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Degenerate Parabolic Stochastic Partial
Differential Equations

Martina Hofmanova

Abstract. We study the Cauchy problem for a scalar semilinear degenerate
parabolic partial differential equation with stochastic forcing. In particular,
we are concerned with the well-posedness in any space dimension. We adapt
the notion of kinetic solution which is well suited for degenerate parabolic
problems and supplies a good technical framework to prove the comparison
principle. The proof of existence is based on the vanishing viscosity method:
the solution is obtained by a compactness argument as the limit of solutions
of nondegenerate approximations.

Mathematics Subject Classification (2010). 60H15, 35R60.

Keywords. degenerate parabolic stochastic partial differential equation, ki-
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1. Introduction

In this paper, we study the Cauchy problem for a scalar semilinear degenerate
parabolic partial differential equation with stochastic forcing

du + div (B(u))dt = div (A(z)Vu)dt + &(u)dW, =z €TV, te (0,7),

2(0) — un (1.1)

where W is a cylindrical Wiener process. Equations of this type are widely used
in fluid mechanics since they model the phenomenon of convection-diffusion of
ideal fluid in porous media. Namely, the important applications including for
instance two or three-phase flows can be found in petroleum engineering or in
hydrogeology. For a thorough exposition of this area given from a practical point
of view we refer the reader to [11] and to the references cited therein.

The aim of the present paper is to establish the well-posedness theory for
solutions of the Cauchy problem (1.1) in any space dimension. Towards this
end, we adapt the notion of kinetic formulation and kinetic solution which has
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already been studied in the case of hyperbolic scalar conservation laws in both
deterministic (see e.g. [16], [19], [20], [22], or [23] for a general presentation)
and stochastic setting (see [6]); and also in the case of deterministic degenerate
parabolic equations of second-order (see [3]). To the best of our knowledge, in
the degenerate case, stochastic equations of type (1.1) have not been studied
yet, neither by means of kinetic formulation nor by any other approach.

The concept of kinetic solution was first introduced by Lions, Perthame,
Tadmor in [20] for deterministic first-order scalar conservation laws and applies
to more general situations than the one of entropy solution as considered for
example in [2], [8], [17]. Moreover, it appears to be better suited particularly for
degenerate parabolic problems since it allows us to keep the precise structure
of the parabolic dissipative measure, whereas in the case of entropy solution
part of this information is lost and has to be recovered at some stage. This
technique also supplies a good technical framework to prove the L!-comparison
principle which allows to prove uniqueness. Nevertheless, kinetic formulation
can be derived only for smooth solutions hence the classical result [13] giving
LP-valued solutions for the nondegenerate case has to be improved (see [15]).

In the case of hyperbolic scalar conservation laws, Debussche and Vovelle
[6] defined a notion of generalized kinetic solution and obtained a comparison
result showing that any generalized kinetic solution is actually a kinetic solution.
Accordingly, the proof of existence simplified since only weak convergence of
approximate viscous solutions was necessary.

The situation is quite different in the case of parabolic scalar conservation
laws. Indeed, due to the parabolic term, the approach of [6] is not applicable: the
comparison principle can be proved only for kinetic solutions (not generalized
ones) and therefore strong convergence of approximate solutions is needed in
order to prove the existence. Moreover, the proof of the comparison principle
itself is much more delicate then in the hyperbolic case.

The exposition is organised as follows. In Section 2 we review the basic set-
ting and define the notion of kinetic solution. Section 3 is devoted to the proof
of uniqueness. We first establish a technical Proposition 3.2 which then turns
out to be the keystone in the proof of comparison principle in Theorem 3.3. We
next turn to the proof of existence in Sections 4 and 5. First of all in Section
4, we make an additional hypotheses upon the initial condition and employ the
vanishing viscosity method. In particular, we study certain nondegenerate prob-
lems and establish suitable uniform estimates for the corresponding sequence
of approximate solutions. The compactness argument then yields the existence
of a martingale kinetic solution which together with the pathwise uniqueness
gives the desired kinetic solution (defined on the original stochastic basis). In
the final section, the existence of a kinetic solution is shown for general initial
data.

We note that an important step in the proof of existence, identification of
the limit of an approximating sequence of solutions, is based on a new general
method of constructing martingale solutions of SPDEs (see Propositions 4.14,
4.15 and the sequel), that does not rely on any kind of martingale representation
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theorem and therefore holds independent interest especially in situations where
these representation theorems are no longer available. First applications were
already done in [1], [21] and, in the finite-dimensional case, also in [14].

2. Notation and main result

We now give the precise assumptions on each of the terms appearing in the above
equation (1.1). We work on a finite-time interval [0,7], T > 0, and consider
periodic boundary conditions: 2 € TV where TV is the N-dimensional torus.
The flux function

B=(Bi,...,By):R — RN

is supposed to be of class C! with a polynomial growth of its derivative, which
is denoted by b = (b1,...,bn). The diffusion matrix

A= (Aij)?szl : TN — RNXN
is of class C'°°, symmetric and positive semidefinite. Its square-root matrix,
which is also symmetric and positive semidefinite, is denoted by o.

Regarding the stochastic term, let (Q, #, (%)i>0,P) be a stochastic basis
with a complete, right-continuous filtration. The initial datum may be random
in general, namely, we assume uy € LP(Q; LP(TV)) for all p € [1,00). The
process W is a cylindrical Wiener process: W (t) = >, Br(t)er with (Br)r>1
being mutually independent real-valued standard Wiener processes relative to
(F)t>0 and (ex)r>1 a complete orthonormal system in a separable Hilbert space
3. In this setting, we can assume, without loss of generality, that the o-algebra
F is countably generated and (%;):>0 is the filtration generated by the Wiener
process and the initial condition. For each z € L?(T") we consider a mapping
&(z) : 4 — L%(TN) defined by &(2)er, = gi(:, 2(+)). In particular, we suppose
that gr € C(TY x R) and the following conditions

G*(x,¢) = Z‘gk z,€)| SL(1+|£|2), (2.1)
k>1
S (.6 = gu(y. O < L(lz —y2 + 1€ — ¢lr(e — <), (2.2)

E>1

are fulfilled for every x,y € TV, €, € R, where h is a continuous nondecreasing
function on R satisfying, for some o > 0,

h(d) < C6&*, d< 1. (2.3)
The conditions imposed on @, particularly assumption (2.1), imply that
@ : L*(TV) — Lo(sh; L*(TV)),

where Lo (4; L2(T™)) denotes the collection of Hilbert-Schmidt operators from
U to L2(TN). Thus, given a predictable process

u e L3(Q; L*(0,T; L3(TV))),
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the stochastic integral t +— fot &(u)dW is a well defined process taking values in
L2(T¥) (see [5] for detailed construction).
Finally, define the auxiliary space g D 4 via

a2
Uy = v:E apeg; k—’2€<oo,

k>1 k>1

endowed with the norm
2

2 _ A _

HU”uo = 2 v = E QCk-
k>1 k>1

Note that the embedding < $ly is Hilbert-Schmidt. Moreover, trajectories of
W are P-a.s. in C([0,T7]; o) (see [5]).

As the next step, we introduce the kinetic formulation of (1.1) as well as
the basic definitions concerning the notion of kinetic solution.

Definition 2.1 (Kinetic measure). A mapping m from (2 to the set of nonnegative
finite measures over TV x [0, 7] x R is said to be a kinetic measure if

(i) m is measurable in the following sense: for each ¥ € Cp(TY x [0,7] x R)
the mapping (m, ) : Q@ — R is measurable,
(ii) m vanishes for large ¢: if B, = {{ € R; |¢] > R} then

lim Em (T x [0,7] x B) =0, (2.4)

R—o0
(iii) for all 1 € Cy(TN x R), the process
te P(x, &) dm(z, 5, )
TN x[0,t] xR

is predictable.

