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Abstract

We study the short-time asymptotics of conditional expectations of
smooth and non-smooth functions of a (discontinuous) Ito semimartin-
gale; we compute the leading term in the asymptotics in terms of the
local characteristics of the semimartingale. We derive in particular the
asymptotic behavior of call options with short maturity in a semimartin-
gale model: whereas the behavior of out-of-the-money options is found to
be linear in time, the short time asymptotics of at-the-money options is
shown to depend on the fine structure of the semimartingale.
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1 Introduction

In applications such as stochastic control, statistics of processes and mathemat-
ical finance, one is often interested in computing or approximating conditional
expectations of the type

E[f (&) F%] (1)

where £ is a stochastic process. Whereas for Markov process various well-
known tools —partial differential equations, Monte Carlo simulation, semigroup
methods— are available for the computation and approximation of conditional
expectations, such tools do not carry over to the more general setting of semi-
martingales. Even in the Markov case, if the state space is high dimensional
exact computations may be computationally prohibitive and there has been a
lot of interest in obtaining approximations of as t — tg. Knowledge of such
short-time asymptotics is very useful not only for computation of conditional
expectations but also for the estimation and calibration of such models. Ac-
cordingly, short-time asymptotics for (which, in the Markov case, amounts
to studying transition densities of the process &) has been previously studied
for diffusion models [6, [8, 1], Lévy processes [15], 16l 2T, 2, 13| 12, 22], Markov
jump-diffusion models [T}, 3] and one-dimensional martingales [I7], using a va-
riety of techniques. The proofs of these results in the case of Lévy processes
makes heavy use of the independence of increments; proofs in other case rely
on the Markov property, estimates for heat kernels for second-order differential
operators or Malliavin calculus. What is striking, however, is the similarity of
the results obtained in these different settings.

We reconsider here the short-time asymptotics of conditional expectations
in a more general framework which contains existing models but allows to go
beyond the Markovian setting and to incorporate path-dependent features. Such
a framework is provided by the class of [t6 semimartingales, which contains all
the examples cited above but allows the use the tools of stochastic analysis.
An Ité semimartingale on a filtered probability space (2, F, (F;)i>0,P) is a
stochastic process £ with the representation

t t t t
b=tot [ Budst [ a.awer [ [ wdttdsap [ [ s) Midsdy)
0 0 0 JRrd 0o JRrd

(2)
where & is in R?, W is a standard R”-valued Wiener process, M is an integer-
valued random measure on [0, co] xR with compensator p(w, dt, dy) = m(w, t, dy)dt
and M = M — p its compensated random measure, § (resp. §) is an adapted
process with values in R? (resp. Mgy, (R)) and

y
K(y) = ——5
14 lylI?

is a truncation function.
We study the short-time asymptotics of conditional expectations of the form
where £ is an Ito semimartingale of the form , for various classes of



functions f : RY — R. First, we prove a general result for the case of f €
C%(R%, R). Then we will treat, when d = 1, the case of

E [(gt - K)+|]:t0} ) (3)

which corresponds to the value at ¢y of a call option with strike K and maturity
t in a model described by equation . We show that whereas the behavior
of in the case K > &, ( out-of-the-money options) is linear in t — to, the
asymptotics in the case K = &, (which corresponds to at-the-money options)
depends on the fine structure of the semimartingale £ at ty3. In particular, we
show that for continuous semimartingales the short-maturity asymptotics of at-
the-money options is determined by the local time of £ at tg. In each case we
identify the leading term in the asymptotics and express this term in terms of
the local characteristics of the semimartingale at tg.

Our results unify various asymptotic results previously derived for particular
examples of stochastic models and extend them to the more general case of a
discontinuous semimartingale. In particular, we show that the independence of
increments or the Markov property do not play any role in the derivation of
such results.

Short-time asymptotics for expectations of the form have been studied
in the context of statistics of processes [I5, [2] and option pricing [I}, 6}, 8 3]
141, 13| [12], 22, [I7]. Berestycki, Busca and Florent [0, [§] and Gatheral et al [I4]
derive short maturity asymptotics for call options when &; is a diffusion, using
analytical methods. Durrleman [10] studied the asymptotics of implied volatil-
ity in a stochastic volatility model. Jacod [15] derived asymptotics for for
various classes of functions f, when & is a Lévy process. Figueroa-Lopez and
Forde [13] and Tankov [22] study the asymptotics of (3]) when &; is the exponen-
tial of a Lévy process. Figueroa-Lopez and Houdré [13] also studies short-time
asymptotic expansions for , by iterating the infinitesimal generator of the
Lévy process &;. Figueroa-Lopez and Forde [13] extend these results and derive
a second order small-time expansion for out-of-the-money call options under an
exponential Lévy model. Alos et al [I] derive short-maturity expansions for call
options and implied volatility in a Heston model using Malliavin calculus. Ben-
hamou et al. [3] derive short-maturity expansions for call options in a model
where £ is a Markov process whose jumps are described by a compound Poisson
process. More generally, these results apply to processes with independent incre-
ments or Markov processes expressed as the solution of a stochastic differential
equation with regular coefficients.

Durrleman studied the convergence of implied volatility to spot volatility
in a stochastic volatility model with finite-variation jumps [9]. More recently,
Nutz and Muhle-Karbe [I7] study short-maturity asymptotics for call options
in the case where & is a one-dimensional It6 semimartingale driven by a (one-
dimensional) Poisson random measure whose Lévy measure is absolutely con-
tinuous. Their approach consists in “freezing” the characteristic triplet of £ at
to, approximating & by the corresponding Lévy process and using the results
cited above [I5, [13] to derive asymptotics for call option prices.



Our contribution is to extend these results to the more general case when
¢ is a d-dimensional semimartingale with jumps. By using minimal assump-
tions on the process &, we put previous results into perspective: in contrast to
previous derivations, our approach is purely based on Ito calculus and makes
no use of the Markov property or independence of increments. Also, our mul-
tidimensional setting allows to treat examples which are not accessible using
previous results such as [I7]. For instance, when studying index options in
jump-diffusion models, one considers an index I; = > w;S! where (5!, ..., S%)
are [t0 semimartingales. In this framework, I is indeed an It6 semimartingale
whose stochastic integral representation is implied by those of S% but it is nat-
urally represented in terms of a d-dimensional integer-valued random measure,
not a one-dimensional Poisson random measure. Our setting provides a natural
framework for treating such examples.

