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We contrast the extensional and shear dynamics of non-Brownian suspensions as a function of particle

concentration. We show that the thinning rate selected during the viscoelastic pinch-off of a liquid bridge

is related to the shear rate at which normal stresses become positive, which differs from the shear rate at

the onset of shear thickening. By tracking particles, we demonstrate that the extensional flow is

heterogeneous, with local variations of the volume fraction consistent with self-dilution. This nonuniform

structure is the cause of the buckling of the threads formed after breakup.
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One measure of the resistance of a fluid to flow is
viscosity. This property is usually measured in shear or
extension. In shear, two plates separated by a gap w move
parallel to each other at speed V, which results in a shear
rate _� ¼ V=w, while in extension, two plates separated
by a gap L are pulled apart at an extension rate _� ¼
L�1dL=dt. The former provides the shear viscosity �s

while the latter yields the extensional viscosity �e. For
common Newtonian fluids, �s and �e are independent of
strain rate and are related by�e ¼ 3�s. The picture is more
complex for non-Newtonian fluids. For polymer solutions,
�s can decrease with increasing _�, whereas �e increases
with increasing _� [1]. Another example is provided by
concentrated particle suspensions for which both �s and
�e increase dramatically when the strain rate exceeds a
critical value _�c in shear (shear thickening) [2,3] and _�c in
extension (strain hardening) [4–6]. This viscosity increase
is widely studied as it can impair the industrial processing
of suspensions [2,3].

Shear thickening is well understood for both Brownian
[7–9] and non-Brownian suspensions [10–13]. The obser-
vation of shear thickening depends on the magnitude of the
yield stress �c, which in turn depends on the interactions
between the particles and the volume fraction � [11,12].
The onset of shear thickening is associated with the growth
of particle clusters for Brownian suspensions [9] and with
particle migration towards regions of lower shear rates for
non-Brownian suspensions [10,13]. Shear thickening is
often accompanied by an increase in normal stresses
[2,10]. The suspensions jam eventually. The magnitude
of _�c decreases when the suspensions are more and more
confined [10]. Therefore, understanding the shear response
of suspensions requires accounting for flow-induced het-
erogeneities in the particle volume fraction and the degree
of confinement of the particles.

During extensional flow, concentrated suspensions form
a cylindrical bridge, which thins exponentially with time

[4–6]. At the highest achievable extension rates, the bridge
can fracture [4,6], which supports the occurrence of jam-
ming. The extensional response is believed to rely on the
same microscopic mechanism as that in shear, but direct
evidence is missing.
In this Letter, we clarify the relation between shear flow

and extensional flow of suspensions by studying the pinch-
off of non-Brownian suspensions. We characterize the
thinning dynamics of a liquid bridge and measure as a
function of time t the extension rate _�ðtÞ and the strain
�ðtÞ. For the most concentrated suspensions, we show that
the relaxation rate, extracted from the thinning dynamics,
compares well with the shear rate _�N at which a positive
normal stress difference is measured. Close to breakup, we
observe fluctuations on the interface of the bridge. Using
high-speed microscopy, we track the particles and demon-
strate that these fluctuations are related to heterogeneities
in the flow. Certain regions of the bridge become jammed
while particles experience a significant flow in other re-
gions. We provide evidence that this response is a conse-
quence of a nonuniform particle volume fraction along the
axis of the bridge, which we interpret as the result of self-
dilution [14]. The heterogeneous structure allows us to
explain why the threads observed after breakup buckle
while they retract.
We performed experiments with aqueous suspensions of

corn starch (Sigma Aldrich). We added cesium chloride
(CsCl, ½CsCl� ¼ 55 wt%) to match the density of the
particles, � ’ 1590 kgm�3 [15]. The particles are irregu-
lar in shape and have an average diameter dp ¼ 14 �m.

The particle concentration was varied in the range
23 wt% � ½CS� � 39 wt%; suspensions with higher con-
centrations flowed nonsteadily. Because of density match-
ing, [CS] is also a measure of the particle volume fraction
�. The shear viscosity �s of the suspensions was measured
using a plate-plate geometry (diameter d ¼ 50 mm, vari-
able gap width w) on a rheometer (MCR 301, Anton Paar)
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at temperature T ¼ 25� 0:1 �C with attention paid
to avoid surplus effects [10]. The suspensions are
Newtonian for ½CS�< 27 wt% and non-Newtonian for
½CS� � 27 wt%, with a shear-thinning regime at low
shear rates followed by continuous shear thickening

