤ ( n∑

i=1

√
E(U2

i )

)2

.

Proof of Theorem 5.1

It follows from Proposition 3.1 that

δ̂ − δ = −2
∑
k∈Λτ

(α̂τ,k ĉτ,k − ατ,kcτ,k)− 2

j0∑
j=τ

∑
k∈Λj

(β̂j,kd̂j,k − βj,kdj,k)

+ 2

∞∑
j=j0+1

∑
k∈Λj

βj,kdj,k.

Therefore

E
(

(δ̂ − δ)2
)
≤ 12(W1 +W2 +W3), (6.4)

where

W1 = E

∑
k∈Λτ

(α̂τ,k ĉτ,k − ατ,kcτ,k)

2 , W2 = E

 j0∑
j=τ

∑
k∈Λj

(β̂j,kd̂j,k − βj,kdj,k)

2 ,

and

W3 =

 ∞∑
j=j0+1

∑
k∈Λj

βj,kdj,k

2

.

Now, to bound W1 and W2, we use Lemma 6.2, see above.
Upper bound for W1. Using Lemma 6.2, the second point of Proposition 5.2 and Card(Λτ ) ≤
C, we obtain

W1 ≤

∑
k∈Λτ

√
E ((α̂τ,k ĉτ,k − ατ,kcτ,k)2)

2

≤ C 1

n
. (6.5)

Upper bound for W2. It follows from Lemma 6.2, the first point of Proposition 5.2,
Card(Λj) ≤ C2j , the elementary inequality:

√
a+ b+ c ≤

√
a +
√
b +
√
c, s1 > 3/2,

15



s2 > 1/2 and 2j0 ≤ n1/4 that

W2 ≤

 j0∑
j=τ

∑
k∈Λj

√
E
(

(β̂j,kd̂j,k − βj,kdj,k)2
)2

≤ C

 j0∑
j=τ

2j

√
2−j(2s1−1)

n
+

2−j(2s2+1)

n
+

22j

n2

2

≤ C

 j0∑
j=τ

(
2−j(s1−3/2)

√
n

+
2−j(s2−1/2)

√
n

+
22j

n

)2

≤ C

 1√
n

j0∑
j=τ

2−j(s1−3/2) +
1√
n

j0∑
j=τ

2−j(s2−1/2) +
1

n

j0∑
j=τ

22j

2

≤ C

(
1√
n

+
1√
n

+
22j0

n

)2

≤ C 1

n
. (6.6)

Upper bound for W3. By H4(s1) with s1 > 3/2, H5(s2) with s2 > 1/2 and 2j0+1 > n1/4,
we have

W3 ≤

 ∞∑
j=j0+1

∑
k∈Λj

|βj,k||dj,k|

2

≤ C

 ∞∑
j=j0+1

2j2−j(s1+1/2)2−j(s2+1/2)

2

≤ C2−2j0(s1+s2)

≤ C2−4j0 ≤ C 1

n
. (6.7)

Putting (6.4), (6.5), (6.6) and (6.7) together, we obtain

E
(

(δ̂ − δ)2
)
≤ C 1

n
.

This ends the proof of Theorem 5.1. �

6.2.2 The ρ-mixing case

In the sequel, we assume that (X1, Y1), . . . , (Xn, Yn) coming from a ρ-mixing strictly sta-
tionary process (Xt, Yt)t∈Z process (see Definition 2.1).

Proof of Proposition 5.3

• From Proposition 3.2, we have E(β̂j,k) = βj,k. It follows that

E
(

(β̂j,k − βj,k)2
)

=
1

n2
V

(
n∑
i=1

Yiψj,k(Xi)

)
= S1 + S2,
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where

S1 =
1

n
V(Y1ψj,k(X1)), S2 =

2

n2

n∑
v=2

v−1∑
`=1

Cov (Yvψj,k(Xv), Y`ψj,k(X`)) .

Upper bound for S1. It follows from (6.2) with u = 2 that

S1 ≤
1

n
E
(
(Y1ψj,k(X1))2

)
≤ C 1

n
.

Upper bound for S2. The stationarity of (Xt, Yt)t∈Z implies that

S2 =
1

n2

n−1∑
m=1

(n−m)Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1))

≤ 1

n

n−1∑
m=1

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) |.

A standard covariance inequality for ρ-mixing gives

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) | ≤ E((Y1ψj,k(X1))2)ρm

(see, for instance, (Zhengyan and Lu, 1996, Lemma 1.2.7.)).