2 Short time asymptotics for conditional expec-
tations

2.1 Main result

We make the following assumptions on the characteristics of the semimartingale

&

Assumption 2.1 (Right-continuity of characteristics at ¢g).

. . )
t_»}(lgrthDE 18t = Bl Fte) = 0, t—nl(lfrtl»oE (116 — 641171 F2] =0,
where ||.| denotes the Euclidean norm on R? and for ¢ € Cy(R? x R4, R),

. 2 _ 2
i 2| [ et mtanlz,| = [ e o).

The second requirement, which may be viewed as a weak (right) continuity
of m(t, dy) along the paths of &, is satisfied for instance if m(¢, dy) is absolutely
continuous with a density which is right-continuous in ¢ at tg.

Assumption 2.2 (Integrability condition). 3T > ¢,

T
/ ||6S||2ds‘]-'t0] <,
to

T
//Ilylzm(s7dy)ds‘ﬂ0]<oo.
to R4

Under these assumptions, the following result describes the asymptotic be-
havior of E [f(&)|Ft,] when t — to:

E

T
/||ﬁ8||ds’}}0]<oo, E
to

E




Theorem 2.1. Under Assumptions and for all f € Cf(Rd,R),

ELItr; t—to (E [f(gt”]:to} - f(gto)) = Ltof(gto)' (4)
where Ly, is the (random) integro-differential operator given by
VfeCRYLR), Lif(x) = By Vi(z)+ %u« (161,61, V2 f] () (5)
1
[ U+ = @) = T vV S @)mio.dy).

Before proving Theorem [2.I] we recall a useful lemma:

Lemma 2.1. Let f:RT — R be right-continuous at 0, then

Jim © / f(s)ds = £(0). (6)

t—0 t

Proof. Let F denote the primitive of f, then

1
+ [ seras = 5 (o) - Fio).
Letting ¢t — 07, this is nothing but the right derivative at 0 of F', which is f(0)
by right continuity of f. O
We can now prove Theorem

Proof. of Theorem [2.1]

We first note that, by replacing P by the condltlonal measure [P 7, given Fiy, WE
may replace the conditional expectation in (4] by an expectatlon with respect
to the marginal distribution of & under P, oo Thus, without loss of generality,
we put tg = 0 in the sequel and consider the case where Fy is the o-algebra
generated by all P-null sets. Let f € CZ(R%, R). Ito’s formula yields

fle) = s+ [ Ve g [ Vi) aa] ds
~ of ;
+ D |6 T AL) = &) = X0 5 (6-)AL

s<t
_ VA d )6,
f(6o) + /O VF(E).Beds + /0 V() budW

1t
+ 5/0 tr [VQf(fsf)tés(Ss] ds

_|_

/ V(6 ) N (ds dy)

* / /]Rd — (&) = K(y).Vf(&s-)) M(dsdy).



We note that

e since V f is bounded and given Assumption fg Ja Vf(&s-)-K(y) M (ds dy)
is a square-integrable martingale.

e since Vf is bounded and given Assumption fot Vi(€s-).0sdWs is a

martingale.

Hence, taking expectations, we obtain

Blfe)] = BlE@I+E| [ V)b as| v 3 [ o [V (6 )16, a

+

e[/ [ (6 +) - 56~ K.V M )

B +E | [ V)b o +2[3 [ C [V, ) 0,0.] |

[ [ 6 ) - 560~ KT FE) s, s

that is

E[/(&)] = E[f(&)] + E [ / csf<§s>ds] . (@)

where £ denote the integro-differential operator given, for all ¢ € [ty,T] and for
all f € C2(R4,R), by

Lof(x) = BV f(z) + %n« 16,6,9°f] ()
1 0

_ T”y”z y.Vi(z)m(t,dy),

+ [ a9 - f@)
Equation yields

SE[F(E)] ~ 11(6) — Lof (60)

_ E[i /Otds (Vf(@»@—W(@)ﬂ@]

t
+ LE [1 / ds tr [V £(€.) 0.0, —V2f(§0)t5o5oﬂ

0
+ Ef /R % /O ds [m(s,dy) (f(& +v) — F(&) = k(y).VF(E))
—m(0,dy), (f(& +y) — f(&) — 5(y).Vf(&)) ]]



Define

At) = E [1 / s (VF(E) B Vf@o)ﬂo)} ,

t

A _ 1 1 ’ 2 t _ 2 t
Q(t) = 2]E tA dstr [V f(fs—) (55(53 \% f(fo) 5050] s

8ot = B[ 1 [ dsfms.dn) (76 +9) = €)= r) VS
—m(0,dy) (£(60+y) = f(&) = K(1)-V-F(&))] ]

Thanks to Assumptions and

o[ [ as 195168 - 5@l <E[ [ as19 1080+ 180D < .

Fubini’s theorem then applies:

M) = [ BSEVAE)A Vi) b,

Let us prove that
g1: [0, T[—- R

is right-continuous at 0 with ¢1(0) = 0, yielding A1(¢f) — 0 when ¢t — 07 if one
applies Lemma

lg1 ()| = [E [V f(&)-Bt — V f(&0)-Bol|
= E[(Vf(&) = V(&) -Bo+ V(&) (B — Bo)ll 9)
< IVF o EMIIB: = Bolll + 180l IV flloo E [l — &oll]

where ||||s denotes the supremum norm on CZ (R4, R). Assumption implies
that:

lim E — =0.