[Fig. 1(a)]. These suspensions have an estimated yield
stress �c � 0:5 Pa [see Fig. (a) in Supplemental Material
[16]]. Using the pendant drop method, we measured
the surface tension for each of the suspensions � ¼
ð73:9� 1:3Þ � 10�3 Nm�1, which is equal to the surface
tension of the CsCl solution and higher than the surface
tension of ultrapure water measured with the same setup,
�w ¼ ð69:4� 1:4Þ � 10�3 Nm�1, because of the added
salt. The particles did not have any detectable surface
effect.
A syringe pump supplied the suspensions at the

needle tip (inner radius rin ¼ 1:9 mm) at a flow rate Q ¼
0:1 mLmin�1. Close to the tip, we estimate the Reynolds
number Rein ¼ �Q=ð�rin�sÞ< 5� 10�2, the capillary
number Cain ¼ �sQ=ð�r2in�Þ< 10�3, and the Bond num-

ber Boin ¼ �gr2in=� ¼ Oð1Þ, with g the gravitational ac-

celeration. These estimates indicate that the suspensions
detach only because of gravity. The capillary stress �tip ¼
�=rin ’ 39 Pa � �c stabilizes the drop forming at the tip
of the needle. We waited 10 min after the suspensions had
reached the needle tip to ensure steady flow and reproduc-
ibility. A high-speed camera (Phantom v7.3, Vision
Research) either with a 105-mm macrolens and a bellows
or mounted on a microscope recorded pinch-off events at
frame rates between 5000 and 50 000 frames per second.
Pinch-off is characterized by measuring the decrease

with time of the minimal diameter 2hmin of the liquid
bridge [17]. For Newtonian fluids, the capillary-driven
dynamics are the result of an interplay between viscous
and inertial stresses. The magnitude of the Reynolds num-
ber Re ¼ �vtðtÞhminðtÞ=�s, with vt / �=�s the radial thin-
ning speed, indicates the dominant terms in the stress
balance. As Re depends on hmin, the dynamics change
during pinch-off [17]. Here, Re depends on the particle
concentration [CS], which influences �s.
For ½CS�< 29 wt%, we expect Re � 1, and the mea-

sured thinning dynamics are in good agreement with

the prediction hmin ’ 0:7ð�=�Þ1=3ðt0 � tÞ2=3 for inviscid
pinch-off [17], with t0 the time at breakup [Fig. 1(b)].
Also, the rear part of the interface folds inward just before
breakup [image 1 in Fig. 1(c)], which is a feature of
inviscid pinch-off known as overturning [17].
For 29 wt% � ½CS� � 33 wt%, the observed thinning

dynamics are linear in time [Fig. 1(b); e.g., image 2 in
Fig. 1(c)], which is surprising as the suspensions in this
range of concentrations display a non-Newtonian rheolog-
ical response. The order of magnitude of the viscosity leads
to Re ¼ Oð1Þ. Using the theoretical prediction hmin ¼
0:0304ð�=�sÞðt0 � tÞ [17] and the measured thinning
rate, we deduce an apparent shear viscosity �s ’
50 mPa s for the 30 wt% suspension, which agrees well
with the value measured with the rheometer for shear rates
10 s�1 � _� � 1000 s�1.
For ½CS�> 33 wt%, the thinning dynamics slow down

when hmin � hmin;c, with hmin;c increasing from 0.9 to

[CS]  = 26 wt%

(c)

(b)

1 2 3a 3b

(a)

30 wt% 39 wt%

FIG. 1 (color online). (a) Shear rheology of the suspensions,
measured with a gap width w ¼ 1 mm. The viscosity of a 10-cSt
silicone oil is shown as a calibration for the measurements of low
viscosities. (b) Thinning dynamics 2hmin versus (t0 � t) for three
different suspensions, where t0 is the pinch-off time. For clarity,
time is shifted by 4 ms for ½CS� ¼ 30 wt% and by 5 ms
for ½CS� ¼ 34 wt%. Continuous lines: fits to the experimental
data; hmin / ðt0 � tÞ2=3 for ½CS� ¼ 26 wt%, hmin / ðt0 � tÞ for
½CS� ¼ 30 wt% and hmin / expð	ðt0 � tÞÞ for ½CS� ¼ 34 wt%.
Inset: semilog plot of hmin versus (t0 � t) in the viscoelastic
regime. (c) Pinch-off of the suspensions. Image 1: inviscidlike;
image 2: viscouslike; image 3: viscoelasticlike. Scale bar: 2 mm.
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1.5 mm with increasing [CS] [Fig. 1(b)]. The dynamics are
well fitted by hmin / expð	ðt0 � tÞÞ with a rate 	 that
decreases when [CS] increases [inset in Fig. 1(b)]. In
addition, the bridge becomes cylindrical. Both these ob-
servations are signatures of viscoelasticity [4–6]. Close to
breakup, fluctuations arise on the interface of the bridge
[image 3a in Fig. 1(c)], which then thins in many locations
with nonexponential dynamics, which we describe later. At
breakup, the bridge splits into several threads that retract
and buckle [image 3b in Fig. 1(c)].