Definition 2.2. The kinetic formulation of (1.1) is

N
O+ T~ 3 0. (450000, ) = dueb(w)V 0 (m— 362, ). (2

ij=1

where m is a kinetic measure which consists of two components m = nj + ns.
The measure n; is known and relates to the diffusion term in (1.1)

n1(z,t,§) = (Vu)" A(z)(Vu)du=c
whereas ns is an unknown nonnegative measure.
Remark 2.3. The measure n is called parabolic dissipative measure and gives
us better regularity of solutions in the nondegeneracy zones of the diffusion

matrix A (cf. Definition 2.4 (iii)). The measure ns takes account of possible
singularities of solution and vanishes in the nondegenerate case.

We now derive the kinetic formulation in case of a sufficiently smooth u
satisfying (1.1). It is a consequence of the It6 formula.
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Let us set (Lyse,0') = [; Luset (§)dE = 0(u) for 6 € C°(R) and apply
the It6 formula:
d(Lyse,0') = 0'(u)[ — div (B(u))dt + div (A(z) Vu)dt + D(u)dW (t)]

+ %0”(u)G2(u)dt.

Afterwards, we proceed term by term

0' (u) div (B(u)) = 0 (u)b(u)- Vu = div ( / ’ b(g)o'(g)dg) = div ((bLyse, 0))

N
0’ (u) div (A Z Oz, [Aij ()0 ()0, u] — Y 0" (1), uAij (2)0r, u
4,j=1 i,5=1
Z 89:,( ij x < u>€79>) +<657L1,01>

,j=1
0" (w)®(u) = (Su=eP(u),0")
0”(u)G2(u) = <G25u:§,9”> = —<8§(G25u:§),9'>
Taking 0(¢) = fgap for any test function ¢ € C(TY x [0,T] x R) we
obtain that f = 1,>¢ is a distributional solution to the kinetic formulation

(2.5) with ng = 0. Therefore any smooth solution of (1.1) is a kinetic solution
in the sense of the following definition.

Definition 2.4 (Kinetic solution). A measurable function u : @ x TV x [0, 7] — R
is said to be a kinetic solution to (1.1) with initial datum wo provided

(i) (u(t); t €[0,T)) is a predictable LP(T)-valued process, p € [1, ),
(ii) for all p € [1,00) there exists Cp, > 0 such that for ¢ € [0, 7]

lu(®)l L @xTry < Cps (2.6)

(iii) (Vu)*A(z)(Vu) € LY (Q x TN x [0,T7),

(iv) there exists a kinetic measure m such that m = n; 4+ ny as in Definition
2.2 and f = 1,>¢ is a weak solution of the kinetic formulation (2.5), i.e
P-a.s. for all p € C(TVN x [0,7] x R),

T T
/0 (F(8), Bup ()t + (fo, 9(0)) + / (F(£),b(€) Veo(t) )t
/< Zc?mj ()05, 0(t ))>dt

,j=1

:_Z/ /TNgkxuxt o(@,t,u(z, 1)) dz dBi(t)

k>1

1 /T
~3 / G*(z,u(z, 1)) Oep(z, t, u(z, t))de dt + m(dep).
o (2.7)
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We proceed by two related definitions, which will be useful especially in
the proof of uniqueness.

Definition 2.5 (Young measure). Let (X, \) be a finite measure space. A map-
ping v from X to the set of probability measures on R is said to be a Young
measure if, for all 1» € Cy(R), the map 2z — v, (1)) from X into R is measurable.
We say that a Young measure v vanishes at infinity if, for all p > 1,

/X / €17 dv. () dA(2) < oo.

Definition 2.6 (Kinetic function). Let (X, A) be a finite measure space. A mea-
surable function f: X x R — [0, 1] is said to be a kinetic function if there exists
a Young measure v on X vanishing at infinity such that, for A-a.e. z € X, for
all £ € R,

f(2,8) = v2(€, 00).

Remark 2.7. Note, that if f is a kinetic function then J¢ f = —v. Similarly, let
u be a kinetic solution of (1.1) and consider f = 1,5¢. We have O¢ f = —dy=¢,
where v = §,_¢ is a Young measure on Q x TV x [0, T']. Therefore, the expression
(2.7) can be rewritten in the following form: for all p € C°(TV x [0,T] x R),
P-a.s.,

T

T
/0 (F(E), Bup (D)t + (fo, 9(0)) + / (F(1),0(6) Veo(t)at

+ / ) (£, S 0, (4, (2)0,0(1)) )at

ij=1

=[] [t 90t .0 aran)

E>1

1 (T )

For a general kinetic function f with corresponding Young measure v, the above
formulation leads to the notion of generalized kinetic solution as used in [6]. Al-
though this concept is not established here, the notation will be used throughout
the paper, i.e. we will often write v, ¢(£) instead of 6,y 1)—¢-

Lemma 2.8. Let (X, \) be a finite measure space such that L'(X) is separable.!
Let {fn; n € N} be a sequence of kinetic functions on X X R, i.e. fn(z,&) =
v (€, 00) where v™ are Young measures on X. Suppose that, for some p > 1,

sup /X / EPdv2 (€) A (2) < oc.

neN

L According to [4, Proposition 3.4.5], it is sufficient to assume that the corresponding o-algebra
is countably generated.
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Then there exists a kinetic function f on X xR and a subsequence still denoted
by {fn; n € N} such that

In AN f, in L®(X x R)-weak”.
Proof. The proof can be found in [6, Corollary 6]. O

To conclude this section we state the main result of the paper.

Theorem 2.9. Let ug € LP(Q; LP(TY)), for all p € [1,00). Under the above as-
sumptions, there exists a unique kinetic solution to the problem (1.1). Moreover,
if u1, ug are kinetic solutions to (1.1) with initial data u1 o and us o, respectively,
then for all t € [0, T

Eljur (t) — wa(t)[| L1 (rvy < Efluro — uz0llLr vy

3. Uniqueness

We begin with the question of uniqueness. Due to the following proposition, we
obtain an auxiliary property of kinetic solutions, which will be useful later on
in the proof of the comparison principle in Theorem 3.3. Since the proof is very
similar to [6, Proposition 8], it will be left to the reader.

Proposition 3.1 (Left and right weak limits). Let u be a kinetic solution to (1.1).
Then f = 1,>¢ admits almost surely left and right limits at all points t* € [0, T
in the sense of distributions over TN xR, i.e. for all t* € [0,T] there exist some
kinetic functions f** on Q x TN x R such that

(ft* £ e),9) — (), el0, VeO TV xR) P-as.

Moreover, f** = f*= = f(t*) almost surely for all t* € [0,T] except for some
countable set, i.e.

(P 9) = (17 9) = (J),8) v € C2(TY xR) Peas.

As the next step towards the proof of the comparison principle, we need
a technical proposition relating two kinetic solutions of (1.1). We will also use
the following notation: if f : X x R — [0, 1] is a kinetic function, we denote by
f the conjugate function f = 1 — f. We define the function f* by f*(t*) =
foE e [0,7T).

Proposition 3.2. Let uq, us be two kinetic solutions to (1.1) and denote f1 =
ly,5¢, fo = Llu,>e. Then for t € [0,T] and any nonnegative functions ¢ €
C>®(TV), ¥ € C=(R) we have

E / / oz — y)oE — O)FE (.1, €) FE (y,1,¢) dE dC dardy

<E [ [ e uE Ol Faaly dedCdndy + 143+ K
(3.1)
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where

I=E / / AR (b(E) = b(O))- Vaa(z, .9, ) dé dC de dy ds,
o J(1v)2 JRr2

t
J:E// 0 Y)0y, ) d§ d( dx dy ds
0 J(TN)2 szlfQZ y’ )€C 4

7,j=1
+IE/ /TN)2 - f1f2” 1 2, (Aij (2)0, @) A€ d¢ da dy ds
_E/ /TN)z /]Rz SNIAN (f)dxdn21(yas Q)

_E/ /Tw)z /RQ z,&,y, Q) dvy s () dydna 1 (, 5,€),

_1 ! - 2 A 2
K= 2E/0/(TN)z/R2a(x7§,y7C)Z|gk(x,€) gk(y;C)i d x,s(g)d y,s(()dxdydsa

k>1

and the function « is defined as a(z,&,y,¢) = o(x — y)(€ — ¢).

