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Abstract: In cooperative mobile robotics, we look for formation keeping and maintenance of a geometric
configuration during movement. As a solution to these problems, the concept of a virtual structure is
considered. Based on this idea, we have developed an efficient flexible virtual structure, describing the
dynamic model of n vehicles in formation and where the whole formation is kept dependant. Notes that,
for 2D and 3D space navigation, only a rigid virtual structure was proposed in the literature. Further,
the problem was limited to a kinematic behavior of the structure. Hence, the flexible virtual structure
in dynamic modeling of mobile robots formation presented in this paper, gives more capabilities to the
formation to avoid obstacles in hostile environment while keeping formation and avoiding inter-agent

collision.
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1. INTRODUCTION

Nterest to mobile robots formation and their control have

increased because of the large applications in military as
well as civil field. The study of robot formation control, inspired
from swarms evolution in nature, began from the industry and
military worlds with the idea of using multiple small vehicles
instead of one big. Teams of inexpensive robots, performing
cooperative tasks, may prove to be more cost and energy effec-
tive than a single one. They are capable, as well, to achieve a
mission more efficiently. Using formations of robots includes
more advantages as increased feasibility, accuracy, robustness,
flexibility, and probability of success.
Recently, many works have focused on the subject, based on
different approaches and using different strategies. Three main
ones can be distinguished: virtual structure, behavioral and
leader following approach. Each approach have its advantages
and disadvantages, and is used in order to achieve a specific
goal. Adopting one method or another depends as well on
the choice of a centralized or decentralized approach. The
leader following approach is a centralized approach since all
the agents of the formation depend on a leader which is the
only decision maker of the group. This can be useful in some
situations, where decentralized operations can represent a po-
tential peril especially when adopted in the wrong context or
situation, as it can be a critical choice, for example if the leader
breaks down. Behavioral or behavior based approach deals with
the behavior of the solution, it is a very efficient method but is
generally more complicated than the other approaches. As an
example of this approach we can cite works in [2].
Given a number of mobile robots, a solution to the problem
of moving in formation must simultaneously satisfy two goals:
making progress in a given direction and maintaining geometric
compliance to the virtual structure imposed at all time.

The virtual structure approach, has been largely used in bibli-
ography as can be presented in the previous work.

In [1], Lewis et al. developed a general control strategy to
force an ensemble of robots to behave as if they were particles
embedded in a rigid structure.

In [4], Monteiro et al. propose a dynamical systems approach
to behavior-based formation control of three mobile robots. Be-
havioral variables are used to describe, quantify and internally
represent the state of each robot (a master and two slaves),
with respect to elementary behaviors, for target acquisition and
obstacle avoidance. Only kinematics behavior are taken into
account.

A formation control ideas for multiple spacecraft using virtual
structure approach are presented by Ren in [3], authors maintain
the stability of each spacecraft in formation in considering a
feedback from spacecraft to the virtual structure. An extension
to a decentralized scheme for spacecraft formation flying via
the virtual structure approach is also proposed by Ren in [6].
The formation of vessels is treated in [5], where individual
parameterized paths for each vessel is build so that when the
parametrization variables are synchronized, the vessels are in
formation. The control objective for each vessel is to maintain
its position in the formation configured around a formation
reference point which tracks a predefined path.

The work of Lalish [8] addresses an approach to 3D forma-
tion tracking control based on virtual structures. The virtual
structure specifies the formation position of each vehicle, and
virtual leaders are constructed ahead of each position for the
vehicles to follow. In order to prevent transients from leading
to collisions, deconfliction techniques are applied.

In [6], for spacecraft formation flying, a virtual structure that
moves as a rigid body is assigned to the formation and each
vehicle is given a set of coordinates to follow.

In this work, from the modeling point of view in mechanics,



one brings a rigorous work to the system equations. Further,
we build a new virtual structure which is flexible and able to
describe the behavior of all the formation. This virtual structure,
with a flexible character, ensures the formation expansion and
contraction along the two cartesian axes. The result will also
guarantee formation keeping over time. We have developed a
linear dynamic equations of motion which will ease the forma-
tion control. This can be seen for example in some scenarios
similar to the situation described in see Fig.2.

The paper is organized as follows. Section 2 describes the prob-
lem and explains our motivation. Section 3 develops equations
of motion of a system of n mobile robots (agents) constrained
to move in only one dimension. The equations of motion are
developed and a strategy of formation's size extending is pre-
sented in section 4. Section 5 shows that our approach is appli-
cable for any geomeltric configuration both analytically and in
simulation.