Jim E{l|5; = Boll

Thanks to Assumption one may decompose & as follows

& =&+ A+ My,

A, = /Ot (58 ds + /d(y - ﬂ(y))m(svdy)) ds, (10)

R
t
Mt:/ O dWs + / yM(dsdy),
0 0 JRrd
7



where A; is of finite variation and M; is a local martingale. First, applying
Fubini’s theorem (using Assumption [2.2]),

E Uot IIﬁsllds} +E U;/Rdly—n(y)||m(s,dy)ds]
/Ot dsE[[|3]] +/Ot dsE [/Rd y—li(y)||m(37dy)] _

Thanks to Assumption one observes that if s € [0,T[— E[||8s — Boll] is
right-continuous at 0 so is s € [0, T[— E[||8s]]]. Furthermore, Assumption
yields that

E[]lA]

IN

s 0T 8 | [y syl ms.d)
R
is right-continuous at 0 and Lemma [2.1] implies that

lim E[[|A¢[]] = 0.
t—0t

Furthermore, writing M; = (M}, --- , M),
E[IM)?) = ) E[MP].
1<i<d

Burkholder’s inequality [I9] Theorem IV.73] implies that there exists C' > 0
such that

sup E[IM]’] < CE[M’ M'],]

s€[0,t]
¢ . ¢
CE [/ ds|5§\2+/ ds/ |yi2m(s,dy)].
0 0 R4

Using Assumption we may apply Fubini’s theorem to obtain

t t
swp E[MIZ] < ¢ Y 8| [asioil]+x | [ as [ imis.an)]

s€[0,t] 1<i<d

o (a] [(asoe| & [ [ as [ 1ol an])
o ([asslion)+ [ ase| [ wieme.a] ).

Thanks to Assumption Lemma [2.1] yields
lim E [||M;]*] = 0.
t—0+

IN

Using the Jensen inequality, one obtains

E[[|M] =E STAMIP| < B M| =E[||M]] .
1<i<d 1<i<d



Hence,
lim E[|M;||] =0,
. 1 o (1M ]]]

and
lim E — < lim E[||A¢]|]] + lim E[||M]|]] = 0.
et € = €oll] = [l Al e st [l 1]

Going back to the inequalities @, one obtains

li t) =0.
t—1>%1+ 91( )
Similarly, Ay(t) — 0 and A3(t) — 0 when ¢ — 0. This ends the proof. O

Remark 2.1. In applications where a process is constructed as the solution to
a stochastic differential equation driven by a Brownian motion and a Poisson
random measure, one usually starts from a representation of the form

g=<o+/Otﬁsds+/0tasdws+/Ot/¢s<y>zv<dsdy>7 (11)

where & € R, W is a standard R™-valued Wiener process, 3 and & are non-
anticipative cadlag processes, N is a Poisson random measure on [0,T] x R?
with intensity v(dy) dt where v is a Lévy measure

| APy dp) <o, N =N = vlag)at,

and 1 : [0, T] x Q xR? s R? is a predictable random function representing jump
amplitude. This representation is different from , but [5, Lemma 2] shows
that one can switch from the representation to the representation (@ m an
explicit manner.

In particular, if one rewrites Assumption in the framework of equation
, one recovers the Assumptions of [T7] as a special case.

Remark 2.2. [t is sufficient for f to be locally bounded on the neighborhood of
€o-

2.2 Some consequences and examples

If we have further information on the behavior of f in the neighborhood of &,
then the quantity Lo f(£o) ca be computed more explicitly. We summarize some
commonly encountered situations in the following Proposition.

Proposition 2.1. Under Assumptions and [223,
1. If f(&) = 0 and V f(&) = 0, then

t—0+ t

lim, £ BLF(€)) = 5t [0 V2] + [ 6o+ 9 m(0.d). (12



2. If furthermore V2 f(&o) = 0, then

lim FELA€)] = [ F(60+1)m(0.d). (13)

t—0+ ¢

Proof. Applying Theorem Lof(&) writes
L0 (60) = oV 1 (€0) + 5t [V2F(E0) 'Bodo] (60)

+ [ 160 +) = 60 = 5 0 E@)m0. ).

1
1+ yl

The proposition follows immediately. O

Remark 2.3. As observed by Jacod [15, Section 5.8] in the setting of Lévy pro-
cesses, if f(&) = 0 and Vf(&) =0, then f(z) = O(||x — &||?). If furthermore
V2f(€0) = 0, then f(z) = of||lz — &l?).

Let us now compute in a more explicit manner the asymptotics of for
specific semimartingales.

2.2.1 Functions of a Markov process

An important situations which often arises in applications is when a stochastic
processe £ is driven by an underlying Markov process, i.e.

& = f(Z) f e C*(R4R), (14)

where Z; is a Markov process, defined as the weak solution on [0, 7] of a stochas-
tic differential equation

t t
Zt:Zo—G-/ b(u,Zu_)du—F/ S(u, Zy—) dWy,
0

0

N /Ot /w(u,zu,,y) N(du dy),

where (WW;) is an n-dimensional Brownian motion, N is a Poisson random mea-
sure on [0, 7] x R? with Lévy measure v(y)dy, N the associated compensated
random measure, ¥ : [0,7] x R? s My q(R), b : [0,T] x R? — R? and
¥ :[0,T] x R? x R? are measurable functions such that

(15)

¥(.,.,0)=0 Y(t, z,.)isaC'(R? RY) — diffeomorphism

16
vt € [0, 7], // sup (1A [[¢(s, z,9)|1?) v(y)dyds| < oc. 16)
{llyl=1}

z€R4

In this setting, as shown in [B], one may verify the regularity assumptions As-
sumption 2.1 and Assumption [2.2] by requiring mild and easy-to-check assump-
tions on the coefficients:

10



Assumption 2.3. b(.,.), X(.,.) and ¥(.,.,y) are continuous in the neighborhood
Of (07 ZO)

Assumption 2.4. There exist T > 0, R > 0 such that

Either Vit € [0,T) inf inf  'z.3(t,2).2 >0
lz—Zol[<R zeR9, ||z||=1

or X =0.
We then obtain the following result:

Proposition 2.2. Let f € CZ(R%,R) such that

of

VzeRY, L
i 82(1

(z) #0. (17)
Define
Bo =V F(Z)b0, Zo) + 5tr [V>£(Z0)' (0, Zo)%(0, Zo))
+ Jpa (f(Zo + (0, Zo,y)) — f(Zo) — (0, Zo,y).V f(Zo)) v(y) dy,
do =V f(Z0)2(0, Zo)l],

and the measure m(0,.) via

m(OJU’OOD:/ L{#(Zo+(0,Z0,9)— f(Zo)>uy V() dy - u >0,
® (18)

m(0.[=o0.u) = [ Vs 0.z rizgcn V) Ay u <o
Under the Assumptions and Vg € C2(R4,R),

_ 2
i, PSS 5, 0502 o)+ | loteorud-g(6o)-ug' ()] (0. )
(19)

Proof. Under the conditions and the Assumption Proposition 7?7 shows
that & admits the semimartingale decomposition

§t=§0+/Otﬁsds+/0t55st+/Ot/uf((dsdu),

B =V[(Z-)b(t, Zeo) + 5tx [V2f(Ze-)'S(t, Ze-)S(t, Zi—)]
+ Jpa (F(Zi= +0(t, Zi—,y) — [(Ze-) = (t, Ze,y).V [(Zi-)) v(y) dy,
o = |IVF(Ze-)E(t, Zeo)|l,

where

11



and K is an integer-valued random measure on [0,7] x R with compensator
k(t, Z:;—,u) dudt defined via

k(t,Zi—,u) = /Rdi1 |detV, ®(t, Zi—, (Y1, s Ya—1,u))]
v(®(t, Zi—, (Y1, Ya-1,u))) dy1 -+~ dya-—1,
with
{ O(t,z,y) = ot 2,551 (y)) K2 (Y) = (Y1, ya—1, F:(y)),
F(y) R =R f(z+ (y1,- ya—1, F= () = f(2) = ya.

From Assumption 2:3]it follows that Assumptions 2.1 and [2:2| hold for 8, §; and
k(t, Z;—,.) on [0, T]. Applying Theorem the result follows immediately. [

Remark 2.4. Benhamou et al. [J] studied the case where Z; is the solution
of a ‘Markovian’ SDE whose jumps are given by a compound Poisson Process.
The above results generalizes their result to the (general) case where the jumps
are driven by an arbitrary integer-valued random measure.

2.2.2 Time-changed Lévy processes

Models based on time—changed Lévy processes provide another class of examples
of non-Markovian models which have generated recent interest in mathematical
finance. Let L; be a real-valued Lévy process, (b,02,v) be its characteristic
triplet, N its jump measure. Define

t
ft = L@t @t = / Hst, (20)
0

where (6;) is a locally bounded F;-adapted positive cadlag process, interpreted
as the rate of time change.

Proposition 2.3. If

/R [yl v(dy) < oo and t_)l(i)fltgo]E [16: — 00]] =0 (21)
then
Vf € C}(R,R), lim Elf ()] = /(%) _ 0o Lo f(%o) (22)
t—0+ t
where Lg is the infinitesimal generator of the L:
2 1

Lof(e) = b7 @)+ G @)+ [ [fa) - @ uf @)v(dy). (23)

R

12



Proof. Considering the Lévy-Itd decomposition of L:

L = <b/{|y<1} (y — r(y)) V(dy)> t+ oW,

/ | )N asa) / [ = rlo) s,

then, as shown in [5], £ has the representation

& =& + /Oto*\/édZS + /075 (b — /{Iylﬁl} (y — k(y)) I/(dy)) 6 ds
+/Ot/Rfi(z)95 N(dsdz)—l—/ot/R(z—ﬁ(z))Gs N(ds d2).

where Z is a Brownian motion. With the notation of equation , one identifies

By = <b —/ (y — k(y)) u(dy)) O, 6 =0/0r, m(t,dy) =0;v(dy).
{lyl<1}

If holds, then Assumptions and hold for (3,9, m) and Theorem
may be applied to obtain the result. O

3 Short-maturity asymptotics for call options

Consider a (strictly positive) price process S whose dynamics under the pricing
measure P is given by a stochastic volatility model with jumps:

t ¢ t pdoo R
S = SO+/ r(s)szds—i—/ szédeS—i-/ / Se-(e¥—=1)M (ds dy), (24)
0 0 —00

where r(t) > 0 represents a (deterministic) bounded discount rate. For con-
venience, we shall assume that r € Cj(R* R*). §; represents the volatil-
ity process and M is an integer-valued random measure with compensator
p(w; dt dy) = m(w; t, dy) dt, representing jumps in the log-price, and M = M —pu
its compensated random measure. We make the following assumptions on the
characteristics of .S:

Assumption 3.1 (Right-continuity at tg).
lim  E[|6; — 6| %] =0

t—to, t>to

For all ¢ € CY(RT x R, R),

t—to, t>to

i B | [ (0 ABE) (S miedniF] = [ (& AWE) oS0 ma.dy),

13



Assumption 3.2 (Integrability condition).

1 (7 r
exp 5/ 52 ds+/ dS/R(ey —1)%m(s, dy) || Fi, | < o0
to to

We recall that the value Cy, (¢, K) at time to of a call option with expiry
t >ty and strike K > 0 is given by

r >ty, E

Oy (t, K) = ¢ o0 " B Emax(8, — K,0)|F,]. (25)
The discounted asset price

S’t — ef.ftto r(u) du St

)

is the stochastic exponential of the martingale £ defined by

¢ t
b= [ sam+ [ [ - s,
0 0
Under Assumption we have

E o (604 + €05 )| <,

where (£,€)¢ and (€,€)? denote the continuous and purely discontinuous parts
of [¢,¢] and [I8, Theorem 9] implies that (S¢)icjs,,r] is a P-martingale. In
particular the expectation in is finite.

3.1 Out-of-the money call options

We first study the asymptotics of out-of-the money call options i.e. the case
where K > S;,. The main result is as follows:

Theorem 3.1 (Short-maturity behavior of out-of-the money options). Under
Assumption [3.1] and Assumption if Sty < K then
1 (o)
m Cto (t,K) — (Stoey — K)+m(t0,dy) (26)

t—td Jo

This limit can also be expressed using the exponential double tail v, of the
compensator, defined as

“+oo oo
i, (2) :/ dx ez/ m(tg,du) =z > 0. (27)

Then, as shown in [4, Lemma 1],

/OOO(StOey — K)ym(to, dy) = Si, <1n (;()) .

to

14



Proof. The idea is to apply Theorem to smooth approximations f, of the
function * — (x — K)* and conclude using a dominated convergence argument.