Equation (6.2) with u = 2 yields

E((Y1ψj,k(X1))2) ≤ C.

Therefore, using (5.5),

S2 ≤ C
1

n

n−1∑
m=1

ρm ≤ C
1

n

∞∑
m=1

ρm ≤ C
1

n
.

Combining the inequalities above, we obtain

E
(

(β̂j,k − βj,k)2
)
≤ C 1

n
.

• Proceeding as for the first point but with (ψj,k)
′(Xi) instead of Yiψj,k(Xi) and (6.3)

instead of (6.2).

Proposition 5.3 is proved. �
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Proof of Proposition 5.4

• We have the following decomposition

β̂j,kd̂j,k − βj,kdj,k = βj,k(d̂j,k − dj,k) + dj,k(β̂j,k − βj,k) + (β̂j,k − βj,k)(d̂j,k − dj,k).

Therefore

E
(
|β̂j,kd̂j,k − βj,kdj,k|

)
≤ T1 + T2 + T3

where
T1 = |βj,k|E

(
|d̂j,k − dj,k|

)
, T2 = |dj,k|E

(
|β̂j,k − βj,k|

)
and

T3 = E
(
|(β̂j,k − βj,k)(d̂j,k − dj,k)|

)
.

Upper bound for T1. Using the Cauchy-Schwarz inequality, the second point in Propo-
sition 5.3 and H4(s1), we obtain

T1 ≤ C42−j(s1+1/2)

√
E
(

(d̂j,k − dj,k)2
)
≤ C2−j(s1+1/2) 2j√

n
= C

2−j(s1−1/2)

√
n

.

Upper bound for T2. By the Cauchy-Schwarz inequality, the first point in Proposition
5.3 and H5(s2), we obtain

T2 ≤ C52−j(s2+1/2)

√
E
(

(β̂j,k − βj,k)2
)
≤ C 2−j(s2+1/2)

√
n

.

Upper bound for T3. The Cauchy-Schwarz inequality and Proposition 5.3 yield

T3 ≤
√

(E
(

(β̂j,k − βj,k)2
)
E
(

(d̂j,k − dj,k)2
)
≤ C

√
1

n

22j

n
= C

2j

n
.

The above inequalities imply that

E
(
|β̂j,kd̂j,k − βj,kdj,k|

)
≤ C

(
2−j(s1−1/2)

√
n

+
2−j(s2+1/2)

√
n

+
2j

n

)
.

• The proof of the second point is identical to the first one but with the bounds |ατ,k| ≤
C and |cτ,k| ≤ C thanks to H2 and H3.

This ends the proof of Proposition 5.4. �
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Proof of Theorem 5.2

Using Proposition 3.1, we have

δ̂ − δ = −2
∑
k∈Λτ

(α̂τ,kĉτ,k − ατ,kcτ,k)− 2

j0∑
j=τ

∑
k∈Λj

(β̂j,kd̂j,k − βj,kdj,k)

+ 2
∞∑

j=j0+1

∑
k∈Λj

βj,kdj,k.

Therefore

E
(
|δ̂ − δ|

)
≤W1 +W2 +W3, (6.8)

where

W1 =
∑
k∈Λτ

E (|α̂τ,k ĉτ,k − ατ,kcτ,k|) , W2 =

j0∑
j=τ

∑
k∈Λj

E
(
|β̂j,kd̂j,k − βj,kdj,k|

)
,

and

W3 =
∞∑

j=j0+1

∑
k∈Λj

|βj,k||dj,k|.

Upper bound for W1. The second point of Proposition 5.4 and Card(Λτ ) ≤ C give

W1 ≤ C
1√
n
. (6.9)

Upper bound for W2. It follows from the first point of Proposition 5.4, Card(Λj) ≤ C2j ,
s1 > 3/2, s2 > 1/2 and 2j0 ≤ n1/4 that

W2 ≤ C

j0∑
j=τ

2j

(
2−j(s1−1/2)

√
n

+
2−j(s2+1/2)

√
n

+
2j

n

)

≤ C

 1√
n

j0∑
j=τ

2−j(s1−3/2) +
1√
n

j0∑
j=τ

2−j(s2−1/2) +
1

n

j0∑
j=τ

22j


≤ C

(
1√
n

+
1√
n

+
22j0

n

)
≤ C 1√

n
. (6.10)

Upper bound for W3. By H4(s1) with s1 > 3/2, H5(s2) with s2 > 1/2 and 2j0+1 > n1/4,
we have

W3 ≤ C
∞∑

j=j0+1

2j2−j(s1+1/2)2−j(s2+1/2) ≤ C2−j0(s1+s2) ≤ C2−2j0 ≤ C 1√
n
. (6.11)
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Putting (6.8), (6.9), (6.10) and (6.11) together, we obtain

E
(
|δ̂ − δ|

)
≤ C 1√

n
.