2. PROBLEM DESCRIPTION

Robot formation control include the control of relative distance
between each two agents of the formation and how to combine
at the same time no collision and formation keeping. This
distance must be able to expand and regress (Fig. 1). In our
approach, we model this behavior by a spring-damper element
which will reproduce the contraction and expansion behavior
while the addition of the damper will reduce any generated
oscillation.

Fig. 1. Two agents relative distance

Vehicles are modeled as unconstrained mass particles under the
influence of control forces in an inertial reference frame.

Virtual rigid structure approach is based on the idea of assigning
a virtual rigid configuration to the formation. From the move-
ment of the virtual structure, considered as a rigid body. we get
a set of point that each vehicle has to track. This approach guar-
antees that no collision can occur between the different agents
of the formation during movement. However. this approach is
not very useful in hostile environments in presence of obstacles.
Our main issue is to develop a flexible virtual structure that in
addition to non inter-agent collision, guarantees to each vehicle
the avoidance of obstacles in an unknown environment (see
Fig.2).

3. ONE DIMENSIONAL FORMATION

In this section. we apply our approach to a formation of agents
constrained to move in one dimension and will develop the
relative equations of motion. Caicedo treated in [7] the one
dimensional case and developed equations of motion for a

(a) A formation of 4 agents in front of obstacles

Obstacle

Obstacle

(b) Formation Contraction to avoid obstacles

Fig. 2. Contraction of formation while avoiding obstacle

rigid configuration. Here. we are interested to a flexible one
dimensional formation.

Consider a system 3, = {51, ..., 5, } of n agents (rigid bodies),
respectively, of masses m4, ..., m,, constrained to move in only
one direction along 7 . Note (7; the center of gravity of each
agent .S;. Each body S5; is subject to an external force u; in the
same direction 7 . The .S; are linked together by (n— 1) virtual
flexible links. spring-damper like element. as following.

St

Fig. 3. Formation of n agents constrained to move in one
dimension

In reality there is not any link between the agents but these vir-
tual links are taken into account in the formation's mechanical
modeling. Indeed they obey to some assumptions:

e virtual links are massless.
e each virtual link is assimilated to a point.

Definition 1. The system Y, is in equilibrium when all the
spring damper elements are at their equilibrium length and the
formation is in the desired configuration. Vehicles are then at
their equilibria positions Xz OTl = Xl-,e_z). ¢
Let X;. the position of robot 4. We choose to identify ._5'1 by their

displacement from their equilibria positions : z; = X; — Xje-

To write the formation's equations of motion, we define first a
Lagrange's coordinate system :

(tyq) - (tvquqza'"”qn) (tv ‘X’G’ml,Qv---aml,n) (1)



where X is the formation’s center of mass, defined by
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The virtual work, largely known in mechanics, can be con-

sidered as a time integral of virtual power. The principle

of

virtual power is considered to derive the dynamic model of the

formation. This leads to the following three steps.

1- Calculation of the virtual power of inertia :

(4 (00, oC
Y \Tw\3q) " aq

The kinetic energy of the system is :
1< 1< .
C=3 Z miCy = 5 Z mg||V (G Ro)||*.
i=1 i=1
Knowing that 7(Gi/R0)

-3t

where M = dzag(ml, ma, ...,
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Using the derivative of equation (4)with respect to time

leads to the expression of ' in the coordinate system q :
1 1.,
C=3(T7'q)MT 'q= 34'Mq

where M — T_ltMT’l.

Hence,
o0
dq
d oC d —~. ~..
—a(%) = —a(MQ) =-Mgq
Finally we get
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m
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Calculation of the virtual power of external actions, leads to

(10

Assume that each vehlcle S; is sub] ect to an external action

T ; along the x axis i.e W; = u; 7.

Hence
n

Z 1e:ct/v Zuzm
i=1

uy)*. Hence, in other words, we have:

* —
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(a1
Letux = (ul, ey

¢

Pl =uxx’ =¢"T uy (12)
‘We now turn to the last step necessary to write the equations
of motion:

Calculation of the internal forces virtual power:

As previously mentioned, in our case virtual links are con-
sidered , however, they are involved in writing dynamic
equations of the system.