Proof. Let us denote by ((-,-)) the scalar product in L?(T} x T} x R¢ x Re).

In order to prove the statement in the case of ffr , f‘2+ , we employ similar calcu-
lations as in [6, Proposition 9] to obtain
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E(f (0F5 (0),0)) = E(frofa0, o)
+E/0 /(TN)2 /R2 flf_z(b(é) _b(o)'vzadﬁdCdxdyds

t N
+ E/ / fif Z 0y, (Aij(y)0y,a) d¢ d¢ dz dy ds
o Jny2 Jre A

i,7=1

t N
+E/ / fif Z Oz, (Aij(x)agg,i()é) déd¢dxdyds
0 (TN)2 R2

ij=1

= t /() [ hocaclavk (¢ dydads (3.2)
_ %E/Ot /(TNV [ 100 GE v, (C) dedy dads

—E/Ot /mrw g Gioodyy (&) dv] (¢) dzdyds

R /0 /(W [ Ji deccdma (5,6 dC dy

t
—|—E/ / ffragadmg(y,s,g)dgdx.
0o J(Tv)2 JRr2

In particular, since « > 0, the last term in (3.2) satisfies

t
E/ / ffragadmg(y,s,g)dgdx
0 J(TN)2 JR2

t
—E[ [ [ awli©ddni.s0
0 J(rN)2 Jr2
t
B[ [ [ adlii©drduat.so)
0 J(rN)2 JRr2

t
S—E// /adu};j({)dxdngyl(y,s,g)
0 (TN)Q ]R2 ’

and by symmetry

t
—IE/ / f5 Ocadmy (,5,€)d¢ dy
0 (’]I‘N)Z R2

t
S—IE// /adui:;(()dydnm(x,s,f).
0 (’]I‘N)Z R2

Thus, the desired estimate (3.1) follows. )
In the case of fi , f, we take t,, 1 t, write (3.1) for £ (t,), f5 (tn) and let
n — 00. U
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Theorem 3.3 (Comparison principle). Let u be a kinetic solution to (1.1). Then
u has left and right limits at any point in the sense of LP(TN), p € [1,00), and,
forall t € [0,T), f*(z,t,&) = 1yt (z,t)>¢ 0-5., for a.e. (x,&). Moreover, if ui,us
are kinetic solutions to (1.1) with initial data ui o and usg,, respectively, then
for allt €10,T]

Ellui(t) — uz ()| p1 ey < Eflut,o — w20l L1y (3.3)

Proof. Denote fi = 1yu,>¢, fo = Lu,>¢. Let (07), (¥5) be approximations to
the identity on TV and R, respectively, i.e. let o € C®(TVN), ¢ € C°(R) be
nonnegative symmetric functions satisfying [y ¢ = 1, [ ¥ = 1 and suppo C
B(0,1/2), supp ) C (—1,1). We define

or(x) = TLNQG) ¥s(§) = %1#(%)-
Then

E /T ) /R FE (ot ) Ff (0,1, €) de da
—E / / 0r (2 — )5 (€ — O) FE (0, 1,€) FE (y, 1, €) A€ AC da dy + mi(7, 6),
V)2 JR2

where lim; 50 n:(7,9) = 0. With regard to Proposition 3.2, we need to find
suitable bounds for terms I, J, K.
Since b has at most polynomial growth, there exist C' > 0, p > 1 such that

[b(€) = b(Q)] < T(EQIE=¢l,  TEQ<CA+[grt+1¢P).

Hence
t
s [ RRIE O (e~ ded|Tao ()| drdy s

As the next step we apply integration by parts with respect to ¢, &. Focusing
only on the relevant integrals we get

/ G / F2OT(E, Q)€ — Clus(€ — ) de

= [ 1@ [ re.0yie=¢luste - ¢hacag
¢
= [ 00 [ rede= e - )ac dead (0 (.9

- / £1(6) / F(6,.C)E — Cbn(€ — )¢ dedi? ,(0)
R2 ¢

/ (€, Q)dvt,()dv? ,(C)
R2

T(€,0) = // — Cibs(€ — ¢)aC €.

where
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Therefore, we find
t
m<e/ [ T(,0) dvl ,(€)dv2 . (O) |Vaor (x — y)|dw dy ds.
0 J(rN)2 Jr2
The function 7" can be estimated using the substitution £’ = ¢ — ¢’

7(,¢) = / / T(E" + ¢ ¢)E" s (e") dg” A’
¢ [£7]1<6, 8" <€—=¢"

46
SC(S/ max rE"+¢,¢Hac
S e (" +¢,¢)d¢

£+s
<5 / (14 ]€P~t 4¢P
¢
< 05(1 + €17 + |Cl|p)

hence, since v, v? vanish at infinity,

I} < Ctd/ ‘VmgT(x)‘ dz < Ctér— 1.
TN

We recall that fi1 = 1y, (2.¢)>¢, f2 = Luy(y,6)>¢ and

Oefr=—v'= b ap=e  Ocfo= V"= =uyy0=c

The first term in J can be rewritten in the following manner using inte-
gration by parts (and considering only relevant integrals)

/JI‘N fZ T~ h awj (Alj(x)aﬂh Q‘r(x - y))dx dy

- _ f2(y, s, C)/ O, [1(,5,8) Aij (%) 0y, 0- (x — y)dz dy

™ TN
— /(TN)Q F2(y,5,0)0s, fi(z, 5,£) Aij(2)0y, 0-(x — y)da dy
_ /(TW O, f1(z, 5, €) Aij ()0, Fa (9, 5, C)or (z — )dz dy,
similarly
~/[[‘N fl ™~ f2 891’ (AU (y)ayz Oor ({E - y))dy dz
_ /(TW Darf1(, 5, €) Asj ()0, Foly, 5, ) or (z — y)da dy.

Using regularization by convolutions, it is possible to show that the following
holds in the sense of distributions over TV x R

0z, f1 = 03, U104, (2,5)=¢> Oy, f2 = =0y, u20uy(y,)=¢-
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Hence
J= ]E/O /(TN)Q(me)*A(x)(Vym)Qr(x — )5 (ur(z, s) — ua(y, s)) dzdyds
+ E/o /(TN)2(me)*A(y)(Vyuz)Qr(x — y)bs (ul(x, s) — ua(y, s)) da dy ds
- E/O /(TN)2(VyUQ)*A(y)(VyUQ)QT(x — )5 (ur(w,s) — ua(y, s)) de dy ds

_ E/O /(TN)2(me)*A(x)(me)Qr(x — y)s (u1(w, s) — uz(y, s)) dedyds.
Let us define
€
0x(6) = [ us(c)dc.

Then we have J = J; + Jo + J3 with
t

Ji=— IE/ / . (Vaur)o(z)o(x)(Vor)(x — y)Os (ul(a:, s) — ua(y, s))dxdyds,
0 J(TN)2
t

J—-E| /( | (T2 7)) (o) )05 (12(r,9) (v, ) e,
o J(TN)2

t
Jo=—E / / [l (@) Vot + o(5)Vyuzl?] or (z — 9)
0 J(TN)2
X ths (u1(z, s) — ua(y,s)) dodyds.
Let

H= IE/O /(TN)Z(Vmul)*a(x)U(y)(VyuQ)QT(x—y)w(s (u1(z, s)—ua(y, s)) dz dy ds.