First, as argued in the proof of Theorem [2.I} we put ¢y = 0 in the sequel
and consider the case where Fy is the o-algebra generated by all P-null sets.
Applying the It6 formula to X; = In (S;), we obtain

t 1 t
X, = ln(So)wL/OSidS +2/052 (S,_6.)%d

n Z{ln(SS-FASS)_ln(Ss) S.- }

s<t

= 1n(50)+/0t<()—;5§) ds+/5dW
/Ot/:o(ey—1 (ds dy) — //m V1~ y) M(ds dy)

Note that there exists C' > 0 such that

_|_

C (e’ —1)%.

1
eV =1 —y—>| <
1+ [yl

Thanks to Jensen’s inequality, Assumption implies that this quantity is
finite, allowing us to write

/Ot/_:o(ey—l)M(dsdy)—/ot/_;m (¥ — 1 —y) M(ds dy)
/Ot/_j(ey—l)M(dsdy)—/ot/;m (ey—l—yl_:|y|2> M (ds dy)

[ (st wasa

/Ot/;oo(ey—l)M(dsdy)—/ot/j <ey—1—yl+1|y|2> M (ds dy)

B /o/:o (ey‘l‘y1+1|y|2) m<5’y>dsdy+/0t/j (y—y@) M(ds dy)
/Ot/jyljlpr(dsdy)/ot/j <ey1y1+1|y2> m(s,y) ds dy

[ (vt ) v

+

+

15



We can thus represent X; as in ):

t t
Xt:XO—i-/ Bsdt—i—/ 55 dW,
0 0

t +oo 1 ~ t —+oo 1
+ . M(dsd +// ()Mdsd,
/o/ooy1+|y|2 sdy)+ |- ] \v =¥ e ) Mdsd)
(28)

with

o0

5= r) - 30— [

—0o0

1
ey —1—y—— | m(t,y)dtdy.
(-1 v i) e
Hence, if § and m(.,dy) satisfy Assumption then 3, 6 and m(.,dy) satisfy
Assumption Thanks to Jensen’s inequality, Assumption [3.2] implies that
B, & and m satisfy Assumption 2:2] One may apply Theorem 23] to X, for

any function of the form f oexp, f € CZ(R,R). Let us introduce a family
fn € Cf (R,R) such that

{ folz) = (x — K)* |z — K| >
(—K)" < falz) <5 |o-K[<

1
n

S| 3=

Then for  # K, fo(x) — (z — K)T. Define, for f € C§°(RT,R),

n—oo

2262
Lof(@) = rO)af (@) + 22 (a)
(29)
+ [ 1fae?) = fla) = (e = 1).f @)m(0.dy).
R
First, observe that if Ny > 1/]Sy — K],
Vn > Ny, fu(So) = (So — K)* =0, so
TE[(S:— K)*] < B [fa(50] = 1 (E[a(S0] — £u(0)).
Letting t — 07 yields
limsup ~ e~ 5 O E [(S, — K)*] < Lofu(So)- (30)

t—0+

Furthermore,

E[(S,—K)"] > E |:f7L(St)1{\S¢—K‘>%}}

E[f.(S:)] —E {fn(St)lust—KIS%}}

E[fa(S0] ~ fa(S0) ~ - [Lsi_xie)] -

Y

16



But

L [M&Jﬂg%}} = P <5t — Kz —1>

n

1

There exists Ny > 0 such that for all n > N,

IN

1
P(St—SOZK—SO—n) P(St—Soz

< () Els-s.

by the Bienaymé-Chebyshev inequality. Hence,

K -5
2

TE[(S - K)*] 2

o~ | =

©Unls] - £l (g ) TR0 - olsl

with ¢(z) = (x — Sp)?. Applying Theorem [2.1] yields

1 1 2 \°
i inf — o= J§ () ds _K)F 1
lim inf - E [(S: = K)*] > Lofn(S0) - — (K_SO> Lod(So).
Letting n — 400,

lim e i rOEE(S, - K)] = lim_Lof(So).

t—0+ t

Since Sy < K, f,, = 0 in a neighborhood of Sy for n > Ny so f,,(Sg) = f//(So) =
11 (So) =0 and Ly f,,(Sg) reduces to

Lofu(S0) = /R Fn(S0e®) = Fu(S0)Im (0, dy).

A dominated convergence argument then yields
i L0 (S0) = [ [(Soe? — )1 = (S0 — ) Jm(0,dy).
n o0 R

Using integration by parts, this last expression may be rewritten [4, Lemma 1]

“ s (n(5)

where 1) is given by . This ends the proof.
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Remark 3.1. Theorem [5.1] also applies to in-the-money options, with a slight
modification: for K < S,

Lt K) = (S, — K)) — (to) Suy + Sugting (m (;j)) NE

t—1o t—td

where

i, (2) = /Z dx e” /1 m(to, du), for z2<0 (32)

denotes the exponential double tail of m(0,.).

3.2 At-the-money call options

When S, = K, Theoremdoes not apply. Indeed, as already noted in the case
of Lévy processes by Tankov [22] and Figueroa-Lopez and Forde [12], the short
maturity behavior of at-the-money options depends on whether a continuous
martingale component is present and, in absence of such a component, on the
degree of activity of small jumps, measured by the Blumenthal-Getoor index of
the Lévy measure which measures its singularity at zero [15]. We will show here
that similar results hold in the semimartingale case. We distinguish three cases:

1. S is a pure jump process of finite variation: in this case at-the-money call
options behave linearly in ¢ — to (Proposition [3.1)).

2. S is a pure jump process of infinite variation and its small jumps resemble
those of an a-stable process: in this case at-the-money call options have
an asymptotic behavior of order |t — to|'/* when ¢t —ty — 0 (Proposition

532).