For viscoelastic pinch-off, the decay rate 	 is related to
the longest relaxation rate of the liquid! ¼ 3	 [17]. Here,
! decreases from approximately 250 to 50 s�1 with in-
creasing [CS] [Fig. 2(a)]. In addition, the slowing down of
the thinning dynamics is usually associated with an in-
crease of the first normal stress difference 
zz � 
rr in the
bridge [18], with 
rr and 
zz, respectively, the normal
stresses along the radius and the axis of the bridge,
respectively. In shear, at a gap width w ¼ hmin;c, we mea-

sured a significant positive first normal stress difference

N1 ¼ 
xx � 
yy for shear rates _� � _�N , with 
xx and 
yy
the normal stresses along the velocity and the velocity
gradient, respectively. Using the 50-mm plate tool, N1 is
measured with an accuracy of 1 Pa, which is much smaller
than the typical normal stress difference estimated in our
experiments. The shear rate _�N compares very well with!
for 34 wt%< ½CS�< 38 wt% [Fig. 2(a)] and is an order
of magnitude greater than the shear rate at the onset of
shear thickening _�c [inset in Fig. 2(a)]. The good agree-
ment between! and _�N reflects the importance of positive
first normal stress differences in setting the time scale of
the viscoelastic dynamics. The results also suggest that
normal stresses are related to a similar, if not the same,
microscopic mechanism in shear and in extension. Finally,
suspensions in the range of concentration 29 wt%<
½CS�< 32 wt% show viscous rather than viscoelastic
pinch-off because the normal stresses become positive at
time scales on the order of 1000 s�1, which can be reached
here only very close to breakup.
Since confinement plays a role in the shear rheology of

suspensions [10], we next identify these features for ex-
tensional flows through the relationship of �e and �s. In
particular, we compare extensional flows and shear flows
with characteristic time scales equal to !. Both the exten-
sional viscosity of the suspensions �e ¼ ð
zz � 
rrÞ= _�,
which can be estimated by �e ¼ �=ðhmin _�Þ [19], and the
shear viscosity �s measured at a constant shear rate _� ¼ !
increase when the suspensions are more and more confined
[Fig. 2(b)]. In fact, the ratio �e=�s is almost constant until
both viscosities start to increase rapidly at the smallest
confinements [inset in Fig. 2(b)]. For the highest concen-
trations, �e=�s ’ 3, as found for Newtonian fluids. These
observations suggest that, in addition to the choice of the
correct time scale, confinement is important to be able to
draw connections between shear and extensional flows of
suspensions.
As indicated above, the bridge is cylindrical during the

exponential regime, and its interface fluctuates as pinch-off
is approached [image 3a in Fig. 1(c)]. A fluid cylinder
can destabilize because of the Rayleigh-Plateau capillary
instability [17]. Here, the fluctuations arise when h0 ’
150 �m. An estimate of the thinning velocity is vt ¼
	h0 ’ 5 mms�1. Because of confinement, �s has in-
creased to 10 Pa s [Fig. 2(b)]. Under these conditions, we
expect Re 	 1, and the most unstable mode of this insta-

bility, �m ¼ 2�h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ 3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2�2=ð�h0�Þ
p

q

’ 7 mm [17], is

much greater than the measured average wavelength
�f ’ 700 �m, which varies little with [CS]. Therefore,

the destabilization of the interface relies on a mechanism
different from the capillary instability.
We uncovered this new mechanism by using a micro-

scope tilted on its side coupled with a high-speed camera.
The resolution at the highest magnification (1:1 �m=pixel)
allowed us to follow individual gains during pinch-off
[Fig. 3(a)] in threads as thick as 300 �m even though the

(a)

(b)

FIG. 2. (a) Comparison between the relaxation rate ! (h)
obtained from the thinning dynamics and the shear rate _�N

(j) as a function of [CS]. The gap width is w ¼ hmin;c.