Assume the existence of n— 1 virtual links linking .S, to .Sy,
S t0 S3, ... and S, t0 Sp.

Let V;* A virtual velocity field kinematically feasible at
constant time for+ =1, ..., n.

The expression of the internal forces virtual power is given

by
=D > 1T,/
i=1 j#i
As we need only links between two successive agents
(li,; = {lii=1,1s,i+1}) therefore the expression of the in-
ternal forces virtual power will be limited to:

(13)

n
=S (T Vi = Vi
i=2
Before attempting the explicit expression of the internal
forces virtual power, we will do a balance sheet of internal
forces of our system:
Vi = 2, ..., m we have two actions:
¢ recall action of the spring of link /; ;.
e reaction of the viscous damper of link /; ;.
Thus we have

n
* * *
@l - 2 : @li,i—l,spv‘ing + @li,i—l,dampev‘

>} (14)

(15)
i=2
Moreover, as l; ;1 spring derive from a potential, we get
@lt,i—l,spTing - [Y;J—l,spring/‘/i* - Vtitl]
_ Z OUyi—i(t,q) ., (16)
ST g
—1 qk
where U; ;1 is given by
1
Ui,ifl = EKi,iqqf. (7
Hence,
zt)ifl)sp”.ng = _Ki,i71Qiq.; (18)
On the other hand
P = [T vdamper [Vi = V4] (19)
The expression of 7; ;—1,damper i given by
R = —Cim(Xi - X)) 7
7;,i—l,da'rrzper - . - _)sz 1% (20)
M=0

And virtual velocity fields kinematically feasible at constant

time associated, respectively with .S; and .S;_; conduct to :
—
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b AT (21)
(2 —&7 )1 v

=4q;



This leads us to:

*

li,i—1,damper

=—Cii16:G:"
Finally, we get

n

>l = Z —(Kiim16i + Chimdi)di™ (22)
i=2
This brings to the following equivalent equation :
P} = 4" (-Kq— Cq) (23)

According to the principle of virtual powers, we have, for every
virtual velocity field kinematically feasible at constant time,

Py + Pl + P =0, Yq" 24
Finally,
M4 + Kq + Cq =T ux. (25)
with :
o 0 ... 0 ¢ 0 ... O
0K, ... O 0 Cy, 0
K=]|0 ¢ . ¢ andC=]60 ¢ 0
I I { I - Cpn—1
or, in the form of double integrator, setting Zx = ( g )
Zx = AxZx + Bxux. (26)
where
Ax = —ﬁ._lK —MI_lc , Bx = <. Nfl. 71t>
0M™ T

System(25) is equivalent to the following system, written ac-
cording to cartesian coordinates using equations (1),

AX 4+ BX + DX + E = T "ux. @7
where

A= MT, X = (Xl,Xg,...,Xn)t, B =CT, D =
KT, X, = (X1, X0, . Ane)f and E = K(-TX, + ¢)

Note that the forces due to virtual spring-damper elements
guarantee the coordination of movement of the agents while
they are in formation.

4. 1D-1D+ FORMATION

Let us consider now the problem of formation keeping in the
plane. intuitively, the same questions pose : how to keep a
specific configuration during movement and how to control
the formation’s size? As a response to these questions, we
propose to break down the movement of the formation in the
plane in two simultaneous movement following X and Y axes
as shown in Fig.4. This approach allows to the formation to
perform contractions and expansions in order to avoid potential
obstacles ( see Fig.2).

Indeed, as the line formation of the first part can contract and
expand horizontally, it was thought to develop a cross shaped
formation to reproduce the behavior of the line formation
according to the Yaxis. Therefore, we can ensure to increase

Fig. 4. 2n cross-shaped formation

or decrease the size of the formation in a 2 dimension space.
This new formation’s configuration, consisting of two under
formations admits a plane displacement. So, we get a cross-
shaped formation where the » first vehicles are contracting and
expanding only along the direction of abscissas while agents
n + 1,...,2n are doing the same in the Y direction and by
analogy to what was done in the first part they obey to the
following dynamical system :

Zy = Ay Zy + Byuy-. (28)
0 I
With: Ay = | - M~ 'Ky —-M~'Cy |,By =Bx
Gn+1 YG
qnt2 Ynt2 — Yntl
qQy
T — ; — —
o (2 )| ™ ]
qon Yon — Yon—1
0 0 0
(0 Kntonsr ... 0
Ky=1]09 (] B 0
L ¢ " Konon—1
0 0 0
0 Cn+g7n+1 “ee 0 Unit1
. Un 42
Cy=1]0 (] . 0 and uy = .
[ ] [ . CQn,anl uén
_(Zx
Now, let Z = (ZY ) ,

This yields ultimately to the following differential system
Z=AZ+Bu.