3. S has a continuous martingale component which is non-degenerate in the
neighborhood of ty: in this case at-the-money call options are of order
Vi—tpast— tar, whether or not jumps are present (Theorem [3.2]).

These statements are made precise in the sequel. We observe that, contrarily
to the case of out-of-the money options where the presence of jumps dominates
the asymptotic behavior, for at-the-money options the presence or absence of
a continuous martingale (Brownian) component dominates the asymptotic be-
havior.

For the finite variation case, we use a slightly modified version of Assumption

BTt

Assumption 3.3 (Weak right-continuity of jump compensator). For all ¢ €
CS(RT x R,R),

i B | [ (@A) e(Smmit iz = [ @A) oS mia ),

t—to, t>t0

18



Proposition 3.1 (Asymptotic for ATM call options for pure jump processes of
finite variation). Consider the process

Sy = Sy + /Ot (s)Ss_ ds + /Ot /_:o S,—(e¥ —1)M(ds dy). (33)

Under the Assumptions[3.3 and[3.3 and the condition,

vt € [to, T, / ly| m(t, dy) < oo, (34)
R
1
G (t.5,) — S / (e — 1)* m(to, dy). (35)
t—1o [ R

Proof. Replacing P by the conditional probability Pz, , we may set tp = 0 in the
sequel and consider the case where Fy is the o-algebra generated by all P-null
sets. The Tanaka-Meyer formula applied to (S; — Sp)T gives

-0t = [Lastis s (v - @ - Dmis.a)

+ D (S —S0)t = (Ss- = So)T

0<s<t

Hence, applying Fubini’s theorem,

E[(S:—S0)"] = E [/Ot dslis, >s035s— (T(S) - /R(ey - 1)m(8,dy)>}

_|_

E [ / t [ 1(Suer = 50) = (5. = 50)*] m(s. ) ds]

/ot dsE |:1{SS>SO}SS (T(S) - /R(ey - mee dy))]

+ /Ot dsE [/R [(Sse? = So)t = (Ss — So)*] m(&dy)] :

Since S is a martingale,
E[S,] = elo ") ds 5 < oo, (36)
Hence t — E[S¢] is right-continuous at 0:

lim E[S,] = So. (37)

t—0+

Furthermore, under the Assumptions [2.1|and |2.2|for X; = log(St) (see equation
(28)), one may apply Theorem to the function

f:x €R— (exp(x) — Sp)?,
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yielding
1
lim ~E [(S; — S0)%] = Lof(Xo),
Jim — B [(S; = S0)*] = Lof(Xo)
where L is defined via equation . Since Lo f(Xo) < oo, then in particular,
t— E [(St — 50)2}

is right-continuous at 0 with right limit 0. Let us show that
te[0,T[—E |:St Lis,>s0} (T(t) - /(ey = Dm(t, dy))]
R
is right-continuous at 0 with right limit 0. Then applying Lemma [2.1] yields

1 t
1 — _ Yy _ —
tl_l>%l+ i {/0 @955 Lisi>s0) (T(S) /]R(e l)m(s,dy)ﬂ -

Observing that
St lis,>501 = (St — So0)T + So 15,580}

we write
’E [St L{5>50} <T(t) - /R(ey - Dm(t’dy))H
= ‘E [((St —So)" + S0 1{5,5501) (T(t) - /R(ey B 1)m(t,dy)>} ’
< Nl E1IS: — Sol] + lI7lloo P (St > So)

1/2

+ Els-s) B | [ @0 mea)]

1/2
+ S2P[S, > Sol'*E U (e¥ — 1) m(t,dy)} ,
R

using the Lipschitz continuity of = — (z — Sp)+ and the Cauchy-Schwarz in-
equality. Since S is cadlag,

limP (S; > Sp) =0
im (St > 50) =0,
and Assumption [3.3] implies that

limE [/]R (e¥ —1)° m(t,dy)] = /R (e¥ —1)* m(0,dy) < co.

tl0

Letting t — 0T in the above inequalities yields the result.
Let us now focus on the jump term and show that

te [0, T[> E [/R [(Sue? — So)* — (S — So)*] mit, dy) |,

20



is right-continuous at 0 with right-limit

So /(ey — 1) m(0, dy).
R
One shall simply observes that
|(mey —So)t = (z—Sp)" — (Spe? — SO)+| < (x4 So)|e¥ —1],

using the Lipschitz continuity of z — (z—Sp) and apply Assumption This
ends the proof.
O

Proposition 3.2 (Asymptotics of ATM call options for pure-jump martingales
of infinite variation). Consider a semimartingale whose continuous martingale
part is zero:

Sy =Sy + /Ot r(5)Ss_ ds + /Ot /_:O S, (e¥ — 1)M(ds dy). (38)

Under the Assumptions and if there exists o €]1,2] and a family
m®(t,dy) of positive measures such that

Vt € [to, T], m(w,t,dy) = m*(w,t,dy) + 1y|§1|yc(1y+)a dy as., (39)
where ¢(.) > 0 is continuous at 0 and
Vit € [to, T /]R|y| ma(t, dy) < oo, (40)
then . . s gmcl0) £* _ |
G Ol S Sy /_OO e

Proof. Without loss of generality, we set tp = 0 in the sequel and consider the
case where Fy is the o-algebra generated by all P-null sets. The at-the-money

call price can be expressed as
ST
So

Lof(x) =r(0)xf'(z) + /[f(l“@y) — f(@) = x(e’ = 1).f"()]m(0,dy).  (43)

R

Co(t, S0) = E[(S; — So)*] = SoE (42)

Define, for f € CZ(]0,00[,R)

We decompose Ly as the sum Ly = Ky + Jy where

Kof(x) = r(0)af'(x) + / [F(ze?) — F(x) — a(e? — 1).f'(x)] m*(0, dy),

R

Fof@) = [ 7lee?) = 1)~ ale? 1)1 () |yc|(ffa d

-1
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The term Ky may be be interpreted in terms of Theorem if (Zi)jo,r) is a
finite variation semimartingale of the form (38|) starting from Zy = Sy with
jump compensator m®(t, dy), then by Theorem