In order to prove that J is nonpositive for 7 small enough, it is sufficient to show
Ji=H+o0(1), Jo =H+ 0o(1), where o(1) — 0 as 7 — 0 uniformly in . Indeed,
we then obtain

t
2
==& [ oV — o)Vl erle )
0 (TN)Q
X s (ur (2, 8) — u2(y, s)) dedyds + o(1) < o(1).
We will prove the claim for J; only since the proof for J; is analogous. Define

g(z,y,8) = (Veu1) o(z)Os (ul(x,s) — us(y, s))

Here, we make use of the assumption (iii) in Definition 2.4. Observe, that it gives
us some regularity of the solution in the nondegeneracy zones of the diffusion
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matrix A and hence g € L*(Q x TY x T}’ x [0,T7]). It holds
t
J=-E / / 9(2,9,5) (o) — 0(0)) (Vor)(x — y) durdy ds
O (’H‘N)Z
t
B[ [ ol 90w) (Ve - ) dedyds,
O (’H‘N)Z
t
H=E [ [ gps)div, (s@ere 1) dedyds
0 J(TN)2
t
-k [ /( 99 @ (0(0)) el ) dudyds
0 TN
t
=7 /(T L 900900)(Vor) @ —y) dedyds
0 N)2

where divergence is applied row-wise to a matrix-valued function. Therefore, it
is enough to show that the first terms in J; and H have the same limit value if
7 — 0. For H, we obtain easily

E/O /(TN)2 9(,y,5) div(o(y)) o- (x — y) dzdy ds

— E/OI/TN 9(y,y,s)div (a(y)) dy ds

S0 it remains to verify
t
B[ [ swns)(o) - o) (Voo - ) dedyds
0 (’]I‘N)Z

— E/O /TN 9(y,y, s) div (U(y)) dy ds.

We will use similar arguments as in the commutation lemma of DiPerna and
Lions (see [7, Lemma I1.1]). Let us denote by ¢° the i*" element of g and by o*
the i*" row of o. Since 7|Vo,|(-) < Co2,(-) with a constant independent of 7,
we obtain the following estimate

).

dy ds

/TN g'(z,y,s) (ai(w) — gi(y)) (Vor)(z —y)da

Tl () T )
< C esssup M IE/ / ‘gl(x,y,s)‘ggT(x—y)dxdyds.
z' ' e T 0 (TN)2
' —y'|<7

Note that according to [10], [24], the square-root matrix of A is Lipschitz con-
tinuous and therefore the essential supremum can be estimated by a constant
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independent of 7. Next

T
IE/' / |9l($7yas)|Q27($—y)da?dyds
0 (’H‘N)Z

<// “(z,y,s |Q2-,—J3— )dxdyds)
TN
x(/ 927<a:—y>dxdy)
(TN)2
(/ Vu1 |/ o2r(x — )dydxds)
']I‘N

< [(Vour)* HLQ(QXTNX[&T])'

So we get an estimate which is independent of 7 and §. It is sufficient to con-
sider the case when ¢* and ¢* are smooth. The general case follows by density
argument from the above bound. It holds

— E/Ot /(TN)Z g'(z,y) (ai(a?) - o'i(y)) (Vor)(x —y)dadyds

:_%E/Ot/(w /1gi(x,y)Doi(y+r(af—y))(x—y)

(Vo) (*=*) drdzdyds
t 1
= —E/ / / g (y+72,9) Do’ (y +r72)z - (Vo) (z) drdzdy ds
)2 Jo

t
— B[ [ g)Doiwe (Vo) dzdyds,
0 (TN)2
Integration by parts now yields

/ Zla ()dZ——(Sij, i,jG{l,...,N},
T~

hence

_E/O /(TN)zgi(yay)Dgi(y)z-(VQ)(Z)dZdyds = E/OI/TNgi(y’y) div (o (y))dyds

and we deduce finally that J is nonpositive.
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The last term K is, due to (2.2), bounded as follows

K< IE/ /’[[‘N)z Ty |a:—y|2/ wéf C ms(f) ,s(C)dxdyds

N E/ /) (2= / U5 — OI¢ — CIh(l€ — ¢)dv2 L (€)dv2 (¢)dedyds

S% |z —y*or(z — )dxdy+M/ o-(z —y)dzdy
TN)2 (TN)2
LtCyh(9)
9 ;
where Cy = supgcg [£9(€)|. Finally, we deduce for all ¢ € [0, 7]

< %57%2 +

IE/TN Af%@,t,@fi@,t,@ de dr < E/TN /Rfl,o(x,g)fm(x,g) dé dz
+ Ct(5r 4+ 07172+ h(8)) + ne(7, 8) + mo(7, 6).

Taking § = 7%/2 and letting 7 — 0 yields

E /T ) /R FEOFF(t)dedz <E /T ) /R frofaodede.

Let us consider now f; = fa = f. Since fo = 1,,>¢ we have the identity fofo = 0
and therefore f¥(1 — f*) =0 a.e. (w,z,£) and for all t. The fact that f* is a
kinetic function hence implies that there exist u® : @ x TV x [0,7] — R such
that f* = 1,+ >¢ for almost every (w,,§) and all t. Furthermore, it follows
from Proposition 3.1 that v = u~ = u except for a countable set of ¢. Since

+y\+
/}Rlufwg ud >§d§ ( - uy)
we have the comparison property

E||(uf (t) —ui(t) "

) ||L1(TN) < E||(u1,0 — ug,0) "

||L1(’[[‘N)'

It remains to show that u* are also left and right limits of u in the sense of
LP(TY). But this is a consequence of the following: for p > 1 and s,t € [0,7],s >

t
dlete
/’]I‘N \U(Z‘,S) —U,+($,t)|pdl‘ = /I[‘N/ (1u(x,s)>§ - 1u+(Tf)>£)(|ii£|d§dx
d
= [, [ Gsg - rren9) S aeas

and the claim follows from the weak*-convergence of f(s) — f +(t) asslt. O

As a consequence of Theorem 3.3, namely from the comparison property
(3.3), we obtain the uniqueness part of Theorem 2.9. The proof is similar to [6,
Corollary 12].
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Corollary 3.4 (Continuity in time). Let u : Q x TV x [0,7] — R be a kinetic
solution to (1.1). Then, for all p € [1,00), u has almost surely continuous tra-
jectories in LP(TN).

4. Existence - smooth initial data

In this section we prove the existence part of Theorem 2.9 under an additional
assumption upon the initial condition: ug € LP(Q; C°°(TV)), for all p € [1, 00).
We employ the vanishing viscosity method, i.e. we approximate the equation
(1.1) by certain nondegenerate problems, while using also some appropriately
chosen approximations @°, B® of @ and B, respectively. These equations have
smooth solutions and consequent passage to the limit gives the existence of a
kinetic solution to the original equation. Nevertheless, the limit argument is
quite technical and has to be done in several steps. It is based on the com-
pactness method: the uniform energy estimates yield tightness of a sequence
of approximate solutions and thus, on another probability space, this sequence
converges almost surely due to the Skorokhod representation theorem. The limit
is then shown to be a martingale kinetic solution to (1.1). Combining this fact
and the pathwise uniqueness with the the Gyoéngy-Krylov characterization of
convergence in probability, we finally obtain the desired kinetic solution.

4.1. Nondegenerate case

Consider approximations to the identity (¢.), () on TN x R and R, respec-
tively, and a truncation (x.) on R, i.e. we define x.(§) = x(g£), where x is a
smooth function with bounded support satisfying 0 < xy <1 and

1, it g < s,
X@_{o, it e > 1.