Ax 0 _[(Bx ®
( [} Ay)andB‘< [ By)

Recall that our goal is to model a formation of agents with a
specific geometry. We know that whatever has to be the desired

(29

with, A =



geometric configuration, it can always be defined by a set of
nodes in the plan. or in other words by points of coordinates
(x,y) in the plan. Therefore one chooses to increase the size of
our formation of agents by defining. as it has been done in the
previous step which is actually a skeleton of departure for our
final configuration. the coordinates of agents.

As a first step, we choose to add for example. another “line”
to our formation. Fig. (5) shows the procedure of the formation
extending. When the number of robots becomes very large, we
can add another spring-damper elements along the Y axis to
prevent collision at infinity.

Y Y

Fig. 5. Procedure to formation size increasing
5. 2D FORMATION

Given any geometric configuration of a formation or desired
shape of n vehicles in the plane, we define a set of nodes
S (which regroup the cartesian coordinates of the vehicles in
formation) :

S {(mivyi); ( GN}
Where N = {1,...,n}.

We choose to separate the abscissas and the ordinates of these
nodes which gives place to the following two sets :

Sl = {,’Bi; iENl}

(30)

(31)

and

Sy = {ys; 1 € No} (32)

N1 and N are, respectively, the sets of indexes relative to
distinct abscissas and ordinates (see Fig.??). From 5. we
propose to generate a virtual structure, on the X axis similar to
the formation constrained to move in one direction. The same
is done given Ss. The virtual structure, either along the X or Y’
axis is modeled as a series of masses linked by spring-damper
elements. These structures. capable to stretch and compress.
will guarantee that no collision can occur between the different
robots during movement.

Thus. we can control the displacement of the vehicles by using
the control forces acting on the abscissa and the ordinate of
each robot. Consequently. we get a marionette like behavior.
The formation of robots will behave as it was manipulated by
virtual strings which are attached to each robot.

Fig. 6. virtual structures along X and V" axes

5.1 Simulation results

One verifies that a mobile robot cannot move away from the
formation. Indeed. compared to an equilibrium configuration (a
predefined desired shape). the move away of the entity belong-
ing to the formation implies its return to the formation, since
the latter is in equilibrium. Figures 8a,8b and 8c illustrate the
process of recovering the equilibrium configuration after being
object to an initial perturbation . If one affects to the formation
a new equilibrium position, the disturbance of the formation
will involve displacements of all the elements towards the new
form of the equilibrium. Once the equilibrium is fixed, the
displacement of the structure is asserted by its center of mass.
As one took into account the dynamic, a formation through its
flexible structure, can accelerate or decelerate while respecting
the physical limits of each elements. However, each element of
the formation can be the leader of all the structure according
to the given instructions (as an example. robotl in Fig.9 is
object to an external force forcing it to move along the X axis
and shove the other robots of the formation after recovering
equilibrium configuration).

Fig. 7. Initial displacement of two robots of the formation from
their equilibrium positions

6. CONCLUSION

In this work. we have proposed a flexible virtual structure in a
2D space for a formation of robots. By explicitly separating the
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(c) screenshot 3 : Reaching desired equilibrinm configuration
Fig. 8. Recovering desired configuration after a perturbation

flexibility into a contraction and expansion of the virtual struc-
ture on the cartesian axes, we developed equations of motion
transforming the problem in the plane into a linear dynamic
system. We have described a cross-shaped formation and how
to increase its size by adding more robots. A general method
suitable for any geomelric desired configuration of the forma-
tion was presented. We have Implemented the method in a mat-
lab program and showed that, the desired configuration, when
perturbed gets back to the chosen equilibrium configuration and
then continue its path (see Fig.9). The flexible character of the
proposed formation, make easy the avoidance of an obstacle.
This last idea is under development. In the same way, our
investigations are towards a minimization of parameterizations
of the system for a heterogeneous formation.

Fig.
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9. Example of movement in the plane of a formation com-
posed of five robots after recovering the desired configu-
ration
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