Inset: Apparent shear viscosity �s (m) and first normal stress
difference N1 (4) as a function of _� for ½CS� ¼ 36 wt% [see
Fig. (b) in Supplemental Material [16]]. (b) Comparison between
the extensional viscosity �e (h) and the shear viscosity �s (j)
as a function of confinement (2hmin and gap width w) for ½CS� ¼
36 wt%. Inset: Evolution of �e=�s as a function of the confine-
ment for ½CS� ¼ 36 wt% (d) and 38 wt% (
). In both graphs,
the shaded area corresponds to the transition leading to breakup.
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suspensions are opaque in bulk. The strain �ðtÞ ¼ ‘ðtÞ
‘0

� 1

of pairs of grains aligned along the axis of the bridge, with
‘0 the distance between two grains obtained from the first
frame where they can be seen, remains almost constant and
close to 0 in some ‘‘jammed’’ regions as the bridge thins,
whereas it increases in other ‘‘flowing’’ regions [Fig. 3(b)].
The flow is heterogeneous.

As a consequence of this heterogeneity, for hmin �
100 �m, the thinning of the bridge proceeds only in the
fluid volumes with a linear trend in time [Fig. 3(c)],
eventually leading to breakup. Because of the viscosity
increase due to confinement, we expect Re 	 1, and
we fit these linear thinning dynamics with hmin ¼
0:0708ð�=�s;fÞðt0 � tÞ [17], with �s;f the apparent shear

viscosity of the suspension during this regime. For both
½CS� ¼ 37 wt% and 39 wt%, vt ’ 100 mm s�1 and we
obtain �s;f ’ 85� 10�3 Pa s, which is much lower than

the apparent shear viscosity 10 Pa s<�100 < 1000 Pa s
measured for the same suspensions with the plate-plate
geometry at a gap width w ¼ 100 �m [Fig. 2(b)]. The
discrepancy between �s;f and �100 indicates that the sus-

pensions experience self-dilution [14], i.e., the particle
concentration decreases because of a significant difference
between the flow of the solvent and that of the jammed
particles. We note that self-dilution appears to occur lo-
cally and leads to nearly periodic surface fluctuations.
From the rheological measurements, we estimate that the
decrease in particle concentration is between 5 and
10 wt%, which is the same order as the values reported
for Brownian suspensions [14]. A change in the volume
fraction has also been suggested to explain the acceleration

at the end of the thinning dynamics of non-shear-
thickening suspensions [20]. In our case, the viscosity
during the last regime is very different from the viscosity
of the CsCl solution, which means that we are measuring a
property of the suspension.
The heterogeneous structure of the bridge just before

breakup [Fig. 4(a)] allows us to explain the buckling of the
threads formed after rupture. The threads retract on times
shorter than the relaxation time tr of the jammed parts,
tr � !�1 ’ 10 ms. To accommodate this time scale, they
buckle around their deformable fluid volumes as observed
in the experiments [Fig. 4(b)], where a thread bends around
the regions that had the smaller diameters before breakup.
We note that a bridge of a concentrated Brownian suspen-
sion can recoil in a fashion similar to the threads studied
here [6]. Self-dilution was suggested as the supporting
mechanism in this case.
In conclusion, we have studied the detachment of drops

of concentrated suspensions of cornstarch that show con-
tinuous shear thickening. We show that the suspensions
exhibit viscoelastic pinch-off dynamics provided the ex-
tension rate is sufficiently large to trigger normal stresses.
Our results imply that normal stresses arise for the same
microscopic reasons in shear and extension. By using
particle tracking, we provide direct evidence that the flow
of the suspensions in the bridge is heterogeneous, which
suggests local variations in the particle volume fraction,
consistent with self-dilution. This nonuniform structure is
the cause of the buckling of the threads observed after
breakup. Why the locations where self-dilution occurs
are arranged in a nearly periodic fashion with a well-
defined average size remains an open question.
The authors acknowledge M. Abkarian, L. Courbin, and

P. Panizza for fruitful discussions. This work was funded
by a grant from Unilever Research.
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FIG. 3. (a) Image of the starch grains in the bridge close to
breakup. (b) Strain � versus (t0 � t) for ½CS� ¼ 37 wt% in a
jammed volume (j) and in a flowing volume (h). (c) Thinning
dynamics at breakup location for ½CS� ¼ 37 wt% (4) and
39 wt% (h). Continuous lines: linear fits to the data. The slope
is vt ¼ 114 mms�1 for ½CS� ¼ 37 wt% and vt ¼ 133 mms�1

for ½CS� ¼ 39 wt%. Time is shifted by 1 ms for ½CS� ¼
37 wt%.
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FIG. 4. (a) Sketch of the state of the suspension along the
bridge close to breakup. (b) Images of a thread after breakup
showing the bending of the thread around its fluid parts,
½CS� ¼ 37 wt% and tr ¼ !�1 ’ 10 ms. Scale bar: 500 �m.
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