The regularizations of @, B are then defined in the following way

. (g * po)xe) (,€), if k< [1/e],
ol = {07 it k> [1/e),

where z € TV, ¢ € R. Consequently, we set BS = (B5,..., B%) and define the
operator & by @°(2)ex = g5(-, 2(+)), z € L*(TV). Clearly, the approximations
B¢, gj, are of class C*° with a compact support therefore Lipschitz continuous.
Moreover, the functions gj, satisfy (2.1), (2.2) uniformly in ¢ and the following
Lipschitz condition holds true

Vo e TV V& CeR Y |gi(z,8) — gi(x, O < Lef¢ - ¢ (4.1)
E>1

From (2.1) we conclude that ®¢(z) is Hilbert-Schmidt for all z € L%(TY). Also
the polynomial growth of B remains valid for B and holds uniformly in €.
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Suitable approximation of the diffusion matrix A is obtained as its pertur-
bation by €I, where I denotes the identity matrix. We denote A° = A + ¢l.
Consider an approximation of problem (1.1) by a nondegenerate equation

du + div (B®(u%))dt = div (A°(2)Vu®)dt 4 &7 (u®) dW,

u®(0) = up. (42)

Theorem 4.1. Let ug € LP(; C=(TY)), for all p € [1,00). For any e > 0, there
exists a predictable C°° (TN )-valued process u® solving (4.2).

Proof. For any fixed € > 0, the assumptions of [15, Theorem 2.1] are satisfied
and therefore the claim follows. O

Thus, using the same computation as in the Section 2, one can verify that
the solution u® satisfies the kinetic formulation of (4.2): let f© = 1ye5e

DefE 4+ b5 (€)-Vfe — Za@ i ()00, f7) — eAfE

i,j=1
. 1
= 51L€:§¢€(UE)W + a& <m6 - §G§5u€_£>,
where m® = nj + nj5 and both these measures are explicitly known and corre-
spond to the diffusion matrix A + ¢1:
= (Vue)*A(x) (V) ye—e, n5 = e|Vus|* e —¢

Note, that by taking limit in € we lose this precise structure of ny. As can be seen
from the derivation of kinetic formulation, u¢ solve (2.5) even in a stronger sense
than the one from Definition 2.4. Indeed, for any ¢ € C*(TY x R), t € [0,T],
the following holds true P-a.s.

(F50)0) — (for ) — /0 (F5(5), 5 () Vo) ds
t N t
_/0 (r:9, > o, (Aij(x)amo)>ds_g/0 (F(s), Ap) ds

i,j=1
t 1 t )
:/0 (Oue =g @F (u®) AW, %0>+§/0 (Oue=g G%, Ogip) ds — (m*, Op) ([0, 1)).
(4.3)
4.2. Energy estimates

In this subsection we shall establish the so-called energy estimate that makes
it possible to find uniform bounds for approximate solutions and that will later
on yield a solution by invoking a compactness argument.

Lemma 4.2. For all € € (0,1), for all t € [0,T] and for all p € [2,00), the
solution u® satisfies the inequality

Eluf (N0 vy < C(L+Elluoll7, py)- (4.4)
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Proof. We apply the It6 formula using f(v) = ||v|\ip(TN). If ¢ is the conjugate
exponent to p then f’(v) = p|v|P~2v € LY(TV) and

f'(v) = plp = DWP~?1d € 2 (L7(TY), LY(TY)).

Therefore
s O ey, =0l — / [ e die (5 ) s
—|—p// [uf|P~2uf div (A(z)Vu) dz ds
0 TN

t
+Ep/ / |uf [P~ %uf Au® dz ds (4.5)
—|—pZ/ / |uf [P~2uf g5 (x, u®) dz d B (s)

k>1

¢
+ —p(p - 1)/ / |uf[P~2G3 (2, u) dz ds.
2 o Jrv

We conclude that the second term on the right hand side vanishes and using
the integration by parts, the third one as well as the fourth one is nonpositive.
The last term is estimated as follows

1 ¢ ¢
—p(p — 1)/ / [uf[P~2G2 (z,u®) dz ds < C/ / [ulP~2(1 4 |uf|?) dz ds
2 o JTv o JTv

t
gc(1+/0 ||u5(5)||’£p(TN)ds).

Finally, expectation and application of the Gronwall lemma yield (4.4). g

Corollary 4.3. The set {u®; e € (0,1)} is bounded in LP(2; C([0,T]; LP(TN))),
for all p € [2,00).

HLP ']1‘1\7 )
is needed. We repeat the approach from the preceding lemma, only for the
stochastically forced term we apply the Burkholder-Davis-Gundy inequality.
We have

Proof. To verify the claim, an uniform estimate of E(supy<,< [|u(t)

T
B s, 10Oy < Eluoleny + C(14 [ BIAOI 0

0<t<T
/ /’[[‘N |u® P~ 2yF gr(x,u®) da dB(s) )
E>1

and since we are dealing with finite-dimensional Wiener processes, the Burk-
holder-Davis-Gundy, the assumption (2.1) and the weighted Young inequality

0<t<T
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yield
[1/e]
(s Z// o P2 g o) e ()
0<t<T
L1/e] NG
scuz(/ ([, 3 laitoyian) as)
0 TN k=1
T 2 2
<C]E</ L+ f)?, ds>
(1 1)
T
30(1+E</0 s (5) 12 g, i ))
1 p
< 3B( s IOl ) +C Enu e, ds ).
Therefore
T
E( swp (w5 O uin ) < C(1+Eluolly ey + [ Ellu ()], o ds
0<t<T ( ) 0
and the corollary follows from (4.4). O

4.3. Compactness argument

To show that there exists u : Q@ x TV x [0,7] — R, a kinetic solution to (1.1),
one needs to verify the strong convergence of the approximate solutions u¢. This
can be done by combining tightness of their laws with the pathwise uniqueness,
which was proved above.

First, we need to prove a better spatial regularity of the approximate
solutions. Towards this end, we introduce two seminorms describing the W*1-
regularity of a function u € L1(TV). Let A € (0, 1) and define

Ju(z) — u(y)|
— dz dy,
() // |x— |N+A

pMu)=  sup // Yler (@ — y) dedy,
0<T<2DN TN JTN

where (p;) is a fixed regularizing kernel and by Dy we denote the diameter
of [0,1]". The fractional Sobolev space W*1(T¥) is defined as a subspace of
LY(TN) with finite norm

lullwssgeny = llullpreewy + PP ().

According to [6], the following relations holds true between these seminorms.
Let s € (0, ), there exists a constant C = Cy , y such that for all u € L*(TV)

Mu). (4.6)

py(u) < Cpr(u),  p°

ST
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Theorem 4.4 (W7:1-regularity). Set o = min{(ﬁl, % , where o was introduced

in (2.3). Then there exists a constant Cr > 0 such that for all t € [0,T] and all
e€(0,1)

Epg (u*(t)) < Cr (1 + Epd(uo)). (4.7)
In particular, for all s € (0,0), there exists a constant Cr g 4, > 0 such that for
allt €10,T]

El|w® () [ vy < Crsuo (1 + Elluollwor ey ). (4.8)

Proof. Proof of this statement is based on Proposition 3.2. We have

E/(TN)z/RgT(x—y)f (,t,€) f(y,t,€)d¢ dw dy
(TN)2 JR2

< IE/ / or(x — Y)s(€ — Q) folx, &) foly, O)déd(dady + 6 + I + J + K
(TN)2JR2

<[ [ olo -0l o O dedrdy + 25+ T+ T + K.
(TN)? JR

From the same estimates as the ones used in the proof of Theorem 3.3, we
conclude

IE‘/(’]I‘N)2 QT(m - y) (us(xvt) - us(yat))Jr dx dy
< ]E/ or(z —y) (uo(z) — uo(y))Jr dedy 426+ Ct(6~'r + 6717 4+ 6%)
(TN)2

By optimization in d, i.e. setting 6 = 77, we obtain

264 Ct(6~ 17 + 67172 +6%)
sup < Cy,
0<7T<2Dy d

where the maximal choice of the parameter o is min {(XLH, %} which corresponds
to 8 = max { }. Hence we deduce (4.7). Furthermore, by (4.6) it holds

Ep*(u®(t)) < Crs(1 +Ep?(up))

and from (4.4) we obtain

1 1
a+1’ 2

1
Elu® (@)1 vy < Elu®@)|lp2ervy < Cr (1 + (EHUOH%Q(TN)) 2)

and (4.8) follows. As a consequence of the previous estimate, the constant in
(4.8) depends on the L?(Q; L2(T™))-norm of the initial condition. O

Corollary 4.5. For all v € (0,0) and q¢ > 1 salisfying vq < o, there exists a
constant C > 0 such that for all € € (0,1)

Ellu C. (4.9)

Niorwragry) <
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Proof. The claim is a consequence of the bounds (4.4) and (4.8). Indeed, fix
s € (0,0) and p € (1,00). We will use the interpolation inequality

I lwacewy < Cl- 1o ooy - Iy o) (4.10)

where v9,m1 € R, qo,¢1 € (0,00), 7= (1 — )y + 01, % = 1(1_09 + q%, 0 € (0,1).
In particular, fix s € (yg,0) and set 9 = s, 11 =0, go = 1, ¢1 = p. Then we

obtain § = ==, p = (: 1();1 and

I 0 13
B ()0 aey < CE( " ()53 <>|\LP(TN>)

< OBl @lweres) (B @)

)1—(1—9)(]

|
Also a better time regularity is needed.