This ends the proof of Theorem 5.2. �

6.2.3 The α-mixing case

Recall that, here, we assume that (X1, Y1), . . . , (Xn, Yn) coming from a α-mixing strictly
stationary process (Xt, Yt)t∈Z process (see Definition 2.2).

Proof of Proposition 5.5

• Proposition 3.2 yields E(β̂j,k) = βj,k. Therefore,

E
(

(β̂j,k − βj,k)2
)

=
1

n2
V

(
n∑
i=1

Yiψj,k(Xi)

)
= S1 + S2,

where

S1 =
1

n
V(Y1ψj,k(X1)), S2 =

2

n2

n∑
v=2

v−1∑
`=1

Cov (Yvψj,k(Xv), Y`ψj,k(X`)) .

Upper bound for S1. It follows from (6.2) with u = 2 that

S1 ≤
1

n
E
(
(Y1ψj,k(X1))2

)
≤ C 1

n
.

Upper bound for S2. The stationarity of (Xt, Yt)t∈Z implies that

S2 =
1

n2

n−1∑
m=1

(n−m)Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1))

≤ 1

n

n−1∑
m=1

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) |.

Let [c lnn] be the integer part of c lnn where c = 1/ ln b. We have

n−1∑
m=1

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) | =

[c lnn]∑
m=1

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) |+
n−1∑

m=[c lnn]+1

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) |.
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On the one hand, the Cauchy-Schwarz inequality and (6.2) with u = 2 yield

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) | ≤ E((Y1ψj,k(X1))2) ≤ C.

Hence
[c lnn]∑
m=1

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) ≤ C lnn.

On the other hand, a standard covariance inequality for α-mixing gives, for any γ ∈
(0, 1),

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) | ≤ 10αγm

(
E
(
|Y1ψj,k(X1)|2/(1−γ)

))1−γ
.

(See, for instance, Davydov (1970)).

Taking γ = 1/2 and using (5.8), (5.9), again (6.2) with u = 2 and 2j ≤ n, we obtain

n−1∑
m=[c lnn]+1

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) |

≤ C( sup
x∈[−b,b]

|ψj,k(x)|)
√

E
(

(Y1ψj,k(X1))2
) n−1∑
m=[c lnn]+1

√
αm

≤ C2j/2
∞∑

m=[c lnn]+1

b−m/2 ≤ C
√
nb−c lnn/2 ≤ C.

Hence
n−1∑

m=[c lnn]+1

|Cov (Ym+1ψj,k(Xm+1), Y1ψj,k(X1)) | ≤ C.

Then

S2 ≤ C
lnn

n
.

Combining the inequalities above, we obtain

E
(

(β̂j,k − βj,k)2
)
≤ C lnn

n
.

• The proof is similar to the first point. It is enough to replace Yiψj,k(Xi) by (ψj,k)
′(Xi),
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apply (6.3) instead of (6.2) and observe that

n−1∑
m=[c lnn]+1

|Cov
(
(ψj,k)

′(Xm+1), (ψj,k)
′(X1)

)
|

≤ C(sup
x∈R

∣∣(ψj,k)′(x)
∣∣)√E

(
((ψj,k)′(X1))2

) n−1∑
m=[c lnn]+1

√
αm

≤ C23j/22j
∞∑

m=[c lnn]+1

b−m/2 ≤ C22j√nb−c lnn/2 ≤ C22j .

Proposition 5.5 is proved. �

Proof of Proposition 5.6

The proof of Proposition 5.6 is identical to the one of Proposition 5.4. It is enough to use
Proposition 5.5 instead of Proposition 5.3 and to replace 1/n by lnn/n. �

Proof of Theorem 5.3

The proof of Theorem 5.3 is identical to the one of Theorem 5.2. It suffices to use Proposition
5.6 instead of Proposition 5.4 and to replace 1/n by lnn/n. �
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