Vi€ 0,00l R),  lim e BTOCE[F(Z)] = Kof(S).  (44)
—
The idea is now to interpret Lo = Ko+ Jo in terms of a multiplicative decompo-
sition Sy = Y1 Zy where Y = £(L) is the stochastic exponential of a pure-jump
Lévy process with Lévy measure c(y)/|y|'*® dy, which we can take independent
from Z. Indeed, let Y = £(L) where L is a pure-jump Lévy martingale with
Lévy measure 1j,<1 ¢(y)/|y|*** dy, independent from Z, with infinitesimal gen-
erator Jy. Then Y is a martingale and [Y,Z] = 0. Then S =Y Z and Y is an
exponential Lévy martingale, independent from Z, with E[Y;] = 1.
A result of Tankov [22] Proposition 5, Proof 2] for exponential Lévy processes
then implies that

1

1 [0 0]z _q
e E [(Yt — 1)*] 29 —/ R (45)

2 22

— 00

We will show that the term is the dominant term which gives the asymptotic
behavior of Co(T, Sp).
Indeed, by the Lipschitz continuity of  — (2 — Sp) 4,

(St = So)+ — So(Ye = 1)1 < Yi[Z, — S,

S0, taking expectations and using that Y is independent from Z, we get

Ele™ o) 4|(S, — Sp); —So(Y: — 1)1 |] < E(Y;) E[e™ Jo ()42 Z, — S|,
~——
C(](t,S()) =1
To estimate the right hand side of this inequality note that |Z; — So| = (Z; —
So)+ + (So — Zt) 4. Since Z has finite variation, from Proposition

t + o0
Ele=Jor®)ds(z, — 50, =20 tSQ/ dx e*m([x, +o0).
0
Using the martingale property of e~ Jyr(s)ds Zy) yields
t + o
Ele= Jor®)ds(gy — 7,).] =20 tSQ/ dx e*m([x, +o0).
0

Hence, dividing by t!/® and taking t — 0T we obtain

1 t +
m e fO T(s) ds E [|Zt — S()‘+:| tﬁ 0.

Thus, dividing by t'/¢ the above inequality and using yields

20" g 1 [ e cOl=" 1
% R —
0 271'/ 2

1

e dz.

el T OB E[(S, — Sp)4]

oo z
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‘We now focus on a third case, when S is a continuous semimartingale, i.e. an
Tto process. From known results in the diffusion case [7], we expect in this case
a short-maturity behavior ins O(v/t). We propose here a proof of this behavior
in a semimartingale setting using the notion of semimartingale local time.

Proposition 3.3 (Asymptotic for at-the-money options for continuous semi-
martingales). Consider the process

t t
Sy = Sp Jr/ r(s)Ssds +/ S 0sdW. (46)
0 0

Under the Assumptions[3.1) and[3.9 and the following non-degeneracy condition
in the neighborhood of tq,

Jde > 0, P (Vt € [to, T, i >e)=1,

we have ) g
— (8, S,) — Lo
Vi—to to(t 5to) t—td V2r

Proof. Set ty = 0 and consider, without loss of generality, the case where Fy is
the o-algebra generated by all P-null sets. Applying the Tanaka-Meyer formula
to (Sy — Sp)*, we have

Oty - (47)

t
1
(S — So)* = / 15,5545 + 5 L8 (5).
0

where L7°(S) corresponds to the semimartingale local time of S at level Sy
under P. As noted in Section Assumption [3:2] implies that the discounted
price S; = e~ Jor(s 458, is a P-martingale. So

dSt = efJ r(s) ds (r(t)Stdt + dS’t) s and

t t t
/0 1{Ss>so}d5s=/o ef"sr(")dul{ss>so}d5s+/0 elo T ()G, 1 15 < 50y ds,

where the first term is a martingale. Taking expectations, we get:

t
t s ]. t
C(t,S) =E {6 Jo T(S)dS/O e T 1(5)8, s, 550y ds + g Jo T4 L (S)

Since S is a martingale,
Vte[0,T] E[S]=elor®d g < . (48)
Hence t — E[S,] is right-continuous at 0:

lim E[S;] = So. (49)

t—0t
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Furthermore, under the Assumptions and [2.2] for X; = log(S;) (see equation
(28)), one may apply Theorem to the function

f:zeR~ (exp(z) — Sp)?,

yielding
1
lim ]E (St — S0)?] = Lof(Xo),

t—0+

where Ly is defined via equation (5) with m = 0. Since Lo f(Xo) < oo, then in
particular,
t—E [(St — 50)2}

is right-continuous at 0 with right limit 0. Let us show that
€0, T~ E[S) 1(s,>5,)]

is right-continuous at 0 with right limit 0. Then applying Lemma [2.1] yields

li ]E ds S, 1 =0
g 75 o5t

Observing that
Silis,>501 = (St — S0)T + S0 15,580}

we write
E[St1isi>s0y]| = [E[(St—80)" + S0 1gs,>s0}]]
E[|S; — Sol] + P (S; > Sp)

IN

using the Lipschitz continuity of 2 — (x — Sp)4. Since S is cadlag,
limP =
im (St > Sp) =0

Letting t — 0 in the above inequalities yields the result. Since

t
E |:/ efo8 r(w) du’r’(s)Ss 1{SS>So}d5:| = O(t),
0

a fortiori,
t
E [/ elo T du ()G 1{55>50}d8:| =0 (\/i) .
0

Hence (if the limit exists)

ol g [ s, 11 g
fim = (s, 5o) = Jim —- e~ (0 ELLf <S>} —lgﬁ%ﬂ{ Ly <S>}
(50)
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By the Dubins-Schwarz theorem [20, Theorem 1.5], there exists a Brownian
motion B such that

t
Vit < [U]ooa U; :/ 63 dWs = B[U]t = Bfot 52ds
0 .