Lemma 4.6. Suppose that A € (0,1/2), q € [2,00). There exists a constant C > 0
such that for all € € (0,1)

Ellu [ o, rpsm-2 vy < C- (4.11)
Proof. Let q € [2,00). Recall that the set {u®; € € (0,1)} is bounded in
L(Q; C(0,T; LYTN))).
Since all B have the same polynomial growth we conclude, in particular, that
{div(B®(u®))}, {div(A(x)Vu)}, {eAu®}
are bounded in LI(Q; C(0,T; H=2(T"))) and consequently

ua—/ @E(us)dW‘q <C
0

IEJ‘ <
CL(0,T];H-2(T))

In order to deal with the stochastic integral, let us recall the definition
of the Riemann-Liouville operator: let X be a Banach space, p € (1,00], a €
(1/p,1) and f € LP(0,T; X), then we define

(Raf)(t) = ﬁ/o'(t—s)a—lf(s)ds, te[0,7).

It is well known that R, is a bounded linear operator from LP(0,T; X) to the
space of Holder continuous functions C*~1/?([0,T]; X) (see e.g. [25, Theorem
3.6]). Assume now that ¢ € (2,00), a € (1/¢,1/2). Then according to the
stochastic Fubini theorem [5, Theorem 4.18]

| # @) awe = (ra2)0)

where

1

2= F=a /Os(s )0 @ (uF(r)) AW (1),
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Therefore using the Burkholder-Davis-Gundy and Young inequality and the
estimate (2.1)

q

EH /().@E(ue)dW

< CEIZI Lo 07,12nmy)
Ca1/a((0,TLA(TY))

T ! 1 £(,,E\]|2 :
<C E —||® ds | dt
< /0 </0 (t_s)Qa” (u )||L2(u;L2(’I[‘N)) 5)

\ T
< CT30-2)E / (14 14 (5)l[ 4y ) s

0

1(1—2c €
< OO (1t |4 gupao riszcemyy) < C
and the claim follows. O

Corollary 4.7. For all 9 > 0 there exist 5 > 0 and C' > 0 such that for all
e€(0,1)
Ellu®{les jo,ry;m-0 (xvyy < C. (4.12)

Proof. The proof follows easily from interpolation between (4.11) and (4.4). O

Corollary 4.8. Suppose that k € (0, m) There exists a constant C > 0 such
that for all € € (0,1)
Ellu®{| = (0,112 (rvyy < C. (4.13)

Proof. Tt follows from Lemma 4.6 that

El|u]| G 0,7, -2(rny) < C (4.14)
where A € (0,1/2), ¢ € [1,00). Let v € (0,0/2). If k = OX and 0 = —20+(1—0)~y
then it follows by the interpolation and the Holder inequality

Ellu| zx0,7;22 (7)) < CE(||UE||§—I/\(O7T;H—2(’H‘N)) Hue||1L;(007T;HW(TN)))

1 1

€ 6 P 5 (1—9)7‘ B

< C(BIWI o rar-2vy) " (B IE0 R ovy)
where the exponent r is chosen in order to satisfy (1 — 0)r = 2. The proof now
follows from (4.9) and (4.14). O
Now, we have all in hand to show tightness of the collection {u°; € € (0,1)}

in X. Let us define the path space X = X, x Xy, where

X, =L"(0,7; LY (TV)) nC([o,T); HH(TV)), Xw = C([0,T];8lp). (4.15)

For all € € (0,1) we denote by p,= the law of u® on X, and by uw the law of
W on Xy . Their joint law on & is then denoted by u® = pye ® pw .

Theorem 4.9. The set {u®; ¢ € (0,1)} is tight and therefore relatively weakly
compact in X.
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Proof. First, we employ an Aubin-Dubinskii type compact embedding theorem
which, in our setting, reads (see [18] for a general exposition; the proof of the
following version can be found in [9]):

L2(0,T; HY (TN )N H"*(0, T; L*(TN)) < L2(0,T; L*(TV)) — L*(0,T; L' (TV)).
For R > 0 we define the set
By g = {uc L*0,T; H'(TY)) n H*(0,T; L*(TV));
lull 2 go,7;m7 (vny)y + [l e, 702 (rvy) < RY

which is thus compact in L(0,T; L*(T")). Moreover, by (4.9) and (4.13)

R R
Hue (Big) < P<||“€||L2<07T;HV(TN)) > 5) +P<||ue||H~'(o,T;L2(TN)) > 5)
2 . R C
< E(EHU | 220,758 (rvy) + Ellu ||H~(0,T;L2(TN))) <o
In order to prove tightness in C([0,T]; H=(T")) we employ the compact em-
bedding
CP([0,7]; H-"(TV)) < CP(0, T); H-(TY)) = C((0, T); H~(TV)),
where 3 < 8, 0 < ¢ < 1. Define
Bo.r = {ue CB([O,T]; H_ﬂ(TN)ﬁ ||U||Cﬁ([o,T];H—ﬂ(TN)) < R}
then by (4.12)

1 C
c
ps (Ba ) < EEHUE”CB([O,T];H*ﬁ(’I[‘N)) < ik

Let 7 > 0 be given. Then, since B = By, g N By g is compact in &, and for
some suitably chosen R > 0 it holds true

Maye (BR) Z 1—- gv

we obtain the tightness of {{,; ¢ € (0,1)}. Since also the law uw is tight as
being a Radon measure on the Polish space Ay, there exists a compact set
Cy C Xw such that uw (Cy) > 1 — 2. We conclude that Br x Cy, is compact in
X and pf(Brx Cy) > 1—n. Thus, {u°; € € (0,1)} is tight in X and Prokhorov’s
theorem therefore implies that it is also relatively weakly compact. O

Passing to a weakly convergent subsequence ' = u» (and denoting by
the limit law) we now apply the Skorokhod representation theorem to infer the
following proposition.

Proposition 4.10. There exists a~p7“0bability space (Q, 19: ,]f”) with a sequence of
X -valued random variables (@™, W™), n € N, and (4, W) such that
(i) the laws of (@™, W™) and (i, W) under P coincide with u" and u, respec-
tively, } }
(ii) (@™, W™) converges P-almost surely to (@, W) in the topology of X,
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_ Note, that we can assume, without loss of generality, that the o-algebra
Z is countably generated. This fact will be used later on for the application of
the Banach-Alaoglu theorem.

Remark 4.11. It should be noted that the energy estimates remain valid also
for the candidate solution u. Indeed, let p € [2, 00)

E sup |a(t )”LP(’H‘N) < hmmf E sup ||a"(t)
0<t<T

p
0<t<T ”LP(TN)

= IminE g, Oy <

~Finally, let (%) be the I@—augmented canonical filtration of the process
(u, W), that is

ﬁtza( (o¢ti, 04 )U{Neﬁ P(N )=0}), telo,T],
where g, denotes the operator of restriction to the interval [0, ].

4.4. Passage to the limit

In this paragraph we provide the technical details of the identification of the
limit process with a kinetic solution. The technique performed here will be used
also in the proof of existence of a pathwise kinetic solution.

Theorem 4.12. The triple ((Q2,.7 7, (F), P), W, @) is a martingale kinetic solu-
tion to the problem (1.1).

Let us define
[T =lunse, [T =Tlanse, [ =Tlase,
m" =nl' +njy = (Vu”)*A(x) (V") bun—e + €n|Vu"|25un:§,
Mt = a4 i = (V) Ae) (V™) San—e + | Va"|*an—e.

Let My, denote the space of bounded Borel measures over TV x [0,7] x R, i.e.
the dual space of Cy, the set of continuous bounded functions on TV x [0, 7] x R.

Lemma 4.13. It holds true (up to subsequences)
G) 7“5 F i Lo x TV x [0,T] x R)-weak",
(ii) there exists a kinetic measure m such that
" Y i L%(Q; My)-weak”. (4.16)

Moreover, m can be rewritten as 71 +na, where i = (Va)*A(z)(Va)dg=¢
and fg is almost surely a nonnegative measure over TV x [0,T] x R.

Proof. According to Proposition 4.10, there exists a set ¥ € Qx TN x [0, 7] of full
measure and a subsequence still denoted by {@"; n € N} such that @™ (w, z,t) —
t(w, z,t) for all (w,z,t) € X. We infer that

111"(w,a:,t)>£ — 1ﬂ(w,w,t)>€ (417)
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whenever
(1@ ® Loy ® L[M]) {(w,a,t) € 3 diw, z,t) = £} =0,

where by Lq~, Ljo,7) we denoted the Lebesque measure on TV and [0, 7], re-
spectively. However, the set

D={¢eR (PoLw o Lom)(a=¢) >0}

is at most countable since we deal with finite measures. To obtain a contradic-
tion, suppose that D is uncountable and denote

Dy, = {f €R; (P@LTN ®L‘[0,T])(ﬂ:£) > %}, k e N.

Then D = UgenDy, is a countable union so there exists kg € N such that Dy, is
uncountable. Hence

(]13 X ,CTN X ‘C[O,T]) (ﬂ, S D) > (]13> X LTN ® L[O,T]) (ﬂ, S Dko)
= Z (P@LTN ®£[07T])('L~L=f)> Z kizoo
¢€Dy, €€y, 0

and the desired contradiction follows. We conclude that the convergence in
(4.17) holds true for a.e. (w, z,t,§) and obtain (i) by the dominated convergence
theorem.

As the next step we shall show that the set {m™; n € N} is bounded in
LQ(Q; My). Indeed, with regard to the computations used in proof of the energy
inequality, we get from (4.5)

/ (Vu™) )(Vu® )dxdt+5n/ / |Vu”| dz dt < C||UO||L2(TN)
TN TN

—|—CZ/ /TNugkxu Yda dB(t +C/ kau)dxds

k>1

Taking square and expectation and finally by the It6 isometry, we deduce
E|m™ (TN [0 7] x R)|? _1E| x [0,T] x R)|”

<C

Vu (Vu )da:dt—i—sn/ / |Vu | dx dt
TN

’]I‘N

Thus, according to the Banach-Alaoglu theorem, (4.16) is obtained (up to sub-
sequence). However, it still remains to show that the weak™ limit /m is actually
a kinetic measure. First, we conclude from (4.4)

B / EP2di" (,,€) < C
TN x[0,T] xR
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soforall k>0

E | win (€2, K)din(a, 1, €)
TN % [0,T] xR

= hm min (|§|P*2’k)dﬁln(x7t,€) S C

N0 JTN % [0,T] xR

and consequently

E/‘ A" (2, 1,€) < C
TN x[0,T] xR

Considering this fact and taking ¢r = 1|¢)>r we have by the dominated con-
vergence theorem

lim Em(TY x [0,7] x Bg) = fE/ lim ¢z, t,&)dm(z,t, &) =0,
T

R—o00 N x[0,T]xR R—o0

where B, = {{ € R; |¢| > R}. Hence 7 vanishes for large €. For predictability
of

t— Yz, &)dm(z,s,€), ¢ € Cp(TV x R),

TN x[0,t] xR
the same arguments as in [6] can be used.
Finally, by the same approach as above, we deduce that there exist kinetic
measures 01, 02 such that
s 6y, Al 26y in L2(€h My)-weak”.

Recall, that by o(x) we denoted the square-root matrix of A(z). Then from
(4.5) we obtain

/ Vu (Vu dx dt = / / (va" ‘ dedt < C
TN ™

hence application of the Banach-Alaoglu theorem yields that, up to subsequence,
o(z)(Va™) converges weakly in L2(Q x TN x [0, 7). On the other hand, from
the strong convergence given by Proposition 4.10, we conclude using integration
by parts, for all 1 € C*(TN x [0,7]),

/ / Y(Va"™)y(z, t)dedt —>/ / o(z)(Va)p(z, t)dedt, P-as..
™™ N
Therefore

o(z)(Vi") % o(x)(Va), in LHTY x [0,T]), P-as..
Since any norm is weakly sequentially lower semicontinuous, it follows for all

¢ € Cp(TN % [0,T] x R) and fixed ¢ € R, P-a.s.,

T T
/ |lo(z)(Va) | ©*(x,t, &) dedt < l1m1nf/ |o(z)(Va™) | ©*(x,t, &)dadt
0 JTN o JTN

n—oo
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and by the Fatou lemma

// /\ )(Va)|* 92 (2, t,€) dbamg da dt
TN

T
< liminf / / / lo(2) (Vi) 22 (2,1, €) dban_¢ dadt,  Poas..
0 TN JR

n—oo

In other words, this gives 7, = (Vii)*A(z)(Va)da=e < 61 P-a.s. hence iy =
02 + (61 — n1) is P-a.s. a nonnegative measure and the proof is complete. O

Let us define for all ¢ € [0, 7] and some fixed p € C°(TY x R)

M) = (1 0) = (fone) = [ (700870 Vi) s
t N t
_/O <f (5)7”2::1 Oz, (Aij(x)amigo)>ds—sn/0 (f™(s), Ap) ds

1 t
- 5/0 (Oun=¢GR, Do) ds + (m", 0ep)([0,1),  n€EN,

5(0) = {F0).0) = o) = [ (F(6).07(0) Vo) s
t o, N o
_/0 <f (S)7i;13T'7 (Aij(x)8mi<p)>ds—5n/o <f (s),A<p>ds

t
- %/0 (8an—eG2,0e0) ds + (", 0e0)([0,1)),  me€EN,

M(t) = (F(),0) = (for0) = / (f(5),b(¢)- Vep) ds
/< 2% i )>ds—%/0 (5azeG?, 0c) ds

1,7=1

+ <7”7L,8€gp>([ ) ))

The proof of Theorem 4.12 is an immediate consequence of the following two
propositions.

Proposition 4.14. The process Wis a (Jt) cylindrical Wiener process, i.e. there
exists a collection of mutually mdependent real-valued (Jt) Wiener processes

{6k}k>1 such that W = Zk>1 ﬁkek
Proof. Hereafter, times s,t € [0,7T], s < t, and a continuous function
7: O([0,s]; HH(TY)) x C([0, s]; ho) — [0,1]

will be fixed but otherwise arbitrary and by os we denote the operator of re-
striction to the interval [0, s].
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Obviously, W is a Uo-valued cylindrical Wiener process and is (j})—adap—
ted. According to the Lévy martingale characterization theorem, it remains to
show that it is also a (.%;)-martingale. It holds true

Evy (05", 0sW") [W"(t) = W"(s)] = Exy(su”, 0sW) [W(¢) = W(s)] =0
since W is a martingale and the laws of (@, W") and (u", W) coincide. Next,
the uniform estimate

sup B|[W™(8) (1§, = sup E|W ()3, < oo
neN neN

and the Vitali convergence theorem yields
Iﬁl'y(gsﬂ, QSW) [W(t) — W(s)} =0
which finishes the proof. U

Proposition 4.15. The processes

M, MQ—Z/O (Ba—e grr )" dr, Mﬁk—/ (Gazg gr, ) dr

E>1 0
are (F;)-martingales.
Proof. Here, we use the same approach and notation as the one used in the

previous lemma. Let us denote by B,?, k > 1 the real-valued Wiener processes
corresponding to W™, that is W™ = 3", ., Bjex. For all n € N, the process

M" = /0 <5un:5 O™ (u™)dW, <p> = Z/O <5un:5 g27(p> dBx(r)

E>1

is a square integrable (#;)-martingale by (2.1) and by the fact that the set
{u™; n € N} is bounded in L2(€; L%(0,T; L?(T¥))). Therefore

(M )2 _ Z/ <5un:5 gk,<p> dr, M"By, — / <6un:€ ars gp> dr
is170 0
are (#;)-martingales and this implies together with the equality of laws
Eny(

v(osu", QsWn) [Mn(t) - Mn(s)] = E'Y(qun; QSW) [Mn(t) - Mn(s)} =0,
(4.18)

B (g, 077 | 120) = 0129 - X [ (Gaoe gt o

k>17$

:Efy(gsu", QSW) [(M")Q(t) — (M™)%(s) — Z/ <5un:§ ar, <p>2 dr} =0,

k>1v¢
(4.19)
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E’Y(Qsﬂna QsWn) |:Mn(t)5~l? (t) - Mn(s)Bl?(s) - / <5ﬂ“:£ gl?v 90> d7”:|

(4.20)

Moreover, the expectations in (4.18)-(4.20) converge by the Vitali convergence
theorem. Indeed, all terms are uniformly integrable by (2.1) and (4.4) and con-
verge P-a.s. (after extracting a subsequence) due to Lemma 4.13, Proposition
4.10 and the construction of ¢, B®. Hence

E (st 0sW) [M(t) — M(s)] =0,

B0t 01) (3020 0170 = 3 [ (S gne)’ar] =0,

k>1v°
t
By (ot 00) [ FEO50) — 0)51(6) — [ (o no)ar] =
which gives the (.%;)-martingale property. O

Proof of Theorem 4.12. Once the Propositions 4.14, 4.15 are established, it fol-
lows that the quadratic variation

<<M - /0 (8ame (@) dW, <,0>>> =0

and so for every ¢ € C°(TN x R), t € [0,T], P-a.s.

t t N
<f(t)a<p> - <f0a (P> - /0 <.f(8)a b(f) V(P>d8 - /O <f~(5)7 Z 87‘7 (Azj(x)ar7<p)>d5

t ~ ~ 1 ~
= /0 (ba—g D(0) AW, ) + 5/0 <5a:§G2, dep) ds — (m, De)([0,1))
and the statement follows. O

4.5. Pathwise solutions

In order to finish the proof, we make use of the Gyongy-Krylov characterization
of convergence in probability introduced in [12]. It is useful in situations when
the pathwise uniqueness and the existence of at least one martingale solution
imply the existence of a unique pathwise solution.

Proposition 4.16. Let X be a Polish space equipped with the Borel o-algebra. A
sequence of X -valued random variables {Y,; n € N} converges in probability if
and only if for every subsequence of joint laws, {fin,,m,; k € N}, there exists a
further subsequence which converges weakly to a probability measure p such that

p((zy) e X x X;o=y) =1.



30 Martina Hofmanova

We consider the collection of joint laws of (u™,u™), denoted by p!»™. For
this purpose we define the extended phase space (cf. (4.15))

X7 =X, x Xy x X, X =x, x X,
As above, denote by pI! the law of u™ and by pw the law of W. Set further
™ =y @ s VT = @ py @

Similarly to Proposition 4.9 the following fact holds true. The proof is
nearly identical and so will be left to the reader.

Proposition 4.17. The collection {v"™™; n,m € N} is tight on X7.

Let us take any subsequence {v™*"*; k € N}. By the Prokhorov theorem,
it is relatively weakly compact hence it contains a weakly convergent subse-
quence. Without loss of generality we may assume that the original sequence
{v™eme: k€ N} itself converges weakly to a measure v. According to the Sko-
rokhod representation theorem, we infer the existence of a probability space
(Q,.#,P) with a sequence of random variables (4", %™, W*),k € N, conver-
ging almost surely in X7 to a random variable (i, %, W) and

P((a"k,am'c,v‘vk) € ) =vE(), P((a,u, W) € ) =v(:).

Observe that in particular, p*™* converges weakly to a measure p, defined
by

As the next step, we should recall the technique established in the previ-
ous section. Analogously, it can be applied to both (fﬂ”’c,Wk), (4, W) and
(w™+, W), (&, W) in order to show that (&, W) and (@, W) are martingale ki-
netic solutions of (1.1) defined on the same stochastic basis (Q,.7, (%), P),
where

i = o(0 (0, 0, W) U {N € F; B(N) =0}), te[0,T.

Since 4(0) = %(0) P-a.s., we conclude from Theorem 3.3 that @ = @ in X, P-a.s.
hence

p((2,y) € Xy x Xy; x=y) =P(d=uin X,) =1.

Now, we have all in hand to apply Proposition 4.16. It implies that the origi-
nal sequence u™ defined on the initial probability space (2, #,P) converges in
probability in the topology of X, to a random variable u. Without loss of gene-
rality, we assume that u” converges to u almost surely in X, and again by the
method from section 4.4 we finally deduce that u is a pathwise kinetic solution
o (1.1). Actually, identification of the limit is more straightforward here since
in this case all the work is done for the initial setting and only one fixed driving
Wiener process W is considered.
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5. Existence - general initial data

In this final section we provide an existence proof in the general case of ug €
LP(; LP(TN)), for all p € [1,00). It is a straightforward consequence of the
previous section. We approximate the initial condition by a sequence {u§} C
LP(;C=(TN)), p € [1,00), such that u§ — ug in L*(Q; L}(TV)). That is, the
initial condition ug can be defined as a pathwise mollification of u¢ so that it
holds true

||u8||LP(Q;LP(’H‘N)) < ”uO”LP(Q;LP(TN))v oS (07 ]-)a pe [1700) (51)

According to the previous section, for each ¢ € (0,1), there exists a kinetic
solution u® to (1.1) with initial condition u§. By application of the comparison
principle (3.3),

Eflu™ —u®| i1 (rvy) < TE[Jug" —ug® lrryy, €162 € (0,1).

Therefore, {u; € € (0,1)} is a Cauchy sequence in L'(Q; L*(0,T; L(TV))) and
there exists u € L'(Q; L'(0,T; L*(T"))) such that

u® —u in  LY(Q;LY0,T; LY(TV))).
By (5.1), we still have the uniform energy estimates

E sup |u®(®)|? < CTougs € [2,00),
ogth” ON7reny < CTougs P € [2,00) (5.2)

as well as (using the usual notation)

E|[m® (TN x [0,T] x R)|* < Cru,. (5.3)
Thus, using this observations as in Lemma 4.13, one finds that there exists a
subsequence {u™; n € N} such that

() f* 25 f in L®(Q x TV x [0, 7] x R)-weak®,
(ii) there exists a kinetic measure m such that

m"® s m  in L*(Q; My)-weak”
and m = n1 +ng, where ny = (Vu)*A(z)(Vu)dyu=¢ and ns is almost surely
a nonnegative measure over TV x [0, 7] x R.

With these facts in hand, we are ready to pass to the limit in (2.7) and conclude
that u satisfies the kinetic formulation in the sense of distributions. Note, that
(5.2) remains valid also for u so (2.6) follows and the proof of Theorem 2.9 is
complete.
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