! 1
So Vi< [Ule St = Spexp </0 (r(s) - 253) derB[U]t)

t
= Spexp </ (r(s) - ;53) ds + Byt 5 ds).
0

The occupation time formula then yields, for ¢ € C§°(R,R),

/ S(K)LE (Soexp (By))) dE = /OQS(SOeXp(B[U]u))SOeXp( 1)282 du

- [ $(S0 exp(y))S2 exp(y)*LY (Bywy) dy,

where L{ (Soexp (By))) (vesp. L{ (Bjy})) denotes the semimartingale local

time of the process Spexp (B[U]) at K and (resp. By] at y). A change of
variable leads to

/_oo ¢(So exp(y))So exp(y) L7*" (So exp (Bj)) dy

[ " oS0 exp(y))S2 exp()’ LY (B -

Hence
L (Soexp (By)) = SoLt (Bun) -
We also have
L (Bwy) = L?f‘; 62ds (B),
where Lft 52 ds (B) denotes the semimartingale local time of B at time fot 62 ds

and level 0. Using the scaling property of Brownian motion,

E L5 (So exp (Bun))| = SoE[LS: 5, (B)]
t
= SE /5gdsL?(B)
0
Hence
1 !
tLl%iT {f“ (So exp(B[U]))} = tglél+t50E[ /OSEdSL(lJ(B)
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Let us show that

1 t
lim SoE ,/7/ 62ds LY (B)| = Sodo E[LY (B)]. (51)
t—0+ t 0

Using the Cauchy-Schwarz inequality,

1 t 0 0 N 1/2 1 t
E E/ §2ds — &y | LO(B) g]E[Ll(B)} E E/ 52 ds — &
0 0

The Lipschitz property of x — (/7 — 50)2 on [e, 00| yields

[t I
E - / 02ds — &g c(e)E H / (62 —63) ds
tJo ° tJo

D[ a2 -

where ¢(e) is the Lipschitz constant of x — (/2 — 50)2 on [e, +oo[. Assumption
and Lemma then imply . By Lévy’s theorem for the local time of
Brownian motion, L{(B) has the same law as |B;|, leading to

5 1/2

2

IN

|

IN

2
E [LY(B)] =
o
Clearly, since L¥(9) = LK (So exp (B[U])),
So
lim - E LY(S)| = =294 52
tiy -8 315(5)] = T (52)
This ends the proof. O

We can now treat the case of a general Itd semimartingale with both a
continuous martingale component and a jump component.

Theorem 3.2 (Short-maturity asymptotics for at-the-money call options). Con-
sider the price process S whose dynamics is given by

t t t ptoo 5
Sy =S +/ r(s)S,-ds +/ Ss-05dW —|—/ / Se-(e¥ —1)M (ds dy).
0 0 0 J-

Under the Assumptions[3.1) and[3.3 and the folllowing non-degeneracy condition
in the neighborhood of tg

Je > 0, P(Vt € [to,T], & >¢€) =1,

we have

1 St
Cy, (¢, S, g
m tolfs St0) ot 21

Oty - (53)
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Proof. Applying the Tanaka-Meyer formula to (S; — Sp)* , we have

t
1
(S — So)" = / Ls, >s,1dSs + 5Lfo
0
(54)
+ 3 (8= So)t = (Sem = 80)T — 15,55} A8,

0<s<t

Asnoted above, Assumptionimplies that the discounted price S; = e~ Jor(® ds g,
is a martingale under P. So (S;) can be expressed as dS; = eo (o) ds (r(t)St,dt + dS’t)
and

t t t
/1{s57>so}d5s=/ ef"sr(")dul{ss»so}dgsﬂL/ eJo Tt ()8, g, sgoyds,
0 0 0

where the first term is a martingale. Taking expectations, we get

t

t . s 1

ef() r(s) d‘sc(t’ SO) = [E |:/ ef() r(u) du T‘(S)SS 1{Ss_>So}dS —+ iLtSO
0

+ E| D (Ss—80)" = (Sem — S0)T = 1(s,_>50) ASs

0<s<t
Since S is a martingale,
Vte[0,T] E[S]=elor®ds g < . (55)
Hence t — E[S¢] is right-continuous at 0:

lim E[S,] = So. (56)

t—0+

Furthermore, under the Assumptions and [2.2] for X; = log(S;) (see equation
28)), one may apply Theorem [2.1] to the function

f:zeR~ (exp(z) — So)?,
yielding
Tim ZE[(5, ~ S0)?] = Lof (o),
where L is defined via equation . Since Lo f(Xg) < 0o, then in particular,
t— E[(Sy — S0)°]
is right-continuous at 0 with right limit 0. Let us show that

t€[0,T[— E [S: 115,550}
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is right-continuous at 0 with right limit 0. Then applying Lemma [2.1] yields

1 t
lim t]E|:/ d8551{55>30}:| =0
0

t—0+

Observing that
St lis,>501 = (St — S0)T + S0 15,580}

we write
’E [St 1{St>SO}:H < E[‘St_SOH —‘rSo]P)(St > So)
Letting ¢ — 07 in the above inequalities yields

E [/0 r()Ss 115> s03ds| = oft) = (/D).

Let us now focus on the jump part,

E Z (Ss = So)" — (Se— — So)" — Lys, 5.3 ASs

0<s<t

t
~ E [ [ s [mis.de) (Suem = 80)* = (Suc = S0)* = 1. _nsySec (e~ 1)
0

(57)
Observing that
‘(ze’” —S0)t = (2= 80)" = 1ansy2(e” — 1) < C (Spe® — 2)?,
then, together with Assumption [3.1] and Lemma [2.T] implies,
E| > (8= 80)" = (Se = S0)" = Lys, 55, A8, | = O(t) = o(v/1).
0<s<t
Since dp > €, equation yields the result. O

Remark 3.2. As noted by Berestycki et al [0, [8] in the diffusion case, the reg-
ularity of f at Sy, plays a crucial role in the asymptotics of E[f(S¢)]. Theorem
shows that E[f(Sy)] ~ ct for smooth functions f, even if f(Si,) = 0, while
for call option prices we have ~ \/t asymptotics at-the-money where the function
x — (x — Sp)+ 18 not smooth.

Remark 3.3. In the particular case of a Lévy process, Proposition[3-1], Propo-
sition and Theorem imply [22, Proposition 5, Proof 